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Abstract

We construct pseudorandom generators with improved seed length for several classes of tests.
First we consider the class of read-once polynomials over GF(2) in m variables. For error ¢ we
obtain seed length O(log(m/c))log(1/¢), where O hides lower-order terms. This is optimal up
to the factor O(log(1/¢)). The previous best seed length was polylogarithmic in m and 1/e.

Second we consider product tests f: {0,1}" — C<;. These tests are the product of k
functions f;: {0,1}* — C<1, where the inputs of the f; are disjoint subsets of the m variables
and C<; is the complex unit disk. Here we obtain seed length ¢ - poly log(m/e). This implies
better generators for other classes of tests. If moreover the f; have output range independent of
¢and k (e.g. {—1,1}) then we obtain seed length O(¢+log(k/¢))log(1/¢). This is again optimal
up to the factor O(log(1/e)), while the previous best seed length was > Vk.

A main component of our proofs is showing that these classes of tests are fooled by almost
d-wise independent distributions perturbed with noise.

*Northeastern University. Email: {chlee,viola}@ccs.neu.edu.



1 Introduction

The construction of unconditional pseudorandom generators (PRGs) that fool restricted classes of
tests is a fundamental research direction that has found disparate applications. In this work we
obtain new generators for several classes of tests. We start with the simplest.

Fooling read-once polynomials. Pseudorandom generators for polynomials have been studied
since at least the 1993 work by Luby, Velickovié¢, and Wigderson [LVW93], who gave a generator for

GF(2) polynomials of size s with error € and seed length 20(V198(s/¢)) " See [Vio07] for an alternative
proof. Servedio and Tan [ST18] recently improved the seed length to 20(Viogs) . log(1/e), and any
significant improvement on the seed length would require breakthrough progress on circuit lower
bounds. For low-degree polynomials, better generators are known [BV10, Lov09, [Vio09]. In this
work we consider read-once polynomials on m variables, which are a sum of monomials on disjoint
variables. For this class, a generator with seed length polylogarithmic in m and 1/¢ is given in
[GLS12] and it applies more generally to read-once ACC?. We obtain a seed length which is optimal
up to a factor of O(log1/e), where O hides factors loglog(m/e). In particular, when ¢ is not too
small, our generator has seed length optimal up to poly log log m.

Theorem 1. There exists an explicit generator G: {0,1}° — {0,1}™ that fools any read-once
GF(2) polynomial with error e and seed length O(log(m/e))log(1/e).

A specific motivation for studying read-once polynomials comes from derandomizing space-
bounded algorithms, a major line of research in pseudorandomness whose leading goal is proving
RL = L. Despite a lot of effort, for general space-bounded algorithms there has been no im-
provement over the seed length > log? m since the classic 1992 paper by Nisan [Nis92]. In fact, no
improvement is known even under the restriction that the algorithm uses constant-space. Read-once
polynomials can be implemented by constant-space algorithms, and were specifically pointed out
by several researchers as a bottleneck for progress on space-bounded algorithms, see for example
this survey talk by Trevisan [Trel(]. Thus our work can be seen as progress towards derandomizing
small-space algorithms. We note that the concurrent work of Chattopadhyay, Hatami, Reingold
and Tal [CHRTI1S§| gives a generator for space-bounded algorithms which implies a generator for
polynomials with seed length O(log® m)log?(m/e).

Theorem [1] also holds for polynomials modulo M for any fixed M; in fact we obtain it as an
easy corollary of a more general generator.

Fooling products. We consider tests on m bits that can be written as the product of k£ bounded
functions on disjoint inputs of £ bits. Such tests generalize the well-studied combinatorial rectangles
[AKS87, Nis92, INZ96, INW94, EGL ™98, [ASWZ96|, Lu02, [Viol4, (GMRT12, [GY14] as well as other
classes of tests, see [GKMI15]. They were introduced in the latter paper by Gopalan, Kane, and
Meka who call them Fourier shapes. However, in their definition the partition of the m-bit input
into the k blocks of /-bit inputs to the functions is fixed and known to the generator. Following
a recent push for breaking the mold of “fixed-order” tests, we consider such tests under arbitrary
order. We call them product tests and define them formally next.

Definition 2 (Product tests). A function f: {0,1}" — C<; is a product test with k functions
of input length ¢ if there exist k disjoint subsets I1,1Ia,..., I C {1,2,...,m} of size < { such that



(@) = Tli<y, filzr;) for some functions f; with range in C<i. Here C<y is the complex unit disk
{z € C:|z| <1}, and z1, are the |I;| bits of x indexed by I;.

Handling arbitrary order is significantly more challenging, because the classical space-bounded
generators such as Nisan’s [Nis92] only work in fixed order [Tzu09, BPWT1I]. Our previous work
with Haramaty [HLV17] gave the first generators for this class, but in it the dependency on k is
poor: the seed length is always > v/k. In this work we improve the dependency on k exponentially,
though the results in [HLV17] are still unsurpassed when k is very small, e.g. k = O(1). We actually
obtain two incomparable generators.

Theorem 3. There exists an explicit generator G: {0,1}° — {0,1}™ that fools any product test
with k functions of input length ¢ with error € and seed length O(¢ + log k) log(1/¢) log k.

By the reductions in [GKM15], we also obtain generators that fool variants of product tests
where the outputs of the f; are not simply multiplied but combined in other ways. These variants
include generalized halfspaces [GOWZ10] and combinatorial shapes [GMRZ13| [Del5|, extended to
arbitrary order. For those we obtain seed length O(¢ + log k)2 log(1/¢) log k, whereas the previous
best was > Wk [HLV17]. As this application amounts to plugging the above theorem in previous
reductions, we don’t discuss it further in this paper and instead refer the reader to Section 6 in
[HLVIT].

We then give another generator whose seed length is optimal up to a factor O(log 1/e), just
like Theorem However, for this we need each function f; in the definition of product tests to
have expectation at most 1 — a2~¢ for some universal constant o > 0. This condition is satisfied
by Boolean and most natural functions. For simplicity one can think of the functions f; having
outputs {—1,1}.

Definition 4 (Nice product tests). A product test as in Deﬁm’tion@ is nice if there exists a constant
a > 0 such that each function f; has expectation at most 1 — a2~

Formally, one should talk about a nice family of product tests; but for simplicity we’ll just say
“nice product test.”

Theorem 5. There exists an explicit generator G: {0,1}° — {0,1}™ that fools any nice product
test with k functions of input length £ with error e and seed length O(¢ + log(k/e))log(1/¢).

This is the result from which the generator for polynomials in Theorem [} follows easily.

Bounded independence plus noise. The framework in which we develop these generators was
first laid out by Ajtai and Wigderson in their pioneering work [AWS&9] of constructing generators
for ACY with polynomial seed length. The framework seems to have been forgotten for a while,
possibly due to the spectacular successes by Nisan who gave better and arguably simpler generators
INis91l, Nis92]. It has been recently revived in a series of papers starting with the impressive work
by Gopalan, Meka, Reingold, Trevisan, and Vadhan [GMR™12|, who use it to obtain a generator
for read-once CNF on m bits with error € and seed length O(log(m/¢)). This significantly improves
on the previously available seed length of O(logm)log(1/e) when ¢ is small.

The Ajtai-Wigderson framework goes by showing that the test is fooled by a distribution with
limited independence [NNO93], if we perturb it with noise. (Previous papers use the equivalent
language of restrictions, we instead follow [HLV17].) Then the high-level idea is to recurse on the



noise. This has to be coupled with a separate, sometimes technical argument showing that each
recursion simplifies the test, which we address later. Thus our goal is to understand if bounded
independence plus noise fools product tests. For our application, it would be convenient to view
the distribution as D + T' A U, the bit-wise XOR of D and T' A U, where A is bit-wise AND and
T AU is a noise vector: if a bit chosen by 7' is 1 then we set it to uniform. For the application it is
important that T is selected pseudorandomly, though the result is interesting even if T is uniform
in {0,1}™. We now state the result in [HLV17] after defining almost bounded independence.

Definition 6 ((0,d)-closeness). The random variables X1, ..., X,, are (0,d)-close to Y1,...,Y:,
if for every iy, ... iqg € {1,2,...,m} the d-tuples (X;,,...,X;,) and (Y;,,...,Y;,) have statistical
distance < 9.

Note that when § = 0 and the variables Y; are uniform, the variables X; are exactly d-wise
independent.

Theorem 7 ([HLVI1T]). Let f: {0,1}" — C<; be a product test with k functions of input length £.
Let D and T be two independent distributions over {0,1}™ that are (0, dl)-close to uniform. Then

E[f(D+T AU)] = E[f(U)]] < k2= W),
where U is the uniform distribution.

Note that the dependence on the number k of functions is poor: when k = Q(d?¢), the error
bound does not give anything non-trivial. A main technical contribution of this work is obtaining
exponentially better dependency on k using different techniques from [HLV17]. Our theorem gives
non-trivial error bound even when d = O(1) and k is exponential in /.

Theorem 8. Let f: {0,1}" — C<; be a product test with k functions of input length £. Let D and
T be two independent distributions over {0,1}™ that are (8, dl)-close to uniform. Then

| E F(D+T AU =E[f(U)]] <279 + By,

[al]

where U is the uniform distribution, for the following choices of B:

i. B=(k26)0@;

ii. if f is nice, then B = (d2°)°(@),

Setting 6 = 0, Theorem |8 has a better bound than Theorem [7| when k = Q(df). An interesting
feature of Theorem [§] is that for nice products the parameter § can be independent of k. We
complement this feature with a negative result showing that for general products a dependence on

k is necessary. Thus, the distinction between products and nice products is not an artifact of our
proof but is inherent.

Claim 9. For every sufficiently large k, there exists a distribution D over {0, 1}* that is (k=) kD).
close to uniform, and a product test f: {0,1}F — C<1 with k functions of input length 1 such that

[E[f(D +T AU) ~ E[f(D)]] = 1/10,

where T and U are the uniform distribution over {0,1}*.



This claim also shows that for £ = 1 and ¢ = Q(1) one needs § < k=% and even for
distributions which are (8, k?())-close to uniform, instead of just (8, 0(1))-close.

For the class of combinatorial rectangles, which corresponds to product tests with each f;
outputting values in {0, 1}, the classic result [EGLT92| (extended in [CRS00], for an exposition
see Lecture 1 in [Viol7]) shows that df-wise independence alone fools rectangles with error 2%
and this error bound is tight. So Theorem [§] does not give better bounds for rectangles, even
with the presence of noise. We develop additional machinery and obtain an improvement on
Theorem |8 While the improvement is modest, the machinery we develop may be useful for further
improvements. Since this improvement is not used in our construction of PRGs, we only state
and prove it for exact bounded independence. For technical reasons we restrict the range of the f;
slightly.

Theorem 10. Let f be a product test with k functions of input length £. Suppose the range of each
function f; of f is the set {0,1}, or the set of all M-th roots of unity for some fized M. Let D and
T be two independent distributions over {0,1}™ that are dl-wise independent. Then

[E[f(D+T AU)] - E[f(U)]| < 2.

Finally, it is natural to ask if similar techniques fool non-read-once polynomials. In this regard,
we are able to show that small-bias distributions [NN93] plus noise fool Fa-polynomials of degree
2.

Claim 11. Let p: {0,1}™ — {0,1} be any Fo-polynomial of degree 2. Let D and T be two distri-
butions over {0,1}™, where D is §-biased, and T sets each bit to 1 independently with probability
2/3. Then

‘]E[p(D +TAU)|— E[p(U)H < 6.

Subsequent developments. This paper is one of a series of recent works that construct new
pseudorandom generators. One celebrated goal is to construct better generators for read-once
bounded-width branching programs. The special case of read-once polynomials was an obstacle to
achieving this goal that was noted by several researchers including Trevisan [Trel0] and Vadhan
(personal communication). This paper removed the obstacle. Building on this paper, subsequent
work made progress on width-3 branching programs [MRT19]. As of February 2019, the main
generators in this paper are subsumed by subsequent works [MRT19, [Leel9], except in some special
cases (e.g. complex-valued functions). The techniques may find further applications.

1.1 Techniques

We first explain how to prove bounded independence plus noise fools product tests, i.e. Theorem
After that, we will explain the additional ideas that go into constructing our PRGs.

Following the literature [GMR™12, [GMRZI3, [GY14], at a high level we do a case analysis
based on the total-variance of the product test f we want to fool. This is defined as the sum of the
variances Var[f;] of the functions f; in the definition of product test. The variance of a function g
is E[lg(z)|*] — [E[g(x)]|* where z is uniform.



Low total-variance. Our starting point is a compelling inequality in [GKMI5] (cf. [GMR™12,
GY14]) showing that bounded independence alone without noise fools low total-variance product
tests. However, their result is only proved for ezact bounded independence, i.e. every d bits are
exactly uniform, whereas it is critical for our seed lengths to handle almost bounded independence,
i.e. every d bits are close to uniform.

One technical contribution in this paper is extending the inequality in [GKM15|] to work for
almost bounded independence. The proof of the inequality in [GKMI5| is somewhat technical, and
our extension introduces several complications. For example, the expectations of the f; under the
almost-bounded independent distribution D and the uniform distribution U are not guaranteed
to be equal, and this requires additional arguments. However our proof follows the argument in
[GKM15], which we also present in a slightly different way that is possibly of interest to some
readers. Finally we mention that Claim [ shows that our error term is close to tight in certain
regimes, cf. Section [7}

High total-variance. Here we take a different approach from the ones in the literature: The
papers [GLS12, [GKM15| essentially reduce the high total-variance case to the low total-variance
case. However their techniques either blow up the seed length polynomially |[GLS12] or rely on
space-bounded generators that only work in fixed order [GKMI5].

We instead observe that bounded independence plus noise fools even high total-variance product
tests. We now give some details of our approach. A standard fact is that the expectation of a
product test f is bounded above by

[Tt < T = Var{f/2 < e Everlrire

So if the total-variance ) -, Var[f;] is large then the expectation of the product test under the uniform
distribution is small. Thus, it suffices to show that the expectation is also small under bounded
independence plus noise. To show this, we argue that typically, the total-variance remains high
even considering the f; as functions of the noise only. Specifically, we first show that on average
over a uniform z and ¢, the variance of the functions f/(y) := fi(z +t Ay) is about as large as that
of the f;. This uses Fourier analysis. Then we use concentration inequalities for almost bounded
independent distributions to derandomize this fact: we show that it also holds for typical = and ¢
sampled from D and T

This suffices to prove Theorem Proving Theorem requires extra ideas.

We first note that the high total-variance case actually does not appear in the read-once CNF
generator in [GMR™12]. This is because one can always truncate the CNF to have at most
2%1og(1/e) number of clauses of width w, which suffices to determine the expected value of the
CNF up to an additive error of ¢, and such a CNF has low total-variance (for this one argues
that noise helps reduce the variance a little.) To handle an arbitrary read-once CNF, [GMR™12]
partition the clauses according to their width, and handle each partition separately.

However, one cannot truncate polynomials without noise. To see why, consider, for a simple
example, the linear polynomial x1 + x2 + ... + &, (corresponding to a product test that computes
the parity function). Here no strict subset of the monomials determines the expectation of the
polynomial. Indeed, one can construct distributions which look random to m — 1 monomials, but
not to m.



Truncation using noise. Although we cannot truncate polynomials without noise, we show that
something almost as good can still be done, and this idea is critical to obtaining our seed lengths.
We show that the statistical closeness parameter in D and T can be selected as if the polynomial
was truncated: it is independent from the number & of functions. This is reflected in Theorem [§[1]
where ¢ is independent from k. The proof goes by showing that if the number k of functions is
much larger than 23¢ then noise alone will be enough to fool the test, regardless of anything else.
This proof critically uses noise: without noise a dependence on k is necessary, as shown in the
parity example in our discussion. Also, for the proof to work the functions must have expectation
at most 1 — Q(27¢). As mentioned earlier, we further prove that this last requirement is necessary
(Claim [9): we construct functions whose expectation is about 1 — 1/k but their product is not
fooled by almost bounded independence plus noise, if the statistical closeness parameter is larger
than 1/k¢ for a suitable constant c.

Extra ideas for improved bound. To obtain the improved error bound in Theorem we
show that whenever the total-variance of a product test lies below dn®!, we can use noise to bring
it down below d¢/~%!. This produces a gap of [d¢=%1, d¢*!] between the high and low total-variance
cases, which gives the better bound using the previous arguments. Reducing the total-variance
requires a few additional ideas. First, we use Theorem [7] to handle the functions f; in the product
test which have high variances. Then we use the hypercontractivity theorem to reduce the variances
of the rest of the f; individually. [GMRT 12| also uses noise to reduce variance, but their functions
fi are just AND and so they do not need hypercontractivity. To combine both ideas, we prove a
new “XOR Lemma” for bounded independence, a variant of an XOR lemma for small-bias, which
was proved in [GMR™12].

Constructing our PRGs. We now explain how to use Theorem [8] to construct our PRGs. The
high-level idea of our PRG construction is to apply Theorem [8| recursively following the Ajtai—
Wigderson framework: Given D+ T AU, we can think of T" as selecting each position in {1,...,m}
with probability 1/2. For intuition, it would be helpful to assume each position is selected inde-
pendently.

We will focus on how to construct a PRG using a seed of length O(log m) for read-once poly-
nomials with constant error, as this simplifies the parameters and captures all the ideas. Without
loss of generality, we can assume the degree of a polynomial to be ¢ = O(logm), because the
contribution of higher-degree terms can be shown to be negligible under a small-bias distribution.
(See the proof of Theorem [1])

Let p: {0,1}" — {0,1} be a degree-¢ read-once polynomial with & monomials. It would be
convenient to think of p outputting values {—1,1}. Further, we can write p as a product H§:1 i,
where each p; is a monomial on at most ¢ bits (with outputs in {—1,1}.)

Now suppose we only assign the values in D to the positions not chosen by 7T, that is, setting
the input bits x; = D; for ¢ € T'. This induces another polynomial pp 7 defined on the positions in
T. Clearly, pp,r also has degree at most £, and so we can reapply Theorem |§| to pp,T-

Repeating the above argument ¢ times induces a polynomial defined on the positions T; :=
/\szlTi. One can think of T} as a single distribution that selects each position with probability 2.
Viewing T} this way, it is easy to see that we can terminate the recursion after ¢ := O(logm) steps,
as the set T} should become empty with high probability.



By standard constructions [NN93], it takes s := O(¢) bits to sample D and T in Theorem
each time. Therefore, we get a PRG of seed length t - s = O(¢) log m.

To obtain a better seed length, we will instead apply Theorem [§ in stages. Our goal in each
stage is to reduce the degree of the polynomial by half. In other words, we want the restricted
polynomial defined on the positions in /\leTi to have degree ¢/2. Tt is not difficult to see that in
order to reduce the degree of the m monomials of p to £/2 with high probability, it suffices to apply

our above argument recursively for ¢t := O(logm)/¢ times. So in each stage, we use a seed of length

t-s=0()- (loim) = O(log m).

After repeating the same argument for O(log ¢) = O(1) stages, with high probability the restricted
polynomial would have degree 0 and we are done. Therefore, the total seed length of our PRG is
O(logm).

Here we remark that it is crucial in our argument that D and T" are almost-bounded independent,
as opposed to being small-biased. Otherwise, we cannot have seed length s = O(ﬁ) when ¢ =
o(logm). For example, when ¢ = O(1), with small-bias we would need s = O(logm) bits, whereas

we just use O(loglogm) bits.

Forbes and Kelley [FK1§|, by applying the analysis in our previous work with Haramaty [HLV17]
to an elegant Fourier decomposition of product tests, show that 2t-wise independence plus noise
fools width-w ROBPs on m bits with error 2=%/?maw. Their work implicitly shows that t-wise
independence plus noise fools product tests with &k functions of input length £ with error £2—2(H+-1
improving [HLV17]. However, their result is incomparable to Theorems |8 and as there is no
dependence on k in our error bounds for exact bounded independence, i.e. when D is (0, d¢)-close
to uniform. By combining their result with Claim we show that the dependence on k in their
error bound can be removed for nice product tests.

Theorem 12. Let f: {0,1}"™ — C<1 be a nice product test with k functions of input length £. Let
D and T be two t-wise independent distributions over {0,1}™. Then

JE [F(D+T AU -E[f(U)]] < 986-0(t).

Ly

where U is the uniform distribution.

We note that for product tests this error bound is optimal up to the constant in the exponent,
because the same distribution fools parities with error 2=+ On the other hand, [BHLV1S|
Theorem 8] shows that for ROBPs the dependence on m in the error is inherent.

Organization. We prove bounded independence plus noise fools product (Theorem in Sec-
tion [2 except the proof of the low total-variance case, which we defer to Section |4l Then we give
constructions of our PRGs in Section [3| In Section [5| we show how to obtain the modest improve-
ment of Theorem (8| and the optimal error bound for nice product tests (Theorem using [FK1§].
After that, we prove our result on fooling degree-2 polynomials in Section [6] Finally, we prove
Claim [9 in Section [Tl



’ Conditions Uses \ Follows from ‘ Error ‘

(1) > i< Var(fi] < ad D Lemma 2—Q(d) (kzﬂ)O(d)(;
(2) > i<k Var[fi] > ad D+ T AU | Derandomized Claim 9~0(d) 4 (Od)
(3) k> 2314 nice products | T AU Claim 9—2(dl) 4 90(dl) 5

Table 1: Error bounds for fooling a product tests of k£ functions of input length ¢ under different
conditions. Here D and T are (0, d/)-close to uniform, and « is a small constant.

2 Bounded independence plus noise fools products

In this section we prove Theorem As we mentioned in the introduction, the proof consists of
3 parts: (1) Low total-variance, (2) high total-variance, and (3) truncation using noise for nice
products. We summarize the conditions and the error bounds we obtain for these cases in Table
Let us now quickly explain how to put them together to prove Theorem [8| Clearly, combining (1
and (2) immediately gives us a bound of 2~2(@ 4 (k26)0(d) for product tests, proving Theorem
For nice product tests, we can apply (3) if k > 2361 otherwise we can plug in k < 23¢t1d in the
previous bound, proving Theorem

We now discuss each of the 3 cases in order. Since the proof of the low total-variance case is
quite involved, we only state the lemma in this section and defer its proof to Section

Lemma 13. Let X1, Xs,..., Xg be k independent random variables over C<y with min,eg,pp(x;)
Pr[X; = 2] > 27¢ for each i € {1,...,k}. Let Y1,Ys,..., Yy be k random variables over C<; that
are (g,16d)-close to X1,...,Xy. Then

{11 -= (1] %]

We now prove a claim that handles the high total-variance case. This claim shows that for
uniform z and ¢, the variance of the function ¢(y) := f(z +t A y) is close to the variance of f
in expectation. Its proof follows from a simple calculation in Fourier analysis. Later, we will
derandomize this claim in the proof of Theorem

. /2
< 90(@) (ZHZM[XJ) + (k290

Claim 14. Let T be the distribution over {0, 1} where the T;’s are independent and E[T}] = n for
each j. Let f: {0,1}* — C be any function. Then

E [\T/J@r[f(U FTA U’)]] > Var[f].

Proof of Claim[1j] By the definition of variance and linearity of expectation, we have

E | Varli 0+ T a0")| = E [E[fU+T AU - |EF(U+T AU 2]
- E [Elr0+Ta0)]] - B [|BU@ +T AU il

The first term is equal to

U

Ef(O)*) = Y foo Ela-a (U)] = DI fal.



The second term is equal to

E [ [ZfaXa U +T AU LIJ@/ [Zfafxar(U—i—T/\U”)H

urT

UT[Zfafa Xa(U +T AU E [ (U +T AU

= fafo ElXara O E | Ela(T AU E X (T A U]

a,a’

=Y ol By e A (U +U")]

= S IfulPa -l

Therefore,
— — |CV| > —
E | Valiw +T a0 = Zw (1= =nk) n§|f| = 1 Var[f],
where the inequality is because 1 — (1 —n)l®l > 1 — (1 —n) > n for any a # 0. O

With Lemma [T3] and Claim [14] we now prove Theorem

Proof of Theorem[84. Let o denote (3., Var[fi])}/2. We will consider two cases: 2 < ad and
02 > ad, where o > 0 is a sufficiently small constant.

If 0% < ad, we use Lemma Specifically, since Pr[f;(U) = 2] > 27¢ for every z € Supp(f;), it
follows from Lemma [I3] that

k

[E [f[ (D) B [T] ()] | < 279 + k2,
i=1

i=1
and the desired bound holds for every fixing of 7" and U.

If 02 > ad, then the expectation of f under the uniform distribution is small. More precisely,
we have

‘HE iU ‘ = [T - Var[fi)/? < 727" < 27D, (1)

i<k i<k

Thus, it suffices to show that its expectation under D + T' A U is at most 2D 4+ (k26)0(d) 5, We
now use Claim [I4] to show that

‘ [ﬁsz—i—T/\U”<2_ 4 4 (k2m)Odg,

=1

For each t,z € {0,1}", and each i € {1,2,...,k}, let o7, ; denote Vary:[fi(z +t A U’)]. We claim
that Zig i O‘Z ;18 large for most z and ¢ sampled from D and T respectively. From Claim |14] we
know that this quantity is large in expectation for uniform x and t. By a tail bound for almost



bounded independent distributions, we show that the same is true for most z € D and t € T. By
a similar calculation to (1)) we show that for these x and ¢ we have that [E[f(z +t A U)]| is small.

To proceed, let 7" be the uniform distribution over {0,1}™. Applying Claim (14| with n = 1/2,
we have ET/7U[O'%,’U’Z-] > Var|[f;]/2. So by linearity of expectation,

TI'E,;U [;O‘%/7Uﬂ] > 0?/2 > ad)2.
i<

Since T' and D are both (4, df)-close to uniform, the random variables a%D’l, . a%D’k are (26, d¢)-
close t0 02y 171y -+ 0% 1rp- Let p= Er u> i<k 02, ;] > ad/2. By Lemma

Pr [Z 02 i < M/z} < 279 4 (O, 2)
i<k

Hence, except with probability 2~ 4 kO§ over t € T and z € D, we have

> otei= Z\I/Ja/r[ filz +t AU > ad/4.

i<k i<k

For every such ¢ and x, we have

’HIg[fi(:c—i—t/\U)]‘ < g‘@[fi(x+tAU)]

i<k
=TI -0
i<k
< 67% i<k Ug,x,i < Q—Q(d)' (3)

In addition, we always have |f| < 1. Hence, summing the right hand side of and , we have

‘ : —Q(d) 4 1,0(d)
D,@,U[ggfl(D—i_T/\U)} SDH?T ‘glg[fl(D—i_T/\U)]‘ < 279 4 kO, O

To prove Theorem we use the following additional observation that noise alone fools nice
products when k is suitably larger than 22¢. The high-level idea is that in such a case there will be
at least k27¢ > 2¢ functions f; whose inputs are completely set to uniform by the noise. Since the
expectation of each f; is bounded by 1 — O(27¢), the expectation of their product becomes small
when k is suitably larger than 22¢. On the other hand, E[f(U)] can only get smaller under the
uniform distribution, and so the expectations under uniform and noise are both small.

Claim 15 (Noise fools nice products with large k). Let f: {0,1}" — C<; be a nice product test
with k > 23Y1d of input length €. Let T be a distribution over {0,1}™ that is (8, dl)-close to
uniform. Then

E[f(T AU) - E[f(U)]| < 27 42000,

10



Proof. We will bound above both expectations in absolute value. Let k&’ := 23+1d < k. Write
f= Hle fi, where fi: {0,1}/i — C<;. Since f is nice, there is a constant a € (0, 1] such that
IE[f:(U)]| £1— a2~ ¢ for every i € {1,...,k}. Under the uniform distribution, we have

U))| = H\E FO)]] < (1 — a2k < k27 < 9-0d), (4)
It suffices to show that the expectation under T'A U is at most 2~ (@) 4 20(d0) 5 Note that

[E[£(T A U))| [H\EfZTAU | < [H\EszAU)]I}

We now show that the right hand side is at most 2~ 4 20(d0) 5§ We first show that the expected
number of f; whose inputs are all selected by T" when T is uniform is large, and then apply a tail
bound for almost bounded independent distributions to show that it holds for most t € T'. Let T’
be the uniform distribution over {0,1}™. Then

k/
E[Z]l(T}i :1\”} ZPr = 1Ml > ot = 9241y,
1=1

Since T is (9, d¢)-close to uniform, the T7, are (9, d)-close to uniform. By Lemma
[Zn =1 < 22”64 < 9=dn) | 90(dn)5 (5)

Note that if Ty, = 1%, then [Ey[f;(TAU)]| = [E[f]| < 1—a2™". Thus, conditioned on S>¥  1(Ty, =
1151y > 2¢d, we have

k
H'E[fi(T AU < (- aQ_K)ZMd < 9~d0), (6)
i1

Since we always have |f| < 1, the error bound follows from summing the right hand side of ,

and @ O

Theorem now follows easily from Claim [15] and Theorem

Proof of Theorem [J7. Since f is nice, there is a constant a € (0,1] such that |E[f;]] <1 —a27"
If & > 2314, then the theorem follows from Claim . Otherwise, k& < 23*!d and the theorem
follows from Theorem [R[1 O

3 Pseudorandom generators

In this section we construct our generators. As explained in the introduction, all constructions
follow from applying the Theorem [§] recursively. We obtain our generator for arbitrary product
tests (Theorem 3)) ' by applying Theorem [§| for O(log (k) = O(Iog k) times recursively. Our progress

11



measure for the recursion is the number of bits the restricted product test is defined on. We
show that after O(log (k) steps of the recursion we are left with a product test that is defined on
m’ := O(¢log(1/e)) bits, which can be fooled by a distribution that is (e, m’)-close to uniform. As
a first read, we suggest the readers to refer to the O notations in the statements and proofs, i.e.
ignore polylogarithmic factors in ¢, logk, log(1/¢) and logm, and think of k& as m and ¢ as some
arbitrary small constant.

Proof of Theorem[3. Let C be a sufficiently large constant. Let t = C'log(¢k) = O(logk), d =
Clog(t/e) and 6 = (k2°)~¢. Let Dy,..., Dy, T1,...,T; be 2t independent distributions over {0,1}™
that are (d, d¢)-close to uniform. Define DM .= Dy and DU+ .= Di1 +T; A D).

Let D := DO, T := A'_, Ti. Let G’ be another distribution over {0,1}™ that is (8, d¢)-close
to uniform. For a subset S C [m], define the function PADg(z): {0,1}!SI — {0,1}" to output m
bits of which the positions in S are the first |S| bits of 205 and the rest are 0. Our generator G
outputs

D +T APADr(G).

We first look at the seed length of G. By [NN93, Lemma 4.2], sampling G’ and each of the
distributions D; and T; takes a seed of length

O(dl + log(1/5) + loglog m)
= O((¢ + log(k/e))log(t/e) + loglog m)
= O(ﬁ + log(k/e)) log(1/e).

Hence the total seed length of G is

(2t +1)-O(f +1og(k/e))log(1/e) = O(¢ + log(k/e)) log(1/e) log k.

We now look at the error of G. By our choice of § and applying Theorem [§| recursively for ¢ times,

we have

[E[f(D+T AU)] - E[f(U)]| <t- (27D 4 (k2°)0D5) < /2.

Next, we show that for every fixing of D and most choices of T, the function fp r(y) := f(D+T Ay)
is a product test defined on d¢ bits, which can be fooled by G'.

Let I = Ule I;. Note that |I| < ¢k. Because the variables T; are independent and each of them
is (0, dl)-close to uniform, we have

Pr[\[ﬂ T| > dé} < (‘(g) (Q—dé o) < gdtlog(tk)  9—Q(Cdllog(tk)) < e/4.

It follows that for every fixing of D, with probability at least 1 — £/4 over the choice of T, the
function fp 7 is a product test defined on at most d¢ bits, which can be fooled by G’ with error
e/4. Hence G fools f with error e. O

Our generator for nice product tests (Theorem [5)) uses the maximum input length of the func-
tions f; as the progress measure. We will use the following lemma, which captures the trade-off
between the number of recursions and the simplification on a product test measured in terms of
the maximum input length of the f;.
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Lemma 16. If there is an explicit generator G': {0,1}* — {0,1}™ that fools nice product tests with
k functions of input length v with error ' and seed length s', then there is an explicit generator
G: {0,1}* — {0,1}™ that fools nice product tests with k functions of input length ¢ with error

e’ + te, where t = O(loi(f{s) +log(+5)) = O(loi(f:l/s) + 1), and seed length s = s +t- O((€ +

loglog(1/¢))log(1/¢) + loglogm) = s’ +t - O(£log(1/¢)).

We defer its proof to the end. Theorem [5| requires applying the lemma in stages, where in
each stage we apply the lemma with a different value of /. XORing its output with a small-bias
distribution gives our generator for polynomials (Theorem .

We will apply Lemma [16{in O(log¢) stages. In each stage our goal is to halve the input length
of the product test.

Proof of Theorem[5 Let f be a nice product test with k functions of input length £. Note that by
applying Lemma (16| with r» = ¢/2 and error ¢/(tlog{), where t = O(log(k/e)/¢ + 1), we can halve
its input length by incurring an error of £/0O(log ) and using a seed of length

t-O((£+loglog((tlogt)/<))log((tlog?)/e) + loglogm) =t - O(Llog(1/e))
= O(log(k/e) + £)log(1/¢).

Now we repeat the argument for s = O(log ¢) = O(1) steps until the input length is zero, which is a
constant function and can be fooled with zero error. So we have a generator that fools nice product
tests with & functions of input length ¢, with error € and seed length s- O(log(k/e) + £) log(1/e) =

O(log(k/e) + £)log(1/¢). O

Theorem [I] follows from XORing the output of the above generator with a small-bias distribu-
tion.

Proof of Theorem[1l Let ¢ be a sufficiently large constant. Let D be a (¢/m)%biased distribution
over {0,1}" [NN93]. Let G be the output distribution of the generator in Theorem [5| that fools
product tests with m functions and input length clog(m/e) with error €/2. The generator outputs
D + G. By [NN93] and Theorem 3}, it takes a seed of length

O(log(m/e)) + O(log(m/e) + clog(m/e)) log(1/<) = O(log(m/<))log(1/e).

Let p: {0,1}™ — {—1,1} be any read-once GF(2) polynomial. Consider the polynomial p’
obtained from p by removing all the monomials with degree greater than clog(m/e) in p. We claim
that the expectation of p and p’ under D differs by at most €. Note that under any (¢/m)°-biased
distribution X, the probability that any clog(m/e) bits are 1 is at most €/4m, and so by a union
bound we have Pr[p(X) # p/(X)] < /4. In particular, this holds for D and U. It follows that

[E[p(D +G)] - E[p(U)]| < [E[(D+G)] -E['(U)]| +¢/2 <,
where the last inequality holds for any fixed D because of Theorem O

We now prove Lemma First we state a claim that will be used in the proof to reduce the
input length of the product test.

Claim 17. Let TW ..., T®W be ¢ independent and identical distributions over {0,1}* that are -
close to uniform. Then Prlwt(Al_T®) > r] < (Tfl) (2D 4 5)t,
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Proof. Since T @, ., T® are independent and each T® is §-close to uniform,

Pr[wt(/\’;f:lT(i)) >r] < Z Pr [/\Ezl /\jeS(Tj(i) = 1)]

S:|S|=r+1
t .

= > [IPrrsesT? =1)]

S:|S|=r+1i=1

L

< —(r+1) t _ —(r+1) t'
< > +9) (r+1>(2 +9) O

S:|S|=r+1

Proof of Lemma[16. For S C {1,2,...,m}, define the function PADg(z): {0,1}/* — {0,1}™ to
output m bits of which the positions in S are the first |S| bits of 205 and the rest are 0.

Let C be a sufficiently large constant. The generator G will output H"), where we define the
distribution H® recursively for t = O(loi(f:{a) —l—log(%)) steps: At the i-th step, H® samples two
independent distributions D@, T over {0,1}™ that are (§, C¢log(1/e))-close to uniform, where
§ = 9—C(€+loglog(1/e))log(1/e) Then output

H® .= DO 4 7O A PAD ) (HOH),

We define H*+Y to be G/ (Uy).
By [NN93, Lemma 4.2], sampling D® and T(*) takes a seed of length

= O(flog(1/€)+log(1/8)+loglogm) = O((£+loglog(1/e)) log(1/e)+loglogm) = O(£log(1/e)).

The total seed length of G is therefore s = s’ 4+ tu = s’ 4+t - O(£log(1/¢)).
We now analyze the error of G. For i € {1,2,...,t}, consider the variant H((}) of HY, which is

the same as H(1) but at the i-th step replace PAD ) (H 1) with PAD)(Up,). Let H(UO) =Up.

For every i € {1,...,t}, for every fixed DM, ..., D=1 and 7MW . T6=D the function f
restricted to /\j<iT(j) remains a product test with k£ functions of input length ¢, and remains nice
if f is nice. Call the restricted function g. Then, by Theorem [8) we have

E[f(HY)] - E[f(HD)]] = |Elg(V)] —E[g(DY + TD AU,))| < &

Hence, summing over ¢ we have
[ELf (Un)] — ELF(H) | Z!E 5O -EFHED) < te.

We now prove that |E[f(Hl(]t))] —E[f(HM)]| < &'42¢. We will show that except with probability
g, the function f restricted to /\jgtT(j) is a product test of input length » and so we can fool the
restricted function using G’ given by our assumption.

Write f =[]« fi, where each f; is defined on {0,1}% with |I;| < £. We claim that

Pr wt(/\leTI(:)) > r for some j € {1,... ,k}} <e.
It suffices to analyze Prwt(AL_ 1T( )) > r| for each j and take a union bound over j < k.
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Since |I;| < ¢, T() 27%_close to uniform, by Claim [17| and a union bound over j < k, the
probability that some fi has input length > r is at most

¢ le T+l log(k/¢) [
—(r+1) —cu\t . —r Q( 1 Hog (-
k< 1> (2 2 ) sk ( > (2 ) . -

)) <e.

r+ r—+1

Hence, for every DU ... D®_ with probability 1 — e over the choice of T, ..., T® the function
[ restricted to Al_;T () becomes a product with k functions of input length r, and remains nice if

f is nice. Conditioned on this, we have by the definition of G’ that ]E[f(Hg))} — E[f(H(l))” <é.

Otherwise, as | f| is bounded by 1, the absolute difference is always at most 2. Hence, |E[f(H [(Jt))] -
E[f(H™M)]| < &’ + 2¢, and so the total error is at most &’ + (¢ + 2)e. O

4 On almost k-wise independent variables with small total-variance

In this section we will prove Lemma Our proof follows closely to the one in [GKM15], which
proves the lemma for ¢ = 0, that is, when the X;’s are d-wise independent. We first give an overview
of their proof.

For independent random variables Z1, . .., Zj, we will use 0(Z) to denote the standard deviation
of Y.< Zi, that is, 0(Z) := (Z , Var[Z ])1/2

As a first step, let us assume each E[X;] is nonzero and normalize the variables X; by writing

[T = TT(ELx) + (x; — Bl HE ( Xﬁ%“)

Let Z; denote (X; — E[X;])/ E[X;]. If |Z;] is small, then intuitively a low-order Taylor’s expansion
of [],(1+4 Z;) should approximate the original function well. To write down its Taylor’s expansion,
a convenient way is to rewrite [[;(1 + Z;) as 21980420 Tt suffices to bound above its error term
in expectation. This is equivalent to bounding the d-th moment of ), log(1l + Z;). A standard
calculation gives a bound in terms of the norm and variance of the functions log(1+ Z;). Since |Z;]|
is small, log(1 + Z; ) behaves similarly as Z;. So we can relate the error term in terms of |Z;| and

o(Z)? =3, Var . In parmcular if |Z;| < B for all i then we would get an error bound of the
form 20 I(\/o d + B)°@. For now let’s think of E[X;] being bounded away from 0 so that
Var|Z;| = @(Var[X ])

Now we handle the case where |Z;| is large. Note that this implies either (1) |X; — E[X;]| is
large, or (2) E[X;] is small. We will handle the two conditions separately by a reduction to the case
where the |Z;|’s are small.

The recurring idea throughout is that we can always tolerate O(d) bad variables that violates
the conditions, provided with high probability there can be at most O(d) bad variables. This is
because by affording an extra O(d) amount of independence in the beginning, we can condition on
the values of these variables and work with the remaining ones.

As a simple illustration of this idea, throughout the proof we can assume each Var[X;] is bounded
by Y, Var[X;]/d =: 0(X)?/d, as there can be at most d bad variables X; that violate this inequality,
and so we can start with 2d-wise independence, then conditioned on values of the bad variables X,
the rest of the X; would satisfy the bound.

We first assume the |E[X;]|’s are large and handle (1), we will round the X; to E[X;] whenever
|X; — E[X;]| > B. Note that by Chebyshev’s inequality an X; gets rounded with probability

15



Var[X;]/B2. Tt follows that the probability that there are more than d such X;’s is bounded by
(0(X)/Bd)?. This suggests taking B to be (0(X)/d)® for some constant a € (0,1) to balance the
error terms.

It remains to handle condition (2), for Z; to be bounded by B = (¢(X)?/d)*"), as explained
above it suffices to show that all but O(d) of the X;’s satisfy [E[X;]| > (0(X)2/d)°M). If |E[X;]| >
(0(X)/d)*D) for Q(d) of the X;’s, then by a similar argument as above one can show that with
high probability at least half of them is bounded by (o(X)?/d)*"). Hence, E[[[; X;] is at most
(0(X)?/d)*¥ when the X,’s are d-wise independent. This finishes the proof.

Note that in the case of € > 0, each X is only e-close to the corresponding Y; and they are not
exactly identical. As a result, throughout the proof we will often have to introduce hybrid terms
to move from functions of X; to functions of Y;, and vice versa, and we will show that each of these
steps introduces an error of at most k9(@e,

Also, there is some loss in € whenever we condition on the values of any subset of the Y;’s, see
Claim [25] for a formal claim. This introduces the extra condition that each X; must put a certain
mass on each outcome.

4.1 Preliminaries

In this section, we prove several claims that will be used in the proof of Lemma

Lemma 18. For any z € C with |z| < 1/2, |log(1 + z)| < 2|z|, where we take the principle branch
of the logarithm.

Proof. From the Taylor series expansion of the complex-valued log function we have

[es] 1 n—1 . 00 . 00 .
llog(1 + 2)| = Z(n),z <Y IRt < 2D (1/2)" =204, O
n=1 ’ n=1 n=0

Lemma 19. Let Z € C be a random variable with |Z| < 1/2, E[Z] =0 and W = log(1 + Z) the
principle branch of the logarithm function (phase between (—m,m)). We have Var[W] < 4 Var[Z].

Proof. By the definition of Variance, Lemma and that E[Z] = 0,
Var[W] = E[|W]?] - [E[W]]”
< E[IW]]
< 4E[|Z]]
= 4 Var[Z]. O

Lemma 20 (Taylor’s approximation). For w € C and d > 0,

d—1 d
w | /s w w
eV — E w’ /5! §0(1)|d!’~max{1,e%( )}
Jj=0

Lemma 21. For any random variable W € C, [EWl| <E[[e"]].

Proof. By Jensen’s inequality, we have

(EW)| = | EROV| < B[ROV = [V -
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Claim 22. |e*' —e®?| < |e*?|- O(|z1 — 22]) if |21 — 22| <1,
Proof. By Lemma [20| with d = 1,
€177 — 1| < O(1) - |21 — 22| - max{1,e"*1722)} = O(|2; — 29|),

because R(z1 — z2) < |21 — 22| < 1. Therefore,

et —e*| = |e®(e” ™7 — 1)
= [e*|[e* 7% — 1|
< |e??]- O(]z1 — 22])- O

Claim 23. Let X,Y € Q be two discrete random variables such that sd(X,Y) <e. Let f: Q@ — C
be any function. We have |[E[f(X)] —E[f(Y)]| < 2max,|f(z)]-sd(X,Y).

Proof. Let p and g be the probability function of X and Y. Using the fact that sd(X,Y) =
%Zz‘p(z) —q(z)|, we have

:2mzax|f(z)|-sd(X,Y). O

Claim 24 (Maclaurin’s inequality (cf. [Ste04])). Let z1, ..., zx be k non-negative numbers. For any
i€40,...,k}, we have

k
Si(zt, . m) = > [z < /i) #).
j=1

S:|S|=ijes

4.2 Proof of Lemma [13]

We now prove Lemma For independent random variables Z1, . .., Zx, we will use 0(Z) to denote
the standard deviation of } ;. Z;, that is, 0(Z) := (Zle Var[Z;])'/2. We will also denote (Z)2/d
by v for notational simplicity.

4.2.1 Assuming the variances are not too small

As hinted in the overview above, throughout the proof we will without loss of generality assume
Var[X;] < o(X)?/d for every i € {1,...,k}. This assumption will be used in the proof of Lemma [31]
to give a uniform bound on how close the rounded X;’s and X;’s are in expectation.

We first prove a claim that shows the Y;’s remains close to the X; even if we condition on the
values of a few of the Y;’s. This claim will be used multiple times throughout the proof. Note that
this claim is immediate for exact independence (¢ = 0) but less for almost independence. We shall
use the assumption that the X; take any value with probability at least 2.
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Claim 25. Let X1, Xo, ..., X}, be k independent random variables over C<y with N cSupp(X;) Pr[X; =
2] >27¢ Let Y1,Ya,...,Y}, be k random variables over C<y that are (¢,d)-close to X1, Xa, ..., Xp.
Let S C{1,...,k} be a subset of size t. Then conditioned on any values of the Y; fori € S, the Y;
fori ¢ S are (3-2%c,d —t)-close to the X; fori & S.

Proof. Let T C [k] — S be a subset of size at most d — ¢t. We have for any value z; for s € S,

Z Pr{/\Yj:zjl/\Yszzs}—Pr[/\ijzj}

zj:g€T JeET seS JET

Pr {/\jeSuTYj = Zj} Pr [/\jeSUT X; = Zy}

S _ ,

2;j€T py px

where px := Pr[AsesXs = 25| and py := Pr[AgsesYs = z5]. Hence, we can rewrite above as

3Gy =) mel A sl (el A v=s]-me A xi=a)])

Py DPx

2§ €T JeSUT JEeSUT jeSuUT
1 1 €

S e A et
by Px1 Ger FESUT px

< 1/py —1/px|+¢/px
< (1/pxpy + 1/px)e.

The first and last inequalities are because the X;’s are (e,d)-close to the Y;’s. As the X;’s are
independent, by our assumption we have px = [[,cgPr[Xs = 2] > 27%, and so py > 27% —¢ >
27% /2. (Otherwise the conclusion is trivial.) Therefore, (1/pxpy + 1/px)e < 3 - 22*c, and the
proof follows. O

Claim 26. Let X1, Xs, ..., Xy be k independent random variables over C<y with min,eg,pp(x,) Pr[X; =
2] > 27¢ for each i € {1,...,k}. Let Y1,Ya,...,Ys, be k random variables over C<y. If Lemma
holds when the Y;’s are (g,Cd)-close to the X;’s assuming Var[X;] < o(X)?/d for every i € [k],
then Lemma [15 holds when the Y;’s are (e, (C + 1)d)-close the X;’s without the assumption.

Proof. Note that there can be at most d different such indices. Let J be the set of these indices.
We have

e &

Jj€J igJ jeJ  igJ
= (HXj - HYJ> HXJ‘JFH}G(HXJ‘ _H}/}>‘
jeJ jeJ igJ jeJ igJ igJ
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We first bound the expectation of the first term. Since the X;’s are independent,

10191 ) - )10l
< E[EX]} —E[EYJ}

For the second term, note that conditioning on the values of the Y for which j € J, by Claim
the remaining variables are (20(“)5, Cd)-close to the corresponding X;’s. So we can apply the
above Lemma [13| with our assumption and the claim follows. O

4.2.2 Assuming the variables are close to their expectations and the expectations are
large

Lemma 27. Let X1, Xo,..., X}, be k independent discrete random variables over C<1. LetY1,Ys,..., Y}
be k discrete random variables over C<; that are (g,d)-close to X, ..., Xy. Assume for each X;
and Y;, there exist Z; and Z, such that

Xi=E[X,](1+Z) and Y;=E[X|(1+ 2,
where |Z;| < B <1/2 and |Z]| < B < 1/2. Then

E[ﬁx} [HY} < 20 (W“Bd) + (Bk)O@e.

Remark 28. Note that we define Y; above in terms of E[X;] but not E[Y;]. The random variables
Z; are independent, but the variables Z! may not be. Also, later we will take B to be vl/3.

Proof. Define W, Wz such that

W; =log(1+ Z;) and W; =W, — E[W,].
Likewise, define W7, Wi’ such that

W! =log(1+Z!) and W/=W/—E[W/].

Let W = S, W; and W’ = 32, W/. Note that X; = E[X;]eWitEWi] and v; = E[V;]eW HEWV . We

have
HX (H Xile [W]) and ﬁYi:<ﬁ]E[Xi]eE[Wi/]>eW

i=1 i=1 =1

Hence the difference is

k k k k A i A
HXZ- - HYz = (HE[Xi]) (HEJE[WZ'] eV H W] eW'>
i=1 i=1 i=1 ; ;

N (f[E[Xi]) ((He HeE[Wl) +f[eE[Wﬁ . (eW _evi/')) |

The lemma follows from the two claims below:
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(Hf:l E[Xz]) (Hi:l Pl — Hf:l eE[Wi/])@W‘ < O(ke).

Claim 30. |( [T, BLXJe=) (B[] - B[] | < 200 (#2384 4 (o,

0
Proof of Claim[29. We have
k k k ) k k )
‘ (HE[XJ) (He]E[Wi] - H eE[W{]>eW‘ = ’ HE[X] . ) HeE[W . ‘ew‘.
i=1 i=1 i=1 i=1 i=1
By Lemma [18 Claim 23] and our assumption that |Z| < 1/2 and |Z’| < 1/2, we have |Y, E[W;] —
YL EW < 35 E[W;] — E[W]]] < 2ke. Hence, by Claim
k
’ T Wil — T =] = | Bl — o3 Bl
i=1 =1
< |eXi EVIl| O (ke)
= HeE[Wl O(ke).
Therefore,
k k k A k )
L[ I - T [o] < o] | TT ] o) |
i=1 i=1 i=1 i=1
k
- <HE E[Wl) ‘ O(ke)
i=1
k
= HXZ -O(k
O(k ). O
Proof of Claim[30. We first rewrite eW — W as a sum of 3 terms:
) ) e d—1
P :(veZW]/jQJr(Z( W’J /]) <ZW’ /3l — )
j=0 j=0

It suffices to bound above the expectation of each term multiplied by ~ := Hle E[X;]eEWil. We
bound the first and last terms using Taylor’s approximation (Lemma , and the second term
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using (e, d)-closeness of the variables. We will show the following:

A S 20+ Bd\"
E 7-(6W’_2Wﬂ/j1) < 20(@) (””d*) + (kB)OWe (7)
=0 |
_ P~ _ ow [ o(Z)Vd+ Bd I
o (o Fhw] a0 (e o
I j=0 |
d—1 ,
7| Y0V - W)/t | < ke (9)
j=0

For , by Lemma [20| we have

d-1 .
S (V=) < ot o) L g R0y,
P = dl !

We now bound above |y - max{1, e%(W/)}\ by 1. We have

k

Il = | [T B
i=1

- ﬁE[Xi]‘ : ‘emziw;}

=1

E[X;] .EHeZi Wz"” (Jensen’s inequality, see Lemma

IN
:w

=1

k

—F ‘HE[XZ.].eZZvW{
7,;1

=K ‘HYZ
i=1

<1

Moreover,

k
Iy - ROV = ) [T EX 15 <1
=1

k
ROV ‘ []EX M
i=1

k
:‘Hyl
=1

Hence, it suffices to bound above E[|[WW’|?]. Note that the W/’s are (e, d)-close to the Wy’s. So we
bound above |W;| and Var[W;] and then apply Lemma First, since |Z;| < B, we have [W;| < 2B
because of Lemma and so |W;| < |[W;| + |[E[W;]| < 4B. Next, we have Var[W;] < 4 Var[Z]
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because of Lemma |19, and so (W) < 20(Z). Therefore, by Lemma

k R d—1 L irrd
E (z];[lE[XZ]eE[Wﬂ) (eW’ _ jgow/ /]|) < OO)EHZ ’ ]
o d
< 0@ <U(W)\/§+4Bd> + (kB0

d
< 20(@) (U(Z)‘g+ Bd) + (kB)°We.

We prove Inequality similarly. Note that
CE[W!
|e2: EWil|
< el EWH] =22 EWi]|

< SAEW-EWi)

< eka
<0(1),
because € < 1/k, otherwise the conclusion is trivial. Hence,
k A -1 k o d-1
(HE[XZ-]eE[W”) (eW -y Wj/j!> < (HE[Xi]eIE[Wﬂ) (eW -3 Wj/j!) - 0(1).
i—1 =0 i=1 J=0

Therefore, it follows by Inequality (1) by considering ¢ = 0 that
i d—1 J
E (HE[Xi]eIE[W{]) (er -y Wj/j!> < 20(d) (o(Z)\glJchl) |
i=1 =

Finally we prove Inequality @ By linearity of expectation,

d—1 ) d—1 )
E | S0 = W)/t = D) - B/t
j=0 Jj=0

Note that W7 = > W;)7 can be written as a sum of k7 terms where each term is a product of at
most j < d different W;’s. Moreover, we have |W;| < 2B <1 for each i because of Lemma So

we have [E[W7] — E[W’]H < kJe. Hence,

E |0 w5t | <

S
—_
IS
—_

E[W7] - E[W"]|

<
Il
=)
Q.
I Il
= O

ke

IN IN

?T‘ o,
|l

M o
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Recall that |y| < 1, this concludes (9). O

4.2.3 Assuming the expectations are large

We now prove the main lemma assuming the expectation of the X; are far from zero.

Lemma 31. Let X1, Xo,..., X} be k independent random variables over C<y, with min,eg,pp(x;)
Pr(X; = z] > 27% Let Y1,Ys,..., Yy be k random variables over C<y that are (e,9d)-close to
X1,..., Xp. Assume [E[X;]| > (o(X)?/d)Y/S for each i. We have

k k

B 1] - =[]

i=1 =1

o\ d
< 20 <U(§) ) + (k24)0@e.

Proof of Lemma[31 We will assume o(X)?/d is less than a sufficiently small constant and & <
(k28)=¢ for a sufficiently large C'; otherwise the right hand side of the inequality is greater than 2
and there is nothing to prove.

For each i € {1,2,...,k}, we define a new function rd;: C<; — C<; that will be used to round
the variables X; and Y;. We define rd; as
if |z — E[X;]] < (o(X)2/d)/?
i {7 =B < (0P d)
E[X;] otherwise.

Let X; = rd;(X;) and Y, = rd;(Y;). We will write both [[, X; and [[,Y; as

k k
[[xi=]]xi-x+X)="> J[&x-x)]][X,
i=1 i=1 SC{1,2,...,k} i€S igs

and i i
HE—H(E_~1+~1): Z H(E_z)H~z
i=1 i=1 SC{1,2,....,k} i€S iZS

Let m = 3d. Define

Pp(z1,22,-2) = Y [ [ (2 = rdiz0) [ [ rdi(z0)-

|S|<m i€S iZS

We will show that P, is a good approximation of the product in expectation over both X;’s and
Y;’s and then show that the expectations of P, under X;’s and Y;’s are close.
We will use the following inequalities repeatedly.

Claim 32. Pr[X; # X;] < Var[X;Jv=%/3 < v/3. In particular, 3", Pr[X; # X;] < (do)?/3.

Proof. The first inequality follows from Chebyshev’s inequality and second follows from the as-
sumption Var[X;] < v. The last sentence is implied by the first inequality. O

Claim 33. ‘E [HYi ~ PV, .. .,Yk)} ‘ < 20(d)yd | L0
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Proof. Consider the product [];.¢(Y; — ¥;). Let N’ be the number of i € {0,1,2,...,k} such that
}71, #Y;. If N' < m then any set S of size at least m must contain an i such that Y; = Y;. In this
case the product is 0 and thus

[[Yi-Pa0i )= ) [Ji-v) [[vi=o0.

|S|>m i€S iZS

So,

E[HE—Pm(Yl,...,Yk)H:

)

If N’ > m then there can be at most Z;n;Ol (N/) < Z;n;()l (N/) (Z‘) <2m (]T\;/) subsets in the sum in

S m
P, for which the product is nonzero, and each such product can be at most 2 because |S| < m.

Thus,
m—1
]l(N’Zm).‘Pm(Yl,...,Y)’<11N’>m 2mz< )

S=

L(N' > m)-2m. 2m<N/>

m
< 22771 N/ .
- m

+|Py (Yl,...,Yk)yﬂ <E [n(N' > m) ’

Therefore,

el ()

<E[L(N' > m)] + 2*"E [(i::)}

E |[1(N' >m)- (‘

We will show the following
Claim 34. Pr[N' > m] <E [(ﬁ’)} < vl 4 kO,

Assuming the claim it follows that

<E[L(N' > m)] +2°"E KN)]

m

IE[ (N > m) - (HY P, (Yl,...,Y))}

< (14 259 ((20)¢ + kOD¢) (m = 6d)
<2 O(d)yyd 4 Old) g, ]

We now prove Claim



Proof of Claim[34 The first inequality is clear.

E K];:ﬂ < Y PrlhiesYi # Y

|S|l=m
< Z (HPr[XZ- # X+ 5) (each Y] is e-close to X;)
|S|=m €S
< >0 [IPrlx # X + ke
|S|=m i€S
k ~ m
= PriXi # X, s :
< <€Z’:1 X 7 ]> + k™Me (Maclaurin’s inequality)
m
3d
d-o(X))*3
< (6(03(d))> +k"e (Claim [32))
<v? 4 kO, L]

Now, we show that P, (Y1,...,Ys) is close to P, (X1,...,X) in expectation.
Claim 35. |E[P,,(X1,...,Xg)] — E[Pn(Y1,...,Y3)]| < 290@Wud + O(k)3de
Proof. The difference between P,,(X1,...,Xx) and P, (Y1,...,Y%) equals
Pu(X1e Xi) = Pu(V, Y = Y (T = X0 [] & - TIi - [T %)
|S|<m €S iZS 1€S iZS

We can rewrite the right hand side as

> (TTea =20 - TJvi - 9) [T %+ [Toa - (T] % - 1T %)

IS|l<m \ i€S i€S iZS i€S iZS iZS

It suffices to show that

B> (TI - %) - TT0i-70) [T % || < 60 (10)
|S|<m €S €S igS

El Y [[vi- f@-)(HXi -TI Y) < 20 yd 4 (£20)0We, (11)
|S|<m €S iZS igs |

We first prove Inequality . Because the X;’s are independent, the left hand side of the inequality
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equals

|S|<m i€eS i€eS ¢S
m—1
<> Y|l - x| —e[T]ovi - v |- [E[T] %]
s=1|S|=s €S S 1S
m—1
<3 Y E[IIe6- %] - [T]i - 7]
s=1|S|=s €S i€S
m—1
<> ) 2.2
s=1|S|=s
m—1
<) ke2.2%
s=1
< 2(2k)"e
= k9.

To see the third inequality, note that |z —rd;(2)| < 2, and so |[[;cq(2z —1di(2:))] < 2151, So we can

apply Claim [23 to bound above the absolute difference by 2 - 2/5le.

Now we prove Inequality . As |S] <m = 3d and Y;’s are (g, 9d)-close to X;’s, conditioned
on the values of X; for which ¢ € S, by Claim the remaining Y;’s for which ¢ ¢ S are still
(200 D¢ 6d)-close to the corresponding X;’s. (Recall that we can assume ¢ = (k2¢)~¢? for a
sufficiently large C'.) We will apply Lemma [27] to them.

Define Z;, Z! such that X; = E[X}](l + Z;) and Y; = E[XZ](l + Z!). To apply Lemma we
need the following two claims to bound above |Z;,|Z!| and ¢(Z)?. We defer their proofs to the
end.

Claim 36. Let B = 4v/%. Then |Z;| < B and |Z!| < B.
Claim 37. 0(Z)? < 40(X)%v~1/3.

Therefore, by Lemma [27 with &' = 200m0¢ and B = 4(0(X)?/d)"/% < 1/2 (Recall that we can
assume o(X)?2/d less than a sufficiently small constant),

.M’

E ZH(K—%)(H&—HYQ) < ZE

|S|<mi€S iZs iZS |S|<m

[Ty -7

€S
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where

6d
o1/3 1 1/6) +( k2£

We now bound above E[|[],cq(Y; — Y;)|]. Note that [Lics(zi — rdi(2))] < 2151, Hence by

Claim
[Ty -7 [T —Xi>|
€S €S

Let N be the number of ¢ € {0,1,...,k} such that X; # X,. Note that

E <E + 2l51g,

|S|Z<:mE [;l;[g(Xi — X;) ] < ng: (281@ [(f)])
< 2ME[2V]
= sz[l (1+Pr[x: £ X))

< 2m62i PrX;#X]]
< gme(da(X)*/?

< 20,

where the last inequality is because o(X)?/d < 1 and so o(X)?/3 < d'/3. Therefore,

> E||[vi-Y)

|S|<m i€S

< 20(d) 4 Z 9ISl < 20(d) | (2k)™e < 20(d)7
|S|<m

where the last inequality is because ¢ < k=% for a sufficiently large C. So altogether the bound is

20(@) . M as desired. O
0
We now prove Claim |36/ and l By Claim (32 l IE[X;] — E[X;]| < (a(X)?/d)Y/3. Also by

sssuption, B = (o (KT So. wo have [BLE| 3 ECC2 = (o 0y A2
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Proof of Claim[36 As |E[X;]| > v'/%/2, we have

‘éz‘::\)(i—‘ﬁm)Q]
[E[X:]]
< 1Xi — E[Xi]| + [E[X,] - B[Xi]|
- [E[XG]]
< 43 /116
< 4o'/5,
and the same argument holds for | Z| because |Y; — E[X;]| < v!/3. O

Proof of Claim[37 Since z* = E[Z] is the minimizer of E[|Z — z|*], we have

Var[f(,-] = EHXz - E[f(,]|2]
< E[|X; - E[Xi]’]
< E[X; — E[X] ] (X = rdi(Xy))
= Var[X|]

Therefore, Var[Z;] = Var[X;]/|E[X;]|* < 4 Var[X;]o~"/3 and thus 3, Var[Z;] < 40(X)%v~1/3. O

4.2.4 The general case

Proof of Lemma[13 We will again assume o(X)2/d is less than a sufficiently small constant and
e < (k29)~% for a sufficiently large constant C. We first assume Var[X;] < o(X)2/d for all j and
prove the lemma when the Y;’s are (e, 15d)-close to the X;’s. Later we will handle the general case.
Let m be the number of i such that [E[X;]| < /6.
If m < 6d, let J be the set of indices for which [E[X;]| < v'/6. We can write

[Mx-TIvi=1Ix%-11v | I+ 11y (11 - 11
i i jeJ jeJ JgJ JjeJ Jjg¢J JgJ

It suffices to show that

E|(TIx%-T1%)II%|| <. (12)
jed jeJ jeJ
ETIY (]2 - T]Y ||| <299 + (k290 De. (13)
jeJ J¢J JéJ

We first show Inequality . Since the X;’s are independent, the left hand side of is

BT -2 [Tl ) = (T1]| < o [TT] -2 1T

jeJ jeJ j&J jeJ jeJ
<e.
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To prove Inequality , note that conditioned on the values of the Y;’s for which i € J, by
Claim the rest of the Y;’s are still (20(%)¢, 9d)-close to the corresponding X;’s with |E[X;]| >
v'/6. (Recall that we can assume ¢ = (k2¢)~C? for a sufficiently large C.) So the bound follows
from Lemma [311

If m > 6d, then note that

k

E[HXZ}

i=1

k
= T[IE[X;]| < v™/6 < v
1

1=

So it suffices to show that i
E {H YZ] < 20 yd 4 O,

i=1

Consider the event E that at least 3d of the Y; for i € J have absolute value less than 2v'/6. Then

we know that i
1T
i=1

We will show that E happens except with probability at most v?¢ 4 k3%. Let N € {0,1,2,...,m}
be the number of i € J such that |Y;| > 2v'/%. Note that

A (220

i€S

< 93 yyd/2,

Pr[N >3d/ < Y Pr
S5C.J:|S|=3d

< 3 TIer[ix > 201 4 ke

SCJ:|S|=3di€S
By Chebyshev’s inequality,
Pr{|X;| > 20'/%] < Pr[|X; — E[X;]| > 0"/ < Var[X;]o~ /3.

Hence, by Maclaurin’s inequality,

m 3d
Z HPr [‘Xi‘ > 21)1/5} < e ity Pf[gﬂ > 21}1/6])

5CJ:|S|=3di€S

So,
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Therefore,
’ E [HYJ ‘ < 230pd/2 4 2y gl

< 90(d)yd/2 | LO(d). 0

5 Improved bound for bounded independence plus noise fools
products

In this section we prove Theorem which improves the error bound in Theorem [§] from 2~%(@)
to £~4)  and Theorem which gives the optimal error bound for nice product tests. The proof
of Theorem [10| requires developing a few additional technical tools. We first outline the high-level
idea on how to obtain the improvement.

For simplicity, we will assume d = O(1) and show how to obtain an error bound of £~*(1), Recall
in the proof of Theorem [§| (see also Table|l)) that we used a win-win argument on the total-variance:
we applied two different arguments depending on whether the total-variance of a product test f
is above or below a certain threshold. Suppose now the total-variance of f is guaranteed to lie
outside the interval [¢~9%! ¢%1]. Then applying the same arguments as before would already give
us an error of £~ So it suffices to handle the additional case, where the total-variance is in
the range of [0}, /%1]. Our goal is to use noise to reduce the total-variance down to n~°!, which
can then be handled by the low total-variance argument. To achieve this, as a first step we will
handle the functions f; with variances above and below £~ separately, and show that O(¢)-wise
independence plus noise fools the product of the f; in each case.

For the former, note that since the total-variance is < £0-1, there can be at most £%7 functions
with variances above /=6, In this case we can simply apply the result in [HLVI7] (Theorem [7)).
To prove the latter case, we use noise to reduce the variance of each function. Specifically, we use
the hypercontractivity theorem to show that applying the noise operator to a function reduces its
variance from o2 to (02)/3). This is proved in Section below. Hence, on average over the
noise, the variance O'ZZ of each f; is reduced to at most (5_0'6)1/ 301-2, and so the total-variance of the
fi is at most (£-0-6)1/3 . 01 — y=0-1 and we can argue as before. To combine the two cases, we
prove a new XOR Lemma for bounded independent distributions, inspired by a similar lemma for
small-bias distributions which is proved in [GMR12|, and the theorem follows.

5.1 Noise reduces variance of bounded complex-valued functions

In this section, we show that on average, noise reduces the variance of bounded complex-valued
functions. We will use the hypercontractivity theorem for complex-valued functions (cf. [Hat14]
Theorem 6.1.8]).

Let f: {0,1}" — C be any function. For every p € [0, 1], define the noise operator T}, to be
T,f(x) := Enx[f(x + N)], where N sets each bit to uniform independently with probability 1 — p
and 0 otherwise.

Theorem 38 (Hypercontractivity Theorem). Let g € [2,00). Then for any p € [0,4/1/(q — 1)],

E[|T,f(2)]]"* < [E[f(x)%]]"2.
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We will use the following well-known corollary.

Corollary 39. Let f: {0,1}" — C. Then

E[T,£(2)]?] < E[|f(z)] ] 7.
Proof.

P @) 7 BT, T, (z) 72| 7
(1)) 7 BT, f(2)[2)72.

The first inequality follows from Hélder’s inequality because ﬁ + W = 1, and the second
inequality follows from Theorem [38| with ¢ = 1 + 1/p?. O

Let T be a distribution over {0, 1}™ that sets each bit independently to 1 with probability 1 —p
and 0 otherwise.

Claim 40. Ery [[Ep/[f(U +T AU)[P] = E[|T5f ()]
Proof.

E[EU+T AU [Z foar ElXatar(U)] Elxa(T AU E [xar (T A U™

7

= Z!fa i Xa T AU +U")]

2
= er ol = E[IT 5 f (2)].
where the last inequality follows from Parseval’s identity because the Fourier expansion of T, f(z)
is 3o fap!®xa(2). O

We are now ready to prove that noise reduces the variance of a function. The main idea is to
translate the function to a point close to its mean so that its variance is close to its second moment,
and then apply Corollary [39| to it.

Lemma 41. Let f: {0,1}" — C<1 be any function. Let ¢ := min{|f(x) — f(a')| : f(z) # f(2')}.

Then
I%[Vgrﬂg‘[f(a: +T A U)]” <4 <2Var[f]>1+p

52
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Proof. We can assume Var[f] < 62/2; otherwise the conclusion is trivial. Let S be the support of f.
For every y € S, let p, := Pr[f(z) = y]. Let u = E[f] and 02 = Var[f]. Since 02 = E[|f(z) — ,u|2],
there is a point z € S such that |z — pu|? < 62. We have

2= "ply—p>> > pyly—pf > min !y—u|2< > py)‘

es:
yes yeESyF#2 yeSy7z YyESYyF£2z

Define g(z) := % We have for every t,
Vgr[lg[f(xjtt/\ U)]] = 4V§r[lg[g(:n+t/\U)]] < 415[‘[5[9(m+t/\ U)HQ]
By Corollary [39]

2
1+p2\ 1+p2 2

S( > py)m

yeESyF#z

y—z

_2
E[IT,9] <E[lgl'™ ] = | 3 n|%5

yESIYyF£2z

because |y — y/| < 2 for every y,y’ € C<;. So by Claim 40| we have

2

E [[Elg(e+TA0))] =E[iTgl) < (3 »)"™".

T.x
YyES I yF#2z
It follows from above that
2
2 V. T+p
E[Var[E[f(x—i—T/\U)]H <4 E [|Blg(a+TAU)]|?] < 4( 3 py> < 4( _ Varlf] 2) :
TL =2 U Tx-'U yESy£e mlnyES:y;ﬁz‘y_M’

Now we bound below minyeg.,-.|y — p)?. For every y # z,
2 2 2 2
<y =2 <ly—pl +|p—z2 <ly—pl*+o%

Because o2 < §2/2, we have

E[Vgr[lg[f(x+T/\U)]” <4 ( Var|f] >+ < (2Var[f])1ip‘ -

T 6% — o2 62

Remark 42. The dependence on 6 is necessary. Consider a function f with support {0,e}. Then
f = eg, where g has support {0,1}. We have Var[f] = &2 Var[g]. Applying noise to f is the same
as applying noise to g, but g has no dependence on €.

5.2 XOR Lemma for bounded independence

We now prove a version of XOR lemma for bounded independence that is similar to the one in
IGMR12|, which proves the lemma for small-bias distributions.

Lemma 43. Let f1,..., fi: {0,1}™ — [0,1] be k functions on disjoint inputs. Let H: [0,1]F —
[0,1] be a multilinear function in its input. If each f; is fooled by any d;-wise independent distribu-
tion with error e, then the function h: {0,1}™ — [0, 1] defined by h(x) := H(f1(z), fa(z), ..., fr(x))
is fooled by any (3, d;)-wise independent distribution with error 16%¢.
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We will use the following dual equivalence between bounded independence and sandwiching
polynomials that was introduced by Bazzi [Baz07].

Fact 44 ([Baz07]). A function f: {0,1}"™ — [0, 1] is fooled by every d-wise independent distribution
if and only if there exist two multivariate polynomials py and p, of degree d such that

1. For every x € {0,1}™, we have py(z) < f(z) < pu(z), and
2. Elpu(U) = f(U)] <& and E[f(U) — pe(U)] < e.

Proof of Lemma[{3. By Fact for each i € {1,...,k}, there exist two degree-d; polynomials f}*
and ff for f; which satisfy the conditions in Fact Hence, we have

fix) > filr) >0 and 11— fi(z)>1- fi(z) >0.

For every a € {0,1}*, define

My(z) = [] fi@) [T - f@) and Ma(2):= ] fite) JT (1 fi(@)).

o =1 Jia;=0 o =1 Jia;=0
Clearly, My(z) > Mq(z), and Mg (z) has degree » ;. d;. We claim that for every a € {0, 1},
E[MY(z) — My (z)] < 2",

Fix a string o € {0, 1}*. Define the hybrids My = M%(z), My, ..., My = M, (), where

where
MP@) =TI H@ I -5e),
j<i,a;=1 j<izo; =0
and
MP@ = T @ I 0-f@).
J>ia=1 J>i:05=0
Note that

EpP@) = 1 Elf@) I Bl-f@) <ot

J>io=1 j>i:05=0

and Mi(l)(x) < 1. So, if a; =1, then

7

E[Mi-1(x) - Mi(2)] = E|(f2(2) - fi(w) - ME (@) - MP (2)] <2 (14 )7
Likewise, if a; = 0, we have
E[Mi-1(2) = Mi(@)] = E[((1 = f{(@) = (1= fi@)) - MB (@) - MP(@)] - (14 ),
Hence,

E[MY(x) = Ma(2)] < > E[M;1(z) - Mi(z)] <e > (14¢e) <2k,
1<i<k 0<i<k—1
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Now we define M’ (z) := 1 — 25540 Mj (). Note that MY () also has degree > i<k di- Since
Y M) =[] (file) + (1 = filw)) = 1,
ac{0,1}* i<k

we have
Mi(x)=1- > Mjx)<1- > Mg(x) = M().
B:B#a B:B#a
Hence,
E[My(z) — Mi(z)] = Y (Mg(z) — Ma(z)) < Y 2¥e < 2F2Fe = 4¥c.
B:BF#a B:BF#a

As H is multilinear, we can write H as

Hy,.oou) = >, H@ [ v [ 0w
0

ac{0,1}* ioy=1 o=

where H(«) € [0, 1] for every a. So

hz)= Y H() [] fikk) [] O-file)= > H(a)Malx).

ac{0,1}* o =1 ira; =0 ac{0,1}*

Now if we define

h'(x) :== Z H(a)M*z) and hi(z):= Z H(a) M ().

ae{0,1}* ae{0,1}+
Clearly h* and h’ both have degree > i<k di- We also have h*(z) > h(z) > h(x), and
E[p'(z) — b (2)] < Y H(EMi(x) - Mi(x)] < Y (2F+4M)e <16k
ac{0,1}* ac{o,1}k

Therefore, since h* and h! are two polynomials that satisfy the conditions in Fact the lemma
follows. O

5.3 Proof of Theorem 10|

Armed with Lemma [41] and Lemma 3], we are now ready to prove Theorem We first need the
following useful fact to handle the case when S is the M-th roots of unity.

Fact 45. Let X and Y be two random wvariables on {0,1}™. Suppose for every product test
g:4{0,1}™ — S, where S is the set of all M -th roots of unity, we have }E[g(X)]—E[g(Y)H <e. Then
for every product test g: {0,1}™ — S and every z € S, we have |Pr[g(X) = z] - Pr[g(Y) = z]| <e.

Proof. Note that for every integer 7, the function ¢’ is also a product test with the same range. So
for every j,k € {0,...,m},

[E[(w™*g(X)V] = E[(w *g(Y))]] < || - |E[g(X)’] - E[g(Y )] <e.
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Using the identity

M-1 e -
) ) 1 if:=
1 Z w(lik)] _ { 1I 7 kf

P 0 otherwise,

we have for every k € {0,...,m — 1},
M . .
[Prlg(X) = wh] — Prlg(¥) = Z\ X)P] - E[w ™ g(V)]| e O
i=0

Proof of Theorem [0, Write f = Hle fi, where f;: {0,1}/i — C<;. Let o denote (X i<k Var[fi]) /2.
We will consider two cases: o2 > d¢f%! and o2 < d¢0-1.

If 02 > d¢%!, then the expectation of f under the uniform distribution is small. Specifically, we
have

TTEL @] = [T - Var i)/ < 730" < 2720 < =920, (14)

i<k i<k

Thus, it suffices to show that its expectation under D + T A U is at most £~ We now use
Claim [14] to show that

’DTU[HfZ D—i—T/\U”<g Q(d)

For each t,x € {0,1}™, and each i € {1,2,...,k}, let 07, ; denote Vary:[fi(z+tAU")]. Let T" be the
uniform distribution over {0,1}™. By Claim (14| with n = 1/2, we have Eq {02, ;] > Var[f;]/2.
So by linearity of expectation,

I/EU [Za%/w} > 0%/2 > it )2.

’ i<k

Since T and D are both d¢-wise independent, the random variables 0%7 D1 ,a% pi are (0,dl)-
close t0 03y ;1,09 g Let w =By [>, 04 0% 1y, = dl®1/2. By Lemma

d

2 a(Vrd+d\© __aw

Pr|>ops < u/2] <2 (m =,
i<k

Hence, except with probability £~%@ over t € T and x € D, we have

> otni= Z\/Ua}r[fi(x +tAU")] > de*)/4.

i<k i<k

By a similar calculation to , for every such ¢t and x,

TTEU @+ eao)| < T |Eli@ +tAD)]
1<k i<k



In addition, we always have |f| < 1. Hence,

DTU[HfZ D+T/\U” < E HHEfz D—I—T/\U)]H < ¢S,

Suppose 02 < d¢®!. Let O'% > 05 > 0> ak be the variances of f1 fo, ..., fr respectively.
Let k' = df®7. We have o2, < d®!/k' = ¢796; for otherwise o2 > Z o2 > Kol > di™, a

i=1"1
contradiction. Let T" be the uniform distrlbutlon over {0,1}™. Let 67 denote

Var LIJE,[f(U + 1 AU

We now show that 67 < O(c?)*3. For every i € {1,...,k}, define g;: {0,1}™ — C<; to be
gi(x) = (fi(x) — [fl])/2 SO that Elgi] = 0 and Var[g;] = Var[fi]/4. We apply Lemma (41| with
p = 1/2. Notice that since M is fixed, we have |g(x) — g(2')| = Q(1) whenever g(z) # g(z’). Hence,

= Var [ lg:/(U + T/ AU

[ £l (U + T A U]
O(o )4/3

It follows that
Y 67 = 0(2(03)4/3> < 0((03)V3) Y 0?2 < O(¢°2) -t = a0,
i>k! i>k! i>k!

Now, if we let I, := [[,5 fi, then by Lemma

)DI% [(D+ T AU — [FQ(U)]’ <UD, (15)

) 7

On the other hand, if we define F} to be Hiil fi, then it follows from Theorem El that

| E_[Fi(D+T AU)| - E[Fy(U)]| < K27 EH) — gm0, (16)

We now combine and using Lemma [43] To begin, define g1(z) := Eqry[Fi(z+T AU)]
and g2(x) := Epy[Fa(x + T AU).

If S = [0, 1], then the theorem follows immediately by applying Lemmato g1 and go. However,
if S is the set of M-th roots of unity, then we cannot apply Lemma directly because it only
applies to functions with range [0, 1]. Nevertheless we can use Fact [45] to reduce from S to [0, 1].

We now reduce S to [0, 1] and apply Lemma For every z € S, we define the point function
1,: S —{0,1} by 1,(x) =1 if and only if x = z. Then for every random variable Z on S,

= ZzPr[Z:z] :ZZIE[]I

z€eS z€S
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Hence,

E(g1(X)g2(X)] = > 2E[1L.(g1(X)ga2(X))]

z€S
=3 B[ Y Lu(ei(X) 1 (g2(X))]
z€S u,vESuv=2

=Y Y E[L(n(X)(e:(X)]:

z€S  w,wESwv=z

Hence, by Fact for every u,v € S, the functions 1, o g1 and 1, o go are fooled by d-wise
independence with error £~ So by Lemma (Lyof)(1,0g) are fooled by 2d-wise independence
with error =@ Hence,

[E[f(D +T AU)] —E[f(U)]]
= ‘E[(9192)(D)] - E[(9192)(U)H
<SSl Y ‘EKﬂuomjﬂvogﬁ(Dﬂ——EKﬂuom)@vogﬁ(Uﬂ‘

z€S  uweSwwv=z
< M2 . ¢~d) — p—9(d)

because M is fixed, proving the theorem. O

5.4 Proof of Theorem [12]

We now prove Theorem We will need the following theorem that is implicit in [FK18]. The
original theorem was stated for read-once branching programs. Below we sketch how to modify
their proof to handle product tests. Combining the theorem with Claim [15| proves Theorem

Theorem 46 ([FK18| (Implicit)). Let f: {0,1}™ — C<1 be a product test with k functions of input
length €. Let D and T be two 2t-wise independent distributions over {0,1}™. Then

- L9~ (t=t+1)/
SE D+ T AU - E[f(U)]| < k-2 (-0,

where U is the uniform distribution.

Proof. We can assume t > £ for otherwise the conclusion is trivial. Let ¢/ := ¢t —¢+1 > 1. We
slightly modify the decomposition in [FKI18, Proposition 6.1] as follows. Let f be a product test
and write f = Hle fi- As the distribution D + T A U is symmetric, we can assume the function
fi is defined on the ith £ bits. For every i € {1,...,k}, let < = [[;<; f;j and [t = [1;s; fj- We
decompose f into

k
f=fqy+L+ZHif>i, (17)

i=1

L:= Z foeXa

ac{0,1}¢
0<]ar| <t/

where
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and X
H,; = Z fagz)(oz-
a=(aq,...,a;)€{0,1}¢:
the #th 1 in « appears in «;

We now show that the expressions on both sides of Equation are identical. Clearly, every
Fourier coefficient on the right hand side is a coefficient of f. To see that every coefficient of f
appears on the right hand side exactly once, let o = (o, ..., z) € {0,1}* and fo = Hle fi(ai)
be a coefficient of f. If |a| < t, then f, appears in fy or L. Otherwise, |a| > . Then the #'th 1 in
« must appear in one of o, ..., a. Say it appears in a;. Then we claim that « appears in H; f>".
This is because the coefficient indexed by (aq,...,«;) appears in H;, and the coefficient indexed
by (ciyi1,...,ax) appears in f>%. Note that all the coefficients in each function H; have weights
between t' =t — ¢+ 1 and ¢’ + ¢ — 1 = t, and because our distributions D and T are both 2t-wise
independent, we get an error of 2= = 2=(=¢+1) in Lemma 6.2 in [FKI8]. The rest of the analysis
follows from [FK18] or [HLV17]). O

Theorem [I2] easily follows from Theorem [46] and Claim

Proof of Theorem [T3. We may assume ¢ > 8¢, otherwise the conclusion is trivial. If k > 23¢+1[¢//],
then the theorem follows from Claim Otherwise, k < 23*+1[t/¢] and the theorem follows from
Theorem [46] O

6 Small-bias plus noise fools degree-2 polynomials

In this section we show that small-bias distributions plus noise fool non-read-once Fa-polynomials
of degree 2. We first state a structural theorem about degree-2 polynomials over Fo which will be
used in our proof.

Theorem 47 (Theorem 6.30 in [LN97]). For every Fo-polynomial p: {0,1}™ — {0,1} of degree 2,
there exists an invertible matriz A € F3**™, an integer k < |m/2], and a subset L C [m] such that

p(Az) = 38 woi 1m0 + ey T

Proof of Claim[I1. Let p be a degree-2 polynomial. It suffices to fool ¢(z) := (-1)P@), By
Theorem there exists an invertible matrix such that ¢(Az) = r(x) - xr(x), where r(x) :=

(—1)2:?:1 221122 and y(z) = (—1)2ier %, By writing r(z) in its Fourier expansion, ¢(z) has the
Fourier expansion

a@) = (3 Fsvs(@))xu o),

SC[k]

where |5] = 27%/2, Note that L is a subset of [m]. Viewing the sets S and L as vectors in {0, 1},
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we have

[Elg(D+TAU)] -E[gU)]| < Y 27*"Elxs+o(A(D))]] - [Elxs+r(A™H (T AV))]

P£SC[k]
<2776 3" [Elxsn(A (T AD))
0£SC[k]
=27k25 Z Elxas+0)(T AU)]|
0£SCk]
:27k/25 Z (1/3)|A(S+L)\7
0£SCk]

where the second inequality follows because small-bias distributions are closed under linear trans-
formations. We now bound above the summation. We claim that

S (/A < 3 (1/3)81 = (a/3)".

SClk] SClk]

The equality is clear. To see the inequality, notice that since S C [k], when viewed as a vector in
{0,1}™ its last m — k positions must be 0. So we will instead think of S as a vector in {0, 1}*,
and rewrite A(S + L) as A’S + AL, where A’ is the first k& columns of the full rank matrix A. In
particular, A’ is a full rank m x k matrix. As we are only concerned with the Hamming weight of
A’S + AL, we can permute its coordinates and rewrite A’ as [Iz|A”]T for some k x (m — k) matrix
A”. (Readers who are familiar with linear codes should think of the standard form of a generator
matrix.) Moreover, for a lower bound on the Hamming weight, we can restrict our attention to the
first k bits of A’S + AL. Hence, we can think of first k bits of A’S + AL as S shifted by the first
k bits of the fixed vector AL. Since we are summing over all S in {0, 1}*, the shift does not affect
the sum, and the inequality follows. Therefore, we have

[Elg(D +T AU)| - Elg(U)]] = 275 - (4/3)" < (8/9)"?s,

and proving the claim. O

7 Proof of Claim

In this section, we more generally exhibit a distribution D that is (d?/10k, d)-close to uniform. One
can obtain Claim |§| by setting d = k'/3. To simplify notation we will switch from {0,1} to {—1,1},
and replace k with 2k.

We define D to be the uniform distribution over strings in {—1,1}?* with equal number of —1’s
and 1’s.

Claim 48. D is (10d%/k,d)-close to uniform for every integer d.

Proof. We can assume d? < k/10, for otherwise the conclusion is trivial. Let I C [k] be a subset of
size d. For every = € {—1,1}¢, we have

(%)

PT[D] = ZL‘] =
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where wt(x) is the number of —1’s in . We bound below the right hand side by

G kk—1)---(k—d+1)

(%) 2k(2k—1)---(2k —d+1)
(55
(43

> 2_d : (1 - d2/k)7

and bound it above by

(20 (k(k—1) - (k — d/2 +1))?
CH 2k(@k—1)--(2k—d+1)

k d
< -
o=
d—1 \*
__ o—d
=2 <1+2k:—d+1>
<o
2 (”Z(% d+1>>

<2d<1+2-d(d_1))

- 2k —d+1

<270 (14 2d%/k).
The third inequality is because the geometric sum has ratio < 1/2 as d? < k/10, and so is bounded
by twice the first term. Hence, we have |Pr[D; = z] — 2794 < 27¢.2d?/k for every z € {—1,1}%.
The claim then follows from summing the inequality over every = € {—1, l}d. ]

We now define our product test f. For each j € {1,...,2k}, define f;: {—1,1}?* — C<; to be

fj(x) = w®, where w := e~i/V2k | et f= ngzk fj- We now show that for every large enough £
we have

E[f(D +T AU)] - ELf(U)]] = 1/10.

We now bound above and below the expectation of f under both distributions. We will use the
fact that 1 —62/2 < cosf < 1 — 26%/5 for § € [-1,1]. First, we have

B =TT B, b= T o)z = (cost/vaR)" < (1= 1/50)

<2k o <2k

Next for every j € {1,2,...,2k}, we have

3. 1,
. — — J — J
7IEZU[f](x—I—T/\U)] iR
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Define 3: {—1,1} — C<; to be B(z) := 3w” + tw™®. Since D has the same number of —1’s and
1’s,

= (10/16 + 3/16 - (W? + w2))*
= (5/8 +3/8 - cos(2/v/2k))*

> (5/843/8- (1 —1/k))*

= (1 —3/8k)*,

Therefore [E[f(D + T AU] — E[f(U)]| > (1 — 3/8k)* — (1 — 1/5k)** > 1/10, for every sufficiently
large k, concluding the proof.

The f; in this proof have variance ©(1/k). So this counterexample gives a product test with
total-variance O(1), and is relevant also to Lemma Specifically it shows that for £ = 1 and say
d = O(1), the error term (k2¢)9D¢ in Lemma cannot be replaced with k for a certain constant
¢. Moreover, it cannot be replaced even if any kM) of the Y; are close to the X; (as opposed to

just O(1)).

Acknowledgments. We thank Daniel Kane for answering some questions about GKM15]. An
earlier version of this paper had the bound O(¢ + log k) log(k/c) logk in Theorem |3l We thank
Dean Doron, Pooya Hatami and William Hoza for pointing out an improvement of this bound.
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A Moment bounds for sum of almost d-wise independent variables

In this section we prove some moment bounds and tail bounds for sum of almost d-wise independent

complex variables.

Lemma 49. Let Z1, 75, ..., Z; € C be independent random variables with BE[Z;] = 0, |Z;| < B. Let
d be an even positive integer. Let Wi, Wa, ... , Wy € C be random variables that are (g,d)-close to
Ziy..., 2. Then,

k

S

i=1

E

d] < 2d<<ZVar[Zl-} : d) v dB)d + (2kB)‘e.
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Proof of Lemma[{9 Note that for any random variable W € C we have

B [w17] = [P+ 1s0m)E) ]
< E[(2max{IR(W)P, |%(W)|2})d/2}
<2 B[ROV + 371,

and Var[W] = Var[R(W)] + Var[3(W)]. We will first prove the lemma when W is real-valued.
Since Wh,..., Wy are (g,d)-close to Z1,..., Zy, and d is even, we have

(Zw)
<> E H + k?Ble,

U15ee08d

because there are k% products in the sum, each product is bounded by B? and Claim We now
estimate the quantity >, . E [H?Zl ZZ-J}. We have

d d d
) 1 AR Sh SR Sl e
(ST ¥ 7=1 m=1 |S|=m 01,0y 8g €S 7=1
1 }i=
The expectation is zero whenever Z;, appears only once for some i; € S. So each Z;, must appear
at least twice. So the expectation is 0 whenever m > d/2. As each Z; is bounded by B, each
product is bounded by B4-2™ [[esElZ } Bd—2m [1jes Var[Z;]. For each S C [k] of size m, there

are at most m? such terms. Let o denote (S°F_ | Var[Z,])'/2. Then,

/2
> E HZZJ <2 Bt 3 1] Varlz;
11yeenyig |S|=m jeS
/2
< Z BAd=2mpd=mgm 52m (Maclaurin’s inequality, see Claim
m=1
/2
< ed/2 Z Bd—Zm(d/2)d—mO_2m
m=1
/2

2 m
< e%/2(d/2)B" Z ( d/2)B2>

O'd d—1
et (i1 + i) (Do e et vz 0
< dedr? ((d/Z)dBd + (d/z)d/%d)

< 2¥%(dB + oVd)?.
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Putting everything together, we have

k
d
E ) S W ] < 9d/? (2d/2(a\/& +dB) + (k:B)da)
i=1
< 24oVd+ dB)? + (2kB)%. O
Lemma 50. Let X1, Xo,..., X} € [0,1] be independent random variables. Let d be an even positive

integer. Let Y1,Ya,..., Y, € [0,1] be random wvariables that are (e,d)-close to X1,...,Xy. Let
Y =53, Yi and p=E[}; X;]. Then,

d d
Vypd+d 2k
PrY — pf = o) < 20 (VRO DY (2R
o oL
In particular, if 1 > 25d and § = 1/2, we have Pr[|Y — p| > p/2] < 274D 4 ke,

Proof. Let X! = X;,—~E[Xi], Y/ = ¥;—E[X;] and Y = 3", Y7. Note that X/ € [1,1] and E[X] = 0.
Since X; € [0,1], we have

E[X;] > E[X?] > Var[X;] = Var[X; — E[X;]] = Var[X]].
By Lemma [49] and Markov’s inequality,
Pr([Y — | > 6] = Pr[Y’|* > (3u)7]
d
. . d)L/2 d
< g <<21Var[Xz] 4)'? + d) . <2k> )

oL Op
d d
o) (2
O o
where in the last inequality we used p > )", Var[X]]. O
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