
CS1800 Discrete Structures Prof. Hescott and Prof. Pavlu
Fall 2020 October 9, 2020

Homework # 4

Assigned: October 9, 2020
Due: October 18, 2020 at 8pm eastern

Instructions:

� The assignment has to be uploaded to Gradescope by the due date. NO assignment will be accepted
after 8:00pm on that day.

� We expect that you will study with friends and often work out problem solutions together, but you
must write up your own solutions, in your own words. Cheating will not be tolerated. Professors,
TAs, and peer tutors will be available to answer questions but will not do your homework for you.
One of our course goals is to teach you how to think on your own.

� You must turn in typed work to Gradescope either written in a word processor such as Word, or typeset
in LaTeX.

� To get full credit , show INTERMEDIATE steps leading to your answers, throughout.

Problem 1 [Easy]: Set Counting
Let A = {x|x ∈ N∧x < 15}, B = {x|x ∈ Z∧x < 20∧x > −4∧x/2 ∈ Z}, C = {x|x ∈ N∧x2 ∈ A}.

Calculate the following expressions using the counting tools we have learned as appropriate. Show
your work.

i. |A ∪B ∪ C|

ii. |A× (B ∪ C)|

iii. |A−B|+ |C −B|+ |B| − |(A ∩ C)−B|

Problem 2 [Easy]: Study Groups
Suppose a set of CS1800 students want to create a virtual study groups. The set consists of 86

students on the eastern timezone, and 47 students in non-eastern time zones. Of the students in
the eastern timezone, only 12 are not in Boston.

i. Suppose each group is made of 2 students, one in the eastern time zone and one from non-
eastern timezone. How many possible study groups are there?

ii. Suppose each group is made of 3 students, one in Boston, one in the eastern time zone but
not in Boston, and one from the non-eastern timezone. How many groups can we make?
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iii. Ben suggest the Boston students form study groups amongst themselves first. The groups
must have at most 5 people for optimal studying. He then secures 3 rooms for these groups.
Each room can be safely filled by at most 5 study groups. Show if the students can form the
groups safely and the groups fit in these 3 rooms, then there must be at least 3 people in each
group.

iv. With rooms set, the in-person study groups can begin. However, the Boston students want to
let their remote fellows join via a virtual meetings. How many remote students are guaranteed
to join the most welcoming in-person group?

Problem 3 [Easy]: Counting Fashion

i. A math professor wears for each class a combination of : one of their three hats (red, blue,
green); one of their pants (black, blue, white, green); one of their shirts (white, red, black);
and one of their pair of shoes (black, red, blue, white). They never wear combinations with
three items of the same color. How many different combinations are wearable?

ii. The professor is teaching 70 lectures for the term. Can they wear a different combination for
each lecture during one term?

iii. If they do wear a different combination each lecture, show that they must use either the red
or the blue shoes that term.

iv. There are 4 terms for the year. Show that at least one combination will be used at least 3
times during the year.

v. How many valid combinations have blue hat or shoes ?

Problem 4 [Medium]: Counting Cumulative Hits
Let M = {1, 2, 3, 4, 5, 6, 7}.

i. If we allow each student to pick a number from M , and every number can be picked at most
twice, what is the maximum number of students that can pick numbers?

ii. What is the max number of 4-element-subsets of M we can select, such that intersection of
any 3 of them is empty?

Problem 5 [Medium]: Reasoning about Counting

i. Is there any set S such that |S × S| = 30?

ii. Let A,B be arbitrary sets. Can |(A×B) ∩ (B ×A)| = 30?
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Problem 6 [Hard]: Divisibility and indexed sets
Recall that n ∈ Z is divisible by k if there exists b ∈ Z such that n = bk. When counting

multiples of k in a given range, it is often easier (and safer) to index the set. For example, the set
of integers divisible by k = 7 between 1 and 50 is
A = {7, 14, 21..., 49} = {7i|i ∈ Z, 1 ≤ i ≤ 7}, the last expression being the set indexed by i from 1
to 7. Once a set is indexed starting at 1, it is easy to count: since indices go from 1 to 7, set A has
7 elements.
Another example: let’s say we want to count the set of integers divisible by 13 between 100 and
300. We index the set as
B = {104, 117, 130..., 299} = {13j + 91|j ∈ Z, 1 ≤ j ≤ 16}. Verify the first 13*1+91=104 and the
last 13*16+91=299. Since indices go from 1 to 16, we have |B| = 16.

For each of the following questions, explain your reasoning for full credit.

i. How many positive integers from 1 to 500 are divisible by 2 and 3 but not 5?

ii. How many positive integers from 1 to 500 are divisible by 2 or 3 or 11?

iii. What is the least number of distinct integers we can choose between 1 and 500, that guarantees
that at least one of them is divisible by 7?
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F problems: no credit, no deadline, no formal grading, and possibly no solutions. If you work
on these and need help, let Virgil know by email.

Problem 7 F (no credit) More Divisibility
How many natural numbers smaller than 500 are divisible by 6 or by 8, but not by 12?

Problem 8 FF (no credit) Divisible Sum
In how many ways one can pick a set of three positive numbers smaller than 100 with their sum a
multiple of 7?

Problem 9 F (no credit) One to one map of subsets
Assume finite set X includes elements a 6= b. Take A={all subsets of X including a} and B={all
subsets of X including b}. Hint: make sure you’ve got a bijection (one to one map) from A to B,
as the most obvious function is not one!

Problem 10 FFF (no credit) |R| > |N|, Or R in not countable.
A = N (naturals) and B = R (reals). Show that no bijection (one to one) f : A− > B is
possible, because any function f : N → R cannot cover the entire destination set R, thus R has
“more elements” than N. They are both infinite, but the cardinality of R is bigger, certainly not
“countable”!

Problem 11 FFF (no credit) |R| = |2N|, Or R is the size of powerset on N.
A = 2N and B = R. Here A is the powerset of N. The function f you are looking for is a one-to-one
between subsets of natural numbers (input) and real numbers (output).
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