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REGRESSION

Given: a set of observations D = {(z;,y:)}—,, (@i, yi) EX XY

Objective: find best approximator f(x) € ), where f € F

Example: ¥ =R?, Y =R

o take f(x) =a+ a:lasg < nonlinear regression

o find a and S from data

o take f(x) = wo + w1z + waxs <+ linear regression

o find wg, wy and wy from data



LINEAR REGRESSION

Given: a set of observations D = {(z;,v:)}i—,, (%i,y:) € RT x R

Objective: find best linear approximator f(x) = wg + Z?:l w;T;

X=R Y=R

(1‘2, y2)

b = fxy) =

i (21, ¥1)

v



BASIC FORMULATION

Given:

Goal:

Rewrite:

Derive:

a set of observations D = {(z;,v:)}—y, (%i,y:) € RE xR

minimize sum of squares Y . (f(x;) — v;)?

e e . d
minimize sum of squares > (wo + 27:1 wixi; — yi)®

optimal coefficients (wp, w, ..., wy)



BASIC FORMULATION: VECTOR NOTATION

w = (wo, W1, ..., W4) . w=[wy wy ... wg]’
x=(ro=1,21,...,24q) x=[zg=1 21 ... 24)7
Reformulate:

Given: matrix X and vector y

Goal: minimize (Xw —y)? (Xw —y)




SUMMARY

Given:

Goal:

Given:

Goal:

a set of observations D = {(z;,v:)}—y, (%i,y:) € RE xR

c e . d
minimize sum of squares Y . (wo + Do Wit — yi)?

Use vector notation

matrix X and vector y

minimize (Xw — y)T'(Xw —y)

Solve

w* = (XTX)_IXTy



MAXIMUM LIKELIHOOD ESTIMATION

Assume: Y = f(X|w) + ¢, where € ~ N (0,02) and f is a linear combination of X and w

d
This gives: Y|z, w ~ N(Z w;jTj,0%) p(y|x,w) =

s V2mo?

1 (y*Z‘ji:o szj)z
e 202




MAXIMUM LIKELIHOOD ESTIMATION

Assume: Y = f(X|w) + ¢, where € ~ N (0,02) and f is a linear combination of X and w

d

This gives: Y|z, w ~ N Wik, o2 p(yle,w) =

1 (y*E‘ji:o wjz;)?
e 202

Assume: data set D = {(w;,y;)}.—, drawn ii.d.

" n 1 n _n _(yi Z?O ]zzj)
Likelihood: pY|\®iy;—1,w) = | | P\¥i|Ti, W :( ) € 27
ikelihoods p(yl ()i w) = [[pilesw) = ( 77— ) 11

n d 2

1 Py — g wizi
Log-likelihood: logp(y|{z;},—, ,w E log p(yi|x;, w —”10g( 5 2>_Z 3 2223 0 i%45)
o g



SUMMARY

Assume: Y = f(X|w) + ¢, where € ~ N (0,02) and f is a linear combination of X and w

(yi— J 0 J“”ZJ)
e

Likelihood: | [ p(yilz:, w) = (

2
i V2no?

Maximize likelihood = minimize sum of squared errors

WML = (XTX> _1XTy



ALGEBRAIC VIEW
Consider: system Ax =b

Example:



ALGEBRAIC VIEW

Consider: find x to solve system Ax =b

— =
=W DN

Consider instead: find x to minimize ||Ax — b||



ALGEBRAIC VIEW

Given: matrix A and vector b

Goal: find x to minimize ||[Ax — b||2

x = (ATA)"'ATb



