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CS1800 Discrete Structures Prof. Hescott and Prof. Pavlu
Fall 2020 October 23, 2020

Homework # 6

Assigned: October 23, 2020
Due: November 1, 2020 at 8pm eastern

Instructions:

The assignment has to be uploaded to Gradescope by the due date. NO assignment will be accepted
after 8:00pm on that day.

We expect that you will study with friends and often work out problem solutions together, but you

must write up your own solutions, in your own words. Cheating will not be tolerated. Professors,
TAs, and peer tutors will be available to answer questions but will not do your homework for you.
One of our course goals is to teach you how to think on your own.

You must turn in typed work to Gradescope either written in a word processor such as Word, or typeset
in LaTeX.

To get full credit , show INTERMEDIATE steps leading to your answers, throughout.

Problem 1 [Easy]: Expected Winnings

Bob insists you play a card game with him. You need to draw a card at random from a deck of
52 cards (4 suits, 13 values per suit). If you draw a face card (J,Q, or K), Bob pays you $3. If you
do not draw a face card, you pay Bob $1.

i. How much should you expect to win or lose?

ii. At least how many dollars should Bob pay you when you draw a face card to ensure you
expect to gain at least a dollar from playing?

Let c be the payout for winning. We want the expected value to be 1 or more.

Problem 2 [Easy]: Scratch Tickets

You are given a board with nine squares, shown below. Each square hides a distinct integer 1
to 9.

A B C

D E F

G H I

i. What is probability that the diagonal formed by A,E,I has the numbers 1,2,3 in any order?
Note that A = 1, E = 2, I = 3 and A = 2, E = 3, I = 1 are di↵erent formations.

ii. What is the probability a configuration of the board will have 1,2,3 in a row, column, or
diagonal somewhere on the board?
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iii. In a given game, the board reveals 4 numbers as follows.

A B 5
7 2 F

G 4 I

What is the probability that the diagonal formed by A,E,I has the numbers 1,2,3 given this
board?

Problem 3 [Medium]: Johnny’s Coin

Johnny has a coin that is three times more likely to land on heads than tails.

i. How many heads should Johnny expect to see after 4 coin flips?

ii. Johnny likes to play a game with strangers. He chooses between his biased coin and a fair
coin at random. He then flips the chosen coin four times, recording the result of each flip.
Finally, he has strangers guess which coin he used.
You choose to play. Johnny chooses his coin and gets HHTH. Which coin was he most likely
to use given the outcome of the flips? Support your answer using probability. (Hint: Compare
the probabilities of getting the outcome of the flips given you chose an unbiased coin versus
a fair coin.)

Problem 4 [Medium]: High/Low

Two six-sided dice will be rolled independently. First, you have to guess if the sum is high or
low. The sum is low if the sum is at most 6. The sum is high if the sum is at least 7. Once you have
guessed, the dice are rolled, each roll independent. If your guess is correct, you win. Otherwise,
you lose.

i. Should you bet high or low? Explain your reasoning using probability.

ii. You play 3 independent matches with your favorite guess. What is the probability you will
win all 3 matches?

iii. You think you can see a 4 on the face of the first die. Should you guess high or low? Explain.

iv. Suppose you guessed HIGH in part iii). The sum was 6 and you lost. You realize the die’s
face has faded over time, meaning it was equally likely you saw a 4 or a 5. What is the
probability the die was indeed a 4? (Hint: Restrict yourself to a world where the first die is
either a 4 or 5. So every valid outcome (x, y) will have x = 4 or x = 5.)

Problem 5 [Medium]: Bayes

Scientists recently discovered time travel might be possible. In fact, there is a 2% chance it
is already in use. They suspect that an aurora borealis can be used to predict if time travel has
occurred. Last year, there were 13 days where an aurora borealis appeared in the sky. The scientists
estimate there is a 20% chance an aurora borealis was caused by time travel.
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i. What is the probability an aurora borealis appeared given no time travel occurred?

ii. What is the probability time traveler has ocurred given an aurora borealis appeared in the
sky?

Problem 6 [Hard]: Alien Leaders

You leave Earth to escape the election in the United States only to land on a planet that is
currently in the middle of an election. This alien race forms its government leadership by selecting
two members from each of the four providences: East, West, North, and South. They are much
more advanced than the United States; they have a three party system. The party names as far as
you can translate are Red, Blue, and Purple. On this alien world, they have tried many di↵erent
ways of government and have realized that just randomly picking citizens is just as good as any
other for getting good leaders.

The political a�liations in the providences are as follows:
In the East providence there are 12 Red a�liated citizens, 8 Purple a�liated citizens, and 20

Blue A�liated citizens.
In the West providence there are 16 Red a�liated citizens, 18 Purple a�liated citizens, and 14

Blue a�liated citizens.
In the South providence there are 22 Red a�liated citizens, 12 Purple a�liated citizens, and

10 Blue a�liated citizens.
In the North providence there are 9 Red a�liated citizens, 14 Purple a�liated citizens, and 18

Blue a�liated citizens.

i. What is the probability Blue has exactly 6 members in the new government?

ii. You meet an alien a�liated with Purple. What is the probability they are from the South
providence?
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F Optional problems: no credit, no deadline, no formal grading, and possibly no solutions. If
you work on these and need help, let Virgil know by email.

Problem 6-iii F F F 3-R.V. Bayes

Same setup as in PB6, but now you meet an elected leader alien a�liated with Purple. What
is the probability they are from the South providence? See the piazza post for a hint https:

//piazza.com/class/keofe4ymq3h20l?cid=618

Problem 7 F : Expected Trials until first sucess with fixed prob

Say you playing the lottery every day, and the chance of winning is a constant probability p. What
is the expected number of days till you get the first win?

Problem 8 FF : Zombie virus

A new Zombie virus is going around and 5% of the population is already infected. Everyone
infected has a 50% chance to turn into Zombies eventually, and 50% to remain virus carriers forever.
Coming in contact with a zombie or carrier gives 1% chance of getting infected.

1. Alice had dinner with Bob, and then Bob turned into a zombie. What is the probability that
Alice is infected after the dinner? (Alice might have given it to Bob, or viceversa, or either
of them might have had it before dinner.)

2. Alice takes a zombie test which works as follows: when applied to a carrier, the test is positive
99% of the time; when applied to a healthy person, the test returns negative results 95% of
the time. Alice test comes back positive! What is the probability that she becomes a zombie?
Should we take into account somehow the dinner evidence (on Bob), or should we ignore it?

Problem 9 FF: Bayes with a biased coin

Suppose that you are told a given coin is biased 2
3 : 1

3 , but you don’t know which way: it might
be biased 2/3-heads 1/3-tails, or it might be biased 1/3-heads 2/3 tails. Your a priori belief is that
there is a 3/4 chance that the coin is heads-biased and a 1/4 chance the coin is tails-biased. You
plan to flip the coin four times and update your initial subjective belief based on Bayes Theorem.
You then guess the bias of the coin (heads-biased or tails-biased) according to which of these two
hypotheses has the larger final subjective probability.

For each of the two possible situations (i.e., the coin is really heads-biased or it is really tails-
biased), compute the probability that your guess will be wrong.
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