CS6140: Machine Learning
Homework Assignment # 1

Assigned: 09/22/2024 Due: 10/06/2026, 11:59pm, through Canvas

Seven problems, 110 points in total. Good luck!
Prof. Predrag Radivojac, Northeastern University

Problem 1. (5 points) Let (€2, A, P) be a discrete probability space, where A = P(£2), and let A C Q and
B C Q be any two subsets of 2. Prove the following expression or provide a counterexample if it does not
hold

P(A) = P(A|B) + P(A|B°),

where A€ is the complement of A.

Problem 2. (10 points) Let X, Y and Z be discrete random variables defined as functions on the same
probability space (2,4, P). Prove or disprove the following expression

PX=zY=y)=> P(X=a|Y =y, Z=2) P(Z=2Y =y),
zZEZ
where Z is the sample space defined by the random variable Z.

Problem 3. (15 points) Let X be a random variable on X = {a,b, ¢} with the probability mass function
p(z). Let p(a) = 0.1, p(b) = 0.2, and p(c) = 0.7 and some function f(z) be

10 z=a
flxy=<¢5 z=0b
O =

a) (b points) What is E[f(X)]?
b) (5 points) What is E[1/p(X)]?
c¢) (5 points) For an arbitrary finite set X with n elements and arbitrary p(z) on X, what is E[1/p(X)]?

Problem 4. (15 points) A biased four-sided die is rolled and the down face is a random variable X described
by the following pmf

/10 x=1,2,3,4
p(x)—{ /

0 otherwise

Given the random variable X a biased coin is flipped and the random variable Y is 1 or zero according to
whether the coin shows heads or tails. The conditional pmf is

x4+ 1\Y r+1\'"Y
o= (52 (- 52)

where y € {0, 1}.
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a) (5 points) Find the expectation E[X] and variance V[X].
b) (5 points) Find the conditional pmf p(z|y).

¢) (5 points) Find the conditional expectation E[X|Y = 1]; i.e., the expectation with respect to the
conditional pmf px |y (z[1).

Problem 5. (25 points) Suppose that the data set D = {1,0,1,1,1,0,1,1,1,0} is an i.i.d. sample form a
Bernoulli distribution
p(zla) = a®(1 —a)'™™ O<a<l

with an unknown parameter a.

a) (5 points) Calculate the log-likelihood of the data D when a = 1; ie., find logp(DJow = 1/c). The
parameter e is the Euler number. Write the final expression as compactly as you can.

b) (10 points) Compute the maximum likelihood estimate of .. Show all your work.

c¢) (10 points) Suppose the prior distribution for « is the uniform distribution on (0,1). Compute the
Bayes estimator for .. Note that fol V™ (1 —0)"dv = (mj—li;«il)'

Problem 6. (10 points) Let D = {x;}_, be an i.i.d. sample from

= ezt
P = 0 otherwise

Determine 6y, — the maximum likelihood estimate of 6.

Problem 7. (30 points) Understanding the curse of dimensionality. Consider the following experiment:
generate n data points with dimensionality k. Let each data point be generated using a uniform random
number generator with values between 0 and 1. Now, for a given k, calculate

dmax(k) - dmin(k)
dave(k)

where dpax(k) is the maximum distance between any pair of points, dmin(k) is minimum distance between
any pair of points (you cannot use identical points to obtain the minimum distance of 0), and d,ye(k) is the
average distance between pairs of distinct points in the data set. Let k take each value from {1,2,...,99,100}.
Repeat each experiment multiple times to get stable values by averaging the quantities over multiple runs
for each k.

r(k) = logyg

a) (10 points) Using Euclidean distance to compute diyax and dpin, plot (k) as a function of k for two
different values of n; n € {100,1000}. Label and scale each axis properly to be able to make comparisons
over different n’s. Embed your final picture(s) in the file you are submitting for this assignment.

b) (15 points) Replace Euclidean distance by the nomalized Yang-Clark distance, defined as
dr(z,y)
k
Zi:l max(|xi|7 |y1‘7 ‘xl - yl‘)

where = and y are k-dimensional data points, p = 2 is a parameter, and

i (z,y) =

p p

dP(x,y) = Dowi—y) | +| D wi—w)

VT Y 12 <Y

3 =

Then repeat the experiment from part a.
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¢) (5 points) Discuss your observations and also compare the results to your expectations before you
carried out the experiments in parts a and b.
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Directions and Policies

Submit a single package containing all answers, results and code. Your submission package should be
compressed and named firstnamelastname.zip (e.g., predragradivojac.zip). In your package there should
be a single pdf file named main.pdf that will contain answers to all questions, all figures, and all relevant
results. Your solutions and answers must be typed! and make sure that you type your name and Northeastern
username (email) on top of the first page of the main.pdf file. The rest of the package should contain all
code that you used. The code should be properly organized in folders and subfolders, one for each question
or problem. All code, if applicable, should be turned in when you submit your assignment as it may be
necessary to demo your programs to the teaching assistants. Use Matlab, Python or R.

Unless there are legitimate circumstances, late assignments will be accepted up to 5 days after the due date
and graded using the following rules:

on time: your score x 1

1 day late: your score x 0.9
2 days late: your score x 0.7
3 days late: your score x 0.5
4 days late: your score x 0.3
5 days late: your score x 0.1

For example, this means that if you submit 3 days late and get 80 points for your answers, your total number
of points will be 80 x 0.5 = 40 points.

All assignments are individual, except when collaboration is explicitly allowed. All text must be be your
own or, for group assignments (when explicitly permitted), by the members of the group.
All sources used for problem solution must be acknowledged and any use of AI in solutions
must be explicitly and fully stated; e.g., web sites, books, research papers, personal communication
with people, a large language model, etc. Academic honesty is taken seriously! For detailed information see
Office of Student Conduct and Conflict Resolution.

1We recommend Latex; in particular, TexShop-MacTeX combination for a Mac and TeXnicCenter-MiKTex combination
on Windows. An easy way to start with Latex is to use the freely available Lyx. You can also use Microsoft Word or other
programs that can display formulas professionally.



