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The	  General	  GMM	  assumpHon	  
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•  P(Y):	  There	  are	  k	  components	  

•  P(X|Y):	  Each	  component	  generates	  data	  from	  a	  mul(variate	  
Gaussian	  with	  mean	  μi	  and	  covariance	  matrix	  Σi	  

Each	  data	  point	  is	  sampled	  from	  a	  genera&ve	  process:	  	  

1.  Choose	  component	  i	  with	  probability	  P(y=i)	  

2.  Generate	  datapoint	  ~	  N(mi,	  Σi	  )	  

Gaussian	  mixture	  model	  
(GMM)	  



MulHvariate	  Gaussians	  

Σ	  =	  arbitrary	  (semidefinite)	  matrix:	  	  
	  -‐	  specifies	  rotaHon	  (change	  of	  basis)	  
	  -‐	  eigenvalues	  specify	  relaHve	  elongaHon	  
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Mixtures	  of	  Gaussians	  



E.M.	  for	  General	  GMMs	  
Iterate:	  	  On	  the	  t’th	  iteraHon	  let	  our	  esHmates	  be	  

λt	  =	  {	  μ1(t),	  μ2(t)	  …	  μK(t),	  Σ1
(t),	  Σ2

(t)	  …	  ΣK
(t),	  p1(t),	  p2(t)	  …	  pK(t)	  }	  

E-‐step	  
	  Compute	  “expected”	  classes	  of	  all	  datapoints	  for	  each	  class	  
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pk(t)	  is	  shorthand	  for	  
esHmate	  of	  P(y=k)	  on	  
t’th	  iteraHon	  

M-‐step	  	  	  

	  	  Compute	  weighted	  MLE	  for	  μ	  given	  expected	  classes	  above	  
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m m	  =	  #training	  examples	  

Just	  evaluate	  a	  
Gaussian	  at	  xj	  



Gaussian	  Mixture	  Example:	  Start	  



A`er	  first	  iteraHon	  



A`er	  2nd	  iteraHon	  



A`er	  3rd	  iteraHon	  



A`er	  4th	  iteraHon	  



A`er	  5th	  iteraHon	  



A`er	  6th	  iteraHon	  



A`er	  20th	  iteraHon	  



What	  if	  we	  do	  hard	  assignments?	  
Iterate:	  	  On	  the	  t’th	  iteraHon	  let	  our	  esHmates	  be	  

λt	  =	  {	  μ1(t),	  μ2(t)	  …	  μK(t)	  }	  
E-‐step	  

	  Compute	  “expected”	  classes	  of	  all	  datapoints	  

M-‐step	  

	  Compute	  most	  likely	  new	  μs	  given	  class	  expectaHons	  
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δ	  represents	  hard	  
assignment	  to	  “most	  
likely”	  or	  nearest	  
cluster	  

	  Equivalent	  to	  k-‐means	  clustering	  algorithm!!!	  
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Lets	  look	  at	  the	  
math	  behind	  the	  

magic!	  



The	  general	  learning	  problem	  with	  
missing	  data	  

•  Marginal	  likelihood:	  X	  is	  observed,	  
	   	   	   	   	   	   	   	   	  
	   	   	  	  	  	  Z	  (e.g.	  the	  class	  labels	  Y)	  is	  missing:	  

•  ObjecHve:	  Find	  argmaxθ	  l(θ:Data)	  



A	  Key	  ComputaHon:	  E-‐step	  

•  X	  is	  observed,	  Z	  is	  missing	  
•  Compute	  probability	  of	  missing	  values	  given	  
current	  choice	  of	  θ	

– Q(z|xj)	  for	  each	  xj	  	  
•  e.g.,	  probability	  computed	  during	  classificaHon	  step	  

•  corresponds	  to	  “classificaHon	  step”	  in	  K-‐means	  



ProperHes	  of	  EM	  

•  We	  will	  prove	  that	  
– EM	  converges	  to	  a	  local	  minima	  

– Each	  iteraHon	  improves	  the	  log-‐likelihood	  

•  How?	  (Same	  as	  k-‐means)	  
– E-‐step	  can	  never	  decrease	  likelihood	  
– M-‐step	  can	  never	  decrease	  likelihood	  



Jensen’s	  inequality	  	  

•  Theorem:	  log	  ∑z	  P(z)	  f(z)	  	  ≥	  	  ∑z	  P(z)	  log	  f(z)	  	  
– e.g.,	  Binary	  case	  for	  convex	  func(on	  f:	  



Applying	  Jensen’s	  inequality	  
•  Use:	  	  log	  ∑z	  P(z)	  f(z)	  ≥	  ∑z	  P(z)	  log	  f(z)	  	  
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The	  M-‐step	  

•  MaximizaHon	  step:	  

•  We	  are	  opHmizing	  a	  lower	  bound!	  

Lower	  bound:	  
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This	  term	  is	  a	  constant	  
with	  respect	  to	  	  θ



EM	  pictorially	  Derivation of EM algorithm

L(θ) l(θ|θn)

θn θn+1

L(θn) = l(θn|θn)
l(θn+1|θn)

L(θn+1)

L(θ)
l(θ|θn)

θ

Figure 2: Graphical interpretation of a single iteration of the EM algorithm:
The function l(θ|θn) is bounded above by the likelihood function L(θ). The
functions are equal at θ = θn. The EM algorithm chooses θn+1 as the value of θ
for which l(θ|θn) is a maximum. Since L(θ) ≥ l(θ|θn) increasing l(θ|θn) ensures
that the value of the likelihood function L(θ) is increased at each step.

We have now a function, l(θ|θn) which is bounded above by the likelihood
function L(θ). Additionally, observe that,

l(θn|θn) = L(θn) + ∆(θn|θn)

= L(θn) +
∑
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P(z|X, θn) ln
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P(X, z|θn)
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P(z|X, θn) ln 1

= L(θn), (16)

so for θ = θn the functions l(θ|θn) and L(θ) are equal.
Our objective is to choose a values of θ so that L(θ) is maximized. We have

shown that the function l(θ|θn) is bounded above by the likelihood function L(θ)
and that the value of the functions l(θ|θn) and L(θ) are equal at the current
estimate for θ = θn. Therefore, any θ which increases l(θ|θn) will also increase
L(θ). In order to achieve the greatest possible increase in the value of L(θ), the
EM algorithm calls for selecting θ such that l(θ|θn) is maximized. We denote
this updated value as θn+1. This process is illustrated in Figure (2).
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What	  you	  should	  know	  
•  Mixture	  of	  Gaussians	  

•  EM	  for	  mixture	  of	  Gaussians:	  
–  Coordinate	  ascent,	  just	  like	  k-‐means	  

–  How	  to	  “learn”	  maximum	  likelihood	  parameters	  (locally	  max.	  like.)	  in	  the	  case	  
of	  unlabeled	  data	  

–  RelaHon	  to	  K-‐means	  	  
•  Hard	  /	  so`	  clustering	  
•  ProbabilisHc	  model	  

•  Remember,	  E.M.	  can	  get	  stuck	  in	  local	  minima,	   	  	  
–  And	  empirically	  it	  DOES	  


