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CSG713 Advanced Algorithms Recurrence Example
Fall 2004 September 15, 2004

Solving Recurrences via Iteration

Consider the recurrence T'(n) = 4T(n/2) + n?/lgn. In order to solve the recurrence, I would first suggest
rewriting the recurrence with the recursive component last and using a generic parameter not to be confused
with n. We may think of the following equation as our general pattern, which holds for any value of O.

D2
T(O)= — +47T(0/2
(0) = g +47(/2) M)
Since our pattern (Equation 1) is valid for any value of O, we may use it to “iterate” the recurrence as
follows.

2

n
— +4T
e AT (/2)

_ (n/2)? 2
= = +4 (lg(n/2) +4T(n/2 ))

n2 2

n

= — 4+ —— +4%T(n/2? 2

en s T (n/27) (2)

Always simplify the expression, eliminating parentheses as in Equation 2, before expanding further. Contin-
uing. ..

T(n)

o2 72 (n)22)?2
Tn) = Eﬁ+mwm+ﬂ(mwﬁﬂ4””f0
n2 Tl2 n2
= —+ + + 43T (n/23)

lgn = lg(n/2)  log(n/22)

n? n? n?

TL2
ien g2 T gm® Tt gy
_ = n? k k
= ;)——1g(n/2f)+4 T(n/2%)

+ 4T (n/2F)

We will next show that the pattern we have established is correct, by induction.

n?

—/2]—) + 4k (n/2%).

Claim 1 Forallk>1,T(n =Z

Proof: The proof is by induction on k. The base case, k = 1, is trivially true since the resulting equation
matches the original recurrence. For the inductive step, assume that the statement is true for k =i — 1; i.e.,

Z lg(n/21 F AT 2%,




Our task is then to show that the statement is true for k£ = i; i.e.,

i—1 le : .

This may be accomplished by starting with the inductive hypothesis and applying the definition of the
recurrence, as follows.

.
|
N

2

= & i-1 i-1
T(n) = = lg( /2]) +4 T(n/2 )
i-2 n? - (n/zi—l)z i
= g gy +AT/2)
i—-2 n2 - n2/4i_1 " 1.
= ]go lg(n/27) llg(n/2i'1) +4'T(n/2")
o2 2 i i
B ;0 lg(n/27) lg(n/2i—l) +4'T(n/2")
i—1 n2 i i
= 2 g T

a

We thus have that T'(n) = Zk Lom . 7+ 4*T(n/2%) for all k > 1. We next choose a value of k which

=0 Ig(n/27)
causes our recurrence to reach a known base case. Since n/2* = 1 when k = Ign, and T(1) = ©(1), we have
Ign—-1
T(n) = +4'877(1)
- 1g( /21
lgn—1 1 ]
= 2 g4
n ,Z:: En ;" o(1)
Ign 1
= 7L2 Z E + 0
=1
= n?O(Inlgn) + O(n?)
= ©O(n?loglogn).



CSG713 Advanced Algorithms Simplified Master Method
Fall 2004 September 15, 2004

The Simplified Master Method for Solving Recurrences

Consider recurrences of the form

T(n) = aT(n/b) + n¢
for constants @ > 1, b > 1, and ¢ > 0. Recurrences of this form include mergesort,

T(n) =2T(n/2) +n,
Strassen’s algorithm for matrix multiplication,

T(n) = TT(n/2) + n?,
binary search,

T(n) =T(n/2) +1,

and so on.
We can solve the general form of this recurrence via iteration. Rewriting the recurrence with the recursive
component last and using a generic parameter not to be confused with n, we obtain:

T(O) =0°+aT(0/b) (1)

Since our pattern (Equation 1) is valid for any value of O, we may use it to “iterate” the recurrence as
follows.

T(n) = n°+aT(n/b)

n®+a[(n/b)° +aT(n/b?)]

n® + a(n/b)° + a® T(n/b?)

n®+ a(n/b)° + a®[(n/b%)° + aT(n/b%)]

= n°+a(n/b)*+ a(n/b?)° + a® T(n/b®)

= nc+a(n/b)c+a2(n/b2)°+a3[(n/b3)°+aT(n/b4)]
= n°+a(n/b) + a®(n/b*)° + a3 (n/b%)° + a* T(n/b?)

Pulling out the n® term common in each of the first four factors, we may simplify this expression and
obtain a pattern as follows.

T(n) = n°+n(a/b°)+ nc(a/bc)2 + nc(a/bc)?’ +a* T(n/b4)

n Z( ) + a* T(n/b%)

We will next show that the pattern we have established is correct, by induction.

k—1 .
Claim 1 For allk > 1, T(n) = ncz (bi;)] + a* T(n/bk).

Jj=




Proof: The proof is by induction on k. The base case, k = 1, is trivially true since the resulting equation
matches the original recurrence. For the inductive step, assume that the statement is true for k =i —1; i.e.,

-2

Tm)anE:(g)j+aF1Tuywﬂy

Jj=0
Our task is then to show that the statement is true for k = i; i.e.,

T(n)= nciz—i (:—C)j +a' T(n/b").

j=0
This may be accomplished by starting with the inductive hypothesis and applying the definition of the

recurrence, as follows.

T(n) = nf 4 + a1 T(n/b1)
+ai! [(n/bi—l)c + aT(n/bi)]

]+M(%y4+MTmﬁﬁ

|

.S
Il
= o

+a' T(n/b)
O

We thus have that T'(n) = n¢ Ef;(} (f;)j + a* T(n/b*) for all k > 1. We next choose a value of k which

causes our recurrence to reach a known base case. Since n/b¥ = 1 when k = log, n, and T'(1) = (1), we
have

logy, n—1

8 (@ v

=0

T(n)

log, n—1 5
a
= nt Y (g) +nt=eq)
=0
log, n—1

= n z:(%f+emmM)

=0
The solution to our recurrence involves the geometric series Z];f(’; . (g%)]. In order to bound this series,
we must consider three cases: a/b¢ > 1, a/b¢ =1, and a/b® < 1. This is equivalent to considering the cases
¢ < logy a, ¢ = log, a, and ¢ > log, a.
Case 1: c< logya & a/b° > 1.

If a/b° > 1, we then have

log, n—1 a i _ (a/bc)log,,n__l _ oS nlogy a
]Z=:0 (bc) (a/b9) — 1 9((a/b) ) 9( r: )



From this we may concude that

Jj=0
log, a
= nc 6(71”: ) 4 e(nlogba)
_ e(nlogb a)
Case 2: c=logya & a/b° = 1.
If a/b¢ = 1, we then have
log, n—1 . log, n—1 A
Z (b_c) = Z 17 = log, n.
j=0 j=0

Noting that ¢ = log, a, we may then conclude that

log, n—1
a

Tm) = n* X (i) +eww
j=0
n - log, n + O(n'°8 )
O(n‘logn) = B(n'°8 % logn)

Case 3: ¢ > log,a & a/b° < 1.
If a/b° < 1, we then have

> (2) 2 @mr=1=00)
j=0
and | .
BT and 2 sanNi 1
2, (&) S;(b—c) =T—ar =9
which yields
log, n—1 arsli
Zo (b—) =6(1).
o

Noting that ¢ > log;, a, we may then conclude that

T(n) = n° Y. (%)j+e(n‘°gb°)
j=0
= n°-0(1) + O(nlo# )
e(n°)

Note that in each case, either ¢ or log, a appears in the exponent of the solution, and it is the larger
of these two values which appears. If these terms are equal, then an extra log factor appears as well. In
summary, we have

Case 1: | c <log,a | T(n) = O(n™°8+ )
Case 2: | c=logya | T(n) = ©(n°logn) = B(n'8 % log n)
Case 3: | ¢ > log,a | T(n) = O(n°)




