
Sequence Limit

We say that an infinite sequence of real numbers a1, a2, a3.... If and only if the following is true:
∃x ∈ R,∀ε > 0,∃n0, ∀n ≥ n0, |an − x| ≤ ε
we say that the sequence has limit x, or “converges to x”, and write lim

n→∞
an = x.

i. Give an example of an infinite sequence with all values in a fixed range that has no limit.
Explain why it has no limit, specifically why the logical formula given is false.

Answer: Example: 1, 2, 1, 2, 1, 2, ...
Assume by contradiction that there is a limit x. Then choose ε = 0.5 and run the formula
to get that after some initial index n0, ∀n ≥ n0, |an − x| < ε. But after that initial index
there will be 1 and 2 in the sequence, so that formula has to work for both 1 and 2, i.e.
|1− x| < 0.5; |2− x| < 0.5, impossible.

ii. Prove that if the limit exists, it is unique. In other words prove the following:[
∃x,∀ε > 0,∃n0, ∀n ≥ n0, |an − x| ≤ ε

]
∧
[
∃y,∀ε > 0, ∃m0,∀m ≥ m0, |am − y| ≤ ε

]
⇒ x = y

Hint: Prove by contradiction, and consider what happens as the value gets closer to x (or y).
What value of ε would make satisfying both limits impossible?

proof. By contradiction: Suppose conclusion not true. Then it’s possible both limits hold,
but the two values aren’t equal. Whatever the difference is between x and y, let epsilon equal
some value less than half of it, |x− y|/2.
Now a value can’t be both within epsilon of x, and epsilon of y. But we said there was some
n0 where this value existed.
Contradiction.

iii. Prove that if two sequences have the same limit lim
n→∞

an = x = lim
n→∞

bn then the interleaved

sequence Cn = (a1, b1, a2, b2, a3, b3, ...) also converges to that limit x.

proof. C onsider any ε > 0. Applying the limit definition gives a particular n0,m0 such that
for any n bigger than these indices we have |an − x| < ε and |bn − x| < ε. So for any index
bigger than starting index z0 = 2 max{n0,m0} we have C2n−1 = an or C2n = bn, either way
within ε of x, i.e. |Cn − x| < ε. So according to definition, (Cn) converges to x.

iv. Prove that if two sequences have different limits lim
n→∞

an = x 6= y = lim
n→∞

bn then the inter-

leaved sequence Cn = (a1, b1, a2, b2, a3, b3, ...) has no limit.
Hint: Prove by contradiction. What value of ε would lead to the values being unable to be
close to both of the original limits at once (similar to 4.ii)?

proof. By contradiction: Suppose not. Then there is some shared limit to this sequence even
though the two original limits aren’t equal.
Let epsilon be slightly smaller than |x − y|/2. We should be guaranteed for each sequence
that there is some value n0 where the sequence is within epsilon of its respective limit; and
we should be able to choose the larger of these values n0 to find a value where we are within
epsilon of both values. But that’s impossible (just as in 4.2). Contradiction.

proof2 more formal. By contradiction, say sequence Cn converges to limit z. But an is a
subsequence of Cn so it also must converge to z because the limit definition apply just as well
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to subsequences. Then from part ii) x = z. Similarly with b sequence y = z which means
x = z = y, contradicting x 6= y.

v. Give an example of a sequence of rational numbers with limit an irrational number.

answer. Consider any irrational number, for example x =
√

2 = 1.4142135624..., Define the
sequence ak = bx ∗ 10kc/10k that is 1.4, 1.41, 1.42, 1.414, 1.4142, 1.41421 ...

vi. Given an infinite sequence (xn) of real numbers in range [0 100], prove that there is a subse-
quence of (xn) that is convergent (even if xn is not).

proof. Repeated halving of the range interval: I = IL ∪ IR = [0, 50] ∪ [50, 100] and the
sequence is infinite, one of the two haves IL or IR contains infinite number of elements of the
sequence; keep x1 and the side with infinite many elements; delete the other half. So now we
have a infinite sequence left with range [0,50] starting at n = 2. Repeat this procedure. The
obtained sequence after k steps will have the range length 100/2k starting at n = k+ 1. The
overall resulting subsequence its convergent to the limit that is the common intersection of
all ranges along the way.
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