
CS1800 Discrete Structures Prof. Hescott and Prof. Pavlu
Fall 2020 October 30, 2020

Homework # 7

Assigned: October 30, 2020
Due: November 8, 2020 at 8pm eastern

Instructions:

� The assignment has to be uploaded to Gradescope by the due date. NO assignment will be accepted
after 8:00pm on that day.

� We expect that you will study with friends and often work out problem solutions together, but you
must write up your own solutions, in your own words. Cheating will not be tolerated. Professors,
TAs, and peer tutors will be available to answer questions but will not do your homework for you.
One of our course goals is to teach you how to think on your own.

� You must turn in typed work to Gradescope either written in a word processor such as Word, or typeset
in LaTeX.

� To get full credit , show INTERMEDIATE steps leading to your answers, throughout.

Problem 1 [Easy]: Sequence Identification
For each sequence below, do the following

� Identify the sequence type (arithmetic, geometric, quadratic)

� Find the formula for an, the nth term.

i. -3, 3, 13, 27, 45, · · ·

ii. 13, 10, 7, 4, 1, · · ·

iii. 9.6, 12, 15, 18.75, 23.4375, · · ·

iv. 24, -12, 6, -3, 1.5, · · ·

Problem 2 [Easy]: Series
Derive formulas for the following sums in terms of n. Note your final formulas should only

contain n and rational numbers (but not i).

i.
n∑

i=1

(2i + 1)

ii.
n∑

i=5

(10− 2i)
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Problem 3 [Medium]: Stocks
Sam is interested in putting all of his money in one of two stocks PEAR and DOOR. Both

stocks are $38 per share right now.
Sam looks at the change in average price over the last five years to estimate the cost of the

share in the future. In the last five years, PEAR’s cost per share grew at a rate of 0.5% each year.
In the last five years, DOOR’s cost per share fell at a rate of 0.2% each year. (Recall 1% = 0.01).
How much will Sam make if he:

i. buys 20 shares of PEAR stock now and sells it 10 years later?

ii. borrows 20 shares of DOOR stock for free, sells them all now, and buys 20 shares back 10
years later?

Problem 4 [Medium]: Opening the Door
Suppose Alice has n uniquely labeled keys and only one key opens the door to her office. She

decides to pick a key uniformly at random and try opening the door. If the door does not open,
she chooses from the remaining keys at random.

i. What is the probability of opening the door on the ith attempt, assuming i ≥ 1? (Hint:
Think of the sequence of keys used as a permutation of the keys themselves. Sort them by
their labels. One of these was the ith key that opened the door.)

ii. Let X be a random variable representing the number of keys Alice tried on the door. What
is the expected value of X?

Problem 5 [Medium]: Sequence Relation
Consider two sequences a = a1, a2, a3, · · · and b = b1, b2, b3, · · · . Suppose a is an arithmetic

sequence where an = x+(n−1)d for some starting term x and difference factor d. Finally, suppose
bi − ai = 3 for all i ≥ 1.

i. Show b is also an arithmetic sequence.

ii. Define bn in terms of n, x, and d.

Problem 6 [Hard]: Fibonacci Sequence
The Fibonacci Sequence is the sequence 1,1,2,3,5,8,13,21,· · · . We define the sequence recursively

as follows

F1 = 1

F2 = 1

Fn = Fn−1 + Fn−2, ∀n ≥ 3

In this problem, we will work toward a non-recursive formula that approximates the Fibonacci
Sequence.
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i. Show that Fn < 2 ∗ Fn−1. Use that fact to show Fn < 2n for a large enough n.

ii. Show that Fn > 2 ∗ Fn−2. Use that fact to show Fn > (
√

2)n for a large enough n.

iii. Now we know (
√

2)n < Fn < 2n. This means we can approximate Fn with an exponential.
That is we want Fn u rn ∗ c for some numbers r and c. Using the recursive definition,
determine r and c. (Hint: Assuming the approximation formula is correct, we can use the
recursive definition to solve for r. Now we can approximate c = Fn/r

n by looking at the
result of c starting from n = 10 using a calculator or computer. Approximately what number
does c approach?)
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F Optional problems: no credit, no deadline, no formal grading, and possibly no solutions. If
you work on these and need help, let Virgil know by email.

Problem 7 FF Same setup as problem 6, Fibonacci. Prove that c is assymptotically exact 1/
√

5,
in the sense that limn→∞ F (n)/rn = 1/

√
5

Problem 8 F The Harmonic Series. H(n) = 1 + 1/2 + 1/3 + ...+ 1/n is divergent, meaning
limn→∞H(n) =∞

Problem 9 The Harmonic Series Approximation.

� F Define sequences an = (1 + 1/n)n, bn = (1 + 1/n)n+1 Assume as known the inequality
an < an+1 < bn+1 < bn for n >= 1.
Prove that (a) and (b) are monotonically convergent to the same limit e. This fact is the
foundation of exponential and logarithm functions; e is the natural base.

� Show that previous part implies 1
n+1 < ln(1 + 1

n) < 1
n .

� F Telescope the previous inequality to obtain the aproximation H(n) ≈ ln(n) + constant

� FFF Prove the first inequality an < an+1 < bn+1 < bn using the binomial theorem.
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