GENERALIZED LINEAR MODELS
CS6140

Predrag Radivojac
KHOURY COLLEGE OF COMPUTER SCIENCES
NORTHEASTERN UNIVERSITY

Fall 2024



ORDINARY LEAST SQUARES REGRESSION

Given: a set of observations D = {(z;,v:)}i—,, (i, v;) € RT x R
Assume: Y = wg + 2?21 w;X; + ¢, where £ ~ N(0,02)

Goal: find optimal fit f(x) = wo + Z;.i:l w;z; by maximizing likelihood

The following holds:

1. E[Y|x] = wTx

2. Y|x ~ N(u,0?), where p = wl'x

w,x € R+



ORDINARY LEAST SQUARES REGRESSION

Given: a set of observations D = {(z;,v:)}i—,, (i, v;) € RT x R
Assume: Y = wg + 2?21 w;X; + ¢, where £ ~ N(0,07)

Goal: find optimal fit f(x) = wo + Z;.i:l w;z; by maximizing likelihood

The following holds:

1. E[Y|x] = wTx

2. Y|x ~ N(u,0?), where p = wl'x

w,x € R+



EXAMPLE: TARGET VARIABLE IS A NON-NEGATIVE COUNT

Figure 6. Four female horseshoe crabs (buried in the sand) nesting within 5 m of each
other attract very different numbers of satellites. From bottom to top, female
#1 has five satellite males in addition to her attached male, female #2 only has
an attached male, female #3 has two satellites plus her attached male, and
female #4 only has an attached male.

Schwab. MS Thesis, University of Florida, 2006.



EXAMPLE: TARGET VARIABLE IS A NON-NEGATIVE COUNT

Table 3.2. Number of Crab Satdlites by Female’s Color, Spine Condition, Width, and Weght

c S w Wit Sa c S w Wit Sa c S w Wit Sa c S w Wit Sa
2 3 283 3.0 8 3 3 225 155 0 1 1 26.0 230 9 3 3 248 210 0O
3 3260 260 4 2 3238 210 0 32 247 1.90 0 2 1 237 195 0
3 3 256 215 0 3 3 243 215 0 2 3 258 265 0 2 3 282 305 1
-+ 2 210 L8 0 2 1 260 230 14 1 1 271 295 8 2 3252 200 1

2 3290 3.00 1 4 3 247 220 0 2 3 274 270 5 2 2 232 195 4
1 2 250 230 3 2 1 225 1.60 1 3 32607 240 2 4 3 258 200 3
4 3022 130 0 2 3 287 315 3 2 1 26,8 270 5 4 3 275 260 0
2 3249 210 0 1 1293 320 4 1 3 258 2.4 0 2 2 257 200 0O
2 1 257 200 8 2 1 267 270 5 4 3 237 185 0 2 3 268 265 0
2 3 275 315 6 4 3 234 19 0 2 3279 280 6 33 275 310 3
1 1 26.1 280 5 1 1 277 250 6 2 1 30,0 330 5 3 1 285 325 9
3 3 289 280 4 2 3282 240 6 2 3250 210 e 2 3 285 300 3
2 1 303 3.60 3 4 3 247 210 5 2 3 217 2% 5 1 1 274 270 6
2 3229 160 4 2 1 257 200 5 2 3 283 300 15 2 3 272 270 3
3 3262 230 3 2 1 278 275 0 4 3 255 225 0 33 27 255 0
3 3 245 205 5 3 1 270 245 3 2 3 260 215 5 2 3 280 280 1

2 3 30,0 305 8 2 3 290 320 10 2 3 262 240 0 2 1 265 1.30 0
2 3262 240 3 3 3 256 280 7 3 3 230 165 1 3 3 230 180 0
2 3 254 225 6 303 242 190 0 2 2 229 1.60 0 3 2260 220 E

2 3 254 225 4 3 3 257 120 0 2 3 251 210 5 3 2 245 225 0
4 327,50 290 0 33 231 1.65 0 3 1 259 255 4 2 3 258 230 0
4 3 270 225 3 2 3 285 305 0 4 1 255 275 0 4 3 235 19 0
2 2 240 170 0 2 1 297 38 5 2 1 268 255 0 4 3 267 245 0
2 1 287 3.20 0 3 3 231 1.55 0 2 1 29.0 280 1 3 3 255 225 0

Agresti. An introduction to categorical data analysis. Wiley. 2007.



POISSON REGRESSION

Example: the target variable is non-negative counts

1. log(E[Y|x]) = wTx

2. Y|x ~ Poisson(A), where A = e’ %

Mass function: plylx,w) =

Log-likelihood: l(w) = Z wlixy; — Z e xi
i=1 i=1

_Zlogyi!

=1



POISSON REGRESSION: MAXIMIZE LIKELIHOOD

n n n
T .
= E WTX’Lyz_E ew X; _§ :logyl!
=1 i=1 i=1

Gradient: Hessian:
I TR D TR
= Yoo (n- ) A
= ij (y - p)

Vil(w) =X" . (y — p) Hyw) = _xXT.p.X



EXPONENTIAL FAMILY OF DISTRIBUTIONS

m

p(z]0) = c(0)h(zx) exp <Z qi(O)ti(x)> , where 8 = (01,0a,...,0,,) is a set of parameters.

=1

reR

When ¢;(0) = 0; for Vi, 01,05, ...,60,, are called natural parameters. This gives

p(z|0) = exp (Z 0:it;(x) — a(0) + b@))

= exp (OTt(:L‘) —a(0) + b(x))

where t(z) = (t1(z),t2(x), ..., tn(z))



EXAMPLES OF EXPONENTIAL FAMILY MEMBERS

p(18) = exp (67t(z) — a(8) + b(x))

Poisson: reR

p(x|A) = exp (xlog A — A — log a!)

6 =log\, t(z) =z, a(f) = €, and b(z) = —log z!

Gaussian:
_ AN I G 2
p(z|p,0) = exp _F+x§_ﬁ_§ og(2mo”)

0 = (£, —55), t(x) = (2,22), a(6) = £ + L log(%

), and b(z) = 0.

... and many more.



ESTIMATING PARAMETERS IN THE EXPONENTIAL FAMILY

Given: D = {z;};_,, where X ~ Exponential Family Member

Log-likelihood: .
li(w) = log [Je? troma® b

= DD Omtm(w:) —n-al) + 3 b()
— Zzzi(w)

Gradient:
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; (9)

8w] ow;

(9 J 811)]'



GENERALIZED LINEAR MODEL

1. f(E[Y|x]) =wlx

2. p(y|x) € Exponential Family

f(-) = link function



LOGISTIC REGRESSION

1. logit(E[Y|x]) = wTx

2. Y|x ~ Bernoulli(a), where a =

where logit(z) = log —*

1—x

plolx.w) =

1

I4e—wTx
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