
CS1800 Discrete Structures Prof. Hescott and Prof. Pavlu
Fall 2020 September 25, 2020

Homework # 2

Assigned: Friday, September 25
Due: Sunday, October 4 at 8PM eastern

Instructions:

� The assignment has to be uploaded to Gradescope by the due date. NO assignment will be accepted
after 8:00pm eastern on that day.

� We expect that you will study with friends and often work out problem solutions together, but you
must write up your own solutions, in your own words. Cheating will not be tolerated. Professors,
TAs, and peer tutors will be available to answer questions but will not do your homework for you.
One of our course goals is to teach you how to think on your own.

� You must turn in typed work to Gradescope either written in a word processor such as Word, or typeset
in LaTeX.

� To get full credit , show INTERMEDIATE steps leading to your answers, throughout.

Problem 1 [Easy]: English Statement Negations
Formalize each statement with formal logic and the following statements and ∧,∨,¬, =⇒ .

Then negate the formal logic you wrote. For full credit, fully distribute your negation.

� P = Alex wants to eat lunch at the park

� Q = The park is open

� R = Pigeons will eat lunch at the park

� S = Pigeons are at the park

i. (2 points) Alex wants to eat lunch at the park but the park is not open.

ii. (2 points) If the park is open and the pigeons are not at the park, then Alex wants to eat
lunch at the park.

iii. (2 points) Either the pigeons are not at the park or the park is not open.

iv. (2 points) If the pigeons will eat lunch at the park, then if the pigeons are at the park and
the park is open, then Alex does not want to eat lunch at the park.

v. (2 points) The park is open and either the pigeons will eat lunch at the park or Alex wants
to each lunch at the park.
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Problem 2 [Easy]: Truth Tables, Statements, and Circuits
Each row of this table corresponds to an equivalent truth table, boolean statement, and circuit.

(10 points) Fill out the following table. For this problem, you may hand write/draw the table and
put that picture into your PDF.

Truth Table Boolean Statement Circuit

A B Out

0 0 1
0 1 1
1 0 0
1 1 1

¬(A ∨B) ∧ (¬A ∨B)

Problem 3 [Medium]: Logical Equivalence
Determine if each pair is logically equivalent. If so, show the steps to transform one into the

other. If not, show on what inputs they differ.

i. (2 points) ¬(a ∨ T ) ∨ b, b

ii. (2 points) (¬a ∨ b) ∧ a, a ∧ b

iii. (2 points) (a =⇒ b) ∧ ¬b, ¬a

iv. (2 points) ¬((a ∧ ¬b) ∨ (¬a ∧ b)), ¬b

v. (2 points) (¬a ∧ (¬b ∨ c)) ∧ (¬a ∨ c), ¬(a ∨ (¬b ∧ ¬c))

Problem 4 [Medium]: NAND: The universal gate
In this problem we’ll explore the fact that all logical circuits can be implemented using just

NAND gates.

i. (5 points) Let’s denote p NAND q as p Z q. Write a logical expression for the three circuits
corresponding to AND, OR, and NOT.

ii. (5 points) Validate your three logical expressions with three truth tables. For clarity and full
credit, show each variable and distinct statement in a separate column, culminating in your
final formula. For instance, if we wanted a table for the statement (p∧ q)∨ q, we would need
one column for p, one for q, one for p ∧ q and one for the whole statement.
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Problem 5 [Medium]: Simplifiying Logical Statments
(10 points) Simplify the following statement using the laws. Show every intermediate step and

state which law you used.

a ∧ ((b ∨ ¬c) ∨ ((d ∨ c) ∧ ¬b)) ∧ (¬a ∨ c)
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Problem 6 [Hard]: Tarski and First-Order Logic
In figure 1 we have a Tarski world, the domains for all variables consists of the objects (individual

shapes) in the Tarski world. Objects are either circles or triangles. Every object has a shading,
either fully shaded or clear (no shading). Finally, an object can be above some other object. We
can define these properties as predicates:

� shaded(x) = x is shaded

� triangle(x) = x is a triangle

� circle(x) = x is a circle

� above(x, y) = x is on a row strictly above y

Using these predicates and our logical symbols, we can write statements about this Tarski World
into formal logic. For instance, we can translate the statement

“Every shape is a circle or a triangle”

into

∀x, circle(x) ∨ triangle(x)

i. (1 point each) State whether the following statements are true or false in this Tarski world.

� Every circle is shaded.

� There is a triangle that is above a circle that is not shaded.

ii. (2 points each) Write the following statements using formal logic

� All triangles are shaded.

� There is a circle that is both shaded and above every triangle.

iii. (2 points each) Negate the following statements in formal logic. Distribute all negations in
your solution.

� ∀x, circle(x) ∧ ¬ shaded(x)

� ∀x ∃y, shaded(x) =⇒ ((triangle(y) ∧ shaded(y)) ∧ ¬ above(y, x))
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Figure 1: Figure for problem 4. A Tarski World, a tool for understanding logical statements
invented by Jon Barwise and John Etchemendy, named after Alfred Tarski
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F problems: no credit, no deadline, no formal grading, and possibly no solutions. If you work
on these and need help, let Virgil know by email.

Problem 7 F (no credit) Implication is transitive
If a, b, c are boolean variables, show that (a⇒ b) ∧ (b⇒ c)⇒ (a⇒ c).
Do this both using a truth table (easy), and by using boolean algebra derivation laws (not so easy)

Problem 8 F (no credit) Josephine’s Problem
In Josephine’s Kingdom every woman has to pass a logic exam before being allowed to marry. Every
married woman knows about the fidelity of every man in the Kingdom except for her own husband,
and etiquette demands that no woman should be told about the fidelity of her husband. Also, a
gunshot fired in any house in the Kingdom will be heard in any other house. Queen Josephine
announced that at least one unfaithful man had been discovered in the Kingdom, and that any
woman knowing her husband to be unfaithful was required to shoot him at midnight following the
day after she discovered his infidelity. How did the wives manage this?

Problem 9 FFF (no credit) 4-hemisphere cover
A sphere is covered with some number of “caps” which are hemispheres. Prove that it is possible
to choose four hemispheres, and remove all others, while still keeping the sphere covered.

Problem 10 FFF (no credit) 4k+1 primes characterization
Prove that a prime number p can be written as the sum of two squares p = a2 + b2 if and only if
p = 1 (mod 4).
For example p = 13 = 4 ∗ 3 + 1 is such number, therefore is the sum of two squares 13 = 22 + 32.
But the prime p = 23 = 4 ∗ 5 + 3 = 3 mod 4 is not, so it cannot be writen as sum of two sqaured
integers.
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