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Last tiine Today Nexttiine

=Finish counting . Stant Probability . Continue probability
-

examples
- examples



Probability
"

Example
-

" owlsa -

' '

. Random  experiment It
'

a roll a fair six sided die
-

e wosa
•

generates outcome :werair
° rolled a 5

d
•

Sadespade : set  of all ~
. { 42,3

, 4,5
, 6) =l

possible outcomes

. E
,

=

"

even
"

= { 2,4
,

6)
• event : subset of sample SPACE

.

En =

"

zz
"

= { 3,4 ,
5,6 )

•

p : R → IR probability measure
-

- a pl 1) =p (2) = - . . = PC 6) = 1/6

. 0 = p ( w ) 4- I f were
-

PC E) = E plw )
-

& .int#ffEfoio"

|e . ,

.SI?y=piai+pmtpHi@#&pntitwtrnEpTw=fE:pCE)=lEIplED=3b

in



Examines 12,3 )
° no "

Fred:3 ,%% ,

a¥§T#¥#÷#
!2! Roll to fair dice

##
⇒ R = { 1 1,1 )

,
( 1,2 )

,

( 1,3 ) -

,
12,1 ) ,(2,2) -

,
416 ) ) = { 1,2 ,

-
6) X { 1,2

,
-6 )

lrk 36

E
,

= total B 7
EF { ( 1,6 )

,
(2) 5 )

,

C 3,4 )
,

( 4,3 )
,

15,2)
,

( 6,1 ) )

PIE ,
) =

IE
,

I 6
- = -36=1
Irl

12 11 10 9

to

Ea= total is greater than 8 |Ez|=

1+2+3+4

= 9 or 10 or 11 or 12
= 10

IENI IO

plea ) =

Tµ= I
= £



Candy : Standard deck  of  cards : 4 suits Hearts
,

Diamond
,

clubs
,

Spades

within each suit 2,3
,

Y
,

. -

,
co

,

J
,

Q
,

K
,

A

13 total
per suit

. Rand
, Exp .

: draw one card frm deck

a

Sample space : R= { 2H
,

3H
,  

-

,

AH
, 213317 , -

,
AS )

gz
face

and
persuitn

Irl = 52 ysuib
a

'

Ec = face card ( Jacks
,

Queen
,

King ) IEIF 3.4 = 12

PCE
,
) =

LEI 12

Irl

=

-52 = 343

. EL = card is between 2 & ( o ( a number )

IEsl = 9.4=36

pied = tent,=3s6z= %



Urn Problems
-

: 15 red balls

10 blue balls

' Rand , Exp . : draw one ball from urn

'

s = { Rl
,

R2
,

. - Rit
,

Bl
,

B2
,  

. .

Bw ) lrl=25

. E
,

= red IE
,

1=15

PLE )=
fend

,

= ¥ = 315

.
Rand

. exp .

: draw 3 balls at once ( Saudis who replaced )

r= { { R
,

,
Ra ,R ,

3

,

{ R
, ,Rs

,
Ry }

,
-

{ R
, ,B,B ,

} - { Bs ,B9
,

13101 )

Irl = ( 235 ) = 2300

. E
,

= an neds lEl= ( Y )

PCE )= tent
,

- fay,=I÷To - footer 19.8%



'

Ea = 2 red
,

1 blue

M%k

" ' 49

led = ( 12 ) . 1 Y ) = 1050

#
=Y÷oo~~ 45.7%

7 T

ways to
ways to

9et2 needs get one blue
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Last t line today Next + nine
. .

.

a Start probability
.

ContinueProbability
. Finish expectation

- more examples
4 variance

÷ art expectation

& variance



Sampling w/ replacement : Is balls
,

15 red & 10 blue

⇒ Draw 3 balls
,

one at a
tin 're

, put back between draws

r= { ( Rl
,

RI
,

Rl )
,

1 Rl
, RI ,R2 )

.
- -

l Bio
,

Blo
, Bw ) }

Irl = 253

• E
,

= all red IE ,|= 153

. PCE ) = lent = 1¥
,

= (E) 3=1}t3= ,2¥a 21.6%

<
which blue

neEa=2 red
,

1 blue 1Ea| = ( ? ) . 10 . 152

9 Twwehreds

I ? ) . 10 , ,s2
when did I

p( Ed =

"¥l
-

draw blue ?

|r|
=

253

= 3.at#I5T=Esgt= 43,2%



' Bit
strings

( Bytes )

°

Rend
, Exp .

: . flip fan coin
.

8 + lines

'

heads → output 1

tails → output 0

=) generates a byte .

-

A = { oooo oooo

,

00000001
,

.  
-

,
I 111 1111 )

Irl = 28

÷= byte has exactly 4 Is
.

led = ( F ) = 70
p( E.) = ¥ = ¥6 # 2734%

: K positions

for 1s

( fixes positions for Os )



Ea= byte that tonot contain consecutive Is
.

mm
00

- Generate 2 bits at a twine
01 ) allowed

¥
- left . to - night

- if 01
,

then the next two bits can't be 10

first 2 bits nextonbib next Zbih last 2biB

- 00,10 - oo
,

10 - 00,10 - 00,01 ,
10 → 2. 2. 2.3=24

\
\

01

\
01 -

00,01 → 2. 2. 1.2=8

-
oo

\
-

00/01,10 → 2. 1. 1.3 = 6

01
-

00,01 - 2. 1. 1.2 = 4
01 - 00

-

00,10
\

-

00,01 ,

10 → 1. 1. 2.3 = 6
\

01
01

-

00,01 → 1
. 1. 1.2 = 2

\
00

- oo
, 01,10 → 1. 1. 1.3 =3

\
01

- 00,01 → 1. 1.1-2=2

Plea )=
-55 -

zsg
121.48%

= 55



÷FE÷;÷ae fiefexcise

tax

F- [ D= Ex
x. Pr[X=x] F- {×)= E XC w ) . plw )

9
were

expected

:
average

"

value

YL cars 27W

1/3 cars 10 on

Yb cars 15000

E[x)= §
x. Pr[X=x)= 42.27Mt 4) iloow +16.1500

- Weighted average
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Last tune Today Next time

=Finished Probability Examples . Expectation & Variance .

Entropy
. Started Expectation



Underlying probability measure induces distribution over range of randivar
_

re

/
* 35k

. A . Alice 's car

•

A $125 k

2017 - /
- $35

,
on

aoi4@B-snsk.B.IE"In
2014 - $25,000

-

2014

PIAI - plb )=p( c) = 1/3 ' C - Charlie 's

probability measure
- $35,000

F-
2014

y ,
= purchase price k= model year

range ( × , )= { 25000,350W ) raise 1×2) = { 2014,2017 }

ind , dist
.

DC 25000 )=Pr[ XF 250003=1/3 D( 2014 )= Pr [112--2014]=2/3
D ( }sow ) = Pr [ X ,= 350003=43 D ( 2017 ) = Pr[Xa= 2017 ) =Y3

E[× , } = § X. Pr[ XFX ) E [ xD = § X. Pr[Xa=X )

= zsooo .  113+35000.2/3 = 2014.213+2017  ' 1/3

= 2015
= 31666.67 -

÷X , )= E X , ( w ) . PCW )
wer

= X, (A) . Pla ) 'tX. (B).pl B)tlx ,
(c) . Pcc ) = 35000.43+25000.1/3+35000.43 = 31666.67



!1! . Roll one fair six . sided die { .

,

.

. ,e .

,

,

::
,

:.:
,

:::)
X= Value of die face × ( , ) =L

XC '

, ) =L

. ii. 1=6

What  , E[ x ) ?

pl . ) = PC : )= PC
'

.

. ) = .  - = PC :::) = 1/6 ← prob .
meas . dictated

probing : by hand exp .

⇒ Pr[X= 1) = Pr[X=2] = .  - = Pr[X=6 ) = 1/6 ← induced dnt . over range of rk

F- [ x ) = § x. Pr[X=x ) = §
,

i. Pr[×=i ) = 1. Pr[x=D + 2. Pr[x⇒+ . -

= 1.16+2.116 t - - 6.16

= 116 . ( 1+2+3 +4+5+6 ) = €
E[ x ) = { XC w ) ' pw ) = Xl . ) . 116 + XC '

. ) .Ys+×( '  .

. ) . Kot - + Xl :::) . 116
WER

= 1.16+2 .

1 bot - + 6.16

= 3.5



@ Roll two fair six . sided die die 2

X : 1 2 3 4 5 6 =5

X= sum of values of die faces -

www..at?ftEfr#fhftofII&In.ot=
F- {x]= § X. Pr[x=X}

678¥
,

yes" 4. pcw )
#

11=2 Pr[X=2)= 1/36 E [ × ) = E

X= 3 Pr[ X - 3) = 436
XCW ) . 1/36 = 1/36 ' { Xlw )

×=y
,

Pr(X=4)= 3/36
wer War

1

x=|z Pr [ X=l2)= 436 = ¥ ( 1.2+213+3.4+4.51 . . - +1.12 )

* ' IFIE's?ak+%%+→ .

.%oxYE¥nItIem!aYIf
X2= Second due value

= 7
E [ Xitx ) = EEX

, )tE{ XD
= 3.5 +3.5 = 7



!3! . Pay $6 to play
' Roll 2 6- sided die #

" Payout D sum of dne faces1-6-3=0-1* i÷n::L.no#fi&ofH
5 0 I 2 3 -6 5

EH ) = § × , PrH=x )
=

to 11 2 3 Y 5 -6

X= - 6 Pr[x= - 6) =
6/36=1/6

X= -3 Pr [ X= - 3) =
426=1/18

I E[×)= Exlw)

.p@were

11=+5 Pr[X=5]= 436=148
= E Xlw ) . 146

were

F- [ X) = §× ' Prlxtx )
= lbs . Exlw)

= t 6) . 613Gt 1-3) 1256 )t - +512136 )
were

= ¥ . ( 1-67.6+1-31.2 t.it  5.2 )
= - 0.165

lose 16.6 ¢ per play or about 2 . .g%
=3t6it6 ) =

- 0,165


