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Recall: Policy

A policy is a rule for selecting actions: 7T S— A
w(s) =a

SN

If agent is Iin this state, then take this action

A policy can be stochastic: 7T(CL|S) — P(at = a\st — 8)

The goal of this lecture is to develop new ways of calculating an optimal policy




Calculating an optimal policy

The goal of this lecture is to develop new ways of calculating an optimal policy

— first, develop methods of calculating value function for an arbitrary policy
(policy evaluation)

— then, develop methods of calculating an optimal value function (and policy)
by iteratively calculating value function and then improving policy
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Value of a state == expected return from that state
If agent follows policy 7
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Recall: Value Function

Value of state S when acting according to policy 7T :

‘(W(S) —

Eﬂ- [Gt|8t — S]

Value of a state == expected return from that state
If agent follows policy 7

s

But, how do we compute the value function?

(for a particular policy)

Possible methods:
1. monte carlo methods

2. dynamic programming

<

New method that will
be introduced today
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How do we calculate the value function for a given policy?




Policy Evaluation

How do we calculate the value function for a given policy?

- S¢a1
aft7 't41 t—l_l/

For simplicity, let’s ignore action for now




Policy Evaluation

How do we calculate the value function for a given policy?

> S
Ti41 i+l
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Policy Evaluation

How do we calculate the value function for a given policy?

St recn T OStHL

V7™ (s¢ = s) = 1441 + expected value of being at s

Another expression for this?
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How do we calculate the value function for a given policy?

St revr St4+1 |
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Policy Evaluation

How do we calculate the value function for a given policy?

St revr St4+1 |

V7™ (s¢ = s) = 1441 + expected value of being at s

AV (st = )

Why Is there a gamma here?




Policy Evaluation

How do we calculate the value function for a given policy?

St revr St4+1 |

V7™ (s¢ = s) = 1441 + expected value of being at s

YW (st41 =)

~
T
g

VT (st = 8) = Ex[rie1 + YV (St41 = §')|s¢ = 5]




Policy Evaluation

How do we calculate the value function for a given policy?

St r, > St+1

V7™(sy = s) = rys1 + expected value of being at s

= Ex[ret1 + 9V (8641 = 8')[st = ]



Think-pair-share

Please write this expectation in terms of:
p(sl, 7°|8, CL) == prob of s’,r given s,a

m(s) == action to select from state s

V7 (st =s ) /,/(J}/expected value of being at s;41

= Ex[ret1 + 9V (8641 = 8')[st = ]




Policy Evaluation

For stochastic action selection: y?
p(S/, T‘\S, CL) == prob of s’,r given s,a

7T(CL‘S) == prob of selecting action a from state s

V(s S ) /Hr/expected value of being at s;11

= Er[ree1 + V7 (st41 = 8)[st = ]
= w(als) > p(s',rls,a)[r + 7V (sp41 = )]
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Policy Evaluation

For stochastic action selection: y?
p(s’, T‘\S, CL) == prob of s’,r given s,a

7T(CL‘S) == prob of selecting action a from state s

V(s =5 ) /,Hr/expected value of being at s;11

= Er[ree1 + V7 (st41 = 8)[st = ]
= w(als) > p(s',rls,a)[r + 7V (sp41 = )]

| Called the Bellman Equation |

Or, more simply: V” ZW als Zp S 7“|S a 7“+”YV7T( )]
(SB, egn 4.4)



Policy Evaluation Algorithm

lterative policy evaluation, SB pp 61

Input 7, the policy to be evaluated
Initialize an array V(s) = 0, for all s € 8T
Repeat
A+ 0
For each s € o:
v+ V(s)
V(s) < 22, m(als) X, p(s, 7|8, a) [r + 4V (s")]
A+ max(A, |lv — V(s)|)
until A < 6 (a small positive number)
Output V =~ v,



Policy Evaluation Algorithm

lterative policy evaluation, SB pp 61

Input 7, the policy to be evaluated
Initialize an array V(s) = 0, for all s € 8T
Repeat

A<+ 0 Bellman Equation

For each s € &: — R

v+ V(s) —
V(s) X mlals) Xy, p(s', 7]s,a) [r + AV (s')]
A < max(A,|v — V(s)]|)

until A < 6 (a small positive number)

Output V =~ v,



Policy Evaluation Algorithm: SB example 4.1

Terminal state

EN
1 (2 |3
4 |5 |6 |7
8 |9 [10 |11
actions
12 (13 |14

S=1{1,...,14)

Ry = —1

on all transitions

Terminal state

A = {left, right, up, down}

State transitions: deterministic

Undiscounted



Policy Evaluation Algorithm: SB example 4.1

Initialize value function at zero

!

IS
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Evaluate V for a policy that selects actions uniformly randomly

l

actions

10

11

14

Ry =-1

on all transitions



Policy Evaluation Algorithm: SB example 4.1
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What does this value become on first iteration?

Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,
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What does this value become on first iteration?

Vi(s) = > m(als) Y p(s',r]s, a)[r + V7 (s")]

Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,
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— Z m(als)[r + V™ (s")] (b/c deterministic)

Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,
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What does this value become on first iteration?
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Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,
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Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,
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What does this value become on second iteration?

Vi(s) = > m(als) Y p(s',r]s, a)[r + V7 (s")]

— Z m(als)[r + V™ (s")] (b/c deterministic)

= 0.25[-1+~V7(s)]

Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,



Policy Evaluation Algorithm: SB example 4.1
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What does this value become on second iteration?

Vi(s) = > m(als) Y p(s',r]s, a)[r + V7 (s")]

— Z m(als)[r + V™ (s")] (b/c deterministic)

= 0.25[-1+~V7(s)]

1 2 2 2
4 4 4 4
= —1.75

Input 7, the policy to be evaluated
Initialize an array V(s) = 0, for all s € 8T
Repeat
A+0
For each s € §:
v+ V(s)
V(s) ¢ Xy lals) Xy 05,715, @) [r + V()]
A + max(A, v =V (s)|)
until A < @ (a small positive number)
Output V =~ v,



Policy Evaluation Algorithm: SB example 4.1
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Why IS this value NOT -1. 75’?

—

D

0.0

7

What does this value become on second iteration?

= 3" w(als) Y (s’ rls. @)l + V()

— Z m(als)[r + V™ (s")] (b/c deterministic)

=Y 0.25[-1+ V()]

a

actions

8

9

10

11

12

13

14

1 2 2 2
4 4 4 4
= —1.75

Input 7, the policy to be evaluated
Initialize an array V(s) = 0, for all s € 8T
Repeat
A+0
For each s € §:
v+ V(s)
V(s) ¢ Xy lals) Xy 05,715, @) [r + V()]
A + max(A, v =V (s)|)
until A < @ (a small positive number)
Output V =~ v,



Policy Evaluation Algorithm: SB example 4.1

What does this value become on third iteration?

0.0[-1.7|-2.0{-2.0
i — / I
-1.7]-2.0[-2.0[-2.0 Vi(s) = ;W(MS)ZMS 78, a)[r + V7 (s)]

-2.01-2.0(-2.0(-1.7
-2.0(-2.0]-1.71 0.0

— Z m(als)[r + V™ (s")] (b/c deterministic)

~
o
&)
~

Ry =-1
on all transitions
8 9 |10 |11

actions

Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,



Policy Evaluation Algorithm: SB example 4.1
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What does this value become on third iteration?

Vi(s) = > m(als) Y p(s',r]s, a)[r + V7 (s")]

— Z m(als)[r + V™ (s")] (b/c deterministic)

= 0.25[-1+~V7(s)]

27 3 3 1

Input 7, the policy to be evaluated
Initialize an array V(s) =0, for all s € 8T
Repeat
A+0
For each s € S:
v+ V(s)
Vis) 3, wlals) By, p(s's7]5,0) [+ 2V ()]
A «+ max(A, |v —V(s)])
until A < 6 (a small positive number)
Output V =~ v,



_’_

actions

10 |11

14

0.0(-14.]-20.]-22.
-14.[-18.]-20.
-20.1-20.[-18.[-14.
-22.(-20.1-14.1 0.0
1|2 s P

on all transitions

Question

-20. / Policy evaluation converges to these values

-

\

" Can you think of a simple
Interpretation of the values
of these states when policy
evaluation converges?

Input 7, the policy to be evaluated
Initialize an array V(s) = 0, for all s € 8T
Repeat
A+0
For each s € §:
v+ V(s)
V(s) ¢ Xy lals) Xy 05,715, @) [r + V()]
A + max(A, v =V (s)|)
until A < @ (a small positive number)
Output V =~ v,
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Policy Improvement

Policy evaluation is great, but how do we use it to find better policies?

Given: value function, V™ (s), for a given policy 7T

/
Calculate: a new policy, 7T , that is at least as good as 7T

Policy improvement procedure:

1. calculate the action-value function, 1/ (s) , for the latest policy, 7T

2. use Q to calculate a better policy: 77/ (3) — arg mC?X Qﬂ (37 a)



Policy Improvement

Policy improvement procedure:

1. calculate the state-value function, V”(s) for the latest policy, 77T
/ T
2. use Q to calculate a better policy: 7 (3) — arg max Q (37 CL)
a

But, how do we calculate Q" (s,a) from V7T(s)?



Policy Improvement

" Value of being in state S,
taking action @, and following
policy 7 after that. (

—

Value of being in state S,
and following policy 7
after that.

3
P -

q
O

But, how do we calculate Q#(S, a) from V7(s)?




Think-pair-share

Policy improvement procedure:

1. calculate the action-value function, V”(s) , for the latest policy, 7T
/ 708
2. use Q to calculate a better policy: 77 (3) — arg max Q (3; CL)
a

But, how do we calculate Q" (s,a) fromV™ (s) 2

Q" (st = s,ap = a) =




Think-pair-share

Policy improvement procedure:

1. calculate the action-value function, V”(s) , for the latest policy, 7T
/ 708
2. use Q to calculate a better policy: 77 (3) — arg max Q (3; CL)
a

But, how do we calculate Q" (s,a) fromV™ (s) 2

Q" (st = s,ap = a) =

Hint: remember the Bellman eqgn:

Vi(se=5)=) mlals) Yy p(s',rls,a)lr + 4V (5001 = 8')]

s',r




Policy Improvement

Policy improvement procedure:

1. calculate the action-value function, V”(s) , for the latest policy, 7T

2. use Q to calculate a better policy: ' (3) = arg mc?x QW (Sa CL)

where QW 3 a Zp s’ 7“‘8 a)[r%—vV”(s’)]



Policy Improvement

Policy improvement procedure:

1. calculate the action-value function, V”(s) , for the latest policy, 7T

2. use Q to calculate a better policy: ' (3) = arg mc?x QW (Sa CL)

where QW 3 a Zp s’ 7“‘8 a)[r%—vV”(s’)]

Policy improvement theorem:

/
Let 7T and 7T be arbitrary deterministic policies such that

Q" (s,7'(s)) >V7(s),Vs €S (SB, eqn 4.7)

Then V™ (s) > V7™(s),¥s €S (SB.ean4s)



Policy Improvement

Policy improvement procedure:

1. calculate the action-value function, V”(s) , for the latest policy, 7T

!/ \ N [ AW

2. use O to calculate - *

Policy 7’ is at least as good as 7T

where ()7 (g

Policy improvement theorem:

/
Let 7T and 7T be arbitrary deterministic policies such that

Q" (s,7'(s)) >V7(s),Vs €S (SB, eqn 4.7)

Then VW/(S) > VW<S),\V/S cS (SB, egn 4.8)
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Policy iteration: combines policy evaluation and policy improvement
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Policy Iteration

Policy iteration: combines policy evaluation and policy improvement

E I E I E I E
) — gy —> T —> Uy —> Mg —> +++ —> Ty — Vs

Arbitrary initial policy




Policy Iteration

Policy iteration: combines policy evaluation and policy improvement

E I E I E I E
) — gy —> T —> Uy —> Mg —> +++ —> Ty — Vs

Policy evaluation
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Policy iteration: combines policy evaluation and policy improvement

E I E I E I E
) — gy —> T —> Uy —> Mg —> +++ —> Ty — Vs

Policy improvement
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Policy iteration: combines policy evaluation and policy improvement

E I E I E I E
) — gy —> T —> Uy —> Mg —> +++ —> Ty — Vs

/ //
/ //

/ //

New policy




Policy Iteration

Policy iteration: combines policy evaluation and policy improvement

E I E I E I E
) — gy —> T —> Uy —> Mg —> +++ —> Ty — Vs

Policy evaluation




Policy Iteration

Policy iteration: combines policy evaluation and policy improvement

E I E I E I E
) — gy —> T —> Uy —> Mg —> + =+ —> Ty — Vs

Policy improvement




Policy Iteration

Policy iteration: combines policy evaluation and policy improvement

E I E I E I E
Ty — Ugy — Tl —> Ugry —> T2 — +++ — Ty — Uy

New policy




Policy Iteration

Policy iteration: (SB pp 65)

1. Initialization
V(s) € R and 7(s) € A(s) arbitrarily for all s € §

2. Policy Evaluation
Repeat
A+0
For each s € &:
v V(s)
V(s) = S, p(s's7]5,7(8) [+ V()]
A +— max(A, v —V(s)])

until A < ¢ (a small positive IlUIIlbeI‘) —

3. Policy Improvement
policy-stable < true
For each s € &:

old-action + m(s)
m(s) « argmax, >, .p(s',7|s,a)[r + V()]
If old-action # m(s), then policy-stable < false
If policy-stable, then stop and return V =~ v, and 7 =~ 7,; else go to 2

m(s) < arg max Q" (s,a)




Policy Iteration Example

Recall grid world problem from earlier:

T

N

:

actions

10

11

14

Ry =—1

on all transitions



Recall grid world problem from earlier:

First iteration of PI:

Policy Iteration Example

v, for the

Random Paolicy
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¢ on all transitions
8 g |10 |11
actions
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13 DO'IC‘},II
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Recall grid world problem from earlier:

First iteration of PI:

Policy Iteration Example
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Recall grid world problem from earlier:

First iteration of PI:

Policy Iteration Example
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Policy Iteration Example

1 2 3
I iar: T 4 |5 |6 |7 Ry = —.1
Recall grid world problem from earlier: ¢ on all ransitions
8 9 10 |11
actions 12 ha ha
v, for the Greedy Policy
Random Policy wrt vV,
Second iteration of PI: I —
k=0 -14.1-18.]-20.]1-20, rd 3 ] random
- 2020 |-18 |- 14 R policy
220 |14 | 0.0 L = =




Policy Iteration Example

Recall grid world problem from earlier:

Second iteration of PlI:

v, for the
Random Paolicy

0.0{-14{-20.]-22.

-14.]-18.{-20,]-20,

=20.|-20 |-18.[-14

=22.0-20.1-14.1 0.0
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=
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-0.0]-8.41-6.1] 0.0

1 2 |3
T 4 |5 |6 |7
¢ 8 |a |10 |11

actions 12 s ha
Greedy Policy

wr.t. ""L-

— f— l—l
s 3 random
[ el policy
L o o

—  Ji— l—l
" a
HEEEER
L S - ‘

Ry =—1

on all transitions



Policy Iteration Example

Recall grid world problem from earlier:

Second iteration of PlI:

Notice that we don’t need to run
evaluation for many steps before
the policy converges...

v, for the
Random Paolicy

0.0]-14 ]-20.]-22.
=14, |-18.]-20.[-20,
k=0
20020 [-18 {14
22020 |-14 | 0.0
0.0]-6.1]-8.4(-9.0
-6.1)-7.7|-8.4|-8.4
R‘: =]
-8.4-8.4(-7.7|-6.1
-0.01-8.4-6.1] 0.0

1 2 3
T 4 |5 |6 |7 Ry = -1
¢ on all transitions
8 g |10 |11
actions 12 s ha

Greedy Policy

wrt Vg

— f— l—l
s 3 random
[ el policy
L o =

—  Ji— l—l
" a
HEEEER
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Think-pair-share

Exercise 4.5 How would policy iteration be defined for action values? Give a complete
algorithm for computing ¢., analogous to that on page 80 for computing v.. Please pay
special attention to this exercise, because the ideas involved will be used throughout the
rest of the book. [

1. Initialization
V(s) € R and 7(s) € A(s) arbitrarily for all s € §

2. Policy Evaluation
Repeat
A+0
For each s € 8:
v V(s)
V(s) + ZS,J_ p(s’,r|s, m(s)) [’r + ’yV(S’)]
A + max(A, v — V(s)])
until A < 6 (a small positive number)

3. Policy Improvement
policy-stable < true
For each s € S:
old-action + m(s)
m(s) < argmax, y_, . p(s',7]s,a)[r + vV (s')]
If old-action # m(s), then policy-stable +— false
If policy-stable, then stop and return V ~ v, and m = m,; else go to 2



Stopping Policy Evaluation Early

Policy iteration: (SB pp 65)

1.

Initialization

V(s) € R and 7(s) € A(s) arbitrarily for all s € §

. Policy Evaluation Do we have to run policy
Repzat . evaluation until convergence,
.<_
rcan w rly?
For each s € 8: \ orca € stop early
v+ V(s)

A+ max(A, |lv —V(s)|)

until A < 6 (a small positive number)

. Policy Improvement

policy-stable < true

For each s € &:
old-action + m(s)
7(s) < argmax, y ., . p(s',7|s,a)|[r + V(5]
If old-action # m(s), then policy-stable < false

If policy-stable, then stop and return V =~ v, and 7 =~ 7,; else go to 2




Stopping Policy Evaluation Early

Policy iteration: (SB pp 65)

1. Initialization
V(s) € R and 7(s) € A(s) arbitrarily for all s € §

2. Policy Evaluation Do we have to run policy

Repzat . evaluation until convergence,

<«
or can we stop early?
For each s € S: \_ P y
V(s )<— Z p(s’,r]s,m(s ))[r+’yV( sV
A max(A \*U —Vi(s)|) P
until A < # (a small positive number) N—
f//

3. Policy Improvement We can stop early.

policy-stable < true — how many iterations are needed?

For each s € &:
old-action + m(s)
7(s) < argmax, » ., .p(s',1
If old-action # m(s), then policy-stavie < jurse
If policy-stable, then stop and return V =~ v, and 7 =~ 7,; else go to 2




Stopping Policy Evaluation Early

Policy iteration: (SB pp 65)

1. Initialization
V(s) € R and 7(s) € A(s) arbitrarily for all s € §

2. Policy Evaluation Do we have to run policy
Repzat . evaluation until convergence,
<_
P i 2 or can we stop early?
v+ V(s) D AN
V(s) & L, ol r|s m(s))[r+aV(sY
until A < 0 (a small positive 111111/11)91*'1—5& A
/~
3. Policy Improvement We can stop early.
policy-stable < true — how many iterations are needed?
For each s € &: — It turns out that even just one works.
old-action + m(s)

7(s) < argmax, » ., .p(s',1
If old-action # m(s), then policy-stavie < jurse

If policy-stable, then stop and return V =~ v, and 7 =~ 7,; else go to 2




Stopping Policy Evaluation Early

Policy iteration: (SB pp 65)

1. Initialization
V(s) € R and 7(s) € A(s) arbitrarily for all s € §

2. Policy Evaluation Do we have to run policy
Repzat . evaluation until convergence,
<_
P i 2 or can we stop early?
v+ V(s) T
V(s) ¢ 2y, p(s',r[s,m(s ))[HW( sV [
A+ max(A \1 —V(s)|) P
until A < # (a small positive number) A
~
3. Policy Improvement We can stop early.
policy-stable < true — how many iterations are needed?
For each s € &: — It turns out that even just one works.
old-action < m(s) — but any number is okay...

7(s) < argmax, » ., .p(s',1
If old-action # m(s), then policy-stavie < jurse

If policy-stable, then stop and return V =~ v, and 7 =~ 7,; else go to 2




Stopping Policy Evaluation Early

Policy iteration: (SB pp 65)

1. Initialization
V(s) € R and 7(s) € A(s) arbitrarily for all s € §

2. Policy Evaluation Do we have to run policy
Repzat . evaluation until convergence,
<«
rcan w rly?
For each s € 8: orca € stop early

\\

v V(s) e S
V(s) & Ly p(s ol m(@)[r oV
A <—max(A \q —V(s)]) P

until A < # (a small positive number) — N~

~
3. Policy Improvement We can stop early.
policy-stable < true — how many iterations are needed?
For each s € &: — It turns out that even jUSt one works
old-action ¢ m(s) — but any number is okay...

7(s) < argmax, » ., .p(s',7 JARY
If old-action # 7(s), then policy-stavie < jurse *
If policy-stable, then stop and return V = v, and TR T, else go to \

ThIS IS called value |terat|on |




Value lteration

Value iteration: (SB pp 67)
Initialize array V arbitrarily (e.g., V(s) =0 for all s € 8V)

Repeat
A0
For each s € §:
v+ V(s)
V(s) < maxq ), .p(s',7|s,a)[r+ V()]
A + max(A, |v —V(s)|)

until A < 6 (a small positive number)

Output a deterministic policy, m = w4, such that
m(s) = argmax, ., . p(s’,7|s,a)|r + vV (s')]



Value lteration

Value iteration: (SB pp 67)
Initialize array V arbitrarily (e. g V(s) =0 for all s € 8T)

Pollcy Improvement ‘

e ‘ One step of policy evaluatlon
A — 0 “ // ] i -
For each s € S //
v V(s ) 2 S o

V(s) + max, Zb (s ’f‘“‘f’ a)|r+ V(s )]
A + max(A, |v —V(s)|)

until A < 6 (a small positive number)

Output a deterministic policy, m = w4, such that
m(s) = argmax, » ., . p(s’,r|s,a) r+V(s')]



Value lteration

Value iteration: (SB pp 67)
Initialize array V arbitrarily (e.g., V(s) =0 for all s € 8V)

Repeat Update rule based on Bellman Eqgn
For each s € §: /
v« V(s) N

V(s) Illaxuz p(s',rl|s, a) [?‘Jr’)’v( )]
A + max(A, |v —V(s)|)

until A < 6 (a small positive number)

Output a deterministic policy, m = w4, such that
m(s) = argmax, » ., . p(s’,r|s,a) r+V(s')]

Another way to understand value iteration is to see that we are iteratively
re-applying the Bellman Equation, used as an update rule.



Value lteration

Another way to understand value iteration is to see that we are iteratively
re-applying the Bellman Equation, used as an update rule.

1. Vy(s) = arbitrary
2. Vi(s) = mngp(s’, rls,a)[r +~yVo(s')]

s’ ,

3. Va(s) _maXZp(S r|s,a)lr +’YV1(3 )]

4. V3(3)_maxzp8 rls, a)[r +yVa(s")]

s’ ,



Value lteration

Another way to understand value iteration is to see that we are iteratively

re-applying the Bellman Equation, used as an update rule.

"’ Initial val
1. VO<5) — arbitrary —— nitial value

2. Vi(s) = maXZp(s rls,a)[r +~yVo(s')]
3. Va(s) = maXZp(S r|s,a)lr +’YV1(3 )]

4. V(s —maXZps rls,a)[r +vVa(s')]



Value lteration

Another way to understand value iteration is to see that we are iteratively
re-applying the Bellman Equation, used as an update rule.

Value over time horizon =

1. Vy(s) = arbitrary

2. Vi(s) = mngp(s’, rls,a)lr + ’)/Vo(s’)]\

s’ ,

3. Va(s) _maXZp(S r|s,a)lr +’YV1(3 )]

4. V(s —maXZps rls,a)[r +yVa(s)]



Value lteration

Another way to understand value iteration is to see that we are iteratively
re-applying the Bellman Equation, used as an update rule.

| Value over time horizon =
1. Vy(s) = arbitrary —

2. Vis) = max 37 p(s' rls. @)l + Vo (o ) //

/

3. Va(s) _maXZp(S r|s,a)lr +’YV1(3 )]

4. Vs(s —maXZps r|s, a)[r +~vVa(s')]



Value lteration

Another way to understand value iteration is to see that we are iteratively
re-applying the Bellman Equation, used as an update rule.

: | Value over time horizon =
1. Vy(s) = arbitrary —

]

2. Vi(s) = maXZp(s rls,a)lr —|—’)/V0(S)

S , \

3. Vi(s) = max Z p(s’,r|s,a)[r +~yVi(s )]

\
V

4. V(s —maXZps rls,a)[r +vVa(s')]



Value lteration

Another way to understand value iteration is to see that we are iteratively
re-applying the Bellman Equation, used as an update rule.

Value over time horizon =

1

1. Vy(s) = arbitrary
2. Vi(s) = maXZp(s rls,a)[r +~vVo(s’ )

s’ ,

3 V(o) = max 3 p(s' sl + VA6

\
V

4. V3(3)_maxzp8 rls, a)[r +yVa(s")]

s’ ,

Converges to optimal value function over infinite time horizon



Value iteration example

+1 -

7 Rewards

A
-1
Noise = 0.2 Actions: left, right, up, down
Discount = 0.9 — take one action per time step
o ‘ — actions are stochastic: only go in intended
Living reward =0 direction 80% of the time; 5% of time go in

each of three other directions or stand still
5% of the time.



Value iteration example

Discount = 0.9 m

Noise = 0.2
Living reward =0

VALUES AFTER O ITERATIONS




Value iteration example

VALUES AFTER 1 ITERATIONS




Value iteration example

VALUES AFTER 2 ITERATIONS




Value iteration example

VALUES AFTER 3 ITERATIONS




Think-pair-share

What will value of this state |




Value iteration example

Cridworld Display

0.51 » 0.72 »| 0.84 ) 1.00

VALUES AFTER 5 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 6 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 7 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 8 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 9 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 10 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 11 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 12 ITERATIONS




Value iteration example

Cridworld Display

VALUES AFTER 100 ITERATIONS




Value lteration Convergence

How do we know the V, vectors are going to converge?

Case 1: If the tree has maximum depth M, then V, holds
the actual untruncated values

Case 2: If the discount is less than 1

«  Sketch: For any state V, and V,,, can be viewed as depth
k+1 expectimax results in nearly identical search trees

- The last layer is at most all Ryax and at least Ry

«  But everything is discounted by yk that far out

— So V, and V., are at most Yk max|Ruax - Run| different

« So as k increases, the values converge



Value lteration Optimality

At convergence, this property must hold

\

V(s) = max Z P(s',rls,a)[r + vV (s")]



Question

At convergence, this property must hold (Why?)

\

V(s) = max Z P(s',rls,a)[r + vV (s")]



Value lteration Optimality

At convergence, this property must hold (why?)

\

Vis) = max Z P(s',r|s,a)[r + vV (s')]

Initialize array V arbitrarily (e.g., V(s) =0 for all s € 87)

Repeat
A<+ 0

For each s € §:
v+ V(s)
V(s) « max, Y, . p(s',r|s,a)|r +V(s')]
A+ max(A, [v — V(s)|)

until A < @ (a small positive number)

Output a deterministic policy, ™ = 7., such that
m(s) = argmax, y, ., . p(s’,r|s,a)|r +vV(s")]



Value lteration Optimality

At convergence, this property must hold (why?)

\

Vis) = max Z P(s',r|s,a)[r + vV (s')]

What does this equation tell us about optimality of value iteration?

— we denote the optimal value function as: 1/*



Generalized Policy Iteration

evaluation

Vi vy
Policy iteration: (SB pp 65) - — /\

1.

— can also udpate different parts of state space out of

— generally, GPI converges as long as you can

Initialization Some number of T V
V(s) € R and 7(s) € A(s) arbitrarily for all s € 8 ] pOI|Cy evaluation Steps
7 s grocdy (V)

S
y

Policy Evaluation N ,
Repeat s
A0 improvement
For each s € 8: . L
v V(s) > .
V(s) = X, p(s", |, () [ + V()] :
A« max(A,|v —V(s)|) —

until A < 6 (a small positive number) l PO“Cy improvement

Policy Improvement T

policy-stable + true - >

For each s € §: \ / W* < U*
old-action + m(s)
m(s) < argmax, ., .p(s',r|s,a)[r+V(s)]
If old-action # 7(s), then policy-stable < false -

If policy-stable, then stop and return V ~ v, and 7 = m,; else go to 2

P =

order

guarantee that every state is updated infinitely
often




Computational efficiency of VI and PI

Policy iteration runs in time polynomial in the number of states and actions

— notice that tree search would need to consider an exponential
number of paths through the state space (how many?)

— policy iteration finds the best policy in only polynomial time!



Summary

— policy evaluation
— policy improvement; policy improvement theorem
— policy iteration; convergence, optimality

— value iteration; convergence optimality
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