
Physics 116C Fall 2012

The Inclusion-Exclusion Principle

1. The probability that at least one of two events happens

Consider a discrete sample space !. We define an event A to be any subset of !,
which in set notation is written as A ! !. Then, Boas asserts in eq. (3.6) on p. 732 that1

P (A "B) = P (A) + P (B)# P (A $B) , (1)

for any two events A,B ! !. This is equivalent to the set theory result,

|A "B| = |A|+ |B|# |A $ B| , (2)

where the notation |A| means the number of elements contained in the set A, etc. In
writing eq. (2), we have assumed that A and B are two finite discrete sets, so the number
of elements in A and B are finite.

 

The proof of eq. (2) is immediate after considering the Venn diagram shown above. In
particular, adding the number of elements of A and B overcounts the number of elements
in A " B, since the events in A $ B have been double counted. Thus, we correct this
double counting by subtracting the number of elements in A $ B, which yields eq. (2).
The corresponding result in probability theory is given by eq. (1).

1Boas uses a nonstandard notation by writing A+B for A "B. The latter is standard in set theory
and we shall use it in these notes. A "B means the union of the sets A and B and is equivalent to the
“inclusive or,” i.e. ”either A or B or both.” Likewise, Boas uses a nonstandard notation by writing AB

for A $ B. Again, the latter is standard in set theory and we shall use it in these notes. A $ B means
the intersection of the sets A and B, or equivalently “both A and B.”

1



2. The probability that at least one of three events happens

It is straightforward to generalize the result of eq. (1) to the case of three events.2

P (A"B"C) = P (A)+P (B)+P (C)#P (A$B)#P (A$C)#P (B$C)+P (A$B$C) , (3)

for any three events A,B,C ! !. This is equivalent to the set theory result,

|A " B " C| = |A|+ |B|+ |C|# |A $B|# |A $ C|# |B $ C|+ |A $ B $ C| . (4)

 

Once again, the proof of eq. (4) is immediate after considering the Venn diagram
shown above.3 In particular, adding the number of elements of A, B and C counts
elements in A$B $C three times, and counts elements of A$B, A$C and B $C not
contained in A$B$C twice. Thus, |A"B"C| = |A|+|B|+|C|#|A$B|#|A$C|#|B$C|
will include all events in A, B and C once except for the events in A$B $C, which were
all subtracted o". Thus, to include all events in A " B " C exactly once, we must add
back the number of events in A$B $C. Thus, eq. (4) is established. The corresponding
result in probability theory is given by eq. (3).

3. The Inclusion-Exclusion principle

The inclusion-exclusion principle is the generalization of eqs. (1) and (2) to n sets.
Let A1, A2, . . . , An be a sequence of n events. Then,

P (A1 " A2 " · · · " An) =
n

!

i=1

P (Ai)#
!

i<j

P (Ai $ Aj) +
!

i<j<k

P (Ai $Aj $ Ak)

#
!

i<j<k<!

P (Ai $ Aj $Ak $ A!) + . . .+ (#1)n+1P (A1 $A2 $ · · · $ An) , (5)

2This is problem 15–3.8 on p. 734 of Boas.
3The Venn diagram above is taken from the Wikipedia webpage on the inclusion-exclusion principle.

Check it out at http://en.wikipedia.org/wiki/Inclusion%E2%80%93exclusion principle.
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where A1, A2, . . .An ! !. This is equivalent to the set theory result,

|A1 "A2 " · · · " An| =
n

!

i=1

|Ai|#
!

i<j

|Ai $ Aj|+
!

i<j<k

|Ai $Aj $Ak|

#
!

i<j<k<!

|Ai $ Aj $Ak $ A!|+ . . .+ (#1)n+1|A1 $ A2 $ · · · $ An| . (6)

The proof of eq. (6) is an exercise in counting. Suppose a point is contained in exactly
m of the sets, A1, A2, . . .An, where m is a number between 1 and n. Then, the point is
counted m times in

"n
i=1

|Ai|, it is counted C(m, 2) times in
"

i<j |Ai$Aj |, it is counted
C(m, 3) times in

"

i<j<k |Ai$Aj$Ak|, etc., where C(m, k) is the number of combinations
of m objects taken k at a time. After reaching

"

i1<i2<···im
|Ai1 $Ai2 $ · · · $Aim |, where

the point is counted once [since C(m,m) = 1], one finds that the point is not counted
at all in any of the terms that involve the intersection of more than m sets. The net
result is that a point that is contained in exactly m of the sets will be counted S times
in |A1 " A2 " · · · " An| given by eq. (6), where

S % C(m, 1)# C(m, 2) + C(m, 3)# C(m, 4) + · · ·+ (#1)m+1C(m,m) , (7)

after noting that C(m, 1) = m.
To compute S, we recall the binomial theorem,

(x+ y)m =
m
!

k=0

C(m, k)xkym!k , (8)

where

C(m, k) %

#

m

k

$

%
m!

k!(m# k)!

is the number of combinations of m objects taken k at a time. Setting x = 1 and y = #1
in eq. (8) yields,

m
!

k=0

(#1)kC(m, k) = 0 .

Using C(m, 0) = 1, it follows that

1# C(m, 1) + C(m, 2)# C(m, 3) + . . .+ (#1)mC(m,m) = 0 ,

which implies that S = 1 [cf. eq. (7)]. Thus, we have shown that there is no multiple
counting of points in eq. (6). That is, every point contained in the union of A1, A2, . . . An

is counted exactly one time. Thus, eq. (6) is established. The corresponding result in
probability theory is given by eq. (5). We have therefore verified the inclusion-exclusion
principle.

There are numerous applications of the inclusion-exclusion principle, both in set the-
ory and in probability theory. In particular, it provides a powerful tool for certain types
of counting problems. An example is provided in the next section of these notes.
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CS1800 Fall 2019 Midterm Questions
Please write all answers on the corresponding answer booklet, be sure to write
your name on the back of every sheet. For your answers, you do not need to
simplify beyond multiplication and division. Problems marked with a ‘*’ are
harder and expected to take additional time. Please be sure to attempt every
problem.

Problem 1 - 10 points

Consider the hexadecimal number 1D8(16)

i. (3 points) Convert the number to binary.

ii. (3 points) Convert the number to decimal.

iii. (4 points) Convert the number to base 6.

Problem 2 - 10 points

Consider the following circuit.

A
B
C
D

i. (3 points) Write the boolean formula for this circuit without any simplification.

ii. (4 points) Simplify the boolean formula using boolean laws such as commutative, associative,

distributive, DeMorgan’s etc.
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iii. (3 points) Redraw the simplified circuit.

Problem 3 - 10 points

Attending this year’s All Hallow’s Eve Convention are 13 witches, 4 warlocks, 12 vampires, and 7

goblins. Dr. Frankenstein is setting up the various breakout sessions. He needs to partition the

group of participants into 3 di↵erent, disjoint sessions (Session A, Session B, Session C) each with

12 members. (Witches, warlocks, vampires, and goblins are all distinguishable.)

i. (4 points) How many di↵erent ways can Dr. Frankenstein assign the sessions?

ii. (3 points) A representative from the warlocks called Dr. Frankenstein and insisted that

they all be placed in the same session. Given this new information how many ways can Dr.

Frankenstein assign the sessions?

iii * (3 points) Dr. Frankenstein has settled on the breakout assignments. In Session C he has

assigned 2 goblins, 2 vampires, 4 witches, and 4 warlocks. In this session he needs to create

2 groups of size 4, a red team and a blue team, for a planned exercise. According to monster

law, no goblin can be in the blue group and no vampire can be in the red group. How many

di↵erent ways can he assign members to the red group and the blue group?

Problem 4 - 8 points

Three treasure chests have been confiscated from a band of pirates. The first chest contains 4 rubies,

6 diamonds, and 2 emeralds; the second chest contains 8 rubies, 4 diamonds, and 6 emeralds; the

third chest contains 5 rubies, 5 diamonds, and 5 emeralds. The investigation team begins to

catalogue the stolen jewels. A chest is chosen at random and a random jewel is selected.

i. (4 points) What is the probability a diamond is picked?

ii. (4 points) Now suppose that a diamond was picked, what is the probability it came from the

third chest?

Problem 5 - 12 points

The following questions all consider the set of natural numbers between 1 and 10 inclusive.

i. (2 points) Using set builder notation, write this set.

ii. (4 points) How many subsets of size three contain only even numbers

iii. (3 points) How many subsets of size three contain only even numbers, but not 2 and 4 both?

iv * (3 points) How many sequences of length 15 with elements from the set are never decreasing?

For example, 1,1, 2, 2, 2, 3, 5, 5, 5, 5, 5, 6, 7, 8, 10 is one such sequence. (Hint: Notice that

a sequence is determined only by count and value, the example is two 1s, three 2s, one 3, five

5s, one 6, one 7, one 8, and one 10. The sum of the counts must be 15.)
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