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Abstract

Mobile-manipulation robots performing service tasks in human-centric indoor environments have
long been a dream for developers of autonomous agents. Tasks such as cooking and cleaning
typically involve interaction with the environment, hence robots need to know relevant aspects of
their spatial surroundings. However, service robots typically have little prior information about
their environment, unlike industrial robots in structured environments. Even if this information
was given initially, due to the involvement of other agents (e.g., humans adding/moving/removing
objects), uncertainty in the complete state of the world is inevitable over time. Additionally, most
information about the world is irrelevant to any particular task at hand. Mobile-manipulation robots
therefore need to continuously perform the task of state estimation, using perceptual information
to maintain a representation of the state, and its uncertainty, of task-relevant aspects of the world.

Because indoor tasks frequently require interacting with objects, objects should be given critical
emphasis in spatial representations for service robots. Compared to occupancy grids and feature-
based maps that have been used traditionally in navigation and mapping, object-based represen-
tations are still in their infancy. By definition, mobile-manipulation robots are capable of moving
in and interacting with the world. Hence, at the very least, such robots need to know about the
physical occupancy of space and potential targets of interaction (i.e., objects). In this thesis, I
propose a representation based on objects, their ‘semantic’ attributes (task-relevant properties such
as type and pose), and their geometric realizations in the physical world.
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Chapter 1

Introduction

Mobile-manipulation robots performing service tasks in human-centric indoor environments have
long been a dream for developers of autonomous agents. Tasks such as cooking and cleaning
involve interaction with the environment, hence robots need to know about relevant aspects of
their spatial surroundings. However, service robots typically have little prior information about
their environment, unlike industrial robots in structured environments. Even if this information
was given initially, due to the involvement of other agents (e.g., humans adding/moving/removing
objects), uncertainty in the complete state of the world is inevitable over time. Additionally, most
information about the world is irrelevant to any particular task at hand. Mobile-manipulation robots
therefore need to continuously perform the task of state estimation, using perceptual information
to maintain a representation of the state, and its uncertainty, of task-relevant aspects of the world.

Because indoor tasks frequently require interacting with objects, objects should be given critical
emphasis in spatial representations for service robots. Compared to occupancy grids and feature-
based maps that have been used traditionally in navigation and mapping, object-based represen-
tations are still in their infancy. By definition, mobile-manipulation robots are capable of moving
in and interacting with the world. Hence, at the very least, such robots need to know about the
physical occupancy of space and potential targets of interaction (i.e., objects). In this dissertation, I
propose a representation based on objects, their ‘semantic’ attributes (task-relevant properties such
as type and pose), and their geometric realizations in the physical world.

Objects are challenging to keep track of because there is significant uncertainty in their states.
Object detection and recognition is still far from solved within classical computer vision, and even
less so from a robotic vision standpoint. Objects can also be inherently ambiguous because they
have the same values for some, or even all, attributes. Besides detection noise, other agents may
manipulate objects as well and change object states without informing robots. Compounded over
multitudes of objects (thousands or more) and long temporal horizons (days or longer), the above
sources of uncertainty give rise to a large and difficult estimation problem.
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1.1 Background and Context

Understanding the mobile robot’s spatial environment, by deriving a world model from its sen-
sors, has long been a problem of interest to the robotics community (Crowley, 1985; Burgard and
Hebert, 2008). Early work typically focused on using ultrasonic range sensors, tracking low-level
linear, planar, and corner features as landmarks in a map (Cox and Leonard, 1994). The field of
simultaneous localization and mapping (SLAM) soon took off, producing metric maps for mobile
robot navigation, and SLAM modules are currently widely available on all mobile robot platforms
(Herbst and Fox, 2013). However, since the vast majority of robots did not have manipulators, their
main task was navigation, which in the indoors setting mainly requires knowledge of obstacles such
as walls and furniture. In particular, objects were typically thought of as being nuisance entities
that should be removed from the map during post-processing (Thrun et al., 2005).

It was clear eventually that in addition to features and occupancy information, human-centric
concepts were also necessary in maps since in many applications humans need to interact with
the maps. For example, the navigation task of “go to the kitchen, then to Alice’s office” requires
knowledge of which place in the map is the kitchen, which places are offices, and also who occupies
which office. These human-centric concepts were referred to as “semantic knowledge”, and thus the
field of semantic mapping was born (Kuipers, 2000). Most work in this area built off of the work
in SLAM, and were conceived as providing labels for entities in existing metric/topological maps
(Galindo et al., 2005). Occasionally, these labels themselves had additional abstractions on top
to encode higher-level knowledge, such as the fact that kitchens and offices are rooms. Finding
the appropriate labels for metric regions / topological nodes is often formulated as a classification
problem (Pronobis et al., 2010). The most common classification task for indoor semantic mapping
is to recognize a certain region is a room, and to determine its type (kitchen, office, etc.). Kostavelis
and Gasteratos (2015) provides a recent survey on semantic mapping.

One intuitive cue for recognizing places is objects. For example, detecting a computer keyboard
in a room indicates that the room type is most likely “office” and not “kitchen”. This was first
recognized by Ekvall et al. (2007), and was subsequently incorporated in many semantic mapping
works (Ranganathan and Dellaert, 2007; Vasudevan et al., 2007; Zender et al., 2008; Nüchter and
Hertzberg, 2008; Pronobis and Jensfelt, 2012). In these applications, images (typically 2-D), and
potentially the objects found by object detectors applied to the images, acted as the labels for the
underlying metric/topological map. As the authors of those and numerous other works have found,
objects are a very useful cue for determining the place category, to the point that Ranganathan and
Dellaert (2007) suggested we can basically use objects as a basic unit of representation to model
indoor places (instead of mid-level geometric or visual features).

However, in the current generation of semantic maps, there is no fundamental representation of
the objects, in the sense that one could not ask, for example, “How many keyboards are there in the
room?”. Consider a room where there were actually two keyboards, each of which were detected in
five images taken in the room (i.e, ten detections in total). Current semantic maps would take that
as strong evidence that the room is of type “office”. However, they may interpret the detections as
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indicating that there are ten keyboards in the room, or, more typically, make no interpretation at all.
The reason for this is that such interpretation is unnecessary for navigation and place recognition,
as evidenced by recent work involving object information, but without explicit recognition. Anati
et al. (2012) showed that object-based robot localization is still possible even if ‘soft’ heatmaps of
local image features are used instead of explicit object poses.

Similarly, the recent success of dense 3-D reconstruction has led to the suggestion that dense
surface maps / point clouds are also a viable representation of space (Newcombe et al., 2011;
Whelan et al., 2015). In these dense maps, each point in a point cloud / surface element in a surface
reconstruction is endowed with a semantic label. The resulting reconstructions are very visually-
appealing and have great potential due to their superior resolution. However, they are limited to
visual sensors, require smooth frame transitions, and often are computationally intensive to process.
Nevertheless, they have great potential as a fine representation of space.

Regardless of the map’s representation, a map annotated with object detections does not equate
to object-level understanding. In mobile-manipulation tasks, we need to understand the objects
themselves. There is a fundamental difference between obtaining ten keyboard detections and
reporting “office”, versus identifying that there are two keyboards, determining which one to pick
up, localizing the target to sufficient accuracy for robust manipulation, and truly understanding the
functional properties of a keyboard. I argue that semantic maps today are not sufficient for mobile-
manipulation tasks, which require precise knowledge about object states, including information that
may not be visible (but can be inferred from other object-based knowledge). I cannot cook with a
reconstructed cloud of points labeled “wok”; I cook with a wok.

Object state estimation and world modeling, the focus of this dissertation, considers the acqui-
sition and maintenance of knowledge beyond the point of individual object detections. Within the
space of object-based state estimation tasks, perhaps the most basic one is: what objects did the
robot perceive, and where are they located in the world? These two properties (type and pose)
are examples of object attributes that an estimator should track. Additionally, the geometric shape
models of objects are tracked as special attributes, used to determine their physical occupancy and
realization in the world, thus providing information about feasible motions.

Although I mostly focus on object type-and-pose estimation, I would like to emphasize that
it was only chosen as a concrete and familiar proof-of-concept application. Most of the presented
related work is specific to this application, whereas the methods in this dissertation are applicable
to other semantic attributes and tasks.
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1.2 Overview of Dissertation

To measure object states, we rely on attribute detectors, particularly ones operating on 3-D visual
data. Object recognition and pose estimation has received widespread attention from the computer
vision and robotics communities. With the recent advances in RGB-D cameras, several systems
have been developed to detect object types/instances and their 6-D poses from 3-D point clouds
(Rusu et al., 2010; Glover et al., 2011; Lai et al., 2012; Aldoma et al., 2013; Marton et al., 2014).
I have used one such detector (Glover and Popovic, 2013) as the black-box attribute detector, but
the methods developed in this thesis are agnostic to the detector used.

A basic world model could simply use a detector’s output on a single image as a representation
of the world. However, doing so suffers from many sources of error: sensor measurement noise,
object occlusion, and modeling and approximation errors in the detection algorithms. Aggregating
measurements across different viewpoints can help reduce estimation error. For example, Hager and
Wegbreit (2011) demonstrate the utility of considering a prior 3-D scene model and its potential
evolution over scenes. Using this observation as a premise, active perception approaches (e.g.,
Eidenberger and Scharinger, 2010; Velez et al., 2012; Atanasov et al., 2013) seek the next best
view (camera pose) where previously-occluded objects may be visible, typically by formulating the
problem as a partially-observable Markov decision process. Because the focus is on planning instead
of estimation, active perception is complementary to the world modeling problem, which considers
estimation using measurements from an arbitrary collection of camera poses.

The primary challenge in aggregating object detections across multiple views of the world is
identity management, induced by the fact that measurements often cannot be uniquely mapped to
an underlying object. Tackling this data association problem in static scenes forms the first part
of my dissertation. From there, I consider how to aggregate detections across time as well, with
the added difficulty that the world may change over time. Finally, I consider how to integrate
this object-based representation with traditional spatial representations such as occupancy grids,
thereby aggregating information across different sensing modalities and representations.

1.2.1 Semantic World Modeling from Partial Views (Wong et al., 2015)

The ‘what and where’ problem, when considered abstractly on the level of objects and attributes,
has a natural generalization: given detections of object attributes only (without knowing which
objects generated them), estimate the objects that are present (including their number) and their
attributes. I assume the existence of off-the-shelf black-box attribute detectors, such as object
recognition and pose estimation modules. Because the information returned from such modules
is typically very sparse (at most one detection per object from a single viewpoint), aggregating
detections across multiple viewpoints is necessary (see Figure 1-1).

However, this introduces data association issues, because it is unclear which measurements
correspond to the same object across different views. I proposed a Bayesian nonparametric batch-
clustering approach, inspired by the observation that ‘objects’ are essentially clusters in joint at-
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(a) Single viewpoint (b) Aggregation of object detections from multiple viewpoints

Figure 1-1: (a) Given a tabletop scene (top), we want to estimate the types and poses of objects in the
scene using a black-box object detector. From a single RGB-D image, however, objects may be occluded
or erroneously classified. In the rendered image (middle; detections superimposed in red), three objects are
missing due to occlusion, and the bottom two objects have been misidentified. The semantic attributes that
result in our representation are very sparse (bottom; dot location is measured 2-D pose, color represents
type). A single viewpoint is typically insufficient to identify all objects in a scene correctly.
(b) Aggregation of measurements from many different viewpoints (top) is therefore needed to construct good
estimates. However, this introduces data association issues of the type addressed in this work, especially
when multiple instances of the same object type are present. From all the object detection data, as shown
(bottom) by dots (each dot is one detection), our goal is to estimate the object types and poses in the
scene (shown as thick ellipses centered around location estimate; color represents type, ellipse size reflects
uncertainty). The estimate above identifies all types correctly with minimal error in pose.

tribute space. Given attribute detections from multiple viewpoints, this algorithm outputs a distri-
bution (in the form of samples) over hypotheses of object states, where a hypothesis consists of a
list of objects and (distributions of) their attribute values.

1.2.2 Semi-Static World Modeling with Dependent Dirichlet Process Mixtures

Our operational definition of an “object” is an entity that can be subject to manipulation, and
a typical effect of manipulation is some change in the object state (e.g., its pose). Hence the
semantic world model for static worlds from the previous section is insufficient. At any given time,
however, most objects are not being manipulated (e.g., books on a bookshelf, a home when its
occupants are at work). We view indoor environments as being static at most times, changing only
at discrete events. An example of this may be a cleaning robot that is turned on every time a
home’s occupants leave. The state of the world will likely have changed from the previous day, but
during the operational period of the robot, the world is essentially static (possibly except for the
robot’s own manipulation actions, which it can track more easily). We denote such environments as
being “semi-static”. Figure 1-2 illustrates the full semantic world modeling problem for semi-static
environments, allowing for objects to change state over time (epochs).

The way we have posed the data association problem is reminiscent of multiple object tracking
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Epoch 1 
(4 objects initially) 

Epoch 2 
(1 square removed) 

Epoch 3 
(1 circle added) 

False 
negative 

pFN(a) = ηa 

False 
positive 
pFP = ρ 

Attribute 
error 
b ~ ϕa 

World 

Views 

Obser- 
vations 

All pose observations 
also have errors 

y ~ N (x, S) 

Θ3 = {(ak3, xk3)} = 
{ (tri, (.4, .3)), 
  (sqr, (.6, .6)), 
  (cir, (.9, .3)), 
  (cir, (1.2, .3)) } 

O3 = {(b3
i, y3

i)} = 
{ (cir, (.2, .6)), 
  (cir, (1.1, .3)) } t=1: view 1 

1: cir; (.3, .1) 
2: sqr; (.4, .6) 

t=1: view 2 
3: sqr; (.6, .6) 
4: sqr; (.7, .5) 

t=1: view 3 
5: cir; (1.2, .5) 
 

t=2: view 1 
1: tri; (.3, .2) 
 

t=2: view 2 
2: sqr; (.7, .5) 
 

t=3: view 1 
1: cir; (.2, .6) 
 

t=3: view 2 
2: cir; (1.1, .3) 
cir; (.9, .3) 

Figure 1-2: An illustration of the world modeling problem. An unknown number of objects exist in
the world (top row), and change in pose and number over time (world at each epoch enclosed in box).
At each epoch, limited views of the world are captured, as depicted by the triangular viewcones. Within
these viewcones, objects and their attributes are detected using black-box perception modules (e.g., off-the-
shelf object detectors). In this example, the attributes are shape type (discrete) and 2-D location. The
observations are noisy, as depicted by the perturbed versions of viewcones in the middle row. Uncertainty
exists both in the attribute values and the existence of objects, as detections may include false positives
and negatives (e.g., 𝑡 = 3). The actual attribute detection values obtained from the views are shown in the
bottom row (“Observations”); this is the format of input data. Given these noisy measurements as input,
the goal is to determine which objects were in existence at each epoch, their attribute values (e.g., Θ3 in top
right), and their progression over time.

(MOT) problems (Luo et al., 2014), which has been well-studied in the computer vision and target-
tracking communities. Indeed, conventional approaches such as multiple hypothesis tracking (MHT)
(Reid, 1979) and more recent batch methods such as Markov-chain Monte Carlo data association
(MCMCDA) (Oh et al., 2009) can be applied directly to our problem. However, we can exploit the
(semi-)static nature of our data to reap great computational gains, as we demonstrate against MHT
in the static case. Moreover, the semi-static nature of the data actually degrades the performance of
MCMCDA. We extended our clustering-based approach for static semantic world modeling to allow
clusters to change over time, and developed novel inference algorithms that can efficiently achieve
superior performance in semi-static environments.
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(c) Information fusion

Figure 1-3: Graphical model depiction of object and metric spatial information.
(a) Object attributes such as pose are detected and tracked using the methods described in Section 1.2.1.
(b) Occupancy observations are used separately to maintain a standard occupancy grid (Thrun et al., 2005).
(c) Combining these two sources of information is useful (see Figure 1-4); I derived an inference procedure
to link the two (red arrow).

1.2.3 Combining Object and Metric Spatial Information (Wong et al., 2014)

Alas, not all things in the world are objects and attributes. One concept that was lacking in the
above work was the notion that objects occupy physical regions of space. The concept of free space,
regions that no object overlaps, was also only implicitly represented. It is therefore difficult, in the
object-attribute representation, to incorporate absence/‘negative’ observations, most prominently
that observing a region of free space should suggest that no object overlaps that region. On the other
hand, this information is handled very naturally in an occupancy grid, but grids cannot incorporate
the concept of ‘objects’ (besides representing them as a collection of cells).

The complementary advantages of these two representations inspired a search for a way to
maintain filters of both object and metric information. Because filtering in the joint state involves
complex dependencies and is intractable, I instead adopted the strategy of filtering separately in
the object and metric spaces by using the existing filters. To compensate for the lost dependencies
between objects and their geometric realizations, I then developed a way to merge the filters on
demand as queries about either posterior distribution are made.

Since Moravec and Elfes (1985) pioneered the occupancy grid model of space, occupancy grids
have been used extensively in robotics, most notably in mapping. These maps have paved the way
for tasks such as navigation and motion planning, in which knowledge of free and occupied spaces is
sufficient for success. However, as we move to tasks that require richer interaction with the world,
such as locating and manipulating objects, occupancy information alone is insufficient.

In the mapping community, there has been recognition that using metric representations only
is insufficient. In particular, the rise of topological mapping, and the combination of the two in
hybrid metric-topological mapping (Thrun, 1998) suggests the utility of going beyond metric repre-
sentations. These hybrid representations have been successfully applied in tasks such as navigation
(Konolige et al., 2011). In the related field of semantic mapping (e.g., Kuipers, 2000; Ekvall et al.,
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(a) Scenario (b) Robot view (e) Initial belief:
P(1 car) = 0.43

(f) Board is moved:
P(1 car) = 0.73

(g) Free space obs.
rules out two-car case

(c) Is it 1 car? (d) Or 2 cars? (h) Arm moves towards object:
P(1 car) = 0.44

(i) Arm ‘overlaps’ second car,
rules out two-car hypothesis

Figure 1-4: A 3-D demonstration on a PR2 robot. Plots show occupancy grids with 1m × 0.4m × 0.2m
volume, containing 104 cubes of side length 2cm, with the final (vertical) dimension projected onto the table.
Colors depict occupancy type/source: Yellow = free space observation; Black = occupancy observation; Blue
= inferred occupancy from one-car train; Green = inferred occupancy from two-car train; Red = occupied
by robot in its current state. In this projection, the robot is situated at the bottom center of the plot, facing
‘upwards’; the black line observed near the bottom corresponds to the board.
(a)-(b) A toy train is on a table, but only part of the front is visible to the robot.
(c)-(d) This is indicative of two possible scenarios: the train has one car or two cars; there is in fact only
one car.
(e)-(g) One way to determine the answer is to move the occluding board away. This reveals free space where
the second car would have been (circled in (e)), hence ruling out the two-car case.
(h)-(i) Another way is to use the robot arm. If the arm successfully sweeps through cells without detecting
collision, the cells must have originally been free and are now occupied by the arm. Sweeping through where
the second car would have been therefore eliminates the possibility of the train being there.
Video: http://lis.csail.mit.edu/movies/ICRA14_1678_VI_fi.mp4

2007; Pronobis and Jensfelt, 2012; Liu and von Wichert, 2014), topological information is typically
extracted from metric layers (occupancy grids). As described in Section 1.1, some works in seman-
tic mapping do place greater emphasis on the detailed modeling of objects (e.g., Ranganathan and
Dellaert, 2007; Wurm et al., 2011; Mason and Marthi, 2012). Wurm et al. (2011) modeled objects
as local grid models within a hierarchy of octrees, where the hierarchy was informed by support
relations. Mason and Marthi (2012) describe a system that maintains world models by detecting
protrusions atop planes and considering them as ‘objects’. However, as with the hybrid mapping
community, object-based information is rarely propagated back down to the metric level.

There has also been recent interest in fusing object poses with occlusion (Wyffels and Campbell,
2015) and contact information (Koval et al., 2015) respectively.

Combining object-level and metric-level information is useful, as depicted in the example in
Figure 1-4. In particular, I identified two ways in which fusion is particularly informative: free
space detections strongly indicate that objects cannot be positioned in such regions (Figure 1-4(g)),
and object pose detections can be used to infer that overlapping occupancy cells must be occupied.
By considering the hypothetical occupancy induced by objects and observing occupancy information
that is inconsistent, hypotheses about objects’ attributes can be ruled out, and uncertainty reduced.
Finally, I have also conducted a brief analysis that justifies our factor-fuse-forget filtering framework,
showing that it is the more desirable one of two sound filtering possibilities.
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Chapter 2

Technical Background

The world is an uncertain place: our perception of it is noisy and incomplete. An agent’s degree
of uncertainty can affect the value of potential actions; for example, information gathering may be
the best option when under great uncertainty (Kaelbling et al., 1998). It is therefore crucial that,
when estimating the state of the world, a notion of the uncertainty in the estimate is also reported.

Probability theory, based on the axioms of Kolmogorov (1933, 1956), is the calculus of uncer-
tainty adopted in this dissertation. We implicitly estimate a parameter of interest 𝜃 by maintaining
its distribution P(𝜃). Point estimates can be derived from this distribution, given an appropriate
cost/loss function (e.g., the most-likely state is the optimal estimate for a 0-1 loss function).

To improve our parameter estimate, we must make a (potentially indirect) observation, resulting
in a measurement 𝑜. Bayes’ rule provides a mechanism for soundly incorporating uncertain evidence
(Bayes and Price, 1763)1. In modern probability notation, the theorem states:

P (𝜃 | 𝑜) = P (𝑜 | 𝜃) P(𝜃)
P(𝑜)

∝ P (𝑜 | 𝜃) P(𝜃) (2.1)

In words, the posterior distribution of the parameter 𝜃 given observation 𝑜 (left) is proportional to
the product of the observation’s likelihood and the prior distribution on 𝜃 (right). A distribution
is obtained after the product on the right is normalized over the space of valid parameters. The
likelihood is the probability of measuring a specific value of 𝑜, assuming the world behaved according
to a specific value of 𝜃. The prior is the distribution of 𝜃, either ab initio, or, more often, after
incorporating some other measurements (but not 𝑜).

Bayes’ rule is a simple yet profound consequence of probability theory. All of the computation in
this dissertation is essentially dedicated to probabilistic inference by ‘turning the Bayesian crank’.

I shall no longer dwell on the fundamentals at this point; the interested reader is referred to
numerous excellent texts on Bayesian modeling and inference (e.g., Box and Tiao, 1973; Bernardo
and Smith, 1994; Robert, 2007; Gelman et al., 2013). The remainder of this chapter is devoted to
introducing advanced technical models and tools that will be used in this dissertation.

1 McGrayne (2011), in her popular historical account on Bayes’ rule, argues for the name “Bayes-Price rule” under
modern convention, in recognition of Richard Price’s role in discovering and disseminating Rev. Thomas Bayes’ work.

19



2.1 Data Association: A Select Review

Most applications of Bayesian inference do not have ambiguity in the association between observa-
tions and parameters: if an object is in the world, and we get multiple measurements of its location,
Bayes’ rule informs us about how to update our distribution on the object’s location. However, if
there are two nearby objects that are identical besides their locations, and we get two noisy location
measurements, then it is unclear which observation was generated by detecting which object. Fur-
ther ambiguity is possible if we get one measurement (due to a missed detection / false negative),
if we get three (due to a spurious measurement / false alarm / false positive), and so on.

This is the data association problem.
More formally, suppose the object locations are independent and have values Θ =

{︀
𝜃1, 𝜃2

}︀
, and

the obtained measurements are 𝑂 =
{︀
𝑜𝑎, 𝑜𝑏

}︀
(typically the ordering in both objects and observations

are arbitrary). If we knew the association of observations to objects, which is a mapping from indices
{𝑎, 𝑏} to {1, 2}, then we can update the parameters accordingly using Bayes’ rule:

𝑍 = {𝑎 ↦→ 1, 𝑏 ↦→ 2} : P
(︀
𝜃1
⃒⃒
𝑂,𝑍

)︀
= P

(︀
𝜃1
⃒⃒
𝑜𝑎
)︀
; P
(︀
𝜃2
⃒⃒
𝑂,𝑍

)︀
= P

(︁
𝜃2
⃒⃒⃒
𝑜𝑏
)︁

⇒ P (Θ |𝑂,𝑍) ∝ P
(︀
𝜃1
⃒⃒
𝑜𝑎
)︀
P
(︁
𝜃2
⃒⃒⃒
𝑜𝑏
)︁

P (Θ) (2.2)

𝑍 = {𝑎 ↦→ 2, 𝑏 ↦→ 1} : P
(︀
𝜃1
⃒⃒
𝑂,𝑍

)︀
= P

(︁
𝜃1
⃒⃒⃒
𝑜𝑏
)︁

; P
(︀
𝜃2
⃒⃒
𝑂,𝑍

)︀
= P

(︀
𝜃2
⃒⃒
𝑜𝑎
)︀

⇒ P (Θ |𝑂,𝑍) ∝ P
(︁
𝜃1
⃒⃒⃒
𝑜𝑏
)︁

P
(︀
𝜃2
⃒⃒
𝑜𝑎
)︀
P (Θ) (2.3)

Notice that the posterior distribution is now conditioned on the association variable 𝑍 as well, and
the resulting parameter probability value is in general different for different associations. Since the
association is unknown, the Bayesian solution is to take the expectation over 𝑍:

P (Θ |𝑂) =
∑︁
𝑍

P (Θ, 𝑍 |𝑂) =
∑︁
𝑍

P (Θ |𝑂,𝑍) P (𝑍 |𝑂) (2.4)

∝
[︁
P
(︀
𝜃1
⃒⃒
𝑜𝑎
)︀
P
(︁
𝜃2
⃒⃒⃒
𝑜𝑏
)︁
+ P

(︁
𝜃1
⃒⃒⃒
𝑜𝑏
)︁

P
(︀
𝜃2
⃒⃒
𝑜𝑎
)︀]︁

P (Θ) (2.5)

The final line follows from the typical assumption that all association mappings are equally likely a
priori, and the only feasible associations are the two shown above.

Although the summation above appears manageable, it often breaks conjugacy properties that
are computationally desirable in Bayesian inference and filtering. The number of terms in the
summation also grows with the number of mappings 𝑍, which is combinatorial in the number of
objects and observations. Furthermore, the mappings may not be perfect matchings as in the
above; there may be false positives, false negatives, and out-of-view objects as well, which leads to
uncertainty in the true number of objects. The variable dimensionality in Θ also raises serious issues
about whether the posterior distribution gives well-defined point estimates (consider: what is the
posterior mean of Θ?); this additional wrinkle motivates the philosophy described in Section 2.1.3.

The kernel of the data association problem is in the above summation.
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The data association problem was historically motivated by target tracking in surveillance and
defense applications (imagine multiple aircraft generating moving blips on a RADAR screen), and
is sometimes known synonymously as the multiple target tracking (MTT) problem. Bar-Shalom and
Fortmann (1988) provide a comprehensive overview of the foundations and early methods. This
text was followed by numerous handbooks of methods and edited volumes of applications, recently
culminating in the tome by Bar-Shalom et al. (2011). Stone et al. (2014) gives a lighter and slightly
different perspective that is more modern and Bayesian in nature.

Due to the diversity of MTT applications and the relative difficulty in computing their solutions,
an immense set of algorithms have been proposed. Not all are applicable to the world modeling
problem that is the focus of this dissertation. For example, nearest-neighbor methods typically
ignore the ambiguity in association by assuming the most likely one; other popular methods such as
the joint probabilistic data association filter (JPDAF) assume a fixed number of targets, which is not
true in our problem (Bar-Shalom and Fortmann, 1988). Below, I describe three types of methods:
multiple hypothesis tracking (MHT), Markov-chain Monte Carlo (MCMC), and random finite sets
(RFS). The first two will provide motivation for our models, and will act as comparisons against
our algorithms in subsequent chapters. RFS-based methods, of which the probability hypothesis
density (PHD) filter is perhaps the most well-known exemplar, is only discussed here for context.

2.1.1 Multiple hypothesis tracking (MHT)

A principled approach to MTT when the number of tracks is unknown is multiple hypothesis tracking
(MHT) (Reid, 1979). MHT considers the tree of all possible association hypotheses, branching on
the possible tracks that each measurement can correspond to. At each node, the possibilities for
each measurement include assigning to an existing track, initiating a new track, or declaring a false
positive. The tree is effectively enumerating the summands of Equation 2.4, in some pre-determined
order (often chronological). Each node contains an unnormalized probability value that acts as the
prior for the next layer. When a new layer is grown, a child’s value is found by multiplying its
observation’s likelihood with its parent’s value, thereby performing one step in the Bayes’ rule
computation. Normalizing the values of the leaves gives the distribution of interest, P (Θ |𝑂).

Using the previous example involving two existing objects and two observations, where we
process 𝑜𝑎 and then 𝑜𝑏, and where we now allow false positives (FP) and new objects (New, which
becomes object index 3), we can enumerate the tree of valid associations:

𝑜𝑎 : {𝑎 ↦→ 1} , {𝑎 ↦→ 2} , {𝑎 ↦→ New} , {𝑎 ↦→ FP} (2.6)

𝑜𝑏 : {𝑎 ↦→ 1, 𝑏 ↦→ 2} , {𝑎 ↦→ 1, 𝑏 ↦→ New} , {𝑎 ↦→ 1, 𝑏 ↦→ FP} (2.7)

: {𝑎 ↦→ 2, 𝑏 ↦→ 1} , {𝑎 ↦→ 2, 𝑏 ↦→ New} , {𝑎 ↦→ 2, 𝑏 ↦→ FP}

: {𝑎 ↦→ 3, 𝑏 ↦→ 1} , {𝑎 ↦→ 3, 𝑏 ↦→ 2} , {𝑎 ↦→ 3, 𝑏 ↦→ New} , {𝑎 ↦→ 3, 𝑏 ↦→ FP}

: {𝑎 ↦→ FP, 𝑏 ↦→ 1} , {𝑎 ↦→ FP, 𝑏 ↦→ 2} , {𝑎 ↦→ FP, 𝑏 ↦→ New} , {𝑎 ↦→ FP, 𝑏 ↦→ FP}
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Each row in the 𝑜𝑏 list above corresponds to one possible assignment for 𝑜𝑎; false negatives (FN) are
implicit (when no observation is mapped to an existing object). Also, we have discarded associations
where both observations are mapped to the same object (in the same ‘scan’ only); this is a common
assumption in data association problems (Bar-Shalom and Fortmann, 1988), which I refer to as the
‘cannot-link constraint’ (CLC) (unfortunately, there is no common name). For each mapping in the
list, a likelihood value / posterior parameter distribution can be computed.

In general, because each path in the tree leads to a different posterior distribution, we must keep
around the entire tree to maintain a sufficient statistic for the multiple hypothesis filter; compression
(by combining paths) is lossy. However, due to the number of targets and measurements involved,
maintaining the entire tree (and hence the exact posterior distribution) is exponentially expensive
and intractable for any non-trivial branching factor. As a result, practical implementations of MHTs
must use one of many proposed heuristics (e.g., Kurien (1990); Cox and Hingorani (1996)), typically
pruning away all but the few most-likely branches in the association tree.

A popular pruning technique known as “𝑁 -scan back” maintains the full tree for only the most
recent 𝑁 ‘scans’ (times/views), and only keeps the most likely path going further back in time. This
can be viewed as delayed filtering by a window of 𝑁 scans, where data association commitments
are only made final after 𝑁 steps, when hopefully further disambiguating information has been
acquired. Nevertheless, to maintain tractability, 𝑁 must be relatively small, and correct associations
that happen to appear unlikely at the moment may be lost. This is especially true in cases (such
as ours) where targets are not in constant motion, and may remain ambiguous over many scans.

2.1.2 Markov-chain Monte Carlo (MCMC) methods

The MHT strategy is to enumerate all possible associations, then to prune away everything besides
the most-likely hypotheses. Instead of attempting to evaluate every point in a large space of as-
sociations, most of which contains little probability mass, efficient sampling techniques have been
proposed that try to only explore high-probability regions. Another way of interpreting this is that
instead of evaluating the sum in Equation 2.4, which has an intractable number of summands, we
treat it as an expectation of some function P (Θ |𝑂,𝑍) over the distribution of associations P (𝑍).

Sampling-based schemes also differ in that they are batch methods and require storing obser-
vations over all scans of interest. Although a storage overhead is paid, batch processing frees up
the need to make quick association commitments, which leads to greater reliability and potential
computational savings. Although offline in nature, sampling-based methods for data association
can potentially be used to complement online methods such as the MHT.

The space of associations is a large and complicated discrete landscape to explore, requiring
sophisticated sampling techniques. The Monte Carlo method, in particular Markov-chain Monte
Carlo (MCMC), is a successful and widely-applied class of techniques for sampling from difficult
spaces (Metropolis and Ulam, 1949). Robert and Casella (2004) provide a broad overview of the
subject. MCMC methods, such as the Metropolis-Hastings algorithm (Metropolis et al., 1953;
Hastings, 1970) and Gibbs sampling (Geman and Geman, 1984), generate a sequence of samples
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Input: Observations 𝑂, Number of desired samples 𝑁
Output: Samples of measurement-to-track associations

{︀
𝑍(𝑛)

}︀𝑁
𝑛=1

1: Initialize all associations to false positives (FP) in 𝑍(0)

2: for 𝑛 := 1 to 𝑁 do
3: 𝑍 ′ := Proposal(𝑍(𝑛−1)) (e.g., Pasula et al., 1999; Dellaert et al., 2003; Oh et al., 2009)

4: 𝐴
(︀
𝑍(𝑛−1) → 𝑍 ′)︀ := min

(︂
1, P(𝑂 |𝑍′)

P(𝑂 |𝑍(𝑛−1))
P(𝑍′→𝑍(𝑛−1))
P(𝑍(𝑛−1)→𝑍′)

)︂
5: Sample 𝑢 ∼ Unif(0, 1)
6: if 𝑢 < 𝐴

(︀
𝑍(𝑛−1) → 𝑍 ′)︀ then

7: 𝑍𝑛 = 𝑍 ′ (accept)
8: else
9: 𝑍𝑛 = 𝑍(𝑛−1) (reject)

Figure 2-1: Metropolis-Hastings (MH) algorithm for performing data association.

from a Markov chain (often a random walk), whose stationary distribution is constructed to be the
distribution that one wishes to draw samples from. In Bayesian inference, this target distribution is
typically the posterior distribution. New candidate samples are drawn from a proposal distribution
that is typically parameterized by the last sample in the sequence, and are accepted with some
probability that ensures the correctness of the construction (as long as the constructed Markov chain
is ergodic). Because proposals are typically local in nature, consecutive samples are dependent, and
it may take many samples to fully explore the space. Nevertheless, MCMC is often the only effective
sampling technique available in such problems.

MCMC methods for sampling association matchings and tracks have been explored by Pa-
sula et al. (1999) for traffic surveillance and by Dellaert et al. (2003) for structure-from-motion.
In the former, samples were proposed by swapping assignment pairs, such as {𝑎 ↦→ 1, 𝑏 ↦→ 2} →
{𝑎 ↦→ 2, 𝑏 ↦→ 1}. Although simple in nature, such moves are sufficient to ensure a correct MCMC
construction, assuming no tracks are introduced or terminated. However, due to the locality of
proposals, Dellaert et al. (2003) found that single swaps alone can lead to slow convergence rates,
and therefore developed “chain flipping”, which proposes sequences of reassignments reminiscent to
those in weighted assignment algorithms. The form of these MCMC sampling algorithms is shown
in Figure 2-1; the major difference is in the proposal distribution (step 3), and the subsequent
calculation of transition probabilities (step 4, forward P (𝑍 → 𝑍 ′) and reverse P (𝑍 ′ → 𝑍)).

More recently, Oh et al. (2009) generalized the above work by considering an even wider class
of transition moves during sampling, and provided theoretical bounds on the mixing (convergence)
time of the resulting sampling algorithm, MCMCDA. The algorithm first constructs a neighborhood
tree that connects each observation with a set of plausible successors (similar to gating in MHT,
but potentially over multiple scans). Association tracks are formed from path segments within this
tree. Proposals are generated by the following five forward/reverse move pairs:

∙ Birth: An unassigned path segment forms a track / Death: An existing track is unassigned

∙ Split: A track is split randomly / Merge: Two tracks are connected, if new edge is valid
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∙ Extend: Observations are appended to a track / Reduce: A track’s end is cut off

∙ Update: Individual observations are added/removed from a track

∙ Switch: A pair of edges in the middle of two tracks is swapped (same as Pasula et al. (1999))

A nice illustration of these moves is provided in Figure 3 in Oh et al. (2009).
Because only a small space of likely associations is frequently sampled, and all measurement

associations are repeatedly considered (unlike MHT with pruning), MCMCDA empirically outper-
forms MHT both in efficiency and accuracy, especially in environments with heavy detection noise.
We expect this to generally be the case for MCMC-based methods for data association, as long as
the proposal distribution is sufficiently powerful to efficiently explore the space of associations.

2.1.3 Random finite sets (RFS)

A fundamentally different approach to multitarget tracking problems is motivated by two unsettling
mathematical observations:

∙ The states of targets Θ and their measurements 𝑂 are typically formulated as random vectors
with an arbitrary ordering that does not exist in reality.

∙ There is often uncertainty in the number of targets, i.e., the dimensionality of Θ. Because
the posterior distribution P (Θ |𝑂) is a variable-dimension entity, point estimates such as the
posterior mean and the maximum a posteriori (MAP) are not well-defined.

Goodman et al. (1997) propose that a more suitable mathematical object is a random finite set
(RFS), whose cardinality is also random, and is by definition unordered.

Mahler (2007, 2014) expands on this agenda in great detail, transforming results from a rigorous
foundation for RFSs based in abstract point-process theory (Daley and Vere-Jones, 1988) into a con-
crete paradigm of finite set statistics (FISST), which in turn leads to new multisource-multitarget
tracking algorithms. A more approachable philsophical summary and mathematical tutorial of this
line of work can be found in Mahler (2004) and Mahler (2013) respectively. The basic philosophy
is to draw parallels with the much better-understood case of single-source, single-target problems.
The state is treated as a single RFS, with transitions governed by “multitarget motion models”
and observations made according to “multitarget measurement models”. The multitarget models
essentially ‘bundle’ together multiple single-target models, being careful about the variable dimen-
sionality (due to FPs and FNs), and has an abstract input-output interface solely in the language
of RFSs. “Being careful” means that, under the hood, all association possibilities for single states
are still considered; however, that is abstracted away by a new “multitarget calculus”.

The basic probabilistic object in FISST is the belief mass function, a multitarget analog of the
conventional probability mass function:

𝛽 (𝑋) , P (𝑌 ⊆ 𝑋) (2.8)
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A multitarget analog of the conventional probability density function can be defined via the notion
of a set integral (over region 𝑆):∫︁

𝑆
𝑓 (𝑋) 𝛿𝑋 ,

∞∑︁
𝑛=1

1

𝑛!

∫︁
𝑆×···×𝑆

𝑓 ({𝑥1, . . . , 𝑥𝑛}) d𝑥1 · · · d𝑥𝑛 (2.9)

The multitarget density function of an RFS is the function whose set integral is the belief mass
function of the RFS. This operation is well-defined and serves as the multitarget/set analog of the
derivative. Note that the 1

𝑛! term prevents overcounting of RFS instantiations in 𝑆 × · · · ×𝑆. Also,
the density function 𝑓(𝑋) has argument-dependent units 𝑢−|𝑋|, for a generic unit 𝑢.

To see how a multitarget Bayes filter operates, it is instructive to look at the form of the
multitarget motion/observation models. Consider taking a measurement on a single target with
state 𝑥𝑖 with some probability of detection 0 < 𝑝D (𝑥𝑖) < 1. Then the possible values of this
random set event ϒ𝑖 are ∅, which occurs with probability 𝑝D (𝑥𝑖), and {𝑦𝑖} (a single measurement),
which occurs with (conventional) density 𝑝D (𝑥𝑖) 𝑓 (𝑦𝑖 |𝑥𝑖). The belief mass function of ϒ𝑖 is:

𝛽ϒ𝑖 (𝑌 ) = [1− 𝑝D (𝑥𝑖)] + 𝑝D (𝑥𝑖)

∫︁
𝑌
𝑓 (𝑦𝑖 |𝑥𝑖) d𝑦𝑖 (2.10)

Since the conditional density above is the conventional one, the integral is conventional too.

The event ϒ𝑖 pertains to a single target; we now need to bundle multiple instances for additional
targets. For a given state set 𝑋 = {𝑥1, . . . , 𝑥𝑛}, the multitarget observation RFS event is:

Ξ = ϒ1 ∪ · · · ∪ϒ𝑛 ∪ 𝐶 (2.11)

𝐶 is the set of clutter/FP measurements, and is usually modeled as a Poisson RFS. Assuming that
measurements are generated independently, the belief mass function of Ξ is:

𝛽Ξ (𝑌 |𝑋) = 𝛽ϒ1(𝑥1) (𝑌 ) · · · 𝛽ϒ𝑛(𝑥𝑛) (𝑌 ) 𝛽𝐶 (𝑌 ) (2.12)

Taking the set derivative of 𝛽Ξ gives the multitarget observation density (Mahler (2007)):

𝑓 (𝑌 |𝑋) =

⎡⎣𝑒−𝜆
∏︁
𝑦∈𝑌

𝜆𝑐(𝑦)

⎤⎦ [︃∏︁
𝑥∈𝑋

(1− 𝑝D (𝑥))

]︃ ⎡⎣∑︁
𝑍

∏︁
(𝑖,𝑗):𝑍(𝑖)=𝑗

𝑝D (𝑥𝑖) 𝑓 (𝑦𝑖 |𝑥𝑗)
(1− 𝑝D (𝑥𝑖)) 𝜆𝑐 (𝑦𝑖)

⎤⎦ (2.13)

Here 𝜆 is the rate parameter of the Poisson RFS, and 𝑐(𝑦) is the likelihood of FP measurements.
The final term is a summation over all valid associations 𝑍; for each association, the product is taken
over all observation-object index pairs where an observation 𝑦𝑖 is mapped to a hypothesized target
𝑥𝑗 . This summation term is similar in spirit to the data association summation in Equation 2.4.
Although users of FISST methods often claim that the methods avoid data association, this is
only true in the sense that no explicit associations are represented (unlike MHT/MCMC methods);
however, the difficult problem of marginalizing out the latent association variable 𝑍 remains.
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The multitarget motion model 𝑓 (𝑋 ′ |𝑋) has a similar form, except that the probability of
detection 𝑝D is replaced by the probability of target survival 𝑝S, the clutter Poisson RFS 𝛽𝐶 is
replaced by target birth Poisson RFS 𝛽𝐵, and the conventional observation density 𝑓 (𝑦 |𝑥) is
replaced by a transition density 𝑓 (𝑥′ |𝑥). To complete the multitarget recursive Bayes filter:

𝑓
(︀
𝑋 ′ ⃒⃒𝑌, 𝑌 ′)︀ = 𝑓 (𝑌 ′ |𝑋 ′)

[︀∫︀
𝑓 (𝑋 ′ |𝑋) 𝑓 (𝑋 |𝑌 ) 𝛿𝑋

]︀∫︀
𝑓 (𝑌 ′ |𝑋 ′)

[︀∫︀
𝑓 (𝑋 ′ |𝑋) 𝑓 (𝑋 |𝑌 ) 𝛿𝑋

]︀
𝛿𝑋 ′ (2.14)

This is completely analogous to the single-target case, with the interpretation now that the variables
are all RFSs, 𝑓 is a multitarget probability density function, and “

∫︀
” is a set integral.

Although the notation was deliberately chosen by Mahler to draw connections to the single-target
case, the form of multitarget likelihood functions (Equation 2.13) shows that the computational
details are much more complicated. In the single-target case, the celebrated Kalman filter provides
exact, closed-form, and optimal filtering of a state variable that is subject to linear transition
and observation models perturbed with Gaussian noise; the estimated state is normally-distributed
Kalman (1960). There is no such analog in the multitarget case. In fact, there is no known non-
trivial multitarget density that admits closed-form recursive filtering.

The closest one can get to nice analytical filtering is via the probability hypothesis density
(PHD) filter, and is perhaps the most popular RFS-based filter so far Mahler (2003). The PHD
ℎ(𝑥) is the first-moment approximation to the multitarget density function, characterized by:∫︁

𝑆
ℎ (𝑥 |𝑌 ) d𝑥 =

∫︁
𝑆
|𝑋 ∩ 𝑆| 𝑓 (𝑋 |𝑌 ) 𝛿𝑋 = Expected number of targets in 𝑆 (2.15)

Note that the first integral is of the conventional kind, whereas the second is a set integral. ℎ is
also referred to as the intensity function, and is a measure of the spatial density of targets; as the
characterization above shows, the PHD does not integrate to 1, and is therefore not a probability
density. Instead, it integrates to the expected number of targets in the domain.

The ‘classical’ PHD filter makes additional assumptions (not necessarily true of all PHD filters):

∙ Independence of target motions, and conditonal independence of measurements given states.

∙ The clutter (𝛽𝐶) and birth (𝛽𝐵) processes are Poisson RFSs.

∙ Target detection (𝑝D) and target survival (𝑝S) are Bernoulli events.

These assumptions are often made even in FISST methods beyond the PHD, and were already
made earlier when illustrating the multitarget observation density (Equation 2.13). Under these
assumptions, the recursive PHD filter simplifies to:

ℎ+
(︀
𝑥′
⃒⃒
𝑌
)︀
= 𝑏(𝑥′) +

∫︁
𝑝S (𝑥) 𝑓

(︀
𝑥′
⃒⃒
𝑥
)︀
ℎ (𝑥 |𝑌 ) d𝑥 (2.16)

ℎ′
(︀
𝑥′
⃒⃒
𝑌, 𝑌 ′)︀ = [︀1− 𝑝D

(︀
𝑥′
)︀]︀
ℎ+
(︀
𝑥′
⃒⃒
𝑌
)︀
+
∑︁
𝑦′∈𝑌 ′

𝑝D (𝑥′) 𝑓 (𝑦′ |𝑥′) ℎ+ (𝑥′ |𝑌 )

𝜆𝑐 (𝑦′) +
∫︀
𝑝D (𝑥) 𝑓 (𝑦′ |𝑥) ℎ+ (𝑥 |𝑌 ) d𝑥

(2.17)
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The first equation corresponds to the prediction step. Given a previous PHD ℎ (𝑥 |𝑌 ), we
consider transitions from 𝑥 to 𝑥′, and decrease the intensity by a factor of 𝑝S, depending on how likely
a target at 𝑥may survive. An independent birth PHD 𝑏 is added to the propagated PHD, resulting in
the predictive PHD ℎ+ (𝑥′ |𝑌 ). In the second equation, we incorporate new observations 𝑌 ′ using
the multitarget Bayes’ rule. The first term accounts for the case where a target may have been
missed (hence the factor of 1− 𝑝D). The second term is basically Bayes’ rule: for each observation
𝑦′, its likelihood of being generated by 𝑥′ is added to the PHD, after being normalized against
all other possibilities (including by clutter, 𝑐). The normalization ensures that the characterizing
property of the PHD, that its integral is equal to the expected number of targets, is maintained.

Even with the above simplifications, the PHD filter still does not have closed-form solutions
in general! The PHD characterization admits a large degree of flexibility, and we do not expect
the class of PHDs to be easily parameterizable. PHDs can be multi-modal (if targets appear in
separated regions) with arbitrarily many modes, which is difficult to capture in typical classes of
function. In general, the PHD function itself needs to be approximated, typically using sequential
Monte Carlo methods (Vo et al., 2005) or with a mixture of Gaussians (Vo and Ma, 2006).

Within the context of localization and mapping, both types of approximations have been used
for PHD filters. Mullane et al. (2011) used a Gaussian-mixture (GM-) PHD to perform feature-
based SLAM; a succinct overview of the approach is given by Adams et al. (2014) (in particular,
see Figures 3 and 4). The issue with GM-PHDs is that, given a new scan of observations 𝑌 , the
number of Gaussian components grows by a factor of |𝑌 |; in general, each observation evolves
the existing components in a different way and causes splitting. Since the number of components
grows exponentially with the number of scans, a pruning strategy that removes/combines smaller
components is necessary. Nevertheless, their PHD-based SLAM outperforms the conventional MHT-
FastSLAM approach. Similarly, Kalyan et al. (2010) used a particle-filter PHD approximation and
showed improvement against FastSLAM.

PHD and FISST methods have also been useful for various localization tasks. Dames and Kumar
(2015) used a particle representation of the PHD to localize an unknown number of fixed targets
using bearing-only measurements. Dames et al. (2014) have also attempted to use the full FISST
multitarget Bayes filter on the same task, using a quadtree-based representation that allows adaptive
discretization of the environment. Their use of FISST allows the filter to capture higher-order
moments, including correlations in target locations. In contrast, Atanasov et al. (2016) considered
localizing a robot (instead of external targets) against a known map of landmarks. A particle-based
representation of the multitarget density is used. To handle the implicit data assocation summation
in the multitarget likelihood (Equation 2.13), the authors point out an elegant connection between
the summation over matchings and computing matrix permanents, the latter of which is well-studied
and has numerous exact and approximate algorithms (but is a #P-complete problem in general).

Random finite set methods are built on a rigorous mathematical foundation, and have been
successfully applied in an increasing number of problems. I am cautiously optimistic that RFSs will
provide a unifying framework for multitarget tracking, data association, and sensor fusion.
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2.2 Bayesian Nonparametric Clustering

We now switch to clustering, a subject that seems completely different on the surface, and is situated
in the fields of statistics and machine learning. In subsequent chapters, I will draw connections
between clustering and data association. At a high level, inferring underlying clusters within data
often requires solving a data association problem (although it is usually not referred to in this way):
figuring out which cluster generated the each data point. One can also consider static targets in
the multitarget tracking problem as clusters, and target tracks as dynamic / evolving clusters. This
view will be presented in much greater detail in Chapters 3 and 4.

The idea behind cluster analysis is that, when presented with a large amount of data, we assume
that it was generated by a relatively small number of phenomena, and we would like to extract this
underlying low-dimensional structure from the data. For example, documents typically only contain
content (words) pertaining to a few topics (Blei et al., 2003). The range of approaches devoted to
clustering is a testament to the problem’s importance; see Jain (2010) for an overview. We focus
on the class of distribution-based clustering methods, in particular using mixture models.

2.2.1 Finite mixture models

Mixture modeling assumes that the world consists of multiple components, each with its own state
𝜃𝑗 , and each component is capable of generating observations 𝑂 = {𝑜𝑖} within the same space.
Observations from mixture component 𝑗 have distribution 𝑓 (𝑜 ; 𝜃𝑗), where 𝑓 is some probability
density function specified by the model. Component densities may differ in both parameters and
class (e.g., some are Gaussian, others are uniform). Given observations 𝑂, the goal is to infer the
mixture component parameters Θ = {𝜃𝑗}, and possibly also their number 𝐾.

The challenge is that information about which component generated each observation is missing:
there is a data association problem.

For now, assume we have decided on a mixture model with 𝐾 components; we will delve into
how to choose this number in the next section. Measurements have the following distribution:

P (𝑜 |Θ, 𝜋) =
𝐾∑︁
𝑗=1

𝜋𝑗 𝑓 (𝑜 ; 𝜃𝑗) (2.18)

The vector 𝜋 are the mixture weights, and is a discrete distribution.
In Bayesian mixture modeling, we specify prior distributions on Θ and 𝜋, and perform Bayesian

inference. A typical generative model for 𝑁 mixture model observations is:

𝜋 ∼ Dir
(︁ 𝛼
𝐾
, . . . ,

𝛼

𝐾

)︁
(2.19)

𝜃𝑗 ∼ 𝐻 (𝜃) , 𝑗 ∈ [𝐾]

𝑧𝑖 ∼ Categorical (𝜋) , 𝑖 ∈ [𝑁 ]

𝑜𝑖 ∼ 𝑓 (𝑜 ; 𝜃𝑧𝑖) , 𝑖 ∈ [𝑁 ]
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The prior on 𝜋 is a 𝐾-parameter Dirichlet distribution, which is a distribution over the (𝐾 − 1)-
dimensional simplex (i.e., it is a distribution over 𝐾-component discrete distributions). The prior
on 𝜃 is some arbitrary density 𝐻, which is often chosen to be conjugate to the component density 𝑓
to allow efficient inference. 𝑍 = {𝑧𝑖} are the latent cluster assignment / association variables, one
for each observation, which specifies the component index 𝑗 to which measurement 𝑖 belongs. Each
assignment is drawn from the 𝐾-component distribution 𝜋 (which is known formally as a categorical
or ‘multinoulli’ distribution).

If the parameters Θ and mixture weights 𝜋 were known, we can find the posterior distribution
for each assignment variable 𝑧𝑖 using Bayes’ rule:

P (𝑧𝑖 = 𝑗 | 𝑜𝑖 ; Θ, 𝜋) =
P (𝑜𝑖 | 𝑧𝑖 = 𝑗 ; Θ, 𝜋) P (𝑧𝑖 = 𝑗 ; Θ, 𝜋)∑︀𝐾

𝑘=1 P (𝑜𝑖 | 𝑧𝑖 = 𝑘 ; Θ, 𝜋) P (𝑧𝑖 = 𝑘 ; Θ, 𝜋)
=

𝑓 (𝑜𝑖 ; 𝜃𝑗) 𝜋𝑗∑︀𝐾
𝑘=1 𝑓 (𝑜𝑖 ; 𝜃𝑘) 𝜋𝑘

(2.20)

Since the parameters are unknown and we actually want to infer them, the above probability must
be marginalized over the posterior distributions of Θ and 𝜋.

Suppose we already have made previous observations 𝑂 and have found their cluster assignments
𝑍. Then it can be shown that the posterior distributions on the parameters are:

𝜋 | 𝑂,𝑍 ∼ Dir
(︁ 𝛼
𝐾

+𝑁1, . . . ,
𝛼

𝐾
+𝑁𝐾

)︁
(2.21)

𝜃𝑗 | 𝑂,𝑍 ∼ 𝑓 (𝜃 |𝑂|𝑖:𝑧𝑖=𝑗) ∝

⎡⎣ ∏︁
𝑖:𝑧𝑖=𝑗

𝑓 (𝑜𝑖 | 𝜃)

⎤⎦ 𝐻 (𝜃) (2.22)

𝑁𝑗 , | {𝑖 : 𝑧𝑖 = 𝑗} | is the number of observations assigned to cluster 𝑗; clearly, 𝑁 =
∑︀𝐾

𝑗=1𝑁𝑗 .

Given a new observation 𝑜′, its assignment variable 𝑧′ has the following distribution:

P
(︀
𝑧′ = 𝑗

⃒⃒
𝑜′, 𝑂, 𝑍

)︀
∝ P

(︀
𝑜′
⃒⃒
𝑧′ = 𝑗,𝑂, 𝑍

)︀
P
(︀
𝑧′ = 𝑗

⃒⃒
𝑂,𝑍

)︀
(2.23)

The two terms on the right resemble the terms in the numerator of Equation 2.20, and can be found
by marginalizing out the posterior parameter distributions:

P
(︀
𝑜′
⃒⃒
𝑧′ = 𝑗,𝑂, 𝑍

)︀
=

∫︁
P
(︀
𝑜′, 𝜃𝑗

⃒⃒
𝑧′ = 𝑗,𝑂, 𝑍

)︀
d𝜃𝑗 =

∫︁
P
(︀
𝑜′
⃒⃒
𝜃𝑗
)︀
P (𝜃𝑗 |𝑂,𝑍) d𝜃𝑗

=

∫︁
𝑓
(︀
𝑜′ ; 𝜃𝑗

)︀
𝑓 (𝜃𝑗 |𝑂|𝑖:𝑧𝑖=𝑗) d𝜃𝑗 (2.24)

P
(︀
𝑧′ = 𝑗

⃒⃒
𝑂,𝑍

)︀
=

∫︁
P
(︀
𝑧′ = 𝑗, 𝜋

⃒⃒
𝑂,𝑍

)︀
d𝜋 =

∫︁
P
(︀
𝑧′ = 𝑗

⃒⃒
𝜋
)︀
P (𝜋 |𝑂,𝑍) d𝜋

=

∫︁
𝜋𝑗 Dir

(︁ 𝛼
𝐾

+𝑁1, . . . ,
𝛼

𝐾
+𝑁𝐾

)︁
d𝜋 =

𝛼
𝐾 +𝑁𝑗

𝛼+𝑁
(2.25)

The final expression is the mean of the 𝑗’th component of a Dirichlet distribution. The first equation
is the posterior predictive distribution for observations generated by the 𝑗’th mixture component.

In practice, we do not even know the exact cluster assignments 𝑍 of previous observations. To
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perform exact inference, we must marginalize over all possible latent assignments 𝑍, but that leads to
a difficult data association summation, as discussed in the previous section of this chapter. We often
need to resort to approximate inference methods. For example, expectation-maximization (EM)
iteratively performs ‘soft’ cluster assignments, and assuming the maximum-likelihood parameters
under these temporary partial assignments (Dempster et al., 1977). Partial assignments are made
by allowing observations to contribute to multiple mixture components, weighted by Equation 2.20
(using the parameters found at the most recent iteration). This procedure provably improves the
observed data likelihood, and converges to a local optimum. However, EM only finds a point
estimate of the parameters. Another approach to approximate inference is by sampling, typically
in the space of cluster assignments 𝑍, as covered in Section . In particular, in this dissertation I
will mostly use Gibbs sampling (Geman and Geman, 1984), which repeatedly samples assignments
from their conditional distributions (given all other assignments), as in Equation 2.23.

Texts such as Bishop (2006) and Murphy (2012) provide further background on mixture models,
as well as in-depth coverage of Bayesian inference algorithms.

2.2.2 Dirichlet process mixture models (DPMM)

So far, we have assumed a fixed number of mixture components𝐾. However, this number is typically
not immediately apparent given the data, and is user-specified. An inappropriate choice of 𝐾 can
lead to poor clustering results. Additionally, in the context of online clustering, the number of
relevant phenomena in the world does not always stay fixed; the appropriate number of clusters
may change over time. Thus pre-specifying and fixing the value of 𝐾 may not be a robust solution.

The Bayesian philosophy suggests that for every quantity that we are uncertain about, we should
consider its distribution (prior) and perform inference on it. In the case of mixture models, that
means letting 𝐾 be a variable, and inferring its posterior distribution from data. This simple
move raises an interesting mathematical issue: how do we handle the dimensionality of the mixture
weights 𝜋 and the number of mixture component parameters 𝜃, both of which depend on 𝐾?

One answer is to allow all of them be (countably) infinite, so that each observation, both past
and future, could potentially be assigned to a new cluster component. This idea of infinity at
first sounds daunting, and seems to violate the spirit of clustering (we want to group observations
together). In practice, any clustering problem will only involve a finite amount of data (although it
may grow in size), and we can avoid ever having to instantiate infinite mathematical entities. The
degree to which different observations are clustered together is also adjustable in models. The idea
is to let models ‘discover’ the appropriate number of clusters from the data.

Such models are known as Bayesian nonparametric models (Ghosh and Ramamoorthi, 2003;
Hjort et al., 2010). They are nonparametric in the sense that the number of instantiated parameters
is not fixed, where instantiated means that the parameter is involved in the description of some
existing observation. However, they are not ‘truly’ nonparametric in the sense that the model does
not have parameters (Wasserman, 2006); in fact, Bayesian nonparametric models have an infinite
number of parameters, of which a finite number have been instantiated in any practical application.
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The Dirichlet process (DP) is a fundamental distribution used in Bayesian nonparametric statis-
tics (Ferguson, 1973; Blackwell and MacQueen, 1973). It is a natural generalization of the Dirichlet
distribution to infinite spaces, in that it is a distribution over probability measures 𝐺, which are
characterized by having Dirichlet-distributed finite marginals for any partition (𝐴1, . . . , 𝐴𝑅) of Θ:

(𝐺 (𝐴1) , . . . , 𝐺 (𝐴𝑅)) ∼ Dir (𝛼𝐻 (𝐴1) , . . . , 𝛼𝐻 (𝐴𝑅)) (2.26)

Θ is the sample space for 𝐺 and 𝐻, and 𝐺 (𝐴𝑖) is the measure on that particular subset of Θ. If 𝐺
satisfies the above condition, we say that 𝐺 is DP-distributed: 𝐺 ∼ DP (𝛼,𝐻), where 𝐻 is the base
measure and 𝛼 is the concentration hyperparameter. An intuitive interpretation of the condition is
that 𝐻 acts as a ‘template’ for the DP, and the degree to which resemblance is enforced is governed
by 𝛼. 𝐺 is a discrete distribution on Θ with probability one, possibly with infinite support.

DPs serve as a natural prior for parameters in infinite mixture models (Antoniak, 1974; Escobar
and West, 1995; Neal, 2000). Indeed, the notation above was chosen to deliberately overlap with
the finite case. From a generative perspective, instead of taking 𝐾 samples from 𝐻 to use as the
mixture component parameters, we take 𝑁 samples from 𝐺, which itself is a sample from DP (𝛼,𝐻).
That is, in theory, we sample as many mixture parameters 𝜃𝑗 as there are observations. In practice,
since 𝐺 is discrete, its atoms are typically sampled many times, i.e., the corresponding observations
belong to the same cluster (since they were generated by the same component parameters).

The generative process for observations from a DP mixture model (DPMM) is:

𝐺 ∼ DP (𝛼,𝐻) (2.27)

𝜃𝑖 ∼ 𝐺(𝜃) , 𝑖 ∈ [𝑁 ]

𝑜𝑖 ∼ 𝑓
(︁
𝑜 ; 𝜃𝑖

)︁
, 𝑖 ∈ [𝑁 ]

However, this description is somewhat opaque and non-constructive; unlike the finite case, where
mixture weights 𝜋 were sampled from a Dirichlet distribution, it is unclear how to sample an infinite
discrete distribution 𝐺 from a DP.

To illustrate the analogy of the DPMM to finite mixture models, the DP can be specified in an
equivalent form based on the stick-breaking construction of Sethuraman (1994). The idea is that
the sizes of clusters are determined by a random process that first selects some proportion 𝛽1 of the
unit interval (‘breaks the stick’), where 𝛽1 ∼ Beta (1, 𝛼), and defines that to be the size of the first
cluster (as a proportion 𝜋1). This process is then recursively applied ad infinitum to the remaining
length-(1− 𝛽1) stick, resulting in a countably infinite subdivision of the unit interval:

𝛽𝑘 ∼ Beta (1, 𝛼)

𝜋𝑘 , 𝛽𝑘

𝑘−1∏︁
𝑙=1

(1− 𝛽𝑙) = 𝛽𝑘

(︃
1−

𝑘=1∑︁
𝑙=1

𝜋𝑙

)︃
(2.28)

For each 𝜋𝑘, sample a corresponding 𝜃𝑘 from 𝐻 (𝜃), and let 𝐺 ,
∑︀∞

𝑘=1 𝜋𝑘𝛿𝜃𝑘 , where 𝛿𝑥 is the Dirac
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delta function. Then it turns out that 𝐺 ∼ DP (𝛼,𝐻).
The stick-breaking construction shows explicitly how to obtain 𝐺. We also see what role 𝛼

plays: smaller values of 𝛼 tend to result in larger sticks earlier in the process, hence fewer clusters
are preferred. Also, the form of 𝐺 now resembles a mixture distribution. The weights 𝜋𝑘 that result
process is usually denoted as a sample from a Griffiths-Engen-McCloskey process: 𝜋 ∼ GEM(𝛼).
We can now rewrite the generative process using the construction:

𝜋 ∼ GEM(𝛼) (2.29)

𝜃𝑗 ∼ 𝐻 (𝜃) , 𝑗 ∈ [∞]

𝑧𝑖 ∼ Categorical (𝜋) , 𝑖 ∈ [𝑁 ]

𝑜𝑖 ∼ 𝑓 (𝑜 ; 𝜃𝑧𝑖) , 𝑖 ∈ [𝑁 ]

The process now resembles the finite case shown in Equation 2.19, although it is still not computa-
tionally feasible since it involves generating an infinite number of sticks and parameters.

Much like the Dirichlet distribution, the DP has nice conjugacy properties that supports the
computation of certain conditional distributions. In the previous generative process (Equation 2.27),
suppose we have observed 𝑁 instances of 𝜃𝑖, each generated from some 𝐺, which in turn is generated
from DP (𝛼,𝐻). Then the posterior distribution of 𝐺 and the predictive distribution of 𝜃 is:

𝐺 | 𝜃1, . . . , 𝜃𝑁 ∼ DP

(︃
𝛼+𝑁,

1

𝛼+𝑁

[︃
𝛼𝐻 +

𝑁∑︁
𝑖=1

𝛿𝜃𝑖

]︃)︃
(2.30)

𝜃′ | 𝜃1, . . . , 𝜃𝑁 ∼ 1

𝛼+𝑁

[︃
𝛼𝐻 +

𝑁∑︁
𝑖=1

𝛿𝜃𝑖

]︃
(2.31)

The new base distribution contains 1
𝛼+𝑁 measure on each 𝜃𝑖. This shows that if we continue to

sample new 𝜃 from 𝐺, which we see in the constructive process above is related to sampling from the
new base measure, there is non-zero probability that 𝜃 = 𝜃𝑖 for some previous 𝑖 ∈ [𝑁 ]. In fact, as
the number of samples 𝑁 grows, there is increasingly less chance

(︁
𝛼

𝛼+𝑁

)︁
that a previously-unseen

𝜃 is sampled. Hence the DP prior is a plausible model for clustering.
Since some of the parameters in

(︁
𝜃1, . . . , 𝜃𝑁

)︁
may be duplicates, we collect them into a set

{𝜃1, . . . , 𝜃𝐾} (without duplicates), where 𝐾 ≤ 𝑁 . For each 𝑖 ∈ [𝑁 ], let 𝑧𝑖 = 𝑗, where 𝑗 ∈ [𝐾] is the
unique index that satisfies 𝜃𝑖 = 𝜃𝑗 . We have essentially identified 𝐾 clusters, and the association
of 𝑁 observations to them, by joining together observations generated by the same parameter.
Rewriting the predictive distribution above in terms of these cluster assignment variables:

P
(︀
𝑧′ = 𝑗

⃒⃒
𝑧1, . . . , 𝑧𝑁

)︀
=

1

𝛼+𝑁

[︃
𝛼 I [𝑗 = 𝐾 + 1] +

𝐾∑︁
𝑘=1

𝑁𝑘 I [𝑗 = 𝑘]

]︃
(2.32)

I [·] is the indicator function, and 𝑁𝑘 is the number of points already assigned to cluster 𝑘. The first
term within the brackets corresponds to assigning 𝑜′ to a new cluster, with cluster index (𝐾 + 1)
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and new parameter 𝜃𝐾+1. Equivalently, in the previous section’s notation:

P
(︀
𝑧′ = 𝑗

⃒⃒
𝑂,𝑍

)︀
=

⎧⎨⎩
𝑁𝑗

𝛼+𝑁 , cluster 𝑗 exists
𝛼

𝛼+𝑁 , 𝑗 is a new cluster
(2.33)

This is often referred to as the Chinese restaurant process (CRP) (Aldous, 1985), the metaphor
being that it is a stochastic process for assigning an infinite stream of restaurant customers to
tables. One feature of this process is that the probability of joining a table is proportional to the
number of customers already at the table, leading to a ‘rich gets richer’ phenomenon. The same
process in the space of parameters 𝜃, if sampled according to Equation 2.31, is known as the Pólya
urn model or the Blackwell-MacQueen sampling scheme (Blackwell and MacQueen, 1973).

In the finite case, where assignments can only be made to existing clusters, recall that:

Pfinite
(︀
𝑧′ = 𝑗

⃒⃒
𝑂,𝑍

)︀
=

𝛼
𝐾 +𝑁𝑗

𝛼+𝑁
(from Equation 2.25) (2.34)

As 𝐾 → ∞, this probability approaches the one in the existing-cluster case of the CRP, which is
another way in which DPMMs are a natural generalization of finite mixture models. Inference in
DPMMs can be performed in a similar fashion, where the CRP now appears in the probability of
cluster assignments (Equation 2.23). Given cluster assignments, the rest of the inference process
over parameters Θ is basically the same, except that the number of elements in Θ grows.

Numerous tutorials and surveys have been written on Bayesian nonparametric models; useful
ones include those by Sudderth (2006), Orbanz and Teh (2010), and Ghahramani (2013). DPs and
DPMMs are also discussed in further detail in Teh (2010) and Gershman and Blei (2012).

2.2.3 Dependent Dirichlet process mixture models (DDPMM)

The DPMM’s popularity stems from its simplicity and elegance. However, one major limitation
is that clusters cannot change over time, a consequence of the fact that observations are assumed
to be fully exchangeable. This assumption is violated for problems like target tracking and world
modeling, where the observed entities change over time and space. Various generalizations of the
DP that model temporal dynamics have thus been proposed (e.g., Zhu et al., 2005; Ahmed and
Xing, 2008; Huang et al., 2015) and have been applied to multi-object tracking problems (Campbell
et al., 2013; Neiswanger et al., 2014; Luo et al., 2015).

Many of these generalizations belong to a broad class of stochastic models known as dependent
Dirichlet processes (DDP) (MacEachern, 1999, 2000). We will consider a theoretically-appealing
instance of the DDP, based on a recently-proposed Poisson-process construction (Lin et al., 2010;
Lin, 2012). This construction subsumes a number of existing algorithmically-motivated DP gener-
alizations. Additionally, Lin’s construction has the nice property that at each time slice, the prior
over clusters is marginally a DP. Given a DP prior at time 𝑡, the construction specifies a dependent
prior at time 𝑡 + 1 (or another future time), which is shown to also be a DP. The construction
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Figure 2-2: An illustration of the dependent Dirichlet process (DDP) construction by Lin et al. (2010).
Each ‘cloud’ represents a DP sample, which can be expressed as a collection of weighted atoms in parameter
space Ω. To construct a dependent sequence of DPs, several transition steps are applied to the atoms:
subsampling (departure), point transition (transition), and superposition (arrival). If these three steps are
performed appropriately (see text for details), then Lin et al. (2010) showed that the resulting set of atoms
also forms a DP. Repeating this procedure gives a Markov chain of DPs, which collectively forms a DDP.

therefore generates a Markov chain of DPs over time (see Figure 2-2).
Lin et al. (2010) exploited the fact that there exists a one-to-one correspondence between DPs

over parameter space Ω and spatial Poisson processes in the product space Ω × R+. This means
that an underlying Poisson process can be extracted from any DP, and vice versa. By considering
transitions on the underlying Poisson processes, and restricting to transition steps where the Poisson
process remains closed under transition (more fundamentally, by preserving complete randomness),
we obtain a new spatial Poisson process at the next time step, which can be converted to a new DP.

According to the stick-breaking construction of the DP (Sethuraman, 1994), if 𝐺𝑡 ∼ DP, then it
can be expressed as infinite sum of weighted atoms: 𝐺𝑡 =

∑︀∞
𝑖=1𝑤𝑖𝛿𝜃𝑖 , where 𝑤𝑖 ∈ R+, and 𝜃𝑖 ∈ Ω.

Then the following DP-preserving transition steps are applied in order:

∙ Subsampling (removal/departure): Let 𝑞 : Ω → [0, 1] be a parameter-dependent survival rate,
i.e., 𝑞(𝜃) specifies how likely some 𝜃 in the current time step survives in the next time step. For
each atom 𝜃𝑖, draw 𝑏𝑖 ∼ Ber (𝑞(𝜃𝑖)), and retain atoms with 𝑏𝑖 = 1. Renormalizing the weights
on the retained atoms gives a new DP sample 𝐺′ =

∑︀
𝑖:𝑏𝑖=1𝑤

′
𝑖𝛿𝜃𝑖 (where

∑︀
𝑖:𝑏𝑖=1𝑤

′
𝑖 = 1).

∙ Point transition (movement/transition): Let 𝑇 (· ; 𝜃) : Ω → R+ be a parameter-dependent
transition function, i.e., 𝑇 (𝜃′ ; 𝜃) specifies how likely some 𝜃 in the current time step moves
to 𝜃′ in the next time step, given that it survives. For each atom 𝜃𝑖, draw 𝜃′𝑖 ∼ 𝑇 (· ; 𝜃). Then
𝐺′′ =

∑︀
𝑖:𝑏𝑖=1𝑤

′
𝑖𝛿𝜃′𝑖 is a sample from a new DP.

∙ Superposition (addition/arrival): Let Δ =
∑︀

𝑗 𝜛𝑗𝛿𝜗𝑗
be a new independent DP sample, and

let (𝑐, 𝑑) ∼ Dir (𝛼′′, 𝛼), where 𝛼′′ and 𝛼 are the concentration parameters of the DPs corre-
sponding to 𝐺′′ and Δ respectively. Then the random convex combination 𝐺𝑡+1 = 𝑐𝐺′′ + 𝑑Δ

is a sample from a new DP, and can be used as the prior for the next time step.
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The upshot of this DDP construction is that, if we marginalize out the DP prior, we get the
following prior for 𝜃𝑡+1, given the parameters from the previous time Θ𝑡 =

{︀
𝜃𝑘𝑡
}︀
:

𝜃𝑡+1 | Θ𝑡 ∝ 𝛼𝐻
(︀
𝜃𝑡+1

)︀
+
∑︁
𝑘

𝑞(𝜃𝑘𝑡) 𝑁𝑘,≤𝑡 𝑇
(︁
𝜃𝑡+1 ; 𝜃𝑘𝑡

)︁
(2.35)

The first term is for new atoms, drawn from a DP with base distribution 𝐻 (𝜃) and concentration
parameter 𝛼.2 The second term corresponds corresponds to existing atoms that have undergone
subsampling and transition steps; these steps affect the assignment probability, as indicated by the
presence of 𝑞 and 𝑇 . Additionally, 𝑁𝑘,≤𝑡 is the number of points that have been assigned to cluster
𝑘, for all time steps up to 𝑡. This term is similar to 𝑁𝑗 in the previous section on the DP. Notice
that if 𝑞 ≡ 1 and 𝑇

(︀
· ; 𝜃𝑘𝑡

)︀
= 𝛿𝜃𝑘𝑡 , then we exactly get back the predictive distribution in the DP.

Since 𝜃𝑡+1 ∼ 𝐺𝑡+1, and 𝐺𝑡+1 is sampled from a DP, we can find the predictive distribution of
𝜃𝑡+1, conditioning also on parameters Θ𝑡+1 that have been observed/instantiated at time (𝑡+ 1):

𝜃𝑡+1 | Θ𝑡,Θ𝑡+1 ∝ 𝛼𝐻
(︀
𝜃𝑡+1

)︀
+

∑︁
𝑘:𝑁𝑘,𝑡+1>0

𝑁𝑘,≤𝑡+1 𝛿𝜃𝑘,𝑡+1(𝜃𝑡+1) (2.36)

+
∑︁

𝑘:𝑁𝑘,𝑡+1=0

𝑞(𝜃𝑘𝑡) 𝑁𝑘,≤𝑡 𝑇
(︁
𝜃𝑡+1 ; 𝜃𝑘𝑡

)︁
Compared to the DP predictive distribution in Equation 2.31, the summation over existing atoms
Θ𝑡 is split into two cases. The first summation above is over atom indices that already exist in the
current time (𝑡+1) with parameter value 𝜃𝑘,𝑡+1. Similar to the DP, there is some chance of sampling
the same parameter again (i.e., assign to the same cluster), with probability proportional to the
historical size of the cluster. The second summation corresponds to a new case: these are atom
indices that have not been observed/instantiated at time (𝑡 + 1), but have existed in the past. If
so, the previous-time atom may be ‘revived’, subject to the event that it survives (with probability
𝑞(𝜃𝑘𝑡)). Also, the parameter value is subject to a transition step.

In general, some atoms may not be observed for several time steps, but still affect the prior (with
decayed weight and dispersed parameter values). In the existing-cluster case, the subsampling and
transition steps must be accumulated over multiple time steps, starting from time 𝜏 = 𝜏𝑘𝑡 when the
cluster 𝑘 was last observed. The general form of the prior on 𝜃𝑡 is:

𝜃𝑡 | Θ≤𝑡 ∝ 𝛼𝐻
(︀
𝜃𝑡
)︀
+

∑︁
𝑘:𝑁𝑘𝑡>0

𝑁𝑘,≤𝑡 𝛿𝜃𝑘𝑡(𝜃
𝑡) +

∑︁
𝑘:𝑁𝑘𝑡=0

𝑞𝑘𝑡 𝑁𝑘,≤𝜏 𝑇
(︁
𝜃𝑡 ; 𝜃𝑘𝜏

)︁
, (2.37)

where 𝑞𝑘𝑡 ,
[︁
𝑞(𝜃𝑘𝜏 )

]︁𝑡−𝜏
; 𝑇

(︁
𝜃𝑡 ; 𝜃𝑘𝜏

)︁
,
∫︁
· · ·
∫︁ 𝑡∏︁

𝑡′=𝜏+1

𝑇
(︁
𝜃𝑡

′
; 𝜃𝑡

′−1
)︁
d𝜃𝜏+1 · · · d𝜃𝑡−1

This result will be used in Chapter 4 to derive the DDPMM Gibbs sampling inference algorithm.

2Technically, 𝛼 includes both the innovation process from the superposition step, as well as a subsampled and
transitioned version of innovation processes from previous times; see Lin (2012). Also, 𝐻 can be time-dependent.
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2.3 Data Fusion

Due to uncertainty in our perception of the world, in order to improve our estimates and decrease
uncertainty, we need to aggregate information from multiple pieces of information, and possibly
multiple sources. For example, random noise can be mitigated by repeated observations, a limited
field of view can be supplemented by additional judiciously-placed sensors, and information that
cannot be captured by one type of sensor may be captured by another type (e.g., sensors for different
parts of the electromagnetic spectrum). Integrating such information is the process of data fusion.

Data fusion is a fundamental part of information processing; arguably, this entire dissertation
is on various aspects of data fusion. Since it is such a broad and basic area, I will not attempt to
cover the background here; the interested reader is invited to consult collections such as Liggins
et al. (2008) and surveys such as Khaleghi et al. (2013).

Although I only consider probabilistic data fusion, much data fusion work has been done on other
representation of uncertainty, such as fuzzy logic, Dempster-Shafer evidence theory, and random
set methods (Section 2.1.3). For some applications, these representations have advantages over
probabilistic ones; for example, they can encode ambiguous human operator statements such as
“near” without having to assign or compute probabilities over the space of distances. In particular,
Mahler (2007) has pushed for a unified data fusion theory based on random finite sets, and has
shown in great detail that RFSs can encompass all of the above popular uncertainty representations.
Whether RFS methods becomes widely adopted for data fusion remains to be seen.

Shifting back to the world of probabilistic data fusion, Bayesian inference is essentially the
main, and only, workhorse (Durrant-Whyte and Henderson, 2008). Where it becomes interesting
is when the diversity in information sources causes their data to be mismatched. In Chapter 5, I
will attempt to fuse information from multiple state representations and filters that operate in very
different spaces. This is different in nature compared to Chapters 3 and 4, where the same form of
measurements are fused across space and time. Chapter 5 is also different in that it does not require
much technical background (this background chapter was mostly written for Chapters 3 and 4); all
we need for Chapter 5 is Bayes’ rule, and an open mind.
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Chapter 3

Data Association for Semantic World
Modeling from Partial Views

Much of the everyday human physical environment is made up of coherent physical objects. Environ-
mental dynamics are well described in terms of the effects of actions on those objects. Perceptual
systems are able to report detections of objects with type, location, color, and other properties.
Humans naturally designate both goals and prior information in terms of objects. Thus, it is ap-
propriate for robots to construct ‘mental models’ of their environment that are structured around
objects, their properties, and their relations to one another.

In this chapter, I define a semantic world model to be a set of objects with associated attributes
and relations. To illustrate this concept concretely, consider the following tasks, along with objects
and attributes that are potentially relevant:

∙ Cooking eggs on a pan: Objects — Eggs, pan, stove, etc.
Attributes — CookedTime, StoveSetting, EggPositionRelativeToPan

∙ Finding chairs for guests: Objects — Furniture, people
Attributes — IsChair, Sittable, Movable, Location, SittingOn(Person, Furniture)

∙ Rearranging objects on a table: Objects — Items on table
Attributes — Shape, Type, RelativePositionAndOrientation, GraspPoints

A common theme underlying these tasks, and many others, is that successful planning and ex-
ecution hinges on good world-state estimation and monitoring. Dynamic attributes listed above
also highlight why object-based representations are uniquely suitable for dynamic tasks: transition
dynamics tends to operate on the level of objects. For example, it is much more natural to express
and reason about eggs that are being cooked, as opposed to points in a point cloud or cells in an
occupancy grid that are ‘cooked’. Although we focus on the static case in this chapter, our ultimate
goal is to provide a framework for estimating and monitoring large semantic world models involving
objects and attributes that change over time as a result of physical processes as well as actions by
the robot and other agents. I will generalize the model to semi-static environments in Chapter 4.
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(a) Single viewpoint (b) Aggregation of object detections from multiple viewpoints

Figure 3-1: (a) Given a tabletop scene (top), we want to estimate the types and poses of objects in the
scene using a black-box object detector. From a single RGB-D image, however, objects may be occluded
or erroneously classified. In the rendered image (middle; detections superimposed in red), three objects are
missing due to occlusion, and the bottom two objects have been misidentified. The semantic attributes that
result in our representation are very sparse (bottom; dot location is measured 2-D pose, color represents
type). A single viewpoint is typically insufficient to identify all objects in a scene correctly.
(b) Aggregation of measurements from many different viewpoints (top) is therefore needed to construct good
estimates. However, this introduces data association issues of the type addressed in this work, especially
when multiple instances of the same object type are present. From all the object detection data, as shown
(bottom) by dots (each dot is one detection), our goal is to estimate the object types and poses in the
scene (shown as thick ellipses centered around location estimate; color represents type, ellipse size reflects
uncertainty). The estimate above identifies all types correctly with minimal error in pose.

In this chapter, I address the problem of constructing world models from semantic perception
modules that provide noisy observations of attributes. For concreteness, Figure 4-1 depicts an ap-
plication of our methods; here the world model consists of objects’ types and poses, and attribute
measurements are outputs from a black-box object detector running continuously on sensed RGB-
D images. Due to noise, occlusion, and sensors’ limited field of view, observations from multiple
viewpoints will typically be necessary to produce a confident world model. Because attribute detec-
tions are sparse, noisy, and inherently ambiguous, where it is unclear which attribute measurements
were produced by the same object across different views, data association issues become critical.
This is the greatest challenge; if the measurement-object correspondences were known, the resulting
object-attribute posterior distributions would be efficiently computable.

I begin by stating a formal model for a simplified 1-D version of the world-model estimation
problem in Section 3.2, and then review a classic solution approach based on tracking in Section 3.3.
The main contribution of this chapter is the development of several novel clustering-based data as-
sociation approaches, described in Sections 3.4 and 3.5. Application of the semantic world-modeling
framework to object type-and-pose estimation is then demonstrated in Section 3.6, where I present
experimental results using data collected with a Kinect sensor on a mobile robot.

38



3.1 Related Work

The work in this chapter lies in the intersection of semantic perception, world modeling, and data
association. The first two were discussed in Chapter 1, and the latter was covered in Chapter 2.

In the context of previous work, I view my approach as building on the semantic world modeling
problem formulation of Elfring et al. (2013) (which used multiple hypothesis tracking (MHT) to
perform data association) and the data association techniques (MCMCDA) of Oh et al. (2009). As
argued by Oh et al. (2009), MHT has various drawbacks, which are directly inherited by the approach
of Elfring et al. (2013). However, instead of directly applying MCMCDA to world modeling, I will
introduce more domain assumptions to make inference more efficient.

Unlike target tracking, for which most data association algorithms are designed, semantic world
modeling has three distinguishing domain characteristics:

∙ Objects can have attributes besides location, and hence are distinguishable from each other
in general (which likely makes data association easier). Some data association methods can
be readily generalized to this case as was done by Elfring et al. (2013) for the MHT.

∙ Only a small region of the world is visible from any viewpoint. Most data association methods
operate in regimes where all targets are sensed (possibly with noise/failure) at each time point.

∙ Most object states do not change over short periods of time.

With respect to the first point, Dellaert (2001) also recognized the utility of considering at-
tributes in data association problems. When occlusions and clutter are present, correspondences
are frequently ambiguous, and incorporating more information can help separate the targets of
correspondence. Dellaert (2001) considered this idea in the context of the structure-from-motion
problem, proposing that image feature appearances should be considered in addition to their mea-
sured locations, in order to better distinguish different features between images. My approach shares
many resemblances to this line of work due to the use of attributes and MCMC-based inference.

In light of the final point, we study the semantic world modeling problem under the stringent
assumption that the world is static, i.e., object states do not change.1 This does not trivialize the
data association problem, since it is still necessary to determine measurement-to-object correspon-
dences (and is exacerbated by the limited field of view). However, target-tracking algorithms no
longer seem most appropriate, since time is no longer an essential dimension. Instead, the problem
becomes more akin to clustering, where objects are represented by points in the joint attribute
(product) space, and measurements form clusters around these points.

A useful model for performing clustering with an unbounded number of clusters is the Dirichlet
process mixture model (DPMM) (Antoniak, 1974; Neal, 2000), a Bayesian nonparametric approach
that can be viewed as an elegant extension to finite mixture models (see Section 2.2 for details). I

1 Over long periods of time, this assumption is clearly unrealistic, but is beyond the scope of this chapter. A naïve
solution is to refresh the world model using a short window of measurements prior to each query, assuming that the
world has not changed during that window.
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apply this clustering method to world modeling in Section 3.4 and derive a Gibbs sampling algorithm
to perform inference. The sampling candidate proposals in this algorithm can be viewed as a subset
of those considered by Oh et al. (2009). However, clustering ignores the crucial cannot-link constraint
(CLC) in data association; more details will be given in Section 3.5, where I introduce modifications
and approximations to address this issue.

3.2 The 1-D Colored-Lights Domain

For clarity of explanation I begin by introducing a model of minimal complexity, involving objects
with 1-D locations and a single attribute (color). Despite this simplification, the fundamental issues
in data association are captured in the model described in this section. Generalizing to higher
dimensions and more attributes is relatively straightforward; in Section 3.6, I generalize to 3-D
locations and use object types as an attribute in our semantic world modeling application.

The world consists of an unknown number (𝐾) of stationary lights. Each light is characterized by
its color 𝑐𝑘 and its location 𝑙𝑘 ∈ R, both of which do not change over time. A finite universe of colors
of size 𝐶 is assumed. A robot moves along this 1-D world, occasionally gathering partial views of
the world with known fields of view [𝑎𝑣, 𝑏𝑣] ⊂ R. Within each view, 𝑀𝑣 lights of various colors and
locations are observed, denoted by 𝑜𝑣𝑚 ∈ [𝐶] , {1, . . . , 𝐶} and 𝑥𝑣𝑚 ∈ R respectively. These (𝑜𝑣𝑚, 𝑥

𝑣
𝑚)

pairs may be noisy (in both color and location) or spurious (false positive – FP) measurements
of the true lights. Also, a light may sometimes fail to be perceived (false negative – FN). Given
these measurements, the goal is to determine the posterior distribution over configurations (number,
colors, and locations) of lights in the explored region of the world.

I assume the following form of noise models. For color observations, for each color 𝑐, there is
a known discrete distribution 𝜑𝑐 ∈ Δ𝐶 (estimable from perception apparatus statistics) specifying
the probability of color observations:

𝜑𝑐𝑖 =

⎧⎨⎩P(no observation for light with color 𝑐) , 𝑖 = 0

P(color 𝑖 observed for light with color 𝑐) , 𝑖 ∈ [𝐶]
(3.1)

A similar distribution 𝜑0 specifies the probability of observing each color given that the observation
was a false positive. False positives are assumed to occur in a proportion 𝑝FP of object detections.
Each view may have multiple detections and hence multiple false positives. For location observa-
tions, if the observation corresponds to an actual light, then the observed location is assumed to be
Gaussian-distributed, centered on the actual location. The variance is not assumed known and will
be estimated for each light from measurement data. For false positives, the location is assumed to
be uniformly distributed over the field of view (Unif[𝑎𝑣, 𝑏𝑣]).

Next, I present the core problem of this domain. Given sets of color-location detections from a
sequence of views, {{(𝑜𝑣𝑚, 𝑥𝑣𝑚)}𝑀

𝑣

𝑚=1}𝑉𝑣=1, we want to infer the posterior distribution on the configu-
ration of lights {(𝑐𝑘, 𝑙𝑘)}𝐾𝑘=1, where 𝐾 is unknown as well. If we knew, for each light, which subset
of the measurements were generated from that light, then we would get 𝐾 decoupled estimation
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problems (assuming lights are independent from each other). With suitable priors, these single-light
estimation problems admit efficient solutions; details can be found in the Appendix.

The issue is that these associations are unknown. Therefore, we must reason over the space of
possible data associations. For each observation, let 𝑧𝑣𝑚 be the index of the light that the observation
corresponds to (ranging in [𝐾] for a configuration with 𝐾 lights), or 0 if the observation is a false
positive. 𝑧𝑣𝑚 is the latent association for measurement (𝑜𝑣𝑚, 𝑥𝑣𝑚). Let z𝑣 be the concatenated length-
𝑀𝑣 vector of all 𝑧𝑣𝑚 variables in view 𝑣, and let {z𝑣} be the collection of all correspondence vectors
from the 𝑉 views. We then aggregate estimates over all latent associations (some indices have been
dropped to reduce clutter, if clear from context; please refer to the previous paragraph for indices):

P
(︁
{(𝑐, 𝑙)}

⃒⃒⃒
{{(𝑜, 𝑥)}}

)︁
=
∑︁
{z𝑣}

P
(︁
{(𝑐, 𝑙)}

⃒⃒⃒
{z𝑣} , {{(𝑜, 𝑥)}}

)︁
P
(︁
{z𝑣}

⃒⃒⃒
{{(𝑜, 𝑥)}}

)︁
(3.2)

The first term is given by the decoupled estimation problems mentioned above, and results in
a closed-form posterior distribution given in the Appendix (Section 3.A). The desired posterior
distribution on the left is therefore, in exact form, a mixture over the closed-form posteriors. The
problem is that the number of mixture components is exponential in 𝑀𝑣 and 𝑉 , one for each full
association {z𝑣}, so maintaining the full posterior distribution is intractable. Finding tractable
approximations to this light-configuration posterior distribution is the subject of Sections 3.3–3.5.

3.3 A Tracking-Based Approach

If we consider the lights to be stationary targets and the views to be a temporal sequence, a target-
tracking approach can be used. Tracking simultaneously solves the data association (measurement
correspondence) and target parameter estimation (light colors and locations) problems. As discussed
in Section 2.1, a wide variety of tracking algorithms exist, and in particular multiple hypothesis
tracking (MHT) (Reid, 1979) has already been adopted by Elfring et al. (2013) on the problem of
semantic world modeling. We provide a gist of the MHT applied to world modeling, and discuss a
problematic issue below; readers are referred to Elfring et al. (2013) for details.

The MHT algorithm maintains, at every timestep (view) 𝑣, a distribution over all possible
associations of measurements to targets up to 𝑣. At each view, MHT therefore needs to propagate
each previous hypothesis forward with each possible association in view 𝑣. One way to consider this
is as a tree, where nodes of depth 𝑣 are associations up to view 𝑣, and a distribution is maintained on
the leaves. Each view introduces a new layer of nodes, where the branching factor is the number of
valid associations in that view. Without loss of generality, assume that the views are in chronological
order. The distribution over associations up to view 𝑣 is:

P
(︁
{z}≤𝑣

⃒⃒⃒
{{(𝑜, 𝑥)}}≤𝑣

)︁
= P

(︁
z𝑣
⃒⃒⃒
{z}<𝑣 , {{(𝑜, 𝑥)}}≤𝑣

)︁
P
(︁
{z}<𝑣

⃒⃒⃒
{{(𝑜, 𝑥)}}<𝑣

)︁
(3.3)

∝ P
(︁
{(𝑜𝑣, 𝑥𝑣)}

⃒⃒⃒
z𝑣, {z}<𝑣 , {{(𝑜, 𝑥)}}<𝑣

)︁
P
(︁
z𝑣
⃒⃒⃒
{z}<𝑣 , {{(𝑜, 𝑥)}}<𝑣

)︁
P
(︁
{z}<𝑣

⃒⃒⃒
{{(𝑜, 𝑥)}}<𝑣

)︁
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where superscript “𝑣” indicates variables at view 𝑣 only, “≤ 𝑣” for everything up to view 𝑣, and
“< 𝑣” for everything up to the previous view (excluding 𝑣). The first term is the likelihood of the
current view’s observations, the second is the prior on the current view’s correspondences given
previously identified targets, and the final term is the filter’s distribution from the previous views.

The likelihood term for view 𝑣 follows mostly from the derivation in the Appendix. The obser-
vations are independent given the view’s correspondence vector z𝑣, and the likelihood is a product
of 𝑀𝑣 of the following terms:

P
(︁
𝑜𝑣𝑚, 𝑥

𝑣
𝑚

⃒⃒⃒
𝑧𝑣𝑚 = 𝑘, {z}<𝑣 , {{(𝑜, 𝑥)}}<𝑣

)︁
=

⎧⎨⎩
𝜑0
𝑜

𝑏𝑣−𝑎𝑣 , 𝑘 = 0

P
(︁
𝑜𝑣𝑚

⃒⃒⃒
{{𝑜}}<𝑣

𝑧=𝑘

)︁
P
(︁
𝑥𝑣𝑚

⃒⃒⃒
{{𝑥}}<𝑣

𝑧=𝑘

)︁
, 𝑘 ̸= 0

(3.4)

where the “𝑧 = 𝑘” subscript refers to observations (from previous time steps in this case) that have
been assigned to the same light, as indicated by the correspondence vectors {z}<𝑣. Observations
corresponding to other lights are ignored because lights are assumed to be independent. The two
probability terms can be found from the posterior predictive distribution (Equations 3.24, 3.28
respectively). For new targets (where 𝑘 does not index an existing target), the conditioning set of
previous observations will be empty, but can be likewise handled by the predictive distributions.
The false positive probability (𝑘 = 0) follows from the observation model (Equation 3.1).

The prior on the current view’s correspondences, the second term in Equation 3.3, is due to
Reid (1979). Assume we know which of the existing targets are within the current field of view
based on the hypothesis on previous views (this can be found by gating). Denote the indices of
these targets as the size-𝐾𝑣 set {𝑘}𝑣. Another plausible assumption used in the tracking literature,
due to sensor characteristics, is that in a single view, each target can generate at most one non-
spurious measurement. I will refer to this as the cannot-link constraint (CLC), because multiple
measurements within the same view cannot be ‘linked’ to the same target.

I now define validity of correspondence vectors z𝑣. Recall that in this length-𝑀𝑣 vector, the
𝑚’th entry 𝑧𝑣𝑚 is the (positive integer) target index to which (𝑜𝑣𝑚, 𝑥

𝑣
𝑚) correspond, or 0 for a false

positive. First, an entry in z𝑣 must either be 0, a target index in {𝑘}𝑣, or a new (non-existing)
index; otherwise, it corresponds to an out-of-range target. Second, by the CLC assumption, no
entry may be repeated in z𝑣, apart from 0 for false positives. A correspondence z𝑣 is valid if and
only if it satisfies both conditions.

The following quantities can be found directly from z𝑣:

𝑛0 , Number of false positives (0 entries) (3.5)

𝑛∞ , Number of new targets (non-existing indices)

𝛿𝑘 , I
[︀
Target 𝑘 is detected (∃𝑚. 𝑧𝑣𝑚 = 𝑘)

]︀
, 𝑘 ∈ {𝑘}𝑣

𝑛1 , Number of matched targets =𝑀𝑣 − 𝑛0 − 𝑛∞ =
∑︁
𝑘

𝛿𝑘 (by CLC)
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where I [·] is the indicator function. Then we can split P
(︀
z𝑣
⃒⃒
{z}<𝑣 , {{(𝑜, 𝑥)}}<𝑣 )︀ by conditioning

on the above quantities, which are deterministic functions of z𝑣:2

P
(︀
z𝑣
)︀
= P

(︀
z𝑣, 𝑛0, 𝑛∞, 𝑛1, {𝛿𝑘}

)︀
= P

(︀
z𝑣
⃒⃒
𝑛0, 𝑛∞, 𝑛1, {𝛿𝑘}

)︀
P
(︀
𝑛0, 𝑛∞, 𝑛1, {𝛿𝑘}

)︀
(3.6)

By the assumed model characteristics, the second term is:

P
(︀
𝑛0, 𝑛∞, 𝑛1, {𝛿𝑘}

)︀
= Binomial

(︀
𝑛0 ; 𝑀

𝑣, 𝑝FP
)︀
P
(︀
𝑛∞ ; 𝑀𝑣

)︀
P
(︀
{𝛿𝑘}

)︀
(3.7)

P
(︀
{𝛿𝑘}

)︀
=

∏︁
𝑘∈{𝑘}𝑣

[︀
𝑝D(𝑘)

]︀𝛿𝑘 [︀1− 𝑝D(𝑘)
]︀1−𝛿𝑘 (3.8)

where 𝑝D(𝑘) is the (target-specific) detection probability defined in Equation 3.25 in the Appendix.
The number of new targets 𝑛∞ is typically Poisson-distributed.

Determining the correspondence given the quantities above involves assigning z𝑣𝑚 indices to the
three groups of entries (of sizes 𝑛0, 𝑛∞, and 𝑛1) and matching a size-𝑛1 subset of {𝑘}𝑣 (as indicated
by {𝛿𝑘}) to the indices in the final group. A common assumption is that all assignments and matches
of indices are equally likely, so the first term in Equation 3.6 is the reciprocal of the number of valid
correspondence vectors (given 𝑛0, 𝑛∞, 𝑛1, and {𝛿𝑘}), given by:

𝑛valid
(︀
𝑛0, 𝑛∞, 𝑛1, {𝛿𝑘}

)︀
=

(︂
𝑀𝑣

𝑛0, 𝑛∞, 𝑛1

)︂
𝑛1! =

𝑀𝑣!

𝑛0!𝑛∞!
(3.9)

Combining Equations 3.4–3.9 gives the necessary expressions used in the MHT filter (Equation 3.3).

The expression for 𝑛valid, which is related to the branching factor in the tree of associations that
the MHT considers, highlights the complexity of this approach. To obtain the total number of valid
associations, we need to also consider all possible settings of 𝑛0, 𝑛∞, 𝑛1, and {𝛿𝑘}:

𝑛total =
𝑀𝑣∑︁
𝑛0=0

(𝑀𝑣−𝑛0)∑︁
𝑛∞=0

(︂
𝐾𝑣

𝑛1

)︂
𝑛valid

(︀
𝑛0, 𝑛∞, 𝑛1, {𝛿𝑘}

)︀
(3.10)

Even with 4 measurements and 3 within-range targets, the branching factor is 304, so considering
all hypotheses over many views is clearly intractable. Many hypothesis-pruning strategies have been
devised (e.g., Kurien (1990); Cox and Hingorani (1996)), the simplest of which include keeping the
best hypotheses or hypotheses with probability above a certain threshold. More complex strategies
to combine similar tracks and reduce the branching factor have also been considered. In the ex-
periments of Section 3.6 I simply keep hypotheses with probability above a threshold of 0.01. As
I will demonstrate in the experiments, an MHT filter using this aggressive pruning strategy can
potentially cause irreversible association errors and make incorrect conclusions.

2 The probabilities implicitly depend on previous correspondences {z}<𝑣 and observations {{(𝑜, 𝑥)}}<𝑣, as shown
in the second term of Equation 3.3, via the targets in view {𝑘}𝑣 and their detection probabilities in Equation 3.8.
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3.4 A Clustering-Based Approach

If we consider all the measurements together and disregard their temporal relationship (static world
assumption), we expect the measurements to form clusters in the product space of colors and
locations ([𝑇 ] × R), allowing us to derive estimates of the number of lights and their parameters.
In probabilistic terms, the measurements are generated by a mixture model, where each mixture
component is parameterized by the unknown parameters of a light. Since the number of lights in
the world is unknown, we also do not want to limit the number of mixture components a priori.

As mentioned in Section 3.1, the Dirichlet process mixture model (DPMM) supports an un-
bounded number of mixture components (see Section 2.2 for details). I now derive the DPMM
model specifics and inference procedure for the colored-lights domain. A few more assumptions
need to be made and parameters defined. Our model assumes that the cluster parameter dis-
tribution 𝐺 is drawn from a DP prior DP(𝛼,𝐻), where 𝐻 is the base distribution and 𝛼 is the
concentration hyperparameter (controlling the similarity of 𝐺 and 𝐻, and also indirectly the num-
ber of clusters). 𝐻 acts as a ‘template’ for the DP, and is hence also a distribution over the space
of cluster parameters. I set it to be the product distribution of 𝜋, the prior on colors 𝑐, and a
normal-gamma distribution over the location 𝑙 and its observation precision 𝜏 (see the Appendix for
details on this latter distribution, as well as an interpretation of the subscripted hyperparameters):

𝐻(𝑐, 𝑙, 𝜏) , 𝜋𝑐 NormalGamma (𝑙, 𝜏 ; 𝜆0, 𝜈0, 𝛼0, 𝛽0) (3.11)

To accommodate false positives, which occur with probability 𝑝FP, we scale 𝐺 from the DP prior
by a factor of (1− 𝑝FP) for true positives, and let the remaining probability mass correspond to a
parameter-less cluster to which all false positives are assigned.

As discussed in Section 2.2.2, we can use the stick-breaking construction of Sethuraman (1994)
to express 𝐺 explicitly as a sum of weighted atoms. In particular, generate:

{𝜋𝑘} ∼ Griffiths-Engen-McCloskey(𝛼) ; {(𝑐𝑘, 𝑙𝑘, 𝜏𝑘)} ∼ 𝐻 (3.12)

Once {𝜋𝑘} and {(𝑐𝑘, 𝑙𝑘, 𝜏𝑘)} are drawn from the DP prior, the rest of the generative process is:

𝜃𝑘 =

⎧⎨⎩𝑝FP , 𝑘 = 0

(1− 𝑝FP)𝛽𝑘 , 𝑘 ̸= 0
Cluster proportions (with FPs) (3.13)

𝑧𝑣𝑚 ∼ 𝜃 ; 𝑚 ∈ [𝑀𝑣] , 𝑣 ∈ [𝑉 ] Cluster assignment (for each obs.)

𝑜𝑣𝑚 ∼

⎧⎨⎩𝜑0 , 𝑧𝑣𝑚 = 0

𝜑𝑐𝑧 , 𝑧𝑣𝑚 ̸= 0
Color observation

𝑥𝑣𝑚 ∼

⎧⎨⎩Unif[𝑎𝑣, 𝑏𝑣] , 𝑧𝑣𝑚 = 0

𝒩
(︀
𝑙𝑧, 𝜏

−1
𝑧

)︀
, 𝑧𝑣𝑚 ̸= 0

Location observation
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Despite being a nice theoretical tool, an infinite collection of sticks cannot be directly handled
computationally. The most straightforward way to perform inference in a DPMM is by Gibbs
sampling. In particular, I derive a collapsed Gibbs sampler for the cluster correspondence variables
{{𝑧𝑣𝑚}} and integrate out the other latent variables, (𝑐, 𝑙, 𝜏) and 𝜃. In Gibbs sampling, we iteratively
sample from the conditional distribution of each 𝑧𝑣𝑚, given all other correspondence variables (which
I will denote by {{𝑧}}−𝑣𝑚). By Bayes’ rule:

P
(︁
𝑧𝑣𝑚 = 𝑘

⃒⃒⃒
{{𝑧}}−𝑣𝑚 , {{(𝑜, 𝑥)}}

)︁
(3.14)

∝ P
(︁
𝑜𝑣𝑚, 𝑥

𝑣
𝑚

⃒⃒⃒
𝑧𝑣𝑚 = 𝑘, {{𝑧}}−𝑣𝑚 , {{(𝑜, 𝑥)}}−𝑣𝑚

)︁
P
(︁
𝑧𝑣𝑚 = 𝑘

⃒⃒⃒
{{𝑧}}−𝑣𝑚 , {{(𝑜, 𝑥)}}−𝑣𝑚

)︁
∝ P

(︁
𝑜𝑣𝑚, 𝑥

𝑣
𝑚

⃒⃒⃒
{{(𝑜, 𝑥)}}−𝑣𝑚

𝑧=𝑘

)︁
P
(︁
𝑧𝑣𝑚 = 𝑘

⃒⃒⃒
{{𝑧}}−𝑣𝑚

)︁
In the final line, the first term can be found from the posterior predictive distributions described in
the Appendix (Equations 3.24 and 3.28), in a similar fashion to that in the MHT (Equation 3.4).
This allows us to collapse the latent cluster parameters (𝑐, 𝑙, 𝜏). Note that the observations being
conditioned on exclude (𝑜𝑣𝑚, 𝑥

𝑣
𝑚) and depend on the current correspondence variable samples (to

determine which observations belong to cluster 𝑘).

The second term, the distribution of 𝑧𝑣𝑚 given all other cluster assignments, is given by the
Chinese restaurant process (CRP), which is obtained by integrating out the DP prior on 𝜃. Together
with our prior on false positives:

P
(︁
𝑧𝑣𝑚 = 𝑘

⃒⃒⃒
{{𝑧}}−𝑣𝑚

)︁
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩
(1− 𝑝FP)

𝑁−𝑣𝑚
𝑘

𝛼+𝑁−𝑣𝑚 , 𝑘 ∈ [𝐾] (𝑘 exists)

(1− 𝑝FP)
𝛼

𝛼+𝑁−𝑣𝑚 , 𝑘 = 𝐾 + 1 (𝑘 new)

𝑝FP , 𝑘 = 0

(3.15)

where 𝑁−𝑣𝑚
𝑘 is the number of observations currently assigned to cluster 𝑘 (excluding (𝑜𝑣𝑚, 𝑥

𝑣
𝑚)),

𝑁−𝑣𝑚 =
∑︀𝐾

𝑘=1𝑁
−𝑣𝑚
𝑘 is the total number of non-false-positive observations across all views, and

𝐾 is the number of instantiated clusters. This expression illustrates the role of the concentration
parameter 𝛼 from a sampling perspective: larger 𝛼 leads to more frequent creation of new clusters.

By combining Equations 3.14 and 3.15, we can sample from the conditional distribution of
individual correspondences 𝑧𝑣𝑚. Although the model supports an infinite number of clusters, the
modified CRP expression (Equation 3.15) shows that we only need to compute 𝐾 ′ + 2 values for
one sampling step, where 𝐾 ′ is the number of existing clusters with 𝑁−𝑣𝑚 > 0, which is finite, since
clusters without data are removed. One sampling sweep over all correspondence variables {{𝑧𝑣𝑚}}
constitutes one sample from the DPMM. Given the correspondence sample, finding the posterior
configuration is simple. Each non-empty cluster corresponds to a light. For each cluster, applying
Equations 3.23 and 3.26 from the Appendix to the cluster’s associated data provides the posterior
distributions on the light’s color and location (with observation model precision) respectively. The
posterior marginal distribution on the light’s location is a 𝑡-distribution with parameters given in
Equation 3.27.
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Input: Observations {{(𝑜𝑣𝑚, 𝑥𝑣𝑚)}𝑀
𝑣

𝑚=1}𝑉𝑣=1

Number of samples 𝑆
Output: Samples of cluster assignments

{{{𝑧𝑣 (𝑠)
𝑚 }𝑀𝑣

𝑚=1}𝑉𝑣=1}𝑆𝑠=1

1: Init. 𝐾 := 0; 𝑧𝑣 (0)
𝑚 := 0 for all𝑚 ∈ [𝑀𝑣], 𝑣 ∈ [𝑉 ]

2: for 𝑠 := 1 to 𝑆; 𝑣 := 1 to 𝑉 ; 𝑚 := 1 to 𝑀𝑣 do
3: Find cluster predictive distributions and sizes

using most-recent samples {{𝑧𝑣 (𝑠−1)
𝑚 }}−𝑣𝑚

4: Compute sampling distribution (Equa-
tion 3.14) by multiplying Equation 3.4 and
Equation 3.15 for each 𝑘 ∈ {0} ∪ [𝐾 + 1],
then normalizing

5: Sample 𝑧𝑣 (𝑠)
𝑚 from sampling distribution

6: if 𝑧𝑣 (𝑠)
𝑚 = 𝐾 + 1 then

7: 𝐾 := 𝐾 + 1
8: Remove cluster with index 𝑧𝑣 (𝑠−1)

𝑚 if
it has no other assigned observations

(a) Collapsed Gibbs sampling for DPMM

Input: Observations {{(𝑜𝑣𝑚, 𝑥𝑣𝑚)}𝑀
𝑣

𝑚=1}𝑉𝑣=1

Cluster penalty parameter 𝜆
Output: Cluster assignments {{{𝑧𝑣𝑚}𝑀𝑣

𝑚=1}𝑉𝑣=1}
1: Init. 𝐾 := 1; 𝑧𝑣𝑚 := 1 for all 𝑚 ∈ [𝑀𝑣], 𝑣 ∈ [𝑉 ]
2: repeat
3: for 𝑣 := 1 to 𝑉 ; 𝑚 := 1 to 𝑀𝑣 do
4: 𝑑𝑣𝑚(𝑘) := − logP (𝑜𝑣𝑚, 𝑥

𝑣
𝑚 | {{(𝑜, 𝑥)}}𝑧=𝑘)

for each 𝑘 ∈ [𝐾] (using Equation 3.4)
5: if min𝑘 𝑑

𝑣
𝑚(𝑘) > 𝜆 then

6: 𝑧𝑣𝑚 := 𝐾 + 1; 𝐾 := 𝐾 + 1
7: else
8: 𝑧𝑣𝑚 := argmin𝑘 𝑑

𝑣
𝑚(𝑘)

9: until convergence
10: Sort clusters by size |{𝑧𝑣𝑚 = 𝑘}|, remove smallest

clusters containing a total of a 𝑝FP-proportion of
all observations, and set associated 𝑧𝑣𝑚 = 0

(b) Hard-clustering algorithm for DPMM,
inspired by DP-means (Kulis and Jordan, 2012)

Figure 3-2: Inference algorithms for DPMMs, one by sampling, the other by hard clustering.

Although Gibbs sampling is a conceptually simple inference method for recovering the poste-
rior distribution in the DPMM, it is relatively inefficient because it requires a substantial number of
samples to reach convergence. Kulis and Jordan (2012) recently proposed an elegant hard-clustering
method, DP-means, that produces a single clustering assignment. The algorithm is derived from
analyzing the small-variance asymptotics of the DPMM Gibbs sampler, and bears great resemblance
to k-means. Like k-means, data points are assigned to their closest cluster centers, with the excep-
tion that points farther than 𝜆 away from all existing clusters are instead assigned to instantiate
a new cluster. The process is repeated until convergence, which is guaranteed. The original pre-
sentation involved only Gaussian-distributed cluster means. Figure 3-2(b) shows our extension to
the algorithm, which handles the discrete color parameter and also false positives. Although this
method produces a single assignment instead of a distribution, I will use it in the next section to
initialize algorithms that handle more data association constraints.

3.5 Incorporating View-Level Information and Constraints

The DPMM-based solution to the colored-lights problem is a straightforward application of the
DPMM, but ignores two fundamental pieces of information:

∙ Visible region information and false negatives (FN): The DPMM does not consider
the field of view [𝑎𝑣, 𝑏𝑣], and hence neither which clusters are visible when a measurement is
made. Clusters that are frequently visible but only sporadically detected suggest that there
may in fact be no light there, that the detections were errors. Because the DPMM does not
consider this, it may posit a cluster for a spurious measurement when its absence in other
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(a) Single viewpoint (b) DPMM sample clustering (c) DPMM-FullView sample

Figure 3-3: A real-world example demonstrating issues with the DPMM approach from Section 3.4. (a)
A scene containing many instances of the same object type, viewed from above. The relative proximity
of similar objects make them easily confusable for data association. (b) The DPMM approach performs
particularly poorly in this scenario because it ignores false-negative information and the one-measurement-
per-object constraint. One sample from the posterior distribution is shown by the thick ellipses, centered
around the mean cluster locations, with sizes depicting posterior variance and colors depicting object type
(red = red soup can, black = orange baking-soda box); the small dots show raw measurements. Ignoring
FNs causes spurious clusters (e.g., left-most thin green circle) to be more likely, since they are not discounted
by absences in other views. Ignoring the CLC assumption causes measurements from similar nearby objects
to be aggregated into a single cluster, even if they were observed together in a single view, as was the case
for the four soup cans in the middle. (c) By taking into account view-level information and constraints, the
DPMM-FullView method described in Section 3.5.1 recovers the correct interpretation of the scene.

views would have suggested otherwise. It may also assign a measurement to a cluster that
should not be visible from the current view, although this case is less likely to occur.

∙ Cannot-link constraint (CLC): When two lights of the same color are placed close to each
other, they are easily confusable. The only way to distinguish between them is if both are
consistently detected together. Then, by the CLC assumption, the two detections cannot be
assigned to the same light, so the second detection must come from a second light, or be an
FP. With sufficient views, two clusters emerge. Because the DPMM ignores the CLC, it may
associate both detections to the same cluster. In fact, the DPMM generally prefers larger
clusters (instead of two small ones) due to the ‘rich gets richer’ phenomenon in the Chinese
restaurant process (Equation 3.15).

Figure 3-3 illustrates a real-world example of both issues.

The above issues are consequences of the DPMM’s conditional independence assumptions. To
see this, consider the concrete example depicted in Figure 3-4, where we wish to sample cluster
assignments for an entire view’s 𝑀𝑣 = 4 measurements. The DPMM Gibbs sampler samples the
cluster assignment for each measurement individually, as shown in Figure 3-4(b). This causes the
two right-most measurements to be assigned to the same cluster, a violation of the CLC. The
assumption states that at most one measurement in a single view can be assigned to each cluster;
this view-level constraint cannot be incorporated on the level of individual measurements. Likewise,
a false negative only arises if none of the measurements in a view are assigned to a cluster within
the field of view. To handle these constraints we must couple the measurements and sample their
assignments jointly.
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3.5.1 DPMM-FullView

More formally, instead of sampling a view 𝑣’s correspondence variables {𝑧𝑣𝑚}𝑀
𝑣

𝑚=1 one by one, we
consider sampling from the conditional distribution of the joint correspondence vector z𝑣:

P
(︁
z𝑣
⃒⃒⃒
{z}−𝑣 , {{(𝑜, 𝑥)}}

)︁
∝ P

(︁
{(𝑜𝑣, 𝑥𝑣)}

⃒⃒⃒
z𝑣, {z}−𝑣 , {{(𝑜, 𝑥)}}−𝑣

)︁
P
(︁
z𝑣
⃒⃒⃒
{z}−𝑣

)︁
(3.16)

Like the previous two sections, the first term is an observation likelihood term that factors into a
product of𝑀𝑣 terms, each of which is similar to Equation 3.4. The second term is the DP conditional
distribution on z𝑣, and can be found by repeated application of the CRP (Equation 3.15):

PDPMM

(︁
z𝑣
⃒⃒⃒
{z}−𝑣

)︁
= P

(︁
𝑧𝑣𝑀𝑣

⃒⃒⃒
𝑧𝑣𝑀𝑣−1, . . . , 𝑧

𝑣
1 , {z}

−𝑣
)︁
. . . P

(︁
𝑧𝑣2

⃒⃒⃒
𝑧𝑣1 , {z}

−𝑣
)︁
P
(︁
𝑧𝑣1

⃒⃒⃒
{z}−𝑣

)︁
=
𝑝𝑛0
FP (1− 𝑝FP)

(𝑛1+𝑛∞) 𝛼𝑛∞
[︁∏︀

{𝑚}1
𝑁−𝑣

𝑧𝑣𝑚

]︁
∏︀(𝑛1+𝑛∞)−1

𝑚′=0 𝛼+𝑁−𝑣 +𝑚′
(3.17)

where 𝑛0, 𝑛∞, 𝑛1 are the previously-defined functions of z𝑣 (Equation 3.5), and {𝑚}1 is the set of
indices that are matched to existing targets (i.e., 𝑛1 = | {𝑚}1 |).

To see the derivation, consider the known values of 𝑛0, 𝑛∞, 𝑛1 given z𝑣. This means that there
must be 𝑛0 entries in z𝑣 with value 0, 𝑛∞ entries with a new positive value, and 𝑛1 entries with
an existing positive value. These three types of entries correspond exactly to the cases for the
CRP, hence in Equation 3.17, 𝑛0 of the terms must be 𝑝FP, and so on. 𝑁−𝑣 is the total number
of non-view-𝑣, non-FP observations, and 𝑁−𝑣

𝑧𝑣𝑚
is the number of observations assigned to the cluster

with index equal to the value of 𝑧𝑣𝑚, excluding view 𝑣. The latter type of counts are used in
the CRP case when the assignment 𝑧𝑣𝑚 corresponds to an existing cluster index 𝑘. In general,
𝑁−𝑣𝑚

𝑘 ≥ 𝑁−𝑣
𝑘 (former from CRP, latter discussed above), so the expression in Equation 3.17 does

not hold in general. However, because of the CLC assumption, no other observation in view 𝑣 could
be assigned to cluster 𝑘, so in fact 𝑁−𝑣𝑚

𝑘 = 𝑁−𝑣
𝑘 , and Equation 3.17 holds in our case.

Equation 3.16 is essentially the product of 𝑀𝑣 conditional distributions used in the DPMM,
and does not yet achieve our goal of incorporating FNs and the CLC assumption. To use FNs
and field-of-view information, we take inspiration from the MHT formulation, and first suppose we
knew which 𝐾𝑣 of the existing 𝐾 lights are within the field of view, i.e., {𝑘}𝑣 from Section 3.3.
This, together with z𝑣, allows us to determine the detection indicator variables {𝛿𝑘} (Equation 3.5)
and their probabilities (Equation 3.8). For the CLC, we simply assign zero probability to violat-
ing correspondences. We combine the additional information with the DPMM-based conditional
distribution above (Equation 3.17) in a conceptually simple fashion:

PFullView

(︁
z𝑣
⃒⃒⃒
z−𝑣, {𝑘}𝑣

)︁
∝ PDPMM

(︁
z𝑣
⃒⃒⃒
z−𝑣
)︁
P
(︁
{𝛿𝑘}

)︁
I
[︁
z𝑣 satisfies CLC

]︁
(3.18)

The final term evaluates to 1 if the joint correspondence satisfies the CLC, and 0 otherwise. Hence
by construction the correspondence variables sampled from this conditional distribution will incor-
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FP New

(a) Input view

FP New

+
FP New

+
FP New

+
FP New

(b) DPMM

FP New

(c) CLC Violation

FP New

(d) DPMM-FullView

FP New

+

FP New

+

FP New

(e) DPMM-Factored

Figure 3-4: A concrete example for illustrating concepts in Section 3.5. (a) Each thick outer box depicts
measurements in the same single view (inner box), and the clusters that each measurement can be assigned
to (row below inner box). The view we consider has 4 measurements of lights’ locations and colors. The
3 existing clusters within the field of view are shown as colored circles (these were determined from other
views). Measurements can also be assigned to the two ‘clusters’ to the left and right, for false positives and
new clusters respectively. The task is to assign one of the 5 clusters in the bottom row to each measurement
in the inner box. (b) The DPMM samples cluster assignments for each measurement independently. (c)
This causes potential violations of the cannot-link constraint (CLC), where each cluster generates at most
one observation within each view. (d) One solution is to consider all measurement assignments in the view
jointly. However, as explained in Section 3.5.1, this is inefficient. (e) A more efficient approximation is
derived in Section 3.5.2 by jointly considering only measurements that are CLC-violating. Measurements
that are unlikely to cause constraint violation, such as the two left ones in the example, are considered
independently. This provides a trade-off between DPMM and DPMM-FullView.

porate the FN information and the CLC.

To use PFullView as the prior over z𝑣 in Equation 3.16, we must remove the assumption that
we know {𝑘}𝑣. The correct Bayesian approach is to integrate over the posterior distribution of the
lights’ locations, which are independent 𝑡-distributions, given by Equation 3.27 in the Appendix.
Although this is intractable, it can be approximated by sampling the lights’ locations, which is simple
for 𝑡-distributions, then averaging the subsequent probabilities from Equation 3.18. In practice, I
found that using the posterior mean location was sufficient, i.e., including light 𝑘 if 𝜈𝑘 ∈ [𝑎𝑣, 𝑏𝑣].

Although PFullView combines all the desired information, the inherent difficulty is hidden in the
‘∝’ sign. The distribution first needs to be normalized before we can sample from it, which is
inefficient now because the support of the distribution is the set of correspondence vectors satisfy-
ing the CLC assumption. The CLC fully couples the measurements’ cluster assignments, and all
assignments must be considered jointly, as depicted in Figure 3-4(d). We have essentially reverted
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Input: Observations {{(𝑜𝑣𝑚, 𝑥𝑣𝑚)}𝑀
𝑣

𝑚=1}𝑉𝑣=1

Fields of view {[𝑎𝑣, 𝑏𝑣]}
Number of samples 𝑆

Output: Samples of cluster assignments
{{{𝑧𝑣 (𝑠)

𝑚 }𝑀𝑣

𝑚=1}𝑉𝑣=1}𝑆𝑠=1

1: Init. 𝐾 := 0; 𝑧𝑣 (0)
𝑚 := 0 for all𝑚 ∈ [𝑀𝑣], 𝑣 ∈ [𝑉 ]

2: for 𝑠 := 1 to 𝑆; 𝑣 := 1 to 𝑉 do
3: Find cluster post./pred. distributions and

sizes using most-recent samples {z(𝑠−1)}−𝑣

4: Find {𝑘}𝑣, the lights within field of view:
include light 𝑘 iff. mean location 𝜈𝑘 ∈ [𝑎𝑣, 𝑏𝑣]

5: for each valid correspondence vector z𝑣

(from total given by Equation 3.10) do
6: Compute sampling ‘probability’

P
(︀
z𝑣
⃒⃒
{z(𝑠−1)}−𝑣, {{(𝑜, 𝑥)}} , {𝑘}𝑣

)︀
(unnormalized; Equations 3.8, 3.16–3.18)

7: Sample z𝑣 (𝑠) from normalized distribution
8: 𝐾 := 𝐾 + 𝑛∞(z𝑣 (𝑠))
9: Remove clusters with no observations

(a) Collapsed Gibbs sampling for DPMM-FullView

Input: Observations, fields of view, num. samples
Cluster penalty parameter 𝜆

Output: Samples of cluster assignments
1: Init. 𝐾, {{𝑧𝑣 (0)

𝑚 }} from DP-means
2: for 𝑣 := 1 to 𝑉 do
3: 𝒫𝑣 := Partition induced by transitive closure

of 𝑅𝑣, where (𝑖, 𝑗) ∈ 𝑅𝑣 iff. 𝑧𝑣 (0)
𝑖 = 𝑧

𝑣 (0)
𝑗 ̸= 0

4: for 𝑠 := 1 to 𝑆; 𝑣 := 1 to 𝑉 do
5: Find cluster post./pred. distributions and

sizes using most-recent samples {z(𝑠−1)}−𝑣

6: for each subset of indices 𝑝 ∈ 𝒫𝑣 do
7: Find assigned lights {𝑘}𝑣|𝑝: 𝑘 ∈ {𝑘}𝑣|𝑝

iff. min𝑖∈𝑝 ‖𝜈𝑘 − 𝑥𝑣𝑖 ‖ < min𝑗 /∈𝑝 ‖𝜈𝑘 − 𝑥𝑣𝑗‖
8: Sample z𝑣 (𝑠)|𝑝 by performing steps 5–7

of DPMM-FullView (Figure 3-5(a)),
using {𝑘}𝑣|𝑝 and {(𝑜𝑣𝑚, 𝑥𝑣𝑚)}𝑚∈𝑝

9: z𝑣 (𝑠) := Concatenation of
{︀
z𝑣 (𝑠)|𝑝

}︀
𝑝∈𝒫𝑣

10: Update clusters (DPMM-FullView steps 8–9)

11: Agglomerate elements in partitions with CLC
violations (steps 2–3)

(b) Partitioning and sampling for DPMM-Factored

Figure 3-5: Modified DPMM Gibbs samplers (Figure 3-2(a)), by incorporating view-level information and
constraints (DPMM-FullView), and using an efficient factored approximation (DPMM-Factored).

to the high branching factor of the MHT! In the Figure 3-4 example, PFullView must be evaluated
for 304 different values of z𝑣, compared to the 4× 5 = 20 required for the DPMM.

3.5.2 DPMM-Factored

A closer look at the nature of the CLC violation suggests a potential approximation to PFullView.
In Figure 3-4(c), the violation is caused by only the two right-most measurements; the two mea-
surements on the left are not easily confusable with the others and hence are easy to handle from
a data association perspective. This suggests coupling only those measurements that cause CLC
violations, and assume that violations involving other measurements are unlikely. Taking this a step
further, we can even consider the other measurements independently, as in the DPMM, essentially
splitting the view into three independently-considered components, as depicted in Figure 3-4(e).

More generally, suppose we can partition each view’s set of measurements into ‘violating’ subsets,
where all CLC violations are contained within a single subset, with high probability. That is, a
good partition has the property that any two measurements belonging to different subsets will
have low probability of being assigned to the same cluster (and hence causing an CLC violation).
Let 𝒫𝑣 denote such a partition on the measurement indices in view 𝑣, and let {z𝑣|𝑝}𝑝∈𝒫𝑣 denote
the restrictions of z𝑣 to each subset 𝑝 ∈ 𝒫𝑣 (i.e., z𝑣|𝑝 represents the collection of correspondence
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variables {𝑧𝑣𝑚}𝑚∈𝑝). Then we can approximately split the CLC over the partition:

I
[︁
z𝑣 satisfies CLC

]︁
≈
∏︁
𝑝∈𝒫𝑣

I
[︁
z𝑣|𝑝 satisfies CLC

]︁
(3.19)

Returning to Figure 3-4(c), the most-CLC partition contains three subsets, where the sole non-
singleton contains the two right-most CLC-violating measurements.

To make inference more efficient, we use the partition 𝒫𝑣 to split PFullView. Ultimately, we
want to express the right-hand side of Equation 3.18 as a product of independent factors, each
corresponding to one subset of measurements in the partition. Because the terms are independent,
sampling over the conditional distribution can be performed by sampling each factor and combining
the results. Each factor is normalized over its significantly-smaller set of valid correspondence
vectors, thereby improving on the bottleneck step in Gibbs sampling for DPMM-FullView.

We now consider how to factor the other two terms in PFullView (Equation 3.18). PDPMM (z𝑣 | z−𝑣)

is already a product over the conditional distributions of the correspondence variables, which is clear
from Equation 3.17. By collecting terms according to the partition 𝒫𝑣, we can write:

PDPMM

(︁
z𝑣
⃒⃒⃒
z−𝑣
)︁
=
∏︁
𝑝∈𝒫𝑣

PDPMM

(︁
z𝑣|𝑝

⃒⃒⃒
z−𝑣𝑝

)︁
(3.20)

The remaining term, P ({𝛿𝑘}), is also a product of distributions, but over the set of lights {𝑘}𝑣 that
are within the field of view. Unfortunately, this cannot be immediately written as a product over
the partition. We therefore make a further approximation by assigning each light to some 𝑝 ∈ 𝒫𝑣.
In particular, for each light, the closest measurement (from the light’s posterior mean location)
was determined, and the light was assigned to the partition subset containing the measurement.
Another way to view this scheme is that the partition 𝒫𝑣 induces a partition over Voronoi cells
in the space of location measurements (bounded by the field of view), and lights are assigned to
partition elements according to the cells that their posterior mean locations are situated in.

Putting everything together, we arrive at the following factored approximation:

PFactored

(︁
z𝑣
⃒⃒⃒
z−𝑣, {𝑘}𝑣

)︁
∝
∏︁
𝑝∈𝒫𝑣

PDPMM

(︁
z𝑣|𝑝

⃒⃒⃒
z−𝑣𝑝

)︁
P
(︁
{𝛿𝑘} |𝑝

)︁
I
[︁
z𝑣|𝑝 satisfies CLC

]︁
(3.21)

where {𝛿𝑘} |𝑝 denotes the restriction of {𝛿𝑘} to the lights assigned to subset 𝑝 according to the
scheme described above. This form makes clear that each factor can be normalized and sampled
independently. With a good partition, the large joint computation in DPMM-FullView is broken
into several smaller ones within each element of 𝒫𝑣. For the concrete example in Figure 3-4, the
sampling process is depicted in Figure 3-4(e), where the partition is such that only the CLC-violating
measurement pair is considered jointly. This results in computing 5 + 5 + 22 = 32 values, which is
slightly greater than DPMM (20) but significantly fewer than DPMM-FullView (304).

One issues remains: Where does the partition come from? This is crucial for all factored
approximations: the aggressiveness of partitioning determines the trade-off between approximation
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error and efficiency. On one extreme, the DPMM model is similar to a fully-factored model (but
does not take into account false negatives); on the other extreme, DPMM-FullView is equivalent to
a one-set partition. The example in Figure 3-4(c) once again provides an answer: ‘violating’ subsets
can be found by examining clusters in the DPMM samples. Specifically, if measurements tend to
be assigned to the same cluster across samples, then clearly they are strong violators and should be
considered jointly. We therefore group measurements together if the proportion of samples in which
they are assigned to the same cluster exceeds some threshold value. This proportion allows one to
select an appropriate trade-off level.

For further efficiency in determining the partition, we also considered using the DP-means hard-
clustering algorithm described at the end of Section 3.4. The observations were first used to quickly
generate a deterministic clustering, after which the cluster assignments were examined. If two
measurements within the same view were assigned to the same non-false-positive cluster, they were
marked as coupled together. The partitions used by DPMM-Factored were then determined by
taking the transitive closure of the coupling relation in each view. Formal details on finding this
partition and determining the subsequent assigned lights can be found in Figure 3-5(b).

Returning to the real-world example from Figure 3-3, the steps taken by DPMM-Factored are
partially illustrated in Figure 3-6. Initially, DP-means is used to cluster the measurements, and con-
siders correspondences independently, which is equivalent to using a partition of singletons (boxes
around each measurement in iteration 0). Like the DPMM sample shown in Figure 3-3(b), mea-
surements in the middle from similar nearby objects are aggregated into two large clusters. The
partition is updated by examining the current correspondences in each view and grouping together
measurements (in the same view) that are assigned to the same cluster, i.e., violating the CLC
assumption. This results in the large box for view 22 in iteration 2. Concretely, this means that
during sampling, the correspondences for the four measurements are considered jointly, as a single
product term in Equation 3.21, such that an CLC violation will not exist for this subset of four
measurements only. This partition expansion is considered for each view, and as a result splits the
large cluster into four separate ones. However, this creates a new CLC violation, so partition ex-
pansion is performed again, resulting in an even larger partition for iteration 4. This finally resolves
all CLC violations and identifies objects in the scene correctly.

This example also illustrates the computational advantages of using DPMM-Factored, as op-
posed to DPMM-FullView and MHT. Although multiple iterations are needed to converge to a
partition that resolves all CLC violations, these iterations are fast if the initial partition is aggres-
sively fine (e.g., the all-singleton partition induced by DP-means). Our partition expansion scheme
couples measurements together where necessary but no further, unlike MHT, which tends to couple
more measurements even with aggressive gating, and DPMM-FullView, which couples together all
measurements in a single view. For example, the four measurements on the left (black/green) tend
to be sampled jointly by other approaches, but DPMM-Factored detects that they are sufficiently
well-separated empirically (CLC violations are rare) and leaves them to be sampled independently.
Another example is illustrated in the final iteration for view 22, where the six measurements on
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View 22

View 28

Clusters

(a) Iteration 0 (b) Iteration 2 (c) Iteration 4

Figure 3-6: An illustration of the DPMM-Factored method being applied on the real-world example
from Figure 3-3. The top two rows show two views (of 28) taken for the scene, with different partitions
of measurements (surrounding boxes) assigned by DPMM-FullView over several iterations. The final row
depicts the inferred clusters/objects and their attributes (in thick ellipses) after aggregating correspondences
from the 28 views. (a) The correspondences are initialized by DP-means, which assumes that measurements
are independent, hence partitions consist of singletons only. The resulting clusters suffer from the same
issues depicted in Figure 3-3, as expected. In particular, the red measurements in the middle are frequently
aggregated into two large clusters, which is incorrect. (b) In view 22, an CLC violation is detected because
the four red measurements in the middle are all previously assigned to one of the large clusters. These
singleton partition elements are agglomerated to respect the assumption that CLC violations are contained
within a single subset, and are sampled together to ensure their joint correspondence does not violate the
CLC. This modification significantly improves the cluster estimates, with only one error remaining. The
other two red measurements on the right, and the three in view 28, are not coupled at this point because
they respect the CLC so far. (c) The two measurements in the top right now form a CLC violation. This
shows that measurements that were previously not in violation could later become CLC-violating, because
the clusters, and therefore the probability of being assigned to them, change between iterations. The partition
is updated again to couple the CLC-violating measurements and results in the correct clustering. (The large
partition element in view 22 does not contain the bottom right measurement, which is a singleton.)

the right (red) are split into a subset of five measurements, and a singleton (bottom right); other
methods would consider all six together. Because the number of valid correspondence vectors
to consider is combinatorial in the number of measurements (Equation 3.9), finer partitions di-
rectly imply more efficient inference (at the potential expense of accuracy). Using Equation 3.10,
the total number of associations that potentially need to be considered with six measurements
is 𝑛total(𝑀

𝑣 = 6,𝐾𝑣 = 6) = 58576, whereas the number for the DPMM-Factored partition is
𝑛total(𝑀

𝑣 = 5,𝐾𝑣 = 5) + 𝑛total(𝑀
𝑣 = 1,𝐾𝑣 = 1) = 5755, an order of magnitude less. In practice,

when gating is applied for the situation shown, MHT typically evaluates 1800–2400 correspondences,
whereas DPMM-Factored only considers 250-350.
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3.6 Application to Object Type-and-Pose Estimation

As mentioned in Section 3.2, the colored-lights domain is representative of the semantic world-model
estimation problem by considering lights as objects, and colors/locations as discrete/continuous
attributes respectively. Other attributes are straightforward to incorporate as long as their predictive
distributions are simple to compute. To see this, recall that in our various approaches to compute or
sample from the distribution of measurement associations (Equations 3.3, 3.14, and 3.16), attribute
measurements only appear in predictive likelihood terms (e.g., Equation 3.4). These predictive
terms assess how well each measurement (𝑜, 𝑥) fits with an object, whose attributes have a posterior
distribution determined by all the other measurements {{(𝑜, 𝑥)}}𝑧=𝑘 currently associated with the
object. Such computations are necessary for each measurement, so simplicity in calculating the
predictive likelihood is crucial. However, the measured attribute values do not appear elsewhere; in
particular, the correspondence priors described in Sections 3.3–3.5 do not depend on the observed
values, and can be applied as described for arbitrary numbers and types of attributes.

Object attributes such as type and pose will produce predictive distributions similar in form to
that for color and location in the colored-lights domain (see the Appendix for the forms). More
generally, discrete attributes will have terms resembling ‘color’, and continuous attributes with
Gaussian-like noise will have terms resembling ‘location’. If attributes are independent, we can take
the product of their observation models to determine the joint posterior or predictive distributions,
such as the product in Equation 3.4. Dependent attributes will need to be jointly considered as a
single unit. For example, for pose estimates with non-diagonal error covariances, the normal-gamma
prior needs to be replaced with a normal-Wishart prior. For simplicity, I assume that the error
covariance is axis-aligned and use an independent normal-gamma prior for each dimension. This is
partially justified by the empirical observation that our measurements do not align significantly in
any particular direction (see the small dots in Figure 3-7, depicting individual measurements).

I applied our discussed approaches to object type-and-pose estimation on tabletop scenes, illus-
trated in Figure 4-1. Admittedly, estimating object types and poses from separate object detections
in the fashion proposed below is unlikely the most effective use of visual data, and that much infor-
mation (e.g., image features, contextual cues, similarities between consecutive frames) are discarded
in the process. However, I am ultimately interested in situations where only black-box attribute
detectors are accessible. Object type-and-pose estimation was chosen as an exemplary problem
because it is simple to understand and has immediate application.

Estimating object types and poses is similar to the colored-lights problem, where ‘type’ is a
discrete attribute equivalent in form to ‘color’, and ‘pose’ is a 3-D version of ‘location’ with Gaussian-
like observation noise. For our experiments, we placed a uniform prior on the ‘type’ attribute, with
the P(correct detection) = 0.6, P(false negative) = 0.1, and the rest of the probability mass spread
uniformly across other types. In the notation of Equation 3.1, for type 𝑖 we assume that:

𝜑𝑖𝑖 = 0.6 𝜑𝑖0 = 0.1 𝜑𝑖𝑗 ̸=𝑖 =
1− 𝜑𝑖𝑖 − 𝜑𝑖0
𝐶 − 1

(3.22)
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For ‘pose’, I assumed that objects are resting stably and upright above a surface, so only the
(𝑥, 𝑦, 𝜃) positions of their reference points were considered. Further, as mentioned above, I assumed
the observation noise is independent in each dimension, and placed a normal-gamma distribution
on each, with the same hyperparameters as specified in the Appendix (𝛼0 = 10, 𝛽0 = 9 × 10−3).
The observation likelihood of each measurement is similar in form to Equation 3.4, except with two
additional terms in the product that resemble ‘location’ for the two extra attribute dimensions.

Detections of object type and pose came from 3-D point-cloud data obtained from a Kinect
sensor mounted on a mobile robot. The object detector starts by clustering the points above a
resting surface, such as a table or a shelf. It assumes that objects are separated on the surface, so
that each point cloud corresponds to at most one object. For each cluster, it tries fitting point-cloud
object models to the observed points, by optimizing a fitness function with respect to the object
pose (𝑥, 𝑦, 𝜃). The 𝑧-position of the object is constrained so that the bottom of the object touches
the resting surface. The optimizer tries alignments starting from several different model resting
orientations based on the convex hull of the object model. The fitness function is computed as a
weighted linear combination of least-squares range-image errors and point-cloud nearest-neighbor
distances (approximated with a distance transform of the model point cloud). The detection pipeline
is related to the system described by Glover and Popovic (2013).

For our scenarios, objects of 4 distinct types, possibly with multiple instances of the same type,
were placed on a table. A robot moved around the table in a circular fashion, obtaining 20-30 views
in the process; see Figures 3-9 and 3-10 for RGB images of example views (although only depth data
is used to detect objects). When a view is captured, the object detection system described above
is given the Kinect point cloud as input, as outputs a list of object types and (𝑥, 𝑦, 𝜃) poses, one
for each segmented cluster in the point cloud. Figure 3-8 visualizes the detections (superimposed in
red using the known shape models) for several views; common detection errors are also illustrated.
I constructed 12 scenes of varying object and occlusion density to test our approaches; results for 5
representative scenarios are described in the next section.

3.6.1 Qualitative results

Qualitative results for 5 representative scenarios are shown in Figure 3-7. Images from above are
for comparison convenience only; the camera’s viewing height is much closer to the table height, as
shown in Figures 3-9 and 3-10, so in each view only a subset of objects is detectable. I compare
three approaches: multiple hypothesis tracking (MHT from Section 3.3; a re-implementation of the
approach by Elfring et al. (2013)), generic DPMM clustering (DPMM from Section 3.4), and the
factored approximation to DPMM-FullView (DPMM-Factored from Section 3.5.2). In Figure 3-7,
the most likely hypothesis is shown for MHT, and the maximum a posteriori (MAP) sample (out
of 100) is shown for the clustering-based approaches.

All approaches work well for scenario 1, where objects are spaced far apart. As objects of
similar type are placed near each other, DPMM tends to combine clusters since it ignores the
OMPO assumption. This is most apparent in scenario 4 (also illustrated in Figures 3-3 and 3-6),
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where four soup cans (red) were combined into a single large cluster. By reconsidering the OMPO
assumption, DPMM-Factored performs significantly better and is on par qualitatively with the
MHT, except for an extra cluster (bottom left, green) in scenario 2.

In more detail, for scenario 2, the measurements corresponding to the white L-shaped object
are dispersed, causing the shown extra-cluster error to be likely. Examining more samples reveals
that a significant proportion (31%) do not have the extra cluster; they just happen not to be MAP
samples. This means that the estimator has significant uncertainty as to whether or not the extra
object exists. Although in this case the DPMM-Factored MAP sample is wrong, it highlights
a feature of our approach. Consider a task, e.g., grasping, that requires an accurate estimate of
this object’s neighborhood. Given the high uncertainty in the samples, the robot should decide to
gather more observations of the region instead of operating based on the incorrect MAP sample. In
contrast, the MHT is over 90% certain of its estimate because most other possibilities have been
pruned. Although MHT would have been less certain as well if all hypotheses were retained during
filtering, the necessary aggressive pruning tends to make MHT overconfident in its estimates.

Scenario 5, shown in Figure 3-9, highlights another difference between the tracking filter and
batch approaches. There is significant occlusion early in the sequence, which throws off MHT,
causing it to make incorrect associations that result in poor pose estimates. Here two closely-
arranged boxes are placed near a shelf, such that from most views at most one of the two boxes
can be seen. Only in the final views of the sequence can both be seen (final image in Figure 3-
9). Due to the proximity of the boxes, and the fact that at most one was visible in the early
views, MHT eventually pruned all the then-unlikely hypotheses positing that measurements came
from two objects. When finally both are seen together, although a hypothesis with two orange
boxes resurfaces, it is too late: the remaining association hypotheses already associate all previous
measurements of the boxes to the same target, in turn giving an inaccurate location estimate. In
contrast, DPMM-Factored re-examines previous associations (in the next sampling iteration)
after the two boxes are seen together, and can correct such errors. The difference here is that the
clustering-based methods repeatedly revisits all association decisions, whereas MHT prunes away
most association hypotheses, and once having done so it cannot revisit a wrong decision.

3.6.2 Quantitative comparisons

Quantitative metrics are given in Table 3.1, averaged over the association hypotheses for MHT,
and over 100 samples for DPMM, DPMM-FullView, and DPMM-Factored (after discarding
burn-in). I also compare against our version of the hard-clustering algorithm DP-means, for several
different penalty parameter (𝜆) settings; recall that larger 𝜆 tends to lead to more, tighter clusters
(see Figure 3-2(b), line 5 to see its role as a threshold for cluster membership). Finally, I consider
a baseline approach, Raw, that does not perform any data association. It uses the object types
and poses perceived in each view directly as a separate prediction of the objects present within the
visible field of view. The metrics in the table are evaluated for each view’s prediction, and the Raw
table rows show the average value over all views.
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(a) Scene from above (b) MHT (c) DPMM (d) DPMM-Factored

Figure 3-7: Qualitative results for 3 world-model estimation approaches in 5 representative scenarios. The
bird’s-eye view of the scenes is for comparison convenience only; the actual viewing height is much closer to
the table. The most likely hypothesis is shown for MHT, and the maximum a posteriori sample is shown
for the clustering-based approaches. Each small colored dot is a semantic (object type-and-pose) detection.
Each target/cluster is depicted by an ellipse, centered at the posterior mean location. Ellipse axis lengths are
proportional to the standard deviation in their respective dimensions. Ellipses are color-coded by the most
likely posterior object type: red = red soup can, black = orange baking-soda box, green = white L-shaped
block, blue = blue rectangular cup. Line thickness is proportional to cluster size. See text in Section 3.6 for
qualitative comparisons.

The need for aggregating measurements across views is exemplified by Raw’s tendency to miss
objects or confuse their types within single views. Out of the 12 scenes attempted, scenario 3, shown
in Figure 3-10, was the most challenging for Raw, because objects were placed close together. This
caused segmentation errors frequently occur and resulted in clear errors and unidentifiable point
cloud clusters. Significant occlusion also caused missed detections. As a result, using any single
view’s detections is unlikely to produce an accurate estimate of objects in the world. In the scenario’s
sequence of 21 views, although most objects are detected (sometimes incorrectly) fewer than 5 times,
the combined information is sufficient for MHT, DPMM-FullView, and DPMM-Factored to
achieve good qualitative and quantitative results.

Summarizing the results in Table 3.1, we find that DPMM overcomes noise in a single view
by clustering across views, but still misses many objects because it ignores the OMPO assumption
and agglomerates nearby similar objects. DPMM-FullView respects this constraint and performs
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(a) Scenario 2 (b) Scenario 3 (c) Scenario 4

Figure 3-8: Examples of object detections in several views (superimposed in red using the known shape
model of the detected type). The top row shows cases where the detections are relatively accurate, whereas
the bottom row shows cases where most detections are missing or wrong. Missing objects are typically due
to occlusion by other objects. When only a small part of an object is visible, it is often not segmented
properly, which then affects the fitted poses.

Figure 3-9: Examples of views from scenario 5. In all views except the final one, only one of the two
orange baking-soda boxes was detected. This causes MHT to incorrectly infer that all measurements came
from a single object (and prune other possibilities), whereas batch approaches such as clustering can revisit
previous associations and correct them using new information, such as the final view where both boxes are
finally detected.

Figure 3-10: Examples of views from scenario 3. Objects were placed relatively close together, resulting
in significant occlusion, causing the object detector to frequently miss detections or produce errors.

significantly better, missing few objects while maintaining accuracy in the posterior type-and-pose
estimates. DPMM-Factored performs similarly in quality, with an increase in spurious clusters.
However, this minor hit in quality comes with an order-of-magnitude computational improvement
compared to DPMM-FullView. The clustering approaches tend to have more spurious clusters
because we chose hyperparameters that encourage positing new clusters and faster exploration of
the association space, but this can be corrected at the expense of convergence speed. The MHT
achieves the overall best quantitative performance, but in most cases is only marginally better than
DPMM-Factored, an improvement that comes at a high computational expense, and potentially
introduces filtering-related overconfidence issues mentioned earlier.
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Table 3.1: Average accuracy metrics and computation wall times for the five scenarios shown in
Figure 3-7. Raw is a baseline that does not perform data association; object detections are used
‘as-is’. The three ‘𝜆’ rows refer to the DP-means algorithm, for different settings of the penalty
parameter. To evaluate predicted targets and clusters against our manually-collected ground truth,
for each ground truth object, the closest cluster within a 5 cm radius is considered to be the
estimate of the object. If no such cluster exists, then the object is considered missed; all predicted
clusters not assigned to objects at the end of the process are considered spurious. For the two
parameter accuracy metrics (most-likely type, location error), parameters were only evaluated for
clusters that were matched to the ground truth (i.e., for the clusters counting towards the number
of correct clusters), so values are not comparable across all methods. Computation wall times were
computed on a single core of an 2.3 GHz Intel Core i7 processor, using implementations in Python.
Correspondences evaluated and computation times are not provided for Raw since no processing
in the measurements is required. The ‘†’ symbol for MHT and DPMM-FullView in scenarios
1 and 4 indicate that external guidance was necessary, in the form of manually splitting the views
(each into 2-3 parts, consisting of 3-6 measurements each). Without such help, both algorithms
take over an hour to complete for scenarios 1 and 4; scenario 2 is an example of a case of moderate
complexity, where no guidance was provided.

Metric Num. correct Num. missed Num. spurious F1 score
→ objects (TPs) objects (FNs) clusters (FPs) = 2× precision×recall

precision + recall

Scenario 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5 1 2 3 4 5

Raw 8.0 3.3 1.6 5.3 1.0 2.0 3.7 5.4 4.7 2.0 0.8 1.3 0.3 0.1 0.7 0.85 0.53 0.32 0.64 0.74
𝜆 = −1 4.0 2.0 2.0 1.0 0.0 6.0 5.0 5.0 9.0 3.0 1.0 1.0 0.0 2.0 1.0 0.53 0.40 0.44 0.15 0.00
𝜆 = −2.5 8.0 2.0 5.0 4.0 3.0 2.0 5.0 2.0 6.0 0.0 2.0 4.0 0.0 1.0 0.0 0.80 0.31 0.83 0.53 1.00
𝜆 = −4 10.0 7.0 6.0 6.0 3.0 0.0 0.0 1.0 4.0 0.0 4.0 5.0 2.0 3.0 1.0 0.83 0.74 0.80 0.63 0.86
MHT 10.0 7.0 6.0 10.0 2.4 0.0 0.0 1.0 0.0 0.6 0.0 0.0 0.0 0.0 0.6 1.00 1.00 0.92 1.00 0.81
DPMM 8.0 2.1 2.1 4.0 2.7 2.0 4.9 4.9 6.0 0.3 1.0 2.7 0.0 1.0 0.0 0.84 0.36 0.46 0.53 0.94
FullView 10.0 7.0 6.0 10.0 3.0 0.0 0.0 1.0 0.0 0.0 0.1 1.5 0.2 0.0 0.0 1.00 0.91 0.91 1.00 1.00
Factored 10.0 7.0 6.0 10.0 2.9 0.0 0.0 1.0 0.0 0.1 0.8 3.1 0.3 0.0 0.0 0.96 0.82 0.90 1.00 0.97

Metric Most-likely type Location estimate Num. correspondences Computation
→ is correct (%) error (cm) evaluated (×103) wall time (s)

Scenario 1 2 3 4 5 1 2 3 4 5 1† 2 3 4† 5 1† 2 3 4† 5

Raw 98 93 67 85 56 2.5 2.7 1.9 2.2 2.1 N/A N/A
𝜆 = −1 100 100 50 100 - 2.0 2.5 3.8 1.1 - 4.48 2.50 0.21 1.70 0.03 24.3 7.4 1.0 8.6 0.6
𝜆 = −2.5 100 100 80 100 100 2.2 2.4 2.4 1.0 2.2 9.09 2.65 0.76 2.16 0.25 19.4 6.2 0.5 6.7 0.6
𝜆 = −4 100 100 100 100 100 2.1 2.6 1.7 1.3 2.4 12.7 5.58 0.86 3.80 0.21 12.8 5.3 0.1 4.0 0.1
MHT 100 100 83 100 100 2.1 2.8 1.8 1.3 2.6 5.72† 195 18.3 105† 0.25 16.9† 593 41.6 211† 0.5
DPMM 100 100 56 100 95 2.2 2.4 3.8 1.0 2.7 69.9 23.5 3.37 22.0 2.88 144 39.8 3.6 37.3 4.2
FullView 100 100 90 100 100 2.0 2.6 1.6 1.4 2.2 44.9† 582 19.3 167† 2.62 171† 1346 33.7 278† 5.3
Factored 100 100 88 100 96 2.1 2.6 1.6 1.3 2.4 8.91 6.84 1.48 19.0 0.98 127 64.9 9.9 90.6 4.5
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3.7 Discussion

I have presented several clustering-based data association approaches for estimating semantic world
models. I use Dirichlet process mixture models (DPMM) as our underlying framework. However,
DPMMs perform poorly in their generic form because they ignore crucial view-level information
and constraints. Two improvements were therefore developed by incorporating the cannot-link con-
straint (CLC) exactly and approximately respectively. In preliminary experiments based on tabletop
object type-and-pose estimation, the latter approach (DPMM-Factored) achieved performance
comparable to a tracking-based approach (MHT) using a fraction of the computation time.

If only a single posterior association is needed (instead of a distribution), the hard-clustering
algorithm DP-means performs surprisingly well, and is much faster than all the other methods.
However, performance depends heavily on setting this parameter appropriately. To some extent, this
could be alleviated by starting with an overly-conservative (large) value of 𝜆, with few clusters and
many CLC violations, and then gradually decreasing 𝜆 until most violations are resolved. This will
still lead to an abundance of spurious clusters, as seen in the results. Using view-level information
to merge clusters (instead of sampling cluster assignments) may prove beneficial.

Besides small-variance asymptotics methods such as DP-means, there exist many other fast
inference algorithms for DPMMs. Part of the motivation for applying DPMMs to data association
problems is that, once a computational ‘reduction’ is achieved between the problems, then inference
tools in DPMMs and clustering can be translated into algorithms for data association. Interesting
avenues to explore include split-merge MCMC procedures (Jain and Neal, 2004; Dahl, 2005), search
algorithms (Daumé III, 2007; Wang and Dunson, 2011), variational inference algorithms (Blei and
Jordan, 2006; Pacheco and Sudderth, 2012), and others (e.g., Raykov et al., 2014).

As discussed in the introduction, semantic world models are useful in many object-centric tasks,
involving a diverse set of attributes. The model in this chapter technically supports attributes
beyond object type and pose, but actual applications will be needed to support this claim. To be
truly applicable, world models must also cope with objects moving over extended periods of time.
Since the presented sampling procedure for inference iterates through all views, it is at present
impractical to apply it to the entirety of the robot’s observation history. Instead, a hybrid approach
combining the benefits of filtering and batch data association is desirable. Extending the clustering-
based data association framework to handle temporal dynamics is the subject of the next chapter.
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3.A Appendix: Derivation of posterior and predictive distributions
for cluster parameters

In this appendix, I verify the claim from Section 3.2 that finding the posterior and predictive dis-
tributions on color and location for a single light is straightforward, given that we know which
observations were generated by that light. Let {(𝑜, 𝑥)} denote the set of light color-location detec-
tions that correspond to a light with unknown parameters (𝑐, 𝑙). Color and location measurements
are assumed to be independent given (𝑐, 𝑙) and will be considered separately. I assume a known
discrete prior distribution 𝜋 ∈ Δ(𝐶−1) on colors, reflecting their relative prevalence. Using the color
noise model (Equation 3.1), the posterior and predictive distributions on 𝑐 are:

P (𝑐 | {𝑜}) ∝ P ({𝑜} | 𝑐) P (𝑐) ∝

⎡⎣ ∏︁
𝑖∈{𝑜}

𝜑𝑐𝑖

⎤⎦ 𝜋𝑐 (3.23)

P
(︀
𝑜′
⃒⃒
{𝑜}
)︀
=

𝐶∑︁
𝑐=1

P
(︀
𝑜′
⃒⃒
𝑐
)︀
P (𝑐|{𝑜}) =

𝐶∑︁
𝑐=1

𝜑𝑐𝑜′ P (𝑐 | {𝑜}) (3.24)

We can use this to find the light’s probability of detection:

𝑝D , 1− P
(︀
𝑜′ = 0

⃒⃒
{𝑜}
)︀
= 1−

𝐶∑︁
𝑐=1

𝜑𝑐0 P (𝑐 | {𝑜}) (3.25)

Unlike the constant false positive rate 𝑝FP, the detection (and false negative) rate is dependent on
the light’s color posterior.

For location measurements, we emphasize that both the mean 𝑙 and precision 𝜏 = 1
𝜎2 of the

Gaussian noise model is unknown. Modeling the variance as unknown allows us to attain a better
representation of the location estimate’s empirical uncertainty, and not naïvely assume that repeated
measurements give a known fixed reduction in uncertainty each time. I use a standard conjugate
prior, the distribution NormalGamma(𝑙, 𝜏 ;𝜆, 𝜈, 𝛼, 𝛽). The typical interpretation of normal-gamma
hyperparameters is that the mean is estimated from 𝜆 observations with mean 𝜈, and the precision
from 2𝛼 observations with mean 𝜈 and variance 𝛽

𝛼 . It is well known (e.g., Bernardo and Smith (1994))
that after observing 𝑛 observations with sample mean �̂� and sample variance 𝑠2, the posterior is a
normal-gamma distribution with hyperparameters:

𝜆′ = 𝜆+ 𝑛 𝜈 ′ =
𝜆

𝜆+ 𝑛
𝜈 +

𝑛

𝜆+ 𝑛
�̂� (3.26)

𝛼′ = 𝛼+
𝑛

2
𝛽′ = 𝛽 +

1

2

(︂
𝑛𝑠2 +

𝜆𝑛

𝜆+ 𝑛
(�̂�− 𝜈)2

)︂

Often we are only interested in the posterior distribution of the mean; the marginal distribution
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on 𝜇 is a three-parameter (degrees of freedom, mean, scale) non-standardized 𝑡-distribution:

P (𝑙 | {𝑥} ; 𝜆, 𝜈, 𝛼, 𝛽) = StudentT

(︃
𝑙 ; 2𝛼′, 𝜈 ′,

√︂
𝛽′

𝜆′𝛼′

)︃
(3.27)

where the normal-gamma hyperparameters have been updated using {𝑥} according to Equation 3.26.
Prior to any observations, the hyperparameters are set to 𝜆0 = 0, 𝜈0 = 0 (representing a noninfor-
mative prior over location) and 𝛼0, 𝛽0 chosen such that 𝛽0

𝛼0
is equal to a prior value of the variance,

using 𝛼0 to toggle the prior strength. For location, we use 𝛼0 = 10 and 𝛽0

𝛼0
= 9× 10−4, representing

a weak prior where the location standard deviation is expected to be around 3cm.
The upshot of using a conjugate prior for location measurements is that the marginal likelihood

of location observations has a closed-form expression. The posterior predictive distribution for the
next location observation 𝑥′ is obtained by integrating out the latent parameters 𝑙, 𝜏 :

P
(︀
𝑥′
⃒⃒
{𝑥} ; 𝜆, 𝜈, 𝛼, 𝛽

)︀
=

∫︁
(𝑙,𝜏)

P (𝑥 | 𝑙, 𝜏)P (𝑙, 𝜏 | {𝑥} ; 𝜈, 𝜆, 𝛼, 𝛽) (3.28)

=

∫︁
(𝑙,𝜏)

𝒩
(︀
𝑥 ; 𝑙, 𝜏−1

)︀
NormalGamma

(︀
𝑙, 𝜏 ; 𝜈−, 𝜆−, 𝛼−, 𝛽−

)︀
=

1√
2𝜋

𝛽−
𝛼−

𝛽+𝛼+

√
𝜆−√
𝜆+

Γ(𝛼+)

Γ(𝛼−)

where hyperparameters with “−” superscripts are updated according to Equation 3.26 using the
empirical statistics of {𝑥} only (excluding 𝑥′), and ones with “+” superscripts are likewise updated
but including 𝑥′. The ratio in Equation 3.28 assesses the fit of 𝑥′ with the existing observations {𝑥}
associated with the light.
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Chapter 4

Object-based World Modeling in
Semi-Static Environments with
Dependent Dirichlet Process Mixtures

By definition, objects have the potential to be manipulated. This means that the static world
model from the previous chapter will almost certainly be incorrect over time. When we considered
the data association problem that is at the core of semantic world modeling, methods for multiple
target tracking such as the MHT were capable of solving the problem, although we found superior
clustering-based solutions. Targets in conventional applications such as aircraft tracking typically
move every time step, so conventional data association methods are capable of tracking the state
of the world over time. The goal of this chapter is to extend the clustering-based solutions, which
appeared promising in the static case, to also work in environments that change over time.

In multiple-target tracking problems, each target’s state (typically location) changes between
observations. However, if we consider applications such as tracking objects in a household, the
dynamics are typically different: most objects tend to stay in the same state when they are not
being actively used. In this chapter, we therefore study the world modeling problem in semi-
static environments, where time is divided into known epochs, and within each epoch the world
is stationary. It seems intuitive that data association should be easier within static periods, since
there is no uncertainty arising from stochastic dynamics.

An alternative approach to data association is to perform inference over the entire time-series
of observations and to think of it as a problem of clustering: we wish to group together similar
detections over time, under the assumption that they were been generated by the same individual.
Bayesian nonparametric models, such as the Dirichlet process mixture model (DPMM), can be used
to model domains in which the number of individuals is unknown a priori ; in the previous chapter,
I found that a state-estimation technique based on DPMM clustering was effective for determining
the number and type of objects in a static domain, given a sequence of images with partial views
of the scene and significant occlusions within them.
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In this chapter, I apply the clustering approach to the much more difficult case of a dynamic
domain in which the attributes of objects may change over time, new objects may appear, and old
objects may permanently disappear. The DPMM is not an appropriate model for this problem, but
an extension, the dependent Dirichlet process mixture model (DDPMM), which models dependencies
between a collection of clusters, can be used effectively. In particular, I use a construction proposed
by Lin et al. (2010) for a class of DDPs that can be represented as a Markov chain over DPs; an
overview of this model can be found in Section 2.2.3. In our case of semi-static world modeling,
objects in each static epoch are modeled as clusters in a DPMM (as in the previous chapter), and
clusters between epochs are related by Markovian transitions, thus forming a DDPMM.

In the remainder, I will formalize the world modeling problem, review the DDP construction and
apply it to our problem, and derive a novel approximate maximum a posteriori (MAP) inference
algorithm for the model. I show that this model yields computational advantages for tracking in
semi-static environments, both in simulation and on real-world data.

4.1 Problem Definition

In world modeling, we seek the state of the world, consisting an unknown finite number 𝐾𝑡 of
objects, which changes over time. Object 𝑘 at epoch 𝑡 has attribute values 𝜃𝑘𝑡. We sometimes
decompose 𝜃𝑘𝑡 into

(︀
𝑎𝑘, 𝑥𝑘𝑡

)︀
, where 𝑎 is a vector of fixed attributes, and 𝑥 is a vector of attributes

that may change between epochs. The top row in Figure 4-1 illustrates the world state over three
epochs for a simple domain.

Our system obtains noisy, partial views of the world. Each view 𝑣 produces a set of observations
𝑂𝑡𝑣 =

{︀
𝑜𝑡𝑣𝑖
}︀
, where 𝑜𝑡𝑣𝑖 =

(︀
𝑏𝑡𝑣𝑖 , 𝑦

𝑡𝑣
𝑖

)︀
, corresponding to the fixed attributes 𝑎 and dynamic attributes

𝑥𝑡 of some (possibly non-existent) object1. Each view is also associated with a field of view 𝑉 𝑡𝑣.
The collection of views in a single epoch may fail to cover the entire world. The partial views and
noisy observations are illustrated in the middle and bottom rows of Figure 4-1.

The world modeling problem can now be defined: Given observations 𝑂 =
{︀
𝑜𝑡𝑣𝑖
}︀
(𝑡,𝑣,𝑖)

and fields
of view

{︀
𝑉 𝑡𝑣
}︀
(𝑡,𝑣)

, determine the state of objects over time Θ =
{︀
𝜃𝑘𝑡
}︀
(𝑘,𝑡)

. The state includes not
only objects’ attribute values, but also the total number of objects that existed at each epoch, and
implicitly when objects were added and removed (if at all).

There is no definitive information in the observations that will allow us to know which particular
observations correspond with which underlying objects in the world, or even how many objects were
in existence at any time step. For example, in the views of 𝑡 = 1 shown in Figure 4-1, the square
detected in the left-most view may correspond to either (or neither) square in the center view.
Also, despite there being only four objects in the world, there were five observations because of
overlapping visible regions.

The critical piece of information that is missing is the association 𝑧𝑡𝑣𝑖 of an observation 𝑜𝑡𝑣𝑖
to an underlying object 𝑘. With this information, we can perform statistical aggregation of the

1 Superscripts in variables will generally refer to the ‘context’, such as object index 𝑘 and time index 𝑡. Subscripts
refer to the index in a list, such as 𝑜𝑡𝑖 = 𝑖’th observation at time 𝑡.
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Epoch 1 
(4 objects initially) 

Epoch 2 
(1 square removed) 

Epoch 3 
(1 circle added) 

False 
negative 

pFN(a) = ηa 

False 
positive 
pFP = ρ 

Attribute 
error 
b ~ ϕa 

World 

Views 

Obser- 
vations 

All pose observations 
also have errors 

y ~ N (x, S) 

Θ3 = {(ak3, xk3)} = 
{ (tri, (.4, .3)), 
  (sqr, (.6, .6)), 
  (cir, (.9, .3)), 
  (cir, (1.2, .3)) } 

O3 = {(b3
i, y3

i)} = 
{ (cir, (.2, .6)), 
  (cir, (1.1, .3)) } t=1: view 1 

1: cir; (.3, .1) 
2: sqr; (.4, .6) 

t=1: view 2 
3: sqr; (.6, .6) 
4: sqr; (.7, .5) 

t=1: view 3 
5: cir; (1.2, .5) 
 

t=2: view 1 
1: tri; (.3, .2) 
 

t=2: view 2 
2: sqr; (.7, .5) 
 

t=3: view 1 
1: cir; (.2, .6) 
 

t=3: view 2 
2: cir; (1.1, .3) 
cir; (.9, .3) 

Figure 4-1: An illustration of the world modeling problem. An unknown number of objects exist in
the world (top row), and change in pose and number over time (world at each epoch enclosed in box).
At each epoch, limited views of the world are captured, as depicted by the triangular viewcones. Within
these viewcones, objects and their attributes are detected using black-box perception modules (e.g., off-the-
shelf object detectors). In this example, the attributes are shape type (discrete) and 2-D location. The
observations are noisy, as depicted by the perturbed versions of viewcones in the middle row. Uncertainty
exists both in the attribute values and the existence of objects, as detections may include false positives
and negatives (e.g., 𝑡 = 3). The actual attribute detection values obtained from the views are shown in the
bottom row (“Observations”); this is the format of input data. Given these noisy measurements as input,
the goal is to determine which objects were in existence at each epoch, their attribute values (e.g., Θ3 in top
right), and their progression over time.

observations assigned to the same object to recover its state. I will model the associations 𝑍 ={︀
𝑧𝑡𝑣𝑖
}︀
(𝑡,𝑣,𝑖)

as latent variables in a Bayesian inference process.

4.1.1 Observation noise model

The observation model describes how likely an observation 𝑜 = (𝑏, 𝑦) was generated from some given
object state 𝜃 = (𝑎, 𝑥) (if any), given by the probability 𝑓 (𝑜 ; 𝜃). For a single object, let 𝜃𝑐 and 𝜃𝑑
be the true continuous and discrete attribute values respectively, and likewise 𝑜𝑐 and 𝑜𝑑 for a single
observation of the object. We typically consider observation noise models of the following form:

𝑓 (𝑜 ; 𝜃) = 𝜑𝜃𝑑(𝑜𝑑) 𝒩 (𝑜𝑐 ; 𝜃𝑐, 𝑆) (4.1)

Here 𝜑 represents a discrete confusion matrix, where 𝜑𝜃𝑑(𝑜𝑑) is the probability of observing 𝑜𝑑 given
the true object has discrete attributes 𝜃𝑑. The continuous-valued observation 𝑜𝑐 is the true value 𝜃𝑐
corrupted with zero-mean Gaussian noise, with fixed sensing covariance 𝑆. The noise on 𝑜𝑐 and 𝑜𝑑
are assumed to be independent for simplicity.
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Besides errors in attribute values, Figure 4-1 also illustrates cases of false positives and false
negatives. A false positive occurs when the observation did not originate from any true object. I
assume that this occurs at a fixed rate 𝜌. When this occurs, 𝑜𝑑 has noise distribution 𝜑0, and 𝑜𝑐 is
uniformly distributed over the field of view 𝑉 . A false negative occurs when an object is within the
sensor’s field of view but failed to be detected. I assume that an object within the field of view 𝑉

will be undetected with an attribute-dependent probability 𝜂(𝜃).

4.1.2 Additional assumption: Cannot-link constraint (CLC)

As in the previous chapter, there is an additional common domain assumption in target-tracking
problems: within a single view, each visible object can generate at most one detection (Bar-Shalom
and Fortmann, 1988). This implies that within a view, each observation must be assigned to a
different hypothesized underlying object. We previously referred to this as the “cannot-link con-
straint” (CLC). The constraint is powerful because it can reduce ambiguities when there are similar
nearby objects. However, similar to the DPMM modifications proposed in Section 3.5, we will need
to modify the DDPMM model and inference algorithms to handle the CLC.

4.2 A Clustering-Based Approach

I now specify a prior on how likely an assignment to a cluster is, and how clusters change over time.
Since the number of clusters are unknown, I chose to use Bayesian nonparametric mixture models
(see Section 2.2 for an overview), which allow for an indefinite and unbounded number of mixture
components (although the number of instantiated components is limited by the data size).

We now restate one result of the DDP construction; see Section 2.2.3 and Lin (2012) for details.
The construction results in the following prior on parameter 𝜃𝑡 (to be assigned to a new observation),
given past parameters Θ<𝑡 and parameters Θ𝑡 corresponding to clusters that have already been
instantiated at the current epoch (compare with Equation 2.37):

𝜃0 | Θ0 ∝ 𝛼𝐻
(︀
𝜃0
)︀
+
∑︁
𝑘

𝑁𝑘0 𝛿𝜃𝑘0
(︀
𝜃0
)︀

(4.2)

𝜃𝑡 | Θ≤𝑡 ∝ 𝛼𝐻
(︀
𝜃𝑡
)︀
+

∑︁
𝑘:𝑁𝑘𝑡>0

𝑁𝑘,≤𝑡 𝛿𝜃𝑘𝑡
(︀
𝜃𝑡
)︀
+

∑︁
𝑘:𝑁𝑘𝑡=0

𝑞(𝜃𝑘,𝑡−1) 𝑁𝑘,<𝑡 𝑇
(︁
𝜃𝑡 ; 𝜃𝑘,𝑡−1

)︁
At the initial time step, clusters are formed as in a standard DPMM with concentration parameter 𝛼
and base distribution 𝐻. For later time steps, the prior distribution on 𝜃 is defined recursively. The
first two terms are similar to the base case, for new clusters and already-instantiated clusters (in the
current epoch) respectively. The third term corresponds to previously-existing clusters that may
be removed with probability (1− 𝑞(𝜃𝑘,𝑡−1)), and, if it survives, is moved with transition probability
𝑇
(︀
· ; 𝜃𝑘,𝑡−1

)︀
. 𝑁𝑘,≤𝑡 is the number of points that have been assigned to cluster 𝑘, for all time steps

up to time 𝑡. Note that if 𝑞 ≡ 1 and 𝑇 (· ; 𝜃) = 𝛿𝜃, then the model is static, and Equation 4.2 is
equivalent to the predictive distribution in the DP.
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4.2.1 Inference by forward sampling

As mentioned in the problem definition, our focus will be on determining latent assignments 𝑍 ={︀
𝑧𝑡𝑖
}︀

of observations 𝑂 =
{︀
𝑜𝑡𝑖
}︀

to clusters with parameters Θ =
{︀
𝜃𝑘𝑡
}︀
. In the generic DDP, views

do not exist yet; those will be introduced in Section 4.3. One way to explore the distribution of
assignments is to sample repeatedly from the assignment’s conditional distribution, given all other
assignments 𝑍∖𝑡𝑖 , 𝑍 ∖

{︀
𝑧𝑡𝑖
}︀
:

P
(︀
𝑧𝑡𝑖 = 𝑘

⃒⃒
𝑜𝑡𝑖,Θ, 𝑍∖𝑡𝑖

)︀
=

∫︁
P
(︀
𝑧𝑡𝑖 = 𝑘, 𝜃

⃒⃒
𝑜𝑡𝑖,Θ, 𝑍∖𝑡𝑖

)︀
d𝜃

∝
∫︁
P
(︀
𝑜𝑡𝑖
⃒⃒
𝜃
)︀
P
(︁
𝜃 = 𝜃𝑘𝑡

⃒⃒⃒
Θ, 𝑍∖𝑡𝑖

)︁
d𝜃 (4.3)

The first term in the integrand is given by the observation noise model (Equation 4.1), and the second
term is given by the DDP prior (Equation 4.2). If 𝜃𝑘𝑡 already exists, then P

(︀
𝜃
⃒⃒
Θ, 𝑍∖𝑡𝑖

)︀
= I

[︀
𝜃 = 𝜃𝑘𝑡

]︀
,

and the integrand only has support for 𝜃 = 𝜃𝑘𝑡. Otherwise, we have to consider all possible settings
of 𝜃𝑘𝑡, which has a prior distribution given by Equation 4.2. The expression in Equation 4.3 above
can be decomposed into three cases, corresponding to terms in Equation 4.2:

P
(︁
𝑧𝑡𝑖 = 𝑘

⃒⃒⃒
𝑜𝑡𝑖,Θ

≤𝑡, 𝑍≤𝑡
∖𝑡𝑖

)︁
∝

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑁𝑘,≤𝑡
∖𝑡𝑖 𝑓

(︀
𝑜𝑡𝑖 ; 𝜃

𝑘𝑡
)︀
,

𝑘 existing, instantiated at 𝑡

𝑞(𝜃𝑘𝜏 ) 𝑁𝑘,<𝑡
∖𝑡𝑖

∫︀
𝑓
(︀
𝑜𝑡𝑖 ; 𝜃

)︀
𝑇
(︀
𝜃 ; 𝜃𝑘𝜏

)︀
d𝜃 ,

𝑘 existing, not instantiated at 𝑡

𝛼
∫︀
𝑓
(︀
𝑜𝑡𝑖 ; 𝜃

)︀
𝐻 (𝜃) d𝜃 ,

𝑘 new

(4.4)

In the DDPMM, clusters move around the parameter space during their lifetimes, and, depending
on our chosen viewpoints, may not generate observations at some epochs. When cluster 𝑘 has at
least one time-𝑡 observation assigned to it, it becomes instantiated at time 𝑡. Any subsequent
observations at time 𝑡 that are assigned to cluster 𝑘 must then share the same parameter 𝜃𝑘𝑡; this
corresponds to the first case. The second case is for clusters not yet instantiated at time 𝑡, and
we must infer 𝜃𝑘𝑡 from the last known parameter for cluster 𝑘, at time 𝜏 < 𝑡. If 𝑡 − 𝜏 > 1, we
use generalized survival and transition expressions for our application (see Equation 2.37, and the
discussion before that, for further explanation):

𝑞(𝜃𝑘𝜏 ) ,
[︁
𝑞(𝜃𝑘𝜏 )

]︁𝑡−𝜏
(4.5)

𝑇
(︁
𝜃𝑘𝑡 ; 𝜃𝑘𝜏

)︁
= I

[︁
𝑎𝑘𝑡 = 𝑎𝑘𝜏

]︁
𝒩
(︁
𝑥𝑘𝑡 ; 𝑥𝑘𝜏 , (𝑡− 𝜏)𝑅(𝑎𝑘)

)︁
The third case is for new clusters that are added at time 𝑡. The first and third cases above correspond
to the existing-cluster and new-cluster cases in the DP respectively (see Equation 2.33).
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In general, since the cluster parameters Θ are also unknown, inference schemes need to alternate
between sampling the cluster assignments (given parameters) as above, and sampling the parameters
given the cluster assignments. The conditional distribution of each cluster’s parameters

{︀
𝜃𝑘𝑡
}︀

(for
each cluster 𝑘, a sequence of parameters) can be found using Bayes’ rule:

P
(︁{︁
𝜃𝑘𝑡
}︁ ⃒⃒⃒

𝑂,𝑍
)︁
= P

(︁{︁
𝜃𝑘𝑡
}︁ ⃒⃒⃒

𝑂|𝑧=𝑘 , 𝑍
)︁
∝

⎡⎣∏︁
𝑧𝑡𝑖=𝑘

P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝜃𝑘𝑡
)︁⎤⎦ P

(︁{︁
𝜃𝑘𝑡
}︁)︁

(4.6)

Depending on the choice of parameter priors and observation functions, the resulting conditional
distributions can potentially be complicated to represent and difficult to sample from. With ad-
ditional assumptions that will be presented next, we can find the parameter posterior distribution
efficiently and avoid sampling the parameter entirely by ‘collapsing’ it.

4.2.2 Application of DDPs to world modeling

We now apply the DDP mixture model (DDPMM) to our semi-static world modeling problem. For
concreteness and simplicity, we consider an instance of the world modeling problem where the fixed
attribute 𝑎 is the discrete object type (from a finite list of known types), and the dynamic attribute
𝑥 is the continuous pose in R𝑑 (either 3-D location or 6-D pose). Despite these restrictions, our
model and derivations below can be immediately applied to problems with any fixed attributes,
and with any dynamic continuous attributes with linear-Gaussian dynamics. Arbitrary dynamic
attributes can be represented in our model, but inference will likely be more challenging because in
general we will not obtain closed-form expressions.

For our instance of the DDPMM, we assume:

∙ Time steps in the DDP correspond to epochs in world modeling. This implies that each epoch
is modeled as a static DPMM, similar to the case in the previous chapter.

∙ The survival rate only depends on the fixed attribute, i.e., 𝑞(𝜃) = 𝑞(𝑎). (For us, that means
the likelihood of object removal is dependent on the object type but not its pose.)

∙ Likewise, the detection probability only depends on the fixed attribute, i.e., 𝜂(𝜃) = 𝜂(𝑎).

∙ The dynamic attribute (pose) follows a random walk with zero-mean Gaussian noise that
depends on 𝑎 (e.g., a mug likely travels farther per epoch than a table):

𝑥𝑡+1 = 𝑥𝑡 + 𝑤, where 𝑤 ∼ 𝒩 (0, 𝑅(𝑎)) (4.7)

This implies that the full transition distribution (of both object type and pose) is:

𝑇
(︀
𝜃𝑡+1 ; 𝜃𝑡

)︀
= I

[︀
𝑎𝑡+1 = 𝑎𝑡

]︀
𝒩
(︀
𝑥𝑡+1 ; 𝑥𝑡, 𝑅(𝑎)

)︀
(4.8)
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∙ At each epoch, the DP base distribution has the following form:

𝐻 (𝜃) , 𝜋(𝑎) 𝒩
(︀
𝑥 ; 𝜇0,Σ0

)︀
(4.9)

Here a (discrete) prior 𝜋 over the object type, and a normal distribution over the object
pose. The initial covariance Σ0 is large, in order to give reasonable likelihood of an object
being introduced at any location. In fact, we will set Σ0 = ∞𝐼 and 𝜇0 = 0, representing a
noninformative prior over the location. Details can be found in Appendix 4.A.

The above choices for the dynamics and base distribution implies that the parameter posterior
and predictive distributions have closed-form expressions. The posterior distribution of the dynamic
attribute is a mixture of Gaussians, with a component for each possible value of the fixed attribute
𝑎 (since the process noise 𝑅(𝑎) may be different), weighted by the posterior probability of 𝑎. In
practice, we track the pose using only the dynamics of the most-likely object type �̂�𝑘. Thus, in our
application, each cluster will maintain a discrete posterior distribution 𝜙(𝑎) for the object type, and
a single Kalman filter (Kalman, 1960) / Rauch-Tung-Striebel (RTS) smoother (Rauch et al., 1965)
for the object pose distribution. The latter is represented as a sequence of means and covariances{︀
𝜇𝑡,Σ𝑡

}︀𝜁
𝑡=𝜉

over the cluster’s lifetime 𝑡 ∈ [𝜉, 𝜁], with the interpretation that 𝑥𝑡 ∼ 𝒩
(︀
𝜇𝑡,Σ𝑡

)︀
. More

details and derivation of the parameter distributions can be found in Appendix 4.A.

As mentioned previously, because we have compact representations of the parameter posterior
distributions, we can analytically integrate them out instead of sampling them. We first modify
the forward sampling equation (Equation 4.4) to reflect this ‘collapsing’ operation. Since we can no
longer condition on the parameters themselves, we instead need to condition on the other observa-
tions 𝑂∖𝑡𝑖 and their current cluster assignments 𝑍∖𝑡𝑖, and use posterior predictive likelihoods of the

form P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝑂𝑘

∖𝑡𝑖

)︁
to evaluate the current observation 𝑜𝑡𝑖:

P
(︁
𝑧𝑡𝑖 = 𝑘

⃒⃒⃒
𝑜𝑡𝑖, 𝑂

≤𝑡
∖𝑡𝑖, 𝑍

≤𝑡
∖𝑡𝑖

)︁
∝ P

(︁
𝑜𝑡𝑖

⃒⃒⃒
𝑧𝑡𝑖 = 𝑘,𝑂≤𝑡

∖𝑡𝑖, 𝑍
≤𝑡
∖𝑡𝑖

)︁
P
(︁
𝑧𝑡𝑖 = 𝑘

⃒⃒⃒
𝑂≤𝑡

∖𝑡𝑖, 𝑍
≤𝑡
∖𝑡𝑖

)︁
∝
∫︁ [︁

P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝜃𝑘𝑡
)︁

P
(︁
𝜃𝑘𝑡
⃒⃒⃒
𝑂𝑘,≤𝑡

∖𝑡𝑖

)︁]︁
P
(︁
𝑧𝑡𝑖 = 𝑘

⃒⃒⃒
𝑍≤𝑡
∖𝑡𝑖

)︁
d𝜃𝑘𝑡

∝

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑁𝑘,≤𝑡
∖𝑡𝑖

∫︀
P
(︀
𝑜𝑡𝑖
⃒⃒
𝜃𝑘𝑡
)︀
P
(︁
𝜃𝑘𝑡
⃒⃒⃒
𝑂𝑘,≤𝑡

∖𝑡𝑖

)︁
d𝜃𝑘𝑡 ,

𝑘 existing, instantiated at 𝑡

𝑁𝑘,<𝑡
∖𝑡𝑖

∫︀
P
(︀
𝑜𝑡𝑖
⃒⃒
𝜃𝑘𝑡
)︀ [︁∫︀

𝑞(𝑎𝑘𝜏 ) 𝑇
(︀
𝜃𝑘𝑡 ; 𝜃𝑘𝜏

)︀
P
(︁
𝜃𝑘𝜏
⃒⃒⃒
𝑂𝑘,<𝑡

∖𝑡𝑖

)︁
d𝜃𝑘𝜏

]︁
d𝜃𝑘𝑡 ,

𝑘 existing, not instantiated at 𝑡

𝛼
∫︀
P
(︀
𝑜𝑡𝑖
⃒⃒
𝜃𝑘𝑡
)︀
𝐻
(︀
𝜃𝑘𝑡
)︀
d𝜃𝑘𝑡 ,

𝑘 new

(4.10)

We can now substitute the expressions for P
(︀
𝑜𝑡𝑖
⃒⃒
𝜃𝑘𝑡
)︀
, 𝑇 , and 𝐻, where properties of the normal

distribution will help us evaluate the integrals. The derivations in Appendix 4.A give the following
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expressions, as well as details for finding the posterior hyperparameters 𝜙, 𝜇𝑘𝑡, and Σ𝑘𝑡 (recall
𝜃𝑘𝑡 = (𝑎𝑘, 𝑥𝑘𝑡), 𝑜𝑡𝑖 = (𝑏𝑡𝑖, 𝑦

𝑡
𝑖)):

P
(︁
𝑧𝑡𝑖 = 𝑘

⃒⃒⃒
𝑜𝑡𝑖, 𝑂

≤𝑡
∖𝑡𝑖, 𝑍

≤𝑡
∖𝑡𝑖

)︁

∝

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

𝑁𝑘,≤𝑡
∖𝑡𝑖

[︁∑︀
𝑎𝑘 𝜑

𝑎𝑘(𝑏𝑡𝑖) 𝜙(𝑎
𝑘)
]︁
𝒩
(︀
𝑦𝑡𝑖 ; 𝜇

𝑘𝑡,Σ𝑘𝑡 + 𝑆
)︀
,

𝑘 existing, instantiated at 𝑡

𝑞(�̂�𝑘) 𝑁𝑘,<𝑡
∖𝑡𝑖

[︁∑︀
𝑎𝑘 𝜑

𝑎𝑘(𝑏𝑡𝑖) 𝜙(𝑎
𝑘)
]︁
𝒩
(︀
𝑦𝑡𝑖 ; 𝜇

𝑘𝜏 ,Σ𝑘𝜏 + (𝑡− 𝜏)𝑅(�̂�𝑘) + 𝑆
)︀
,

𝑘 existing, not instantiated at 𝑡

𝛼
[︁∑︀

𝑎𝑘 𝜑
𝑎𝑘(𝑏𝑡𝑖) 𝜋(𝑎

𝑘)
]︁
Unif(vol(world)) ,

𝑘 new

(4.11)

In the second case, for tractability in filtering, we have assumed that a cluster’s dynamics behaves
according to its most-likely type �̂�𝑘; otherwise, the posterior is a mixture of Gaussians (over all
possible transition densities). Also, the third case contains an approximation to avoid evaluating
an improper probability density; see Appendix 4.A for details.

4.3 Incorporating World Modeling Constraints

So far, we have only applied a generic DDPMM to our observations, but have ignored the cannot-
link constraint, as well as false positives and negatives. I now present modifications to the Gibbs
sampler to handle these constraints; the modifications are similar to those from the static case in
the previous chapter (see Section 3.5).

The cannot-link constraint, described in Section 4.1.2, couples together cluster assignments
for observations within the same view, since we must ensure that no two observations can be
assigned to the same existing cluster. For each view, all cluster assignments must be considered
together as a joint correspondence vector, and the probability of choosing one such correspondence is
proportional to the product of the individual cluster assignment probabilities given in Equation 4.11.
Invalid correspondence vectors that violate the cannot-link constraint are assigned zero probability
and hence are not considered; the remaining conditional probabilities are normalized. This can
be interpreted as performing blocked Gibbs sampling, where blocks are determined by the joint
constraints:

P
(︀
z𝑡𝑣
⃒⃒
o𝑡𝑣, 𝑂∖𝑡𝑣, 𝑍∖𝑡𝑣

)︀
∝

[︃∏︁
𝑖

P
(︀
𝑧𝑡𝑣𝑖
⃒⃒
𝑜𝑡𝑣𝑖 , 𝑂∖𝑡𝑣, 𝑍∖𝑡𝑣

)︀]︃
I
[︀
z𝑡𝑣 satisfies CLC

]︀
(4.12)

The correspondence vector z𝑡𝑣 is again the concatenation of the individual 𝑧𝑡𝑣𝑖 assignment variables,
for all observation indices 𝑖 made in view 𝑣 at epoch 𝑡; the interpretation of o𝑡𝑣 is similar. The
individual terms in the product are given by Equation 4.11 (the value of 𝑧𝑡𝑣𝑖 determines which case
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applies), except now all observations within the same view are excluded (since their assignments are
being sampled together) – 𝑂∖𝑡𝑣 instead of 𝑂∖𝑡𝑖, and likewise for assignments 𝑍∖𝑡𝑣 and counts 𝑁∖𝑡𝑣.

For false positives, I essentially treat it as a special ‘cluster’ that has no underlying parameter
Instead, I assume that if an observation is generated from a false positive, it is generated from some
spurious parameter drawn from the base distribution 𝐻, so the likelihood term is the same as that
for drawing a new cluster. Like the other cases, we also multiply the likelihood by the number of
points already assigned to the cluster, i.e., the number of false positives except for those in the
current view. If there are currently no other false positives, then we multiply by the concentration
parameter 𝛼 instead to ensure that it is always feasible to assign observations to the false positive
‘cluster’. Also, to incorporate the assumption that false positives are generated with a fixed rate 𝜌,
we attach a Bernoulli probability to each case in the Gibbs sampler. The false positive conditional
probability is multiplied by 𝜌, and all other cases are multiplied by (1− 𝜌). In summary, the
conditional probability of an observation being a false positive (𝑧 = 0) is:

P
(︀
𝑧𝑡𝑣𝑖 = 0

⃒⃒
𝑜𝑡𝑣𝑖 , 𝑂∖𝑡𝑣, 𝑍∖𝑡𝑣

)︀
∝

[︃∑︁
𝑎𝑘

𝜑𝑎
𝑘
(𝑏𝑡𝑣𝑖 ) 𝜋(𝑎𝑘)

]︃
Unif(vol(world))×

⎧⎨⎩𝜌𝑁0
∖𝑡𝑣 , 𝑁0

∖𝑡𝑣 > 0

𝜌𝛼 , 𝑁0
∖𝑡𝑣 = 0

(4.13)

The normalizer depends on the other cases in Equation 4.11 (with additional (1− 𝜌) factors).

Finally, for false negatives, recall that an object that is within the field of view fails to be
detected with type-dependent probability 𝜂(𝑎𝑘). Let 𝛿𝑡𝑣𝑘 be 1 if cluster 𝑘 is detected in view 𝑣 at
epoch 𝑡, and 0 otherwise. For a cluster 𝑘 that is alive at epoch 𝑡 (𝜉𝑘 ≤ 𝑡 ≤ 𝜁𝑘) with parameter 𝜃𝑘𝑡,
the probability of detection is therefore:

P
(︀
𝛿𝑡𝑣𝑘 = 1

)︀
=
[︁
1− 𝜂(𝑎𝑘)

]︁
P
(︁
𝜃𝑘𝑡 ∈ 𝑉 𝑡𝑣

)︁
=

[︃
1−

∑︁
𝑎𝑘

𝜂(𝑎𝑘) 𝜙(𝑎𝑘)

]︃
Φ̃
(︁
𝑥𝑘𝑡 ∈ 𝑉 𝑡𝑣 ; 𝜇𝑘𝑡,Σ𝑘𝑡

)︁
(4.14)

The Φ̃ function denotes the CDF of the multivariate normal distribution, with mean 𝜇𝑘𝑡 and covari-
ance Σ𝑘𝑡. For a particular view 𝑉 𝑡𝑣, we only evaluate the above detection probability on clusters
that are currently alive at epoch 𝑡. For each such cluster, there is a corresponding 𝛿𝑡𝑣𝑘 detection
indicator variable, whose value is determined during sampling by the candidate joint correspondence
vector z𝑡𝑣: if some element of z𝑡𝑣 is assigned to cluster index 𝑘, then 𝛿𝑡𝑣𝑘 = 1; otherwise, 𝛿𝑡𝑣𝑘 = 0.
The detection probability for the correspondence vector is:

PD
(︀
z𝑡𝑣
⃒⃒
𝑂∖𝑡𝑣, 𝑍∖𝑡𝑣

)︀
=

∏︁
𝑘: 𝜉𝑘≤𝑡≤𝜁𝑘

[︀
P
(︀
𝛿𝑡𝑣𝑘 = 1

)︀]︀𝛿𝑡𝑣𝑘 [︀1− P
(︀
𝛿𝑡𝑣𝑘 = 1

)︀]︀1−𝛿𝑡𝑣𝑘 (4.15)

Putting everything together, we arrive at a constrained blocked collapsed Gibbs sampling in-
ference algorithm. The algorithm takes the observations 𝑂 =

{︀
𝑜𝑡𝑣𝑖
}︀

and visible regions
{︀
𝑉 𝑡𝑣
}︀

as
input. As output, the algorithm produces samples from the posterior distribution over correspon-
dence vectors

{︀
z𝑡𝑣
}︀
, from which we can compute the posterior parameter distributions 𝑎𝑘 ∼ 𝜙 and

𝑥𝑘𝑡 ∼ 𝒩
(︀
𝜇𝑘𝑡,Σ𝑘𝑡

)︀
. The sampling algorithm repeatedly iterates over epochs 𝑡 and views 𝑣, each
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time sampling a new correspondence vector z𝑡𝑣 from its constrained conditional distribution:

PView
(︀
z𝑡𝑣
⃒⃒
o𝑡𝑣, 𝑂∖𝑡𝑣, 𝑍∖𝑡𝑣

)︀
∝

⎡⎣ ∏︁
𝑖: 𝑧𝑡𝑣𝑖 ̸=0

(1− 𝜌) P
(︀
𝑧𝑡𝑣𝑖
⃒⃒
𝑜𝑡𝑣𝑖 , 𝑂∖𝑡𝑣, 𝑍∖𝑡𝑣

)︀⎤⎦
×

⎡⎣ ∏︁
𝑖: 𝑧𝑡𝑣𝑖 =0

𝜌

[︃∑︁
𝑎𝑘

𝜑𝑎
𝑘
(𝑏𝑡𝑣𝑖 ) 𝜋(𝑎𝑘)

]︃
1

vol(world)
×

⎧⎨⎩𝑁0
∖𝑡𝑣 , 𝑁0

∖𝑡𝑣 > 0

𝛼 , 𝑁0
∖𝑡𝑣 = 0

⎤⎦
×

⎡⎣ ∏︁
𝑘: 𝜉𝑘≤𝑡≤𝜁𝑘

[︀
P
(︀
𝛿𝑡𝑣𝑘 = 1

)︀]︀𝛿𝑡𝑣𝑘 [︀1− P
(︀
𝛿𝑡𝑣𝑘 = 1

)︀]︀1−𝛿𝑡𝑣𝑘

⎤⎦
× I
[︀
z𝑡𝑣 satisfies CLC

]︀
(4.16)

The probability terms in the first and third lines can be found in Equations 4.11 and 4.14 respectively.
As in the static case, after incorporating the world modeling constraints, inference becomes

inefficient because we now have to compute conditional probabilities for (and sample from) the
joint space of correspondence vectors, which in general is exponential in the number of observations
in a view. Using the same insights and ideas as before, however, we can adaptively factor the
correspondence vector by initially decoupling all assignment variables, then coupling only those
that violate the cannot-link constraint; see Section 3.5.2 for details.

4.4 Approximate Maximum a Posteriori (MAP) inference

We have now presented the entire Gibbs sampling algorithm for DDPMM-based world modeling.
However, sampling-based inference can be slow, especially because of the cannot-link constraint
that couples together many latent variables, even if adaptive factoring is used. Although we are
interested in maintaining an estimate of our uncertainty in the world, frequently just having the
most-likely (maximum a posteriori – MAP) world state suffices. In general, even the MAP world
model is hard to find, because it can be formulated as a multidimensional assignment problem,
and it is known to be NP-complete for 𝑇 ≥ 3 epochs (Karp, 1972). Nevertheless, since it is a
fundamental combinatorial problem, many approximate solutions have been proposed.

In the static case, we adapted a hard-clustering algorithm, DP-means, and empirically found
that it returned good clustering assignments for some hyperparameter settings (see Algorithm 3-
2(b)). A similar analysis via small-variance asymptotics was performed recently for DDPs, where
the mixture components were Gaussian distributions with isotropic noise, resulting in the Dynamic
Means algorithm (Campbell et al., 2013). However, there is no simple and principled way to incor-
porate the additional information from Section 4.3. Additionally, even without such modifications,
the Dynamic Means algorithm requires three free hyperparameters to be specified, which may be
significantly harder to tune than the one in DP-means. Instead, we will use a much older idea that
does not involve asymptotics, can incorporate all the world-modeling information and constraints,
and produces an local optimization algorithm that is similar in spirit to Dynamic Means.
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4.4.1 Iterated conditional modes (ICM)

The iterated conditional modes (ICM) algorithm performs coordinate ascent on each variable’s
conditional distribution, and is guaranteed to converge to a local maximum (Besag, 1986). In par-
ticular, instead of iteratively sampling correspondence vectors from their conditional distributions
in Gibbs sampling, we find the most-likely one, update parameters based on it, and repeat for
each view. Since we are still dealing with the joint space of assignments for all observations in a
given view, finding the maximizer still potentially requires searching through a combinatorial space.
Fortunately, finding the most-likely correspondence within a single view can be formulated as a
maximum weighted assignment problem, for which polynomial-time (cubic) exact algorithms such
as the Hungarian algorithm exist (Kuhn, 1955; Munkres, 1957).

Suppose, for view 𝑣 at epoch 𝑡, there are 𝑀 observations {𝑜1, . . . , 𝑜𝑀} and 𝐾 existing clusters
(possibly not alive/instantiated). Then we wish to match each 𝑜𝑖 to an existing cluster, a new
cluster, or a false positive. Any unmatched existing cluster must also be assigned the probability of
missed detection. We can solve this as an assignment problem with the following payoff matrix:

Obs (𝑀) FN (𝑀 +𝐾)
Clusters (𝐾) logP (𝑧𝑖 = 𝑘) + log(1− 𝜌) I

[︀
𝜉𝑘 ≤ 𝑡 ≤ 𝜁𝑘

]︀
logP (𝛿𝑘 = 0)

+ I
[︀
𝜉𝑘 ≤ 𝑡 ≤ 𝜁𝑘

]︀
logP (𝛿𝑘 = 1)

New (𝑀) logP (𝑧𝑖 = new) + log(1− 𝜌) 0
FP (𝑀) logP (𝑧𝑖 = 0 (FP)) + log 𝜌 0

The payoff matrix has 2𝑀 +𝐾 entries (indicated in parentheses), to allow for the case that all
observations are assigned to new clusters, and likewise that all are spurious. Any extra New/FP
nodes are assigned to extra FN nodes, with zero payoff. The payoffs in the first column are: for
an existing cluster, given by cases 1 and 2 in Equation 4.11, depending on whether or not the
cluster has been instantiated yet; for a new cluster, given by case 3 in Equation 4.11; and for a
false positive, given by Equation 4.13. Note that log probabilities are used to decompose the view’s
joint correspondence probability into a sum of individual terms. By construction, the cannot-link
constraint is satisfied. Besides returning the optimal assignment, algorithms such as Murty’s 𝑘-best
(Murty, 1968) can return multiple good assignments with slightly higher computational complexity.

4.4.2 A two-stage inference scheme

Although the ICM algorithm presented can find good clusters at a single epoch very quickly, we
will see in experiments that it does not converge to good cluster trajectories. The issue is that ICM
moves are local, in that it considers one view at a time. Suppose we have identified correctly all
objects in epoch 1 using ICM. When we consider the first view in epoch 2, there may be significant
changes present, and using observations from the first view only, ICM must decide whether or not
to assign the new observations to existing clusters (by reviving them from the previous epoch).
Since the uncertainty in the object states immediately after a transition is high, basing the cluster
connectivity decisions on a single view is unreliable.
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Input: Observations 𝑂 =
{︀
𝑜𝑡𝑣𝑖
}︀
, Visible regions

{︀
𝑉 𝑡𝑣
}︀
, Number of samples 𝑁

Output: Samples of cluster assignments
{︀
z𝑡𝑣
}︀

1: Init. all entries to −1 (FP) in 𝑍(0) =
{︀
z𝑡𝑣
}︀(0)

2: repeat
3: for 𝑡 := 1 to 𝑇 ; 𝑣 := 1 to 𝑉 𝑡 do
4: Solve ICM weighted assignment problem for most-likely z𝑡𝑣, given 𝑍𝑡

∖𝑣
5: until convergence
6: Construct new dataset 𝐶 =

{︀
𝑐𝑡𝑖
}︀

with a single data point
for each non-FP cluster found by ICM (at the same epoch)

7: Sample tracks 𝐿 by performing MCMCDA on 𝐶 (Algorithm 2-1)
8: Convert track samples to cluster assignments

Figure 4-2: Two-stage inference algorithm for DDPMM, using ICM and MCMCDA.

This suggests a two-level inference scheme. Since ICM can reliably find good clusters within
single epochs, we first apply ICM to each epoch’s data independently, treating them as unrelated
static worlds. Next, we attempt to connect clusters between different epochs. This is essentially
another tracking problem, although the likelihood function is somewhat different (depends on many
underlying data points), and is much reduced in size. Since the problem is significantly smaller,
traditional tracking methods such as MHT can be applied to this cluster-level tracking problem.

We present one such scheme in Algorithm 4-2, using MCMCDA (Algorithm 2-1; Oh et al.
(2009)) to solve the cluster-level problem. We choose a batch-mode sampling algorithm such as
MCMCDA because it can return samples from the posterior distribution, and has an attractive
anytime property – we can terminate at any point and still return a list of valid samples. For
inferring the MAP configuration, the best sample can be returned instead. Since we are sampling
from the true posterior distribution (assuming that the per-epoch clusters are identified correctly),
in the limit of infinite samples, the true MAP configuration will be found almost surely.

To apply MCMCDA, we need to evaluate the likelihood of a complete configuration 𝑍, en-
compassing all epochs and views (line 4 in Algorithm 2-1). To do so, we first find the posterior
parameter distributions for the clusters/objects (as given by 𝑍) using Appendix 4.A, then combine
the observation likelihoods (Equation 4.32), as well as the false positive and false negative priors:

P (𝑂 |𝑍)P (𝑍) =
∏︁
𝑡

∏︁
𝑣

P
(︀
o𝑡𝑣
⃒⃒
z𝑡𝑣
)︀
PFP

(︀
z𝑡𝑣
)︀
PFN

(︀
z𝑡𝑣
)︀

=
∏︁
𝑡

∏︁
𝑣

{︃[︃∏︁
𝑖

∫︁
P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝜃𝑘𝑡, 𝑧𝑡𝑖 = 𝑘

)︁
P
(︁
𝜃𝑘𝑡
)︁
d𝜃𝑘𝑡

]︃
× Bin

(︀
𝑁 𝑡𝑣

𝑧=0

⃒⃒
𝑁 𝑡𝑣, 𝜌

)︀
×

⎡⎣ ∏︁
𝑘: 𝜉𝑘≤𝑡≤𝜁𝑘

[︀
P
(︀
𝛿𝑡𝑣𝑘 = 1

)︀]︀𝛿𝑡𝑣𝑘 [︀1− P
(︀
𝛿𝑡𝑣𝑘 = 1

)︀]︀1−𝛿𝑡𝑣𝑘

⎤⎦}︃ (4.17)
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(a) True object trajectories (b) Data (from all 10 epochs)

(c) 𝑡 = 5 (d) 𝑡 = 6 (e) 𝑡 = 7 (f) 𝑡 = 8

Figure 4-3: Data and object states in a simulated domain. The top left shows the true object (𝑥, 𝑦)
locations and their trajectories over time, color-coded by their associated object type. Observations are
shown as filled dots (corresponding to true positives) and crosses (false positives). The top right shows
the data from all 10 epochs (5 views per epoch) that is given as input, without any information about the
underlying object states and associations. Some form of clustering over views and time is visible. A more
realistic view of the data is shown in the bottom row, for a sequence of 4 epochs.

4.5 Experiments

Approximate MAP inference for world modeling via ICM, MCMCDA, and the two-stage algorithm
ICM-MCMC were tested on a simulated domain, and also on a sequence of real robot vision data
constructed from the static scenes in the previous chapter. To perform MAP inference on MCMCDA
and ICM-MCMC, the most-likely sample (as scored by Equation 4.17) was chosen, from 105 samples
in MCMCDA, and 104 in the second stage of ICM-MCMC. In both experiments, ICM-MCMC
significantly outperforms the other two methods, and even ICM performs better than MCMCDA.

4.5.1 Simulation

Objects in our simulated domain had one of four fixed object types, a time-evolving location (𝑥, 𝑦) ∈
[0, 100]× [0, 100], and a time-evolving velocity vector. Observations were made in 10 epochs of this
domain, with 5 views per epoch (visible region is the entire domain). In total, 5 objects existed,
each for some contiguous sub-interval of the elapsed time. Within each view, the number of false
positives was generated from Poi(5), and the probability of a missed detection was 0.1. The correct
object type was observed with probability 0.6, with equal likelihood (0.1) of being confused with
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(a) Truth (b) ICM-MCMC (LL = −3168)

(c) ICM (LL = −3329) (d) MCMCDA (LL = −3365)

Figure 4-4: The clusters found for the simulated domain are shown in thick ellipses, centered at the location
mean, color-coded by the most-likely object type inferred (across the entire trajectory, since it is a static
attribute). The ellipses depict a level set of the posterior location distribution (uncertainty given by Gaussian
covariance matrix). The posterior clusters derived from the true association is shown in the top left; the one
found by ICM-MCMC is essentially identical (with a minor difference in the green track). In contrast, the
posterior clusters found by ICM and the most-likely sample from MCMC (of 105), shown in the bottom row,
are qualitatively much different, and have significantly lower log-likelihood (LL) values.

76



the other 3 object types. Locations were observed with isotropic Gaussian noise, standard deviation
1.0. The object’s velocity vector was maintained from the previous time step, with added Gaussian
noise, standard deviation 5.0. Between epochs, the probability of survival was 0.9. The observed
data (i.e., the algorithm input) and the true object states are shown in Figure 4-3.

The resulting MAP clusters found by ICM, MCMCDA, and ICM-MCMC are shown in Fig-
ure 4-4, along with their log-likelihood values (higher / less negative is better). ICM-MCMC clearly
outperforms the other methods, and finds essentially the same clusters as given by the true associa-
tion. The clusters found generally have tight covariance values, unlike those in ICM and MCMCDA.
These two methods, especially MCMCDA, tend to find many more clusters than are truly present.

4.5.2 Using robot data from static scenes

We also applied the same algorithms to the static robot vision data that were used in the previous
chapter to evaluate DPMM methods. To convert static scenes into dynamic scenes, we choose static
scenes that were reasonably similar, and simply concatenated their data together, as if each scene
corresponded to a different epoch. One such example is shown in Figure 4-5.

Objects in different scenes were all placed on the same tabletop of dimensions 1.2m× 0.6m; all
data were placed in the table’s frame of reference. Four object types were present, and typically
each scene had 5–10 objects. Unlike the previous simulation, we do not assume objects have
velocities; between epochs, we assume that the location changes with isotropic Gaussian noise,
standard deviation 0.1. Since changes were significant between epochs, we assumed a relatively
low 0.5 probability of survival. Object locations are sensed with Gaussian noise, standard deviation
0.03; the object type noise model and probability of detection is the same as before. The probability
of false positives is much lower for this domain; we assumed the number of false positives had a
Poi(0.1) distribution.

Figure 4-5 shows the MAP associations found by ICM and ICM-MCMC, with lines connecting
cluster states over epochs. Annotations were also added (in the form of three different line styles) to
facilitate comparison between the ICM and ICM-MCMC results; see figure caption for details. ICM
tends to suggest many more transitions than ICM-MCMC, many of which are actually implausible.
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(a) ICM transitions not
present in ICM-MCMC

(b) Most-likely ICM con-
figuration (LL = −968)

(c) Most-likely ICM-
MCMC conf (LL = −931)

(d) ICM-MCMC transi-
tions not present in ICM

Figure 4-5: Approximate MAP cluster (object) trajectories found using ICM and ICM-MCMC on the
robot vision data collection in the previous chapter. The concatenated sequence of scenes (epochs) is shown
from top to bottom. The inferred clusters and tracks are shown in the middle two columns. Lines connecting
cluster pairs between epochs are color-coded by the inferred object type (fixed across epochs), and are marked
by one of three line styles used to compare results from the two algorithms. A solid line means the same
pair was connected by both algorithms; a dashed line means a similar pair (in likelihood) was connected; a
dotted line means the pair was not connected by the other algorithm. To make the differences clearer, the
top-down reference views have been annotated with arrows, for pairs of objects that were only connected
by one algorithm (dotted lines in the middle two). The left column shows pairs that were connected by
ICM but not ICM-MCMC; the right column shows the opposite. Solid arrows depict transitions that are
unlikely, whereas dashed arrows depict plausible transitions. ICM tends to suggest many more transitions
than ICM-MCMC, many of which are actually implausible.
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4.6 Discussion

I have presented an extension of the clustering-based data association method in the previous
chapter to semi-static environments, by applying the dependent Dirichlet process mixture model
(DDPMM). Similar to the case for DPMMs, multiple modifications on the generic DDPMM were
necessary to adhere to assumptions in the world modeling problem. Additionally, because of the
extra temporal dimension, inference is even more challenging. A fast approximate MAP inference
algorithm, iterated conditional modes (ICM), was therefore explored. By itself, however, ICM did
not perform well; a novel two-stage inference algorithm, with ICM followed by MCMCDA, fared
much better, both in simulation and on real-world data.

The downside of the ICM-MCMC inference procedure is that very few guarantees can be made,
since ICM is itself approximate and only reaches a local optimum. Additionally, even though the
second-stage MCMCDA provides samples, they are not true samples from the full posterior, since
the ‘data points’ it is trying to connect are in fact clusters found by ICM. Nevertheless, the idea
of splitting the inference into within-epoch and between-epoch stages is appealing. The between-
epoch stage of joining clusters into tracks also seems to have connections with split-merge methods
(e.g., Jain and Neal, 2004). A two-stage sampling procedure that relies on the same intuition, but
produces samples from the true posterior, should be within reach.

The inference algorithms presented in this chapter, and other traditional tracking algorithms
such as MHT, all consider each view in sequence, sampling/scoring correspondence vectors given the
associations from all previous views, but not future ones. That is, they are all performing forward
filtering/sampling, but no smoothing is done in the space of associations. The previous chapter
showed cases where this may be problematic. For the sampling-based algorithm in this chapter to
be considered a true Gibbs sampler, it must condition on all information that is available to it, both
past and future (if operating in batch mode, which is the case). The true Gibbs sampler for the
DDPMM is currently being developed.

Finally, there is a serious theoretical issue with applying DPMMs, and by extension DDPMMs,
to problems such as world modeling. The issue was raised recently by Miller and Harrison (2013,
2014); it is about the inconsistency in estimating the number of mixture components. In particular,
Miller and Harrison (2013) showed a simple example where the posterior probability of the true
number of components converged to 0 asymptotically (i.e., the true answer has zero probability!).
This is problematic for object-based world modeling, since we are typically interested in the number
of objects in the world. The issue is not a failure in the DP model; indeed, the DPMM was
never intended to estimate the true number of components. Instead, it was originally conceived
as a density estimation tool, for which the DPMM is consistent: the mixture density found in the
DPMM converges to the true data-generating density. However, it tends to overestimate the number
of mixture components; during inference, frequently samples have extra spurious clusters with few
elements. Miller (2014) and Miller and Harrison (2015) suggested using an alternative mixture of
finite mixtures (MFM) model, for which the inferred number of components is a consistent estimate.
MFMs appear to be a promising alternative to DPMMs, and is likely generalizable to DDPMMs.
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4.A Appendix: Derivation of posterior and predictive distributions
for cluster parameters

In this appendix, I derive closed-form expressions for the posterior and predictive distributions of
the parameter 𝜃 = (𝑎, 𝑥), under the assumptions specified in Section 4.2.2.

The expressions for the fixed attribute are the same as in the previous chapter, since it is static.
For convenience, I reproduce the equations here. Given a set of observations {𝑏}:

𝜙(𝑎) , P (𝑎 | {𝑏}) ∝ P ({𝑏} | 𝑎) P (𝑎) ∝

⎡⎣ ∏︁
𝑏𝑖∈{𝑏}

𝜑𝑎(𝑏𝑖)

⎤⎦ 𝜋(𝑎) (4.18)

P
(︀
𝑏′
⃒⃒
{𝑏}
)︀
∝
∑︁
𝑎

P
(︀
𝑏′
⃒⃒
𝑎
)︀
P (𝑎 | {𝑏}) =

∑︁
𝑎

𝜑𝑎(𝑏′) 𝜙(𝑎) (4.19)

Given a set of observations
{︁{︀
𝑦𝑡𝑖
}︀𝑁𝑡

𝑖=1

}︁𝜁

𝑡=𝜉
of the dynamic attributes, we can find the posterior

distribution on
{︀
𝑥𝑡
}︀𝜁
𝑡=𝜉

by performing Kalman filtering and smoothing (Kalman, 1960; Rauch et al.,
1965). Applying a generic Kalman filter to the world modeling problem gives the following recursive
filtering equations for

(︁
�̃�, Σ̃

)︁
, the hyperparameters in the forward direction (during filtering):

�̂�𝑡 = �̃�𝑡−1 , Σ̂𝑡 = Σ̃𝑡−1 +𝑅(𝑎)

𝐾𝑡 =

⎧⎨⎩Σ̂𝑡
(︁
Σ̂𝑡 + 𝑆

𝑁𝑡

)︁−1
, 𝑁 𝑡 > 0

0 , 𝑁 𝑡 = 0
(4.20)

�̃�𝑡 = �̂�𝑡 +𝐾𝑡
(︀
𝑦𝑡 − �̂�𝑡

)︀
, Σ̃𝑡 =

(︀
𝐼 −𝐾𝑡

)︀
Σ̂𝑡

Recall that 𝑅(𝑎) is the covariance per time step of the random walk on 𝑥, and 𝑆 is the covariance
of the measurement noise distribution. For simplicity, I assume that the most-likely attribute value
𝑎 is used in filtering; otherwise, we must marginalize over the posterior distribution 𝜙(𝑎), which
will lead to a weighted sum of covariance matrices that is difficult to handle if the covariances
differ between the plausible attributes. The “ˆ” variables are the predicted parameters before
incorporating observations, and the “˜” variables are the parameters after incorporating observations
(i.e., the Kalman filter output). Since there may be multiple observations of the pose in a single
epoch, we have used an equivalent formulation involving the sample means 𝑦, by exploiting the fact
that if each 𝑦𝑡𝑖 ∼ 𝒩

(︀
𝑥𝑡, 𝑆

)︀
, then the sample mean has distribution 𝑦𝑡 ∼ 𝒩

(︀
𝑥𝑡, 𝑆

𝑁𝑡

)︀
. There may

also be no observations at a given time, in which case the correction step has no effect (𝐾𝑡 = 0).

The Kalman filter is initialized with a noninformative prior:

𝜇0 = 0 , Σ0 = ∞𝐼 (4.21)

In practice, this implies that after the initial measurement(s) at time 𝜉, �̃�𝜉 ∼ 𝒩
(︀
𝑦𝜉, 𝑆

𝑁𝜉

)︀
. To see
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this, we can apply Equation 4.20 on
(︀
𝜇0,Σ0

)︀
:

𝐾𝜉 =
(︀
Σ0 +𝑅(𝑎)

)︀(︂
Σ0 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1

(4.22)

�̃�𝜉 = 𝜇0 +𝐾𝜉
(︁
𝑦𝜉 − 𝜇0

)︁
= 𝐾𝜉𝑦𝜉 (4.23)

Σ̃𝜉 =
(︁
𝐼 −𝐾𝜉

)︁ (︀
Σ0 +𝑅(𝑎)

)︀
(4.24)

To handle the infinite initial covariance, we interpret Σ0 as lim𝑛→∞ 𝑛𝐼. This leads to:

𝐾𝜉 = lim
𝑛→∞

[︃
𝑛𝐼

(︂
𝑛𝐼 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1

+𝑅(𝑎)

(︂
𝑛𝐼 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1
]︃

= lim
𝑛→∞

[︃(︂
𝐼 +

𝑅(𝑎)

𝑛
+

1

𝑛

𝑆

𝑁 𝜉

)︂−1

+
1

𝑛
𝑅(𝑎)

(︂
𝐼 +

𝑅(𝑎)

𝑛
+

1

𝑛

𝑆

𝑁 𝜉

)︂−1
]︃

= 𝐼 + 0 ·𝑅(𝑎) · 𝐼 = 𝐼 (4.25)

Hence �̃�𝜉 = 𝐾𝜉𝑦𝜉 = 𝑦𝜉. For the covariance:

Σ̃𝜉 =

[︃
𝐼 −

(︀
Σ0 +𝑅(𝑎)

)︀(︂
Σ0 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1
]︃ (︀

Σ0 +𝑅(𝑎)
)︀

=

[︃(︂
Σ0 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂(︂
Σ0 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1

−
(︀
Σ0 +𝑅(𝑎)

)︀(︂
Σ0 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1
]︃ (︀

Σ0 +𝑅(𝑎)
)︀

=
𝑆

𝑁 𝜉

(︂
Σ0 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1 (︀
Σ0 +𝑅(𝑎)

)︀
= lim

𝑛→∞

[︃
𝑆

𝑁 𝜉

(︂
𝑛𝐼 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1

𝑛𝐼 +
𝑆

𝑁 𝜉

(︂
𝑛𝐼 +𝑅(𝑎) +

𝑆

𝑁 𝜉

)︂−1

𝑅(𝑎)

]︃

= lim
𝑛→∞

[︃
𝑆

𝑁 𝜉

(︂
𝐼 +

𝑅(𝑎)

𝑛
+

1

𝑛

𝑆

𝑁 𝜉

)︂−1

+
1

𝑛

𝑆

𝑁 𝜉

(︂
𝐼 +

𝑅(𝑎)

𝑛
+

1

𝑛

𝑆

𝑁 𝜉

)︂−1

𝑅(𝑎)

]︃

=
𝑆

𝑁 𝜉
· 𝐼 + 0 · 𝑆

𝑁 𝜉
· 𝐼 ·𝑅(𝑎) = 𝑆

𝑁 𝜉
(4.26)

In summary, choosing
(︀
𝜇0,Σ0

)︀
= (0,∞𝐼) is equivalent to initializing the Kalman filter with(︀

𝜇𝜉,Σ𝜉
)︀
=
(︀
𝑦𝜉, 𝑆

𝑁𝜉

)︀
, and proceeding for times 𝜉 < 𝑡 ≤ 𝜁.

After proceeding forward in time, information from later observations should also be propagated
backward in time via a smoothing operation, to correct earlier estimates made during forward filter-
ing. For example, in our application, the Rauch-Tung-Striebel (RTS) smoother runs the following
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recursive operations starting at the final time 𝜁 (Rauch et al., 1965):

𝜇𝜁 = �̃�𝜁 , Σ𝜁 = Σ̃𝜁 (4.27)

𝐶𝑡 = Σ̃𝑡
(︁
Σ̂𝑡+1

)︁−1
= Σ̃𝑡

(︁
Σ̃𝑡 +𝑅(𝑎)

)︁−1
(4.28)

𝜇𝑡 = �̃�𝑡 + 𝐶𝑡
(︀
𝜇𝑡+1 − �̂�𝑡+1

)︀
= �̃�𝑡 + 𝐶𝑡

(︀
𝜇𝑡+1 − �̃�𝑡

)︀
(4.29)

Σ𝑡 = Σ̃𝑡 + 𝐶𝑡
(︁
Σ𝑡+1 − Σ̂𝑡+1

)︁ (︀
𝐶𝑡
)︀ᵀ

= Σ̃𝑡 + 𝐶𝑡
(︁
Σ𝑡+1 − Σ̃𝑡 −𝑅(𝑎)

)︁ (︀
𝐶𝑡
)︀ᵀ (4.30)

Recall that “ˆ” and “˜” variables are the predicted and filtered parameters respectively. Parameters
without such modifications are smoothed.

Once the sequence of parameters
{︀
𝜇𝑡,Σ𝑡

}︀𝜁
𝑡=𝜉

is inferred, we can use them to determine the
log-likelihood of the observations (for scoring associations) and the predictive distributions (for
determining cluster assignment in Gibbs sampling). We will repeatedly use the following fact:

𝑥 ∼ 𝒩 (𝜇,Σ) , 𝑦|𝑥 ∼ 𝒩 (𝑥,Λ) ⇒ 𝑦 ∼
∫︁
P (𝑦 |𝑥) P (𝑥) d𝑥 = 𝒩 (𝜇,Σ+ Λ) (4.31)

For example, we know that 𝑥𝑡 ∼ 𝒩
(︀
𝜇𝑡,Σ𝑡

)︀
(hyperparameters obtained from Kalman smoothing),

and from our modeling assumptions, 𝑦𝑡
⃒⃒
𝑥𝑡 ∼ 𝒩

(︀
𝑥𝑡, 𝑆

)︀
. Hence the marginal distribution over the

pose observation (marginalized over all possible latent poses 𝑥𝑡) is 𝑦𝑡 ∼ 𝒩
(︀
𝜇𝑡,Σ𝑡 + 𝑆

)︀
. From this

we can immediately find the marginal likelihood of the observed data:

P
(︂{︁{︀

𝑦𝑡𝑖
}︀𝑁𝑡

𝑖=1

}︁𝜁

𝑡=𝜉

)︂
=

𝜁∏︁
𝑡=𝜉

𝑁𝑡∏︁
𝑖=1

P
(︀
𝑦𝑡𝑖
)︀
=

𝜁∏︁
𝑡=𝜉

𝑁𝑡∏︁
𝑖=1

𝒩
(︀
𝑦𝑡𝑖 ; 𝜇

𝑡,Σ𝑡 + 𝑆
)︀

(4.32)

This likelihood expression is used to score potential association hypotheses, e.g., for MCMCDA.

We can now derive the conditional probability expressions in the Gibbs sampler, shown in
Equation 4.10. In collapsed Gibbs sampling, each observation’s predictive likelihood P

(︁
𝑜𝑡𝑖

⃒⃒⃒
𝑂𝑘

∖𝑡𝑖

)︁
involves an integral over the latent parameters 𝜃𝑘𝑡 =

(︀
𝑎𝑘, 𝑥𝑘𝑡

)︀
of the cluster. In forward sampling,

assigning observation 𝑜𝑡𝑖 to cluster 𝑘 has three cases:

1. If cluster 𝑘 exists and is instantiated (i.e., has other observations at time 𝑡 assigned to it),
the posterior distribution of the pose 𝑥𝑘𝑡 is 𝒩

(︀
𝜇𝑘𝑡,Σ𝑘𝑡

)︀
, and the posterior distribution of the

fixed attribute is 𝜙(𝑎𝑘). Thus the predictive distribution is:

P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝑂𝑘

∖𝑡𝑖

)︁
=

∫︁
P
(︀
𝑜𝑡𝑖
⃒⃒
𝜃
)︀
P
(︁
𝜃
⃒⃒⃒
𝑂𝑘

∖𝑡𝑖

)︁
d𝜃

=

[︃∑︁
𝑎𝑘

P
(︁
𝑏𝑡𝑖

⃒⃒⃒
𝑎𝑘
)︁
𝜙(𝑎𝑘)

]︃ ∫︁
P
(︁
𝑦𝑡𝑖

⃒⃒⃒
𝑥𝑘𝑡
)︁

𝒩
(︁
𝑥𝑘𝑡 ; 𝜇𝑘𝑡,Σ𝑘𝑡

)︁
d𝑥𝑘𝑡

=

[︃∑︁
𝑎𝑘

𝜑𝑎
𝑘
(𝑏𝑡𝑖) 𝜙(𝑎

𝑘)

]︃
𝒩
(︁
𝑦𝑡𝑖 ; 𝜇

𝑘𝑡,Σ𝑘𝑡 + 𝑆
)︁

(4.33)
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In the final line, we used Equations 4.19 and 4.31 to simplify the predictive distributions.

2. If cluster 𝑘 exists, but it has not yet been instantiated, this implies that, in the forward
case, that the time of the observation 𝑡 is beyond the final observed time 𝜏 = 𝜁 associated
with the cluster. Then instead of integrating over the posterior distribution of 𝑥𝑘𝑡, which
does not exist yet, we need to integrate over its predictive distribution. This can be found
by propagating the prediction step in the Kalman filter, starting from the final time step’s
distribution 𝑥𝑘𝜏 ∼ 𝒩

(︀
𝜇𝑘𝜏 ,Σ𝑘𝜏

)︀
(again, the most-likely attribute 𝑎𝑘 is assumed):

𝜇𝑘𝑡 = 𝜇𝑘𝜏 , Σ𝑘𝑡 = Σ𝑘𝜏 + (𝑡− 𝜏)𝑅(𝑎𝑘) (4.34)

This is precisely the ‘generalized’ transition distribution 𝑇 for the pose in the DDPMM. Hence
𝑥𝑘𝑡 ∼ 𝒩

(︀
𝜇𝑘𝜏 ,Σ𝑘𝜏 + (𝑡− 𝜏)𝑅(𝑎𝑘)

)︀
, and by a derivation similar to Equation 4.33:

P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝑂𝑘

∖𝑡𝑖

)︁
=

[︃∑︁
𝑎𝑘

𝜑𝑎
𝑘
(𝑏𝑡𝑖) 𝜙(𝑎

𝑘)

]︃
𝒩
(︁
𝑦𝑡𝑖 ; 𝜇

𝑘𝜏 ,Σ𝑘𝜏 + (𝑡− 𝜏)𝑅(𝑎𝑘) + 𝑆
)︁

(4.35)

3. If cluster 𝑘 does not exist (and 𝑂𝑘
∖𝑡𝑖 = ∅), then we should use the base distribution 𝐻 (𝜃) ,

𝜋(𝑎) 𝒩
(︀
𝑥 ; 𝜇0,Σ0

)︀
instead of the posterior distribution. Then:

P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝑂𝑘

∖𝑡𝑖

)︁
= P

(︀
𝑜𝑡𝑖
)︀
=

∫︁
P
(︀
𝑜𝑡𝑖
⃒⃒
𝜃
)︀
𝐻 (𝜃) d𝜃

=

[︃∑︁
𝑎𝑘

P
(︁
𝑏𝑡𝑖

⃒⃒⃒
𝑎𝑘
)︁
𝜋(𝑎𝑘)

]︃ ∫︁
P
(︁
𝑦𝑡𝑖

⃒⃒⃒
𝑥𝑘𝑡
)︁

𝒩
(︁
𝑥𝑘𝑡 ; 𝜇0,Σ0

)︁
d𝑥𝑘𝑡

=

[︃∑︁
𝑎𝑘

𝜑𝑎
𝑘
(𝑏𝑡𝑖) 𝜋(𝑎

𝑘)

]︃
𝒩
(︀
𝑦𝑡𝑖 ; 0,∞𝐼

)︀
(4.36)

However, this requires the evaluation of an improper normal distribution in the final term.
Since the choice of this prior was motivated by an attempt to give all initial poses equal
probability, the same effect can be achieved by using a uniform distribution over the total
explored world volume. Thus, in practice during Gibbs sampling we evaluate the following:

P
(︁
𝑜𝑡𝑖

⃒⃒⃒
𝑂𝑘

∖𝑡𝑖

)︁
=

[︃∑︁
𝑎𝑘

𝜑𝑎
𝑘
(𝑏𝑡𝑖) 𝜋(𝑎

𝑘)

]︃
Unif(vol(world)) (4.37)

This expression is similar to the expression for the observation likelihood of false positives. If
the observation is actually assigned to a new cluster, then we revert to the noninformative
normal prior and perform Kalman smoothing, which is now no longer problematic since it
does not require evaluation of improper densities.
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Chapter 5

Not Seeing is Also Believing: Combining
Object and Metric Spatial Information

Spatial representations are fundamental to mobile robots operating in uncertain environments. A
navigating mobile robot needs to know which places are free to move into and what obstacles it
might collide with. A mobile-manipulation robot cooking at home needs to be able to find and
detect objects such as kitchen utensils and ingredients. These two tasks typically represent space in
distinct ways: navigation with occupancy grid maps, which I will refer to as ‘metric-level’; mobile
manipulation with objects and their attributes, which is ‘object-level’. Many tasks represent space
in just one of these two ways, use them in parallel without information flow, or infer one solely from
the other, but rarely is there any interaction between the two levels.

Consider a motivating example, as depicted in Figure 5-1. A mobile robot with a camera
mounted on top takes an image and sees the side of a shelf on a table. From the camera point
cloud, it infers that a shelf is present, and estimates the shelf’s pose, shown in red and indicated
by the white arrow. Even though most of the shelf lies within an unobserved region of space, as
indicated by the gray ‘fog’ on the right, the robot can infer that the space overlapping with the box
at its estimated pose is occupied (by the shelf). This is an example of object-to-metric inference.
Through the act of seeing the shelf, the robot also knows that the rays between its camera and the
front of the shelf passed through free (unoccupied) space. Since this space is free, the robot can also
infer that no objects are present in this space. This is an example of metric-to-object inference. We
will consider more examples of both types of information interaction in this chapter.

With effort, it is typically possible to use only a single layer of spatial representation. However,
this can unnecessarily complicate the storage of information and the updating of the representation,
because certain types of information from sensors are more compatible with specific types of rep-
resentation. An identified rigid object is inherently atomic, but this is not respected when treated
as a collection of discretized grid cells. If the object is moved, then instead of simply updating a
‘pose’ attribute in the object state, the the entire collection of grid cells will need to be updated.
Conversely, free space is easy to represent in an occupancy grid. However, because it provides in-
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Figure 5-1: A mobile robot uses object detections to infer regions of occupied space, and uses free space
observations to eliminate possible locations of objects. The framework in this chpater allows inference across
representational layers as depicted by the graphical model; see Sections 5.1–5.3 for details.

formation about the absence of any object, which amounts to ‘cutting holes’ in each object’s pose
distribution, forcing free space information to be kept in pose space leads to complicated pose dis-
tributions and updates that scale with the number of known objects instead of the number of newly
observed cells. Moreover, much of this complex updating is wasted, because information about a
local region of free space would not affect an object’s pose unless the object is nearby.

Our goal is to combine the advantages of each layer of representation and provide a framework
for integrating both types of information. In particular, I adopt the philosophy of keeping each type
of information in its ‘natural’ representation, where it can be easily updated, and only combining
them when queries about specific states are made. This is an efficiency trade-off between filtering
and querying; we strive for simplicity and compactness in the former by delaying computation to
query-time. The specific representational choices made will be explored in greater detail next.

To illustrate our strategy, I first show, in detail, the approach for a concrete one-dimensional
discrete world involving a single object. At that point, the general case is in fact not too different.
Through several illustrative example applications of the framework, I will demonstrate, for example,
how free space information can be used to reduce uncertainty in object type and pose, and why
object-level representations are necessary to maintain an accurate metric spatial representation. A
quantitative comparison between our framework and a generic particle filter is also given. Finally,
further justification for our strategy is provided through a high-level graphical analysis.

5.1 Problem Definition and Solution Strategy

Consider a well-localized robot making observations in a world containing stationary objects. Since
the contents of a spatial representation is ultimately a state estimate, I first describe the state. I
assume that each object 𝑜𝑏𝑗𝑖 is described by a fixed set of attributes of interest, whose values are
concatenated into a vector x𝑖. Likewise, the world is discretized into a metric grid (not necessarily
evenly spaced), where each cell 𝑐𝑒𝑙𝑙𝑗 is endowed with another set of attributes with value m𝑗 . For
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concreteness, it may help to consider x𝑖 being the object pose (assuming we know which object it is),
and m𝑗 being the binary occupancy value for 𝑐𝑒𝑙𝑙𝑗 . I shall explore this case further in Section 5.2,
and subsequently generalize to other attributes in Section 5.3.

The objects’ states {x𝑖} and the cells’ states {m𝑗} are not known, and are imperfectly sensed by
the robot. I assume that the perception framework returns two independent types of observations,
{z𝑖1:𝑍} and {w𝑗

1:𝑊 }, revealing information about the objects and cells respectively. The subscripts
indicate that each object/cell may have multiple observations. Observations may be raw sensor
readings or be the output of some intermediate perception pipeline. For example, w𝑗 may be range
sensor readings, whereas z𝑖 may be the output of an object detection and pose estimation pipeline.

For convenience, I will use the following shorthand in the rest of the chapter. As in the above
presentation, superscripts always refer to the index of the object/cell. To avoid the clutter of set
notation, we will denote the set of all objects’ states, {x𝑖}, by x∙; specific indices will denote
individual states (e.g., x𝑖 is 𝑜𝑏𝑗𝑖’s state). Similarly, m𝑗 is 𝑐𝑒𝑙𝑙𝑗 ’s state, whereas m∙ refers to the
states of all cells (previously {m𝑗}). Likewise, for observations, z𝑖𝑘 is the 𝑘’th observation associated
with 𝑜𝑏𝑗𝑖, z𝑖∙ is the set of observations associated with 𝑜𝑏𝑗𝑖, and z∙ is the set of all object observations
(previously {z𝑖1:𝑍}).

Our goal is to estimate the marginal posterior distributions:

P(x∙ | z∙,w∙) and P(m∙ | z∙,w∙) (5.1)

In most of our examples, such as the object-pose/cell-occupancy one described above, x∙ and m∙ are
dependent: given that an object is in pose 𝑥, the cells that overlap with the object at pose 𝑥 must be
occupied. Object-based dependencies also tend to be local to the space that the object occupies and
hence very non-uniform: cells that do not overlap with the object are essentially unaffected. The
lack of uniformity dashes all hopes of a nice parametric update to the objects’ states. For example,
if 𝑚𝑗 is known to be free, all poses that overlap 𝑚𝑗 must have zero probability, thereby creating a
‘hole’ in pose space that is impossible to represent using a typical Gaussian pose distribution.

As a result, we must resort to non-parametric representations, such as a collection of samples,
to achieve good approximations to the posterior distributions. However, the dimension of the joint
state grows with the number of objects and the size of the world, and sampling in the joint state
quickly becomes intractable in any realistic environment. This approach can be made feasible
with aggressive factoring of the state space; however, combining different factors correctly simply
introduces another fusion problem. Filtering a collection of samples over time, or particle filtering
(Doucet et al., 2001; Thrun et al., 2001), also introduces particle-set maintenance issues.

Instead of filtering in the joint state and handling complex dependencies, our strategy is to filter
separately in the object and metric spaces, and merge them on demand as queries about either
posterior are made. Our philosophy is to trade off filter accuracy for runtime efficiency (by using
more restrictive representations that each require ignoring different parts of the perceived data),
while ensuring that appropriate corrections are made when answering queries. By making typical
independence assumptions within each layer, we can leverage standard representations such as a
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Kalman filter (for object pose) and an occupancy grid (for metric occupancy) to make filtering
efficient. Specifically, we propose to maintain the following distributions in two filters:

P(x∙ | z∙) and P(m∙ |w∙) (5.2)

We only incorporate the other source of information at query time. Computing the posteriors in
Equation 5.1 from the filtered distributions in Equation 5.2 is the subject of the next section.

5.2 The One-Dimensional, Single-Object Case

To ground our discussion of the solution strategy, in this section we consider a simple instance of
the problem discussed in the previous section. In particular, we focus on estimating the (discrete)
location of a single static object and the occupancy of grid cells in a discretized one-dimensional
world. The general problem involving more objects and other attributes is addressed later.

5.2.1 Formulation

The single-object, 1-D instance is defined as follows:

∙ The 1-D world consists of 𝐶 contiguous, unit-width cells with indices 1 ≤ 𝑗 ≤ 𝐶.

∙ A static object of interest, with known length 𝐿, exists in the world. Its location, the lowest
cell index it occupies, is the only attribute being estimated. Hence its state x satisfies x ∈
[1, 𝐶 − 𝐿+ 1] , {1, . . . , 𝐶 − 𝐿+ 1}.

∙ We are also interested in estimating the occupancy of each cell 𝑐𝑒𝑙𝑙𝑗 . Each cell’s state m𝑗 is
binary, with value 1 if it is occupied and 0 if it is free.

∙ Cells may be occupied by the object, occupied by ‘dirt’/‘stuff’, or be free. ‘Stuff’ refers
to physically-existing entities that we either cannot yet or choose not to identify. Imagine
only seeing the tip of a handle (which makes the object difficult to identify) or, as the name
suggests, a ball of dirt (which we choose to ignore except note its presence). We will not
explicitly distinguish between the two types of occupancy; the cell’s state has value 1 if it is
occupied by either the object or ‘stuff’, and 0 if it is free.

∙ The assumption above, that cells can be occupied by non-object entities, allows us to ascribe a
simple prior model of occupancy: each cell is occupied independently with known probability
P(m𝑗 = 1) = 𝜓. This prior model and cell independence assumption are commonly used in
the occupancy grid literature (Thrun et al., 2005). This may be inaccurate, especially if the
object is long and 𝜓 is small.

∙ Noisy observations z∙ of the single object’s location x and observations w∙ of the cells’ oc-
cupancies m∙ are made. We will be intentionally agnostic to the specific sensor model used,
and only assume that appropriate filters are used in light of the noise models.
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∙ The object and metric filters maintain P(x | z∙) and P(m∙ |w∙) respectively. I assume that
the former is a discrete distribution over the domain of x, and the latter is an occupancy grid,
using the standard log-odds ratio ℓ𝑗 = log P(m𝑗=1 |w𝑗

∙)

P(m𝑗=0 |w𝑗
∙)

for each cell’s occupancy.

∙ States of distinct cells are assumed to be conditionally independent given the object state
x. This is a relaxation of the assumption cells are independent, which is typically assumed
in occupancy grids. The current assumption disallows arbitrary dependencies between cells;
only dependencies mediated by objects are allowed. For example, two adjacent cells may be
occupied by the same object and hence are dependent if the object’s location is not known.

As mentioned in the previous section, what makes this problem interesting is that x and m∙ are
dependent. In this case, the crucial link is that an object that is located at x necessarily occupies
cells with indices 𝑗 ∈ 𝒥 (x) , [x,x+ 𝐿− 1], and therefore these cells must have as state m𝑗 = 1.
This means that states of a subset of cells are strongly dependent on the object state, and we
expect this to appear in the metric posterior P(m∙ | z∙,w∙). Likewise, occupancy/freeness of a cell
also supports/opposes respectively the hypothesis that an object overlaps the cell. However, the
latter dependency is weaker than the former one, as an occupied cell can be due to ‘dirt’ (or other
objects, though not in this case), and a free cell typically only eliminates a small portion of the
object location hypotheses.

5.2.2 Cell occupancy posterior

We now use this link between x and m∙ to derive the desired posterior distributions from Equa-
tion 5.1. First consider the posterior occupancy m𝑗 of a single cell 𝑐𝑒𝑙𝑙𝑗 . Intuitively, we expect that
if the object likely overlaps 𝑐𝑒𝑙𝑙𝑗 , the posterior occupancy should be close to 1, whereas if the object
is unlikely to overlap the cell, then the posterior occupancy should be dictated by the ‘stuff’ prior
and relevant occupancy observations (w𝑗

∙). Since we do not know the exact location of the object,
we instead have to consider all possibilities:

P(m𝑗 | z∙,w∙) =
∑︁
x

P(m𝑗 |x,w𝑗
∙)P(x | z∙,w∙) (5.3)

In the first term, because x is now explicitly considered, object observations z∙ are no longer
informative and are dropped. Since we assumed that cells are conditionally independent given
the object state, all other cells’ observations are dropped too. The second term is the posterior
distribution on the object location, which will be discussed later.

The term P(m𝑗 |x,w𝑗
∙) can be decomposed further:

P(m𝑗 |x,w𝑗
∙) ∝ P(w𝑗

∙ |m𝑗)P(m𝑗 |x) (5.4)

The second term, P(m𝑗 |x), serves as the link between cells and objects. By the discussion above, for
𝑗 ∈ 𝒥 (𝑥), i.e., cells that the object at location x overlaps, m𝑗 must be 1. In this case, Equation 5.4
is only non-zero for m𝑗 = 1, so P(m𝑗 = 1 |x,w𝑗

∙) must also be 1. For 𝑗 /∈ 𝒥 (𝑥), the cell is unaffected
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by the object, hence P(m𝑗 |x) = P(m𝑗). Equation 5.4 in this case is, by reverse application of Bayes’
rule, proportional to P(m𝑗 |w𝑗

∙), and since this is in fact a distribution, P(m𝑗 |x,w𝑗
∙) = P(m𝑗 |w𝑗

∙).
This reflects that for 𝑗 /∈ 𝒥 (𝑥), the cell’s state is independent of the object state. In summary:

P(m𝑗 |x,w𝑗
∙) =

⎧⎨⎩1 , if 𝑗 ∈ 𝒥 (x)

P(m𝑗 |w𝑗
∙) , otherwise

(5.5)

This ‘link’ between object and cell states matches the intuition given above: the cell is necessarily
occupied if the object overlaps it; otherwise, the object state is ignored and only occupancy obser-
vations are used. The probability value P(m𝑗 |w𝑗

∙) is readily available from the metric filter (for an
occupancy grid with log-odds ratio ℓ𝑗 for 𝑐𝑒𝑙𝑙𝑗 , the desired probability is 1− 1

1+exp(ℓ𝑗)
). Combining

Equations 5.3 and 5.5 results in a nicely interpretable posterior:

P(m𝑗 | z∙,w∙) = 𝑝overlap + P(m𝑗 |w𝑗
∙) (1− 𝑝overlap) (5.6)

Let 𝑝overlap , P(x ∈ [𝑗 − 𝐿+ 1, 𝑗] | z∙,w∙), the posterior probability that the object is in a location
that overlaps 𝑐𝑒𝑙𝑙𝑗 . To compute this value, we need the object location’s posterior distribution.

5.2.3 Object location posterior

By Bayes’ rule,

P(x | z∙,w∙) ∝ P(w∙ |x, z∙)P(x | z∙) = P(w∙ |x)P(x | z∙) (5.7)

The second term is maintained by the object filter, and in this context acts as the ‘prior’ of the
object location given only object-level observations. This distribution is adjusted by the first term,
which weighs in the likelihood of occupancy observations. To evaluate this, we need to consider
the latent cell occupancies m∙, and the constraint imposed by x. Once again, cells overlapping
the object must be occupied (m𝑗 = 1), so we only need to consider possibilities for the other cells.
The non-overlapping cells are independent of x, and are occupied according to the prior model
(independently with probability 𝜓). Hence:

P(w∙ |x) =
∑︁
m∙

P(w∙,m∙ |x) =

⎡⎣ ∏︁
𝑗 /∈𝒥 (x)

1∑︁
m𝑗=0

P(w𝑗
∙ |m𝑗)P(m𝑗)

⎤⎦⎡⎣ ∏︁
𝑗∈𝒥 (x)

P(w𝑗
∙ |m𝑗 = 1)

⎤⎦
=

⎡⎣∏︁
𝑗

P(w𝑗
∙)

⎤⎦⎡⎣ ∏︁
𝑗 /∈𝒥 (x)

∑︁
m𝑗

P(m𝑗 |w𝑗
∙)

⎤⎦⎡⎣ ∏︁
𝑗∈𝒥 (x)

P(m𝑗 = 1 |w𝑗
∙)

P(m𝑗 = 1)

⎤⎦
= 𝜂(w∙)× 1×

⎡⎣ ∏︁
𝑗∈𝒥 (x)

1

𝜓

(︂
1− 1

1 + exp(ℓ𝑗)

)︂⎤⎦ (5.8)
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In the second line we used the conditional independence of cell states given x to factor the expression,
and 𝜂(w∙) represents the first product in the penultimate line.

When substituting Equation 5.8 back into Equation 5.7, recall that since w∙ is given, and we
only need P(w∙ |x) up to proportionality, we can ignore the 𝜂(w∙) term. Hence:

P(x | z∙,w∙) ∝

⎡⎣ ∏︁
𝑗∈𝒥 (x)

1

𝜓

(︂
1− 1

1 + exp(ℓ𝑗)

)︂⎤⎦P(x | z∙) (5.9)

Note that the expression above only contains 𝑂(𝐿) terms, since 𝒥 (𝑥) contains exactly 𝐿 cells.
The complexity therefore scales with the number of cells the object affects, instead of with the
whole world (containing 𝐶 cells, which is potentially much greater than 𝐿). For discrete x with 𝑋
possible states, computing P(x | z∙,w∙) therefore requires 𝑂(𝐿𝑋) time, since Equation 5.7 must be
normalized over all possible x. Finally, we have all the pieces needed to compute P(m𝑗 | z∙,w∙) as
well using Equation 5.6. To compute both the object and metric posterior distributions, we first find
the former using Equation 5.9, then find the posterior occupancy of each cell using Equation 5.6.
This procedure requires 𝑂(𝐿𝑋 + 𝐶) time. In practice, when operating in local regions of large
worlds, it is unlikely that one would want the posterior occupancy of all cells in the world; only cells
of interest need to have their posterior state computed.

5.2.4 Demonstrations

To illustrate the above approach, we consider two simple examples where the world contains 𝐶 = 10

cells and a single object of length 𝐿 = 3. In each case, only one type of information (object location
or cells’ occupancy) has been observed. The methods described in this section are used to propagate
the information to the other representation.

In Figure 5-2, we consider the case when only object locations have been observed. Figure 5-
2(a) show distributions obtained from object (top) and metric (bottom) filters, i.e., P(x | z∙) and
P(m∙ |w∙) respectively. The object filter contains a single distribution, so the top plot sums to
1, whereas the metric filter contains a collection of binary distributions, one for each cell, so the
bottom plot does not sum to 1. The object filter determines that the object can only be located at
cells 5–7 (recall that this is the left-most point of the object). No occupancy observations have been
made, so each cell’s occupancy probability is initially the prior value, 𝜓 = 0.3. In Figure 5-2(b) after
applying our framework, the posterior occupancy distribution P(m∙ | z∙,w∙) reflects the fact that
cells 5–9 might be occupied by the object, even though no occupancy measurements have been made.
In particular, all possibilities of the object location require 𝑐𝑒𝑙𝑙7 to be occupied, hence its occupancy
probability is 1. Cells with no possible overlap with the object are left unchanged. The distribution
on object location is unchanged since there are no additional observations to be considered.

In Figure 5-3, only occupancies of some cells have been observed. Cells 5–7 have many ob-
servations indicating that they are free, and cell 4 had only one observation indicating that it is
occupied. No object observations have been made, so the object location distribution is uniform
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(a) Filter distributions (input) (b) Posterior distributions (output)

Figure 5-2: Using only object observations, the object filter maintains a distribution over the object’s
locations (top left). The object filter contains a single distribution, so top plots each sums to 1, whereas the
metric filter contains a collection of binary distributions, one for each cell, so bottom plots do not sum to
1. Some cells have increased posterior probability of occupancy (bottom right), even though no occupancy
observations have been made. Please see text in Section 5.2.4 for details.

over the feasible range. The free cells in the middle of the location posterior distribution (top
right) indicate that it is highly unlikely that any object can occupy those cells (which correspond
to x ∈ [3, 7]). This makes the posterior distribution multi-modal. Also, the weak evidence that
𝑐𝑒𝑙𝑙4 is occupied gives a slight preference for x = 2. Again, even though the object has never been
observed, the posterior distribution on its location is drastically narrowed! Unlike the previous case,
the occupancy distribution has changed by virtue of the domain assumption that an object must
exist. Unobserved cells are also affected by this process; in fact, 𝑐𝑒𝑙𝑙2 and 𝑐𝑒𝑙𝑙3 are now even more
likely to be occupied than 𝑐𝑒𝑙𝑙4 (which had the only observation of being occupied) because of the
possibility that x = 1.

5.3 Generalizing to Arbitrary States

The previous section used several concrete simplifications: the world was one-dimensional, exactly
one object existed in the world, the object’s shape (length) was given, and the only attributes
considered were object location and cell occupancy. I will remove all these simplifications in this
section. I will also discuss a way of handling continuous object states at the end.

Despite removing many simplifications, the conceptual framework for computing the two de-
sired posterior distributions is actually quite similar to the development in the previous section.
The major differences now are that multiple objects are present (x∙, z∙ instead of x, z), and that
domain-specific derivations are no longer applicable in general. We still require the core represen-
tational assumption that an object-based filter and a metric-based filter are maintained to provide
efficient access to P(x∙ | z∙) and P(m∙ |w∙) respectively. The latter will typically be maintained
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(a) Filter distributions (input) (b) Posterior distributions (output)

Figure 5-3: Using only cell occupancy/freeness observations, the posterior of the object’s location is changed
drastically even though the object has never been observed. See text in Section 5.2.4 for details.

independently for each cell, with distribution P(m𝑗 |w𝑗
∙) for 𝑐𝑒𝑙𝑙𝑗 . The typical grid cell assumptions

are retained as well: cell states are conditionally independent given all object states, and states
have a known prior distribution P(m𝑗).

Following the derivation in Equations 5.3 and 5.4, we get for 𝑐𝑒𝑙𝑙𝑗 ’s posterior distribution:

P(m𝑗 | z∙,w∙) =
∑︁
x∙

P(m𝑗 |x∙,w𝑗
∙)P(x∙ | z∙,w∙) , where (5.10)

P(m𝑗 |x∙,w𝑗
∙) ∝ P(w𝑗

∙ |m𝑗)P(m𝑗 |x∙) ∝ P(m𝑗 |w𝑗
∙)

P(m𝑗)
P(m𝑗 |x∙) (5.11)

Again assuming that we have already computed the posterior object state P(x∙ | z∙,w∙), all other
terms are given except for P(m𝑗 |x∙). This distribution is the fundamental link between cells and
objects, specifying in a generative fashion how objects’ states affect each cell’s state (which can be
considered individually since cell states are conditionally independent given x∙). We will see other
examples of this linking distribution in the next section.

For the posterior distribution on object states, we can likewise follow the derivation in Equa-
tions 5.7 and 5.8:

P(x∙ | z∙,w∙) ∝ P(w∙ |x∙)P(x∙ | z∙), where (5.12)

P(w∙ |x∙) =
∑︁
m∙

P(w∙ |m∙)P(m∙ |x∙)

=
∑︁
m∙

⎡⎣∏︁
𝑗

P(w𝑗
∙ |m𝑗)

⎤⎦⎡⎣∏︁
𝑗

P(m𝑗 |x∙)

⎤⎦
∝
∏︁
𝑗

[︃∑︁
m𝑗

P(m𝑗 |w𝑗
∙)

P(m𝑗)
P(m𝑗 |x∙)

]︃
(5.13)
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Again, all terms needed to compute the above are available from the filters, the cell prior, and the
object-cell link P(m𝑗 |x∙) described earlier.

As in the previous section, we can compute this latter posterior distribution more efficiently by
considering only the cells that objects affect. For any particular assignment to x∙, let 𝒥 (x∙) be
defined to be the indices of cells whose state m𝑗 depends on x∙. This implies that if 𝑗 /∈ 𝒥 (x∙), then
P(m𝑗 |x∙) = P(m𝑗), and their respective terms in the product of Equation 5.13 are independent of
x∙. In fact, for 𝑗 /∈ 𝒥 (x∙), the sum is equal to 1, a consequence of the fact that P(w𝑗

∙ |x∙) = P(w𝑗
∙)

in this case. Hence:

P(x∙ | z∙,w∙)

∝

⎡⎣ ∏︁
𝑗∈𝒥 (x∙)

∑︁
m𝑗

P(m𝑗 |w𝑗
∙)

P(m𝑗)
P(m𝑗 |x∙)

⎤⎦P(x∙ | z∙) (5.14)

Similar to Equation 5.9, the number of product terms has been reduced from the number of
cells to 𝑂(|𝒥 (x∙)|), for each x∙. This is potentially a major reduction because objects, for each
particular state they are in, may only affect a small number of cells (e.g., the ones they occupy).
Unfortunately, the expression still scales with the domain size of x∙, which grows exponentially
with the number of objects. In practice, approximations can be made by bounding the number
of objects considered jointly and aggressively partitioning objects into subsets that are unlikely to
interact with each other. Alternatively, sampling values of x∙ from the filter posterior P(x∙ | z∙) can
produce good state candidates.

Object state attributes can be continuous, for example using Gaussian distributions to represent
pose. However, the above framework can only handle discrete states. Apart from discretizing the
state space, one can instead sample objects’ states from the filter P(x∙ | z∙) and use Equation 5.14 to
form an approximate posterior distribution, represented as a weighted collection of samples. These
samples can then be used in Equation 5.10 to compute a Monte-Carlo estimate of 𝑐𝑒𝑙𝑙𝑗 ’s posterior
distribution P(x∙ | z∙,w∙). We will see an example of this in Section 5.5.

5.4 Applications

In this section, we will look at several illustrative scenarios where object-based and metric-based
information need to be considered together. First, I will introduce additional attributes (besides
location and occupancy from Section 5.2).

5.4.1 Shape-based object identification

When detecting and tracking objects in the world, uncertainty typically arises in more attributes
than just location/pose. In particular, object recognition algorithms are prone to confusing object
types, especially if we only have a limited view of the object of interest. When multiple instances
of the same object type are present, we also run into data association issues, as discussed in the
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(a) Filter distributions (input) (b) Posterior distributions (output)

Figure 5-4: A 1-D scenario with a single object, but now the object’s length is uncertain as well. The
object filter (top left) determines that the object may have length 𝐿 = 3 or 5, and for either case, may be
in one of several locations. Because of a strong free space occupancy observation in 𝑐𝑒𝑙𝑙7, the uncertainty
in object length has decreased significantly in the posterior object distribution (top right), because a 𝐿 = 5
object must contradict the free space evidence of 𝑐𝑒𝑙𝑙7. See text in Section 5.4.1 for more details.

previous chapters. Furthermore, we may even be unsure about the number of objects in exis-
tence. Sophisticated filters (e.g., Hager and Wegbreit, 2011; Elfring et al., 2013; Wong et al., 2015)
can maintain distributions over hypotheses of the world, where a hypothesis in our context is an
assignment to the joint state x∙.

Let us revisit the one-dimensional model of Section 5.2 again, this time with uncertainty in the
object type. In particular, the single object’s length 𝐿 is unknown, and is treated as an attribute
in x∙ (in addition to the object’s location). Suppose that after making some observations of the
object, we get P(x∙ | z∙) from the filter, as shown in Figure 5-4(a) (top). The filter has identified
two possible lengths of the object (𝐿 = 3, 5). Here we visualize the two-dimensional distribution as
a stacked histogram, where the bottom bars (red) shows the location distribution for 𝐿 = 3, and
the top bars (black) for 𝐿 = 5. The total height of the bars is the marginal distribution of the
object’s location. Suppose we have also observed that 𝑐𝑒𝑙𝑙7 is most likely empty, and 𝑐𝑒𝑙𝑙8 most
likely occupied (the occupancy grid gives probability of occupancy 0.01 and 0.99 for the two cells
respectively). The posterior distributions obtained by combining the filters’ distributions is shown
on in Figure 5-4(b).

In the object-state posterior, the main difference is that the probability mass has shifted away
from the 𝐿 = 5 object type, and towards locations on the left. Both effects are caused by the
free space observations of 𝑐𝑒𝑙𝑙7. Because all locations for 𝐿 = 5 states cause the object to overlap
𝑐𝑒𝑙𝑙7, implying that 𝑐𝑒𝑙𝑙7 is occupied, the observations that suggest otherwise cause the marginal
probability of 𝐿 = 5 to drop from 0.50 to 0.10. The drop in probability for locations 5 and 6 is due
to the same reason. In conclusion, incorporating occupancy information has allowed us to reduce
the uncertainty in both object location and object type (length).
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Interestingly, among the 𝐿 = 5 states, although location 3 had the highest probability from
the object filter, it has the lowest posterior probability mass. This minor effect comes from the
likely occupancy of 𝑐𝑒𝑙𝑙8, which lends more evidence to the other 𝐿 = 5 states (which overlap 𝑐𝑒𝑙𝑙8)
but not for location 3 (which does not overlap). However, the strong evidence of 𝑐𝑒𝑙𝑙8’s occupancy
has much less of an effect compared to the free space evidence of 𝑐𝑒𝑙𝑙7. This example highlights
the fundamental asymmetry in occupancy information. Recall that the prior model allows for
unidentified, non-object ‘stuff’ to exist in the world, stochastically with probability 𝜓. That 𝑐𝑒𝑙𝑙8 is
occupied only suggests it is overlapped by some object, or contains ‘stuff’. In particular, this is the
interpretation for 𝑐𝑒𝑙𝑙8 for the two most likely 𝐿 = 3 states in the posterior. An object overlapping
the cell would gain evidence, but the cell’s occupancy does not need to be explained by an object. In
contrast, 𝑐𝑒𝑙𝑙7 being free means that none of the objects can overlap it, thereby enforcing a strong
constraint on each object’s state. In the example shown in Figure 5-4, this constraint allowed us to
identify that the object is most likely of shorter length.

5.4.2 Physical non-interpenetration constraints

When multiple objects are present in the world, a new physical constraint appears: objects cannot
interpenetrate each other (Wong et al., 2012). For example, in the 1-D scenario, this means that
for any pair of blocks, the one on the right must have location 𝑥𝑟 ≥ 𝑥𝑙 + 𝐿𝑙, where 𝑥𝑙 and 𝐿𝑙 is
the location and length of the left block respectively. This is a constraint in the joint state space
that couples together all object location/pose variables. One possible solution is to build in the
constraint into the domain of x∙ by explicitly disallowing joint states that violate this constraint.
Although this is theoretically correct, it forces filtering to be done in the intractable joint space of
all object poses, since there is in general no exact way to factor the constraint.

We now consider an alternate way to handle object non-interpenetration that is made possible by
considering metric cell occupancies. So far, we have only distinguished between cells being occupied
or free, but in the former case there is no indication as to what occupies the cell. In particular,
the model so far allows interpenetration because two objects can occupy the same cell, and the
cell state being occupied is still consistent. To disallow this, we consider expanding the occupancy
attribute for grid cells. I propose splitting the previous ‘occupied’ value (m𝑗 = 1) into separate
values, one for each object index, and one additional value for ‘stuff’/unknown. That is, the cell
not only indicates that it is occupied, but also which object is occupying it (if known). Then in the
object-metric link P(m𝑗 |x∙), if, for example, 𝑜𝑏𝑗2 overlaps 𝑐𝑒𝑙𝑙𝑗 , m𝑗 is enforced to have value 2.
The non-interpenetration constraint naturally emerges, since if 𝑜𝑏𝑗1 and 𝑜𝑏𝑗2 interpenetrate, they
must overlap in some cell 𝑐𝑒𝑙𝑙𝑗 , whose value is enforced to be both 1 and 2, a situation with zero
probability. Such violating joint object states are hence naturally pruned out when evaluating the
posterior (Equation 5.14). In particular, even if the object filter’s distribution contains violating
states with non-zero probability, by considering the objects’ effects on grid cells the constraint is
enforced and such violating states have zero probability in P(x∙ | z∙,w∙). We can therefore use a
more efficient filter representation that ignores the constraint, such as a product of marginal location

96



(a) Filter 𝑜𝑏𝑗1, 𝑜𝑏𝑗2 marginals (b) Posterior (𝑜𝑏𝑗1, 𝑜𝑏𝑗2) joint

(c) Posterior 𝑜𝑏𝑗1, 𝑜𝑏𝑗2 marginals (d) Marginals with 𝑐𝑒𝑙𝑙2, 𝑐𝑒𝑙𝑙10 free

Figure 5-5: A 1-D scenario with two objects. When multiple objects are present, a physical non-
interpenetration constraint is introduced. (a) The filter maintains the object locations as a product of
marginals, which does not respect the constraint. The red/black bars are for 𝑜𝑏𝑗1 locations with lengths
𝐿 = 3 and 5 respectively; the yellow bars are for 𝑜𝑏𝑗2 locations. (b) After considering the constraint in met-
ric occupancy space, the posterior joint distribution shows that the two object locations are highly coupled.
(c) The posterior marginal distributions reflect the constraint’s effects: locations in the middle are unlikely
either object’s left-most cell, because it forces the other object into low-probability states. (d) If additionally
𝑐𝑒𝑙𝑙2 and 𝑐𝑒𝑙𝑙10 are observed to likely be free, only a few joint states are possible. Also, the possibility of
𝑜𝑏𝑗1 having length 𝐿 = 5 is essentially ruled out. See text in Section 5.4.2 for details.
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distributions, and enforce the constraint at query time when metric information is incorporated.
In our 1-D world with two objects, suppose their locations are maintained by the filter as a

product of marginal distributions, as depicted in Figure 5-5(a). The marginal distribution for 𝑜𝑏𝑗1

is shown in red/black bars; the yellow bars represent the marginal distribution for 𝑜𝑏𝑗2. In addition,
there is uncertainty in the length of 𝑜𝑏𝑗1. Note that this also factors into the non-interpenetration
constraint, since, for example, 𝑜𝑏𝑗1 at 𝑥1 = 4 with 𝐿 = 3 is compatible with 𝑜𝑏𝑗2 at 𝑥2 = 7, but this
is not true for 𝑜𝑏𝑗1 with 𝐿 = 5 and the same locations. After enforcing the non-interpenetration
constraint by reasoning about metric cell states, the posterior joint object location distribution is
shown in Figure 5-5(b). Here white location-pairs have zero probability, and the most likely joint
state (𝑥1, 𝑥2) = (3, 6) has joint probability of 0.2. Based on the marginals and the constraint, 𝑜𝑏𝑗1

must be to the left of 𝑜𝑏𝑗2, hence the only non-zero probabilities are above the diagonal. The
posterior marginal distributions of the two objects’ states are depicted in Figure 5-5(c). Locations
in the middle are less likely for both objects since, for each object, such locations force the other
object into low-probability states. Also, the length 𝐿 must be 3 the two right-most 𝑜𝑏𝑗1 locations,
otherwise it will be impossible to fit 𝑜𝑏𝑗2 in any locations with non-zero marginal probability.

Suppose we additionally observe that 𝑐𝑒𝑙𝑙2 and 𝑐𝑒𝑙𝑙10 are likely to be empty. This greatly
restricts the states of the objects; the posterior marginal distributions of the two objects’ states in
this case is shown in Figure 5-5(d). We see that there are basically only two likely locations for 𝑜𝑏𝑗1

now, and that its length is most likely 3 (with probability 0.98). This is because the additional cell
observations constrain both objects to be between 𝑐𝑒𝑙𝑙2 and 𝑐𝑒𝑙𝑙9, of which the only object location
possibilities are (𝑥1, 𝑥2) ∈ {(3, 6), (3, 7), (4, 7)}. The larger marginal distribution of 𝑜𝑏𝑗1 at location
3 is due to the fact that two joint states are possible, and each has relatively high probability from
the input marginal distributions given by the objects filter.

In summary, occupancy information can both enforce physical non-interpenetration constraints,
as well as reduce uncertainty in object states via free space observations.

5.4.3 Demonstration on robot

I have also empirically validated our approach on a small real-world example, as shown in Figure 5-
6 and in an accompanying video (http://lis.csail.mit.edu/movies/ICRA14_1678_VI_fi.mp4).
The initial setup is shown in Figure 5-6(a): a toy train is placed on a table, and a PR2 robot is
attempting to look at it. However, its view is mostly blocked by a board (Figure 5-6(b)); only a
small part of the train’s front is visible. A simple object instance detector recognizes it as the front
of a toy train. The question is, does the train have one car (short) or two cars (long) (Figures 5-6(c)
and 5-6(d))? The true answer is one train car in this example.

One way to determine the answer is to move away the occluding board (or equivalently, moving
to a better viewpoint). This is depicted by the occupancy grids in Figures 5-6(e)-5-6(g). The grid
consists of cubes with side length 2cm, within a 1m × 0.4m × 0.2m volume (hence 104 cubes in
total). The figures show the grid projected onto the table (vertical dimension collapsed). The yellow
and black points show free space and occupancy observations respectively. These observations are
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(a) Demo setup (b) Robot’s view (c) Is it 1 car? (d) Or 2 cars?

(e) Initial: P(1 car) = 0.43 (f) Board moved: P = 0.73 (g) Free space rules out 2-car

(h) Arm moves inwards: P(1 car) = 0.44 (i) Arm overlaps and hence rules out 2-car case

Figure 5-6: A 3-D demonstration on a PR2 robot. Plots show occupancy grids with 1m × 0.4m × 0.2m
volume, containing 104 cubes of side length 2cm, with the final (vertical) dimension projected onto the table.
Colors depict occupancy type/source: Yellow = free space observation; Black = occupancy observation; Blue
= inferred occupancy from one-car train; Green = inferred occupancy from two-car train; Red = occupied
by robot in its current state. In this projection, the robot is situated at the bottom center of the plot,
facing ‘upwards’; the black line observed near the bottom corresponds to the board. (a)-(b) A toy train
is on a table, but only part of the front is visible to the robot. (c)-(d) This is indicative of two possible
scenarios: the train has one car or two cars; there is in fact only one car. (e)-(g) One way to determine the
answer is to move the occluding board away. This reveals free space where the second car would have been
(circled in (e)), hence ruling out the two-car case. (h)-(i) Another way is to use the robot arm. If the arm
successfully sweeps through cells without detecting collision, the cells must have originally been free and are
now occupied by the arm. Sweeping through where the second car would have been therefore eliminates the
possibility of the train being there. See text in Section 5.4.3 and the accompanying video for details.

determined from depth images returned by a head-mounted Kinect camera: points indicate occupied
cells, and rays between points and the camera contain free cells.

Since it is known that there must be a toy train with at least one car, performing object-to-
metric inference results in additional cells with inferred potential occupancy, as shown by the blue
(one car) and green (two car) cases. The number of occupied cells is greater than the train’s volume
due to uncertainty in the object pose; the cells near the middle have a darker shade because they
are more likely to be occupied. As the board is moved gradually to the right, more occupancy
observations are collected, and eventually there are free space observations where a second train car
should have occupied (circled in Figure 5-6(g)). By inference similar to that from Section 5.4.1, the
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two-car case is therefore ruled out.

Without moving either the board or the viewpoint, another way to arrive at the same conclusion
is to use the robot arm, shown in Figures 5-6(h) and 5-6(i). Here, occupancy ‘observations’ (red)
are derived from the robot model – cells overlapping the robot in its current configuration must be
occupied by the robot. In particular, as in Section 5.4.2, we can augment the occupancy attribute
to indicate that these cells are occupied by the robot. As the robot arm sweeps through the space
where the second train car would have been, no collisions are detected. This indicates that the
space the arm swept through is free or occupied by the robot, which by inference similar to that
from Section 5.4.2 rules out the two-car case.

5.5 An Experiment in Comparing Against a Particle Filter

So far, we have discussed potential use cases of the factor-fuse-forget filtering framework presented
in this chapter. The filtering strategy was motivated by attempting to avoid filtering in a messy
joint/constrained/non-conjugate space. In this section, I present a comparison in simulation between
the factored framework and a generic non-parametric particle filter.

The domain consists of 5 objects in a 2-D box of dimensions [0, 10] × [0, 10]. The objects are
circular in shape with radius 1, and I will use their centers as the state. For a joint state to be valid,
the entirety of each circle must be within the box (i.e., each center’s domain is actually [1, 9]× [1, 9]),
and no circles should overlap (i.e., pairs of centers should be at least 2 units apart). Over the course
of 10 time steps, objects move in a random walk per unit time, each taking a step with a mean-zero
isotropic Gaussian distribution, standard deviation 1.0, with the constraint that the resulting joint
state must be valid.

At each time, the object is observed once with isotropic Gaussian noise, standard deviation 1.0.
The observations may violate the boundary and non-overlap constraints. Objects are completely
identifiable, so in this domain there are no identity / data association issues of the sort discussed in
the previous chapters. In addition to object observations, there is also an occupancy sensor placed
in a grid, with cells being unit squares (i.e., 10×10 grid cells). In each time step, each cell measures
its occupancy state 5 times. A cell is considered occupied if and only if its center is overlapped by
some object (circle). The occupancy observation is correct with probability 0.7.

Figures 5-7 and 5-8 show the 10 time steps in this domain. The left column of each figure shows
the observations given as input to the filters: the solid circles are object measurements, the dashed
circles are the true state, and the grid cells are colored by the proportion of occupancy observations
that report “occupied” (darker means that the cell received more “occupied” measurements). I
compare the factor-and-fuse strategy and a particle filter applied on this data.

In the particle filter, the state is the joint locations of the 5 objects, i.e., the state is 10-
dimensional. Starting with 104 particles, I iteratively sample valid transitions for each and weigh
each by the likelihood of the occupancy observations at each time step. This gives a distribution
over joint states; the state with the highest accumulated weight up until the query time is shown
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(a) 𝑡 = 1 (b) LL = −345 (c) LL = −321 (d) LL = −352

(e) 𝑡 = 2 (f) LL = −346 (g) LL = −329 (h) LL = −332

(i) 𝑡 = 3 (j) LL = −351 (k) LL = −329 (l) LL = −345

(m) 𝑡 = 4 (n) LL = −344 (o) LL = −324 (p) LL = −346

(q) 𝑡 = 5 (r) LL = −360 (s) LL = −326 (t) LL = −337

Figure 5-7: Left column shows observed locations (solid circles) and occupancy (darker = more detections
of “occupied”). Objects are color-coded by identity. Dashed circles are true object locations in all frames.
Second column shows factored filter, with Gaussian location means (solid circles) and an occupancy grid
(darker = more likely occupied). Third and fourth columns are the most-likely samples from fusion (of
103) and from a particle filter over object locations (of 104). The fused estimate has a significantly greater
log-likelihood across all times.
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(a) 𝑡 = 6 (b) LL = −341 (c) LL = −324 (d) LL = −369

(e) 𝑡 = 7 (f) LL = −345 (g) LL = −318 (h) LL = −365

(i) 𝑡 = 8 (j) LL = −356 (k) LL = −336 (l) LL = −371

(m) 𝑡 = 9 (n) LL = −364 (o) LL = −328 (p) LL = −355

(q) 𝑡 = 10 (r) LL = −369 (s) LL = −333 (t) LL = −371

Figure 5-8: Left column shows observed locations (solid circles) and occupancy (darker = more detections
of “occupied”). Objects are color-coded by identity. Dashed circles are true object locations in all frames.
Second column shows factored filter, with Gaussian location means (solid circles) and an occupancy grid
(darker = more likely occupied). Third and fourth columns are the most-likely samples from fusion (of
103) and from a particle filter over object locations (of 104). The fused estimate has a significantly greater
log-likelihood across all times.
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in the right column of Figures 5-7 and 5-8.
In the factor-and-fuse framework, we first have to supply factored filters. For the object states, I

aggressively factor the 5 object states as well, and keep track of each with a 2-D Kalman filter. Since
we no longer have joint object states, the non-overlap constraint is not enforced by the factored
filters. I also temporarily ignore the boundary constraints. For occupancy data, I use a dynamic
occupancy grid to keep track of how likely each of the 10 × 10 cells is occupied. This is similar to
a standard occupancy grid, except it can have Markovian transitions between different occupancy
states (Meyer-Delius et al., 2012). In the second columns of Figures 5-7 and 5-8, the Gaussian means
of object locations are shown with solid circles, true state with dashed circles, and the occupancy
grid by colored cells (darker means that the cell is more likely to be occupied). At certain times
(e.g., 𝑡 = 8 and 9), some object mean locations cause objects to overlap / be out of bounds.

Even prior to fusion, when we compare the log-likelihoods of the factored and particle filter
columns, we see that often they are comparable: factored is clearly better at 𝑡 ∈ {1, 6, 7, 8}, similar
𝑡 ∈ {4, 10}, and worse 𝑡 ∈ {2, 3, 5, 9}. Note that factored at this stage has only involved Kalman
filters; the occupancy grid has not been used yet.

For fusion, unlike previous examples, we cannot enumerate over the objects’ locations and apply
Bayes’ rule, since the space of locations is continuous in this domain. Instead, I sample each
object’s location individually from its respective Kalman filter, then concatenate the locations into
a joint state. I reject a sample if is violates the boundary constraints (alternatively, I could have
sampled from a truncated normal distribution). For the non-interpenetration constraint, I encode
that into the occupancy grid as in Section 5.4.2, by giving zero probability to states which involve
multiple objects overlapping the same grid cell center. Note that this does not necessarily avoid
interpenetration unless the cell width is infinitesimal. A total of 103 such concatenated joint states
are sampled, and we can assign a weight to each using the occupancy grid and the occupancy prior.
The one with the highest such weight is shown in the third-from-left column in Figures 5-7 and 5-8.

As shown both qualitatively and by the log-likelihood scores, the resulting fused estimate is
significantly better at all times than the mean/mode of the factored filter, as well as compared to
the particle filter, even though the fusion step used 10 times fewer samples. This is not too surprising,
because many particles would likely have become degenerate during filtering. Additionally, although
we show the fused estimates for all time steps, recall that they do not rely on each other; each fusion
step only requires the factored filters at that time. If we were only interested in the joint state at
𝑡 = 10, we can choose not to fuse the previous time steps, and the estimate at 𝑡 = 10 will be the
same. This is not the case for the particle filter; particles must be propagated through each time
step, and hence filtering is much more expensive.

103



5.6 A Graphical Analysis

In this section I present additional justification for the presented factor-fuse-forget filtering frame-
work, and consider other related strategies that may be feasible.
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(a) Graphical model
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(b) Filtering in pose space only

Figure 5-9: The generic filtering problem within a single representational layer.

The graphical model from Figure 5-1 that illustrates the relationship between the variables
of interest in this chapter is replicated in Figure 5-9, unrolled forward in time. As suggested by
the graphical model, a natural choice for filtering is to use the pose as the state representation,
and attempt to incorporate all observations into the space of poses. The particle filter from the
previous section is one such example. On the right figure, we have drawn the information flow as
well in colored arrows; blue indicates that data assimilation and state propagation is relatively easy
(typically due to conjugacy); red indicates that these steps are potentially difficult. As I argued
earlier, incorporating pose observations is easy (e.g., Kalman filter), but incorporating occupancy
information generally fragments pose space and requires nonparametric filtering methods.
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(c) Fuse on demand

Figure 5-10: The factored filter: Filter independently, fuse on demand.

The strategy I have adopted instead is shown in Figure 5-10. We chose to separate the two state
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layers, and independently filter in each (left). This requires us to additionally specify a transition
function for the occupancy layer. With appropriate choices, filtering in each layer should be relatively
efficient (middle). When information from both layers is needed, we perform a typically-expensive
fusion step (right).
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(c) Double-counting will occur

Figure 5-11: If information is propagated forward at too many layers, double-counting will occur.

After fusing, we now have two factored posteriors and a joint posterior distribution. There are
multiple ways to proceed with filtering from this point. For example, in the left diagram of Figure 5-
11, we can choose to filter on all three layers. This, however, is problematic for two reasons. First,
filtering on the fused state is expensive; otherwise, we could have done so from the beginning.
Second, information may be double-counted in the future if more fusion steps occur. Suppose, as
in the middle diagram, fusion occurs again at the next time step. Then the pose observation 𝑧

at 𝑡 = 1, which was incorporated into the joint layer via the pose 𝑥 at 𝑡 = 2, will be fused again
via 𝑥 at 𝑡 = 3. These two paths are indicated by the curved green arrows in the right diagram of
Figure 5-11.
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Figure 5-12: Two viable filtering strategies to avoid double-counting.
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The double-counting issue occurs whenever there are multiple paths through which information
can travel from one node to another. Hence, to ensure sound filtering, we can keep at most one path.
This suggests two possible strategies, shown in Figure 5-12. On the left, we choose to propagate
the joint state forward. Then to remove the other arrow, we either have to never fuse again, or we
have to reset the factored filters. This solution is not too desirable, since it requires an expensive
joint filter, and we also lose the factored filters that may be used more frequently than the joint
state. On the right, we choose to propagate the factored states forward but not the joint state. This
is exactly our factor-fuse-forget strategy. These two strategies are known for “hierarchical fusion
without feedback” fusion architectures, of which our example is an instance (Chong et al., 2012).
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must reset other filters

Figure 5-13: Propagating fused information back to factors may also cause double-counting.

After completing an expensive fusion step, it seems wasteful to simply discard the estimate.
Additionally, the joint state may have crucial information that can correct the factored filters;
otherwise, the fusion step would be unnecessary. For example, in the previous section, the Kalman
filters occasionally lose track of object locations, which the fusion step corrects; it would be useful
to be able to project that information back into the assumed Gaussian density (Boyen and Koller,
1998). Consider such a projection scheme in the factor-fuse-forget strategy, as shown in the left
diagram of Figure 5-13. The projection step is shown as the blue right arrows emanating from the
joint state (typically projection is not too difficult).

However, if we consider a fusion step in the future, as in the center diagram, we see once again
that information could have reached the fusion node via multiple paths. In the case shown by
the arrows, occupancy observations 𝑤 at 𝑡 = 2 are fused at 𝑡 = 3 via the occupancy 𝑚, and also
via the projection from the fusion node at 𝑡 = 2 into the corrected pose 𝑥. Once again, we must
consider cutting one of the paths. If we ignore the option of disallowing fusion steps, then the only
possibilities are to reset either of the factored filters. For example, in the right diagram, if we choose
to correct the pose filter, then we must reset the occupancy filter. In general, if we have multiple
factored filters, then correcting any single one means that all others must be reset.
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5.7 Conclusions and Future Work

Through several examples, I demonstrated that there are many plausible situations in which rep-
resenting space using both object-based and metric representations is useful and necessary. To
combine object-based and metric information, instead of filtering in the complicated joint state
space, I adopted a philosophy of filtering in separate, easily-manageable spaces, then only com-
puting fused estimates on demand. To avoid double-counting and computationally-inefficient in-
formation propagation, the fused result is forgotten, and filtering resumes in the factored spaces
only. This factor-fuse-forget filtering framework for combining object-level and metric-level belief
representations was developed extensively in this chapter.

The given examples have been on small, low-dimensional domains. The prospects of directly
scaling up the presented approach are unclear. As discussed in Section 5.2.3, the complexity of the
generic inference calculation is 𝑂(𝐿𝑋 +𝐶), where 𝐿 is the number of cells objects occupy, 𝑋 is the
number of (discrete) attribute settings for all objects, and 𝐶 is the number of grid cells in the world.
Potential efficiencies may be exploited if 𝑋 is (approximately) factored or if adaptive grids such as
octrees are used. Nevertheless, the number of objects and cells needed to represent large spatial
environments will still present challenges. Instead, our approach is perhaps most useful for fine
local estimation: information fusion is only performed for few objects/attributes and small areas
of great interest (e.g., to a given task), in cases where information from either the object-level or
metric-level representation alone is insufficient.

More theoretical and empirical work is needed to determine the ramifications of our representa-
tion when used in large environments over long periods of time. It would be interesting to find out
what approximations the strategy is making exactly, which would inform us about cases in which
it would likely work or fail. Handling continuous and high-dimensional state (attribute) spaces,
as well as scaling up to larger environments containing many objects, are subjects of future work.
Nevertheless, even in its current simplistic and generic form, our approach enables novel lines of
spatial inference that could not be accomplished using single layers of spatial representation.
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Chapter 6

Conclusion

In this dissertation, I have argued that object-based world models are needed for mobile-manipulation
robots operating in typical indoor environments, and that existing spatial representations such as
feature-based SLAM and semantic maps will not be sufficient for mobile manipulators that wish to
reason and act intelligently in the world. I presented three aspects of the world modeling problem,
where the common technical thread was that information had to be aggregated in some manner;
respectively, across space, time, and sensor modalities. The key challenge in accomplishing this
fusion is a data association problem, and a potential mismatch between different state and belief
representations. The key contributions were a new clustering-based batch data association paradigm
using Bayesian nonparametric models, and an unconventional factor-fuse-forget filtering framework.

There are many obvious extensions to the described work. Since generating more questions
than answers is a hallmark of good research questions, hopefully, while being wary of the fallacy of
confusing necessity and sufficiency, this indicates the possibility that object-based world modeling is
an interesting topic with further research potential. Approach-specific extensions, such as leveraging
fast algorithms for performing inference in DPMMs, were discussed in the discussion sections of
previous chapters. I will close our journey in this dissertation with brief thoughts on two questions:
What can we do with the object-based world model now? How might we go further?

6.1 What can we do now?

One major inspiration for my dissertation work was the object search work I did early in my graduate
career Wong et al. (2013). There, I ‘built character’ in Bayesian methods by gradually constructing
a custom graphical model for inferring potential locations of unseen objects, using object-object
co-occurrence information and capacity constraints (see Figure 6-1). This model was created based
on two intuitions: objects of similar types tend to be co-located, and large unseen objects cannot fit
in small unexplored regions. To come full circle, I believe this same model and inference procedure
can naturally come out of our current general world model. In particular, using our world model,
we should be able to track the poses of many objects over time, and from this data infer the likely
locations and possibly co-occurrence statistics of object pairs. Then, together with an occupancy
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Figure 6-1: A probabilistic model for inferring locations of unseen objects.

grid representing our current explored regions, we should be able to fuse this information with
object pose predictions to automatically deduce capacity constraints. These inferences can then
guide the robot to take useful manipulation actions, possibly even predicting what might appear
after an object is moved away and unexplored space is revealed.

More generally, the world model estimates the state of the world and tracks our uncertainty
(with respect to object attributes and occupancy). Since this is a type of belief about the world,
we should be able to use it to guide actions; connecting to an action selection strategy / planning
algorithm is clearly a next step. For example, we can perform the usual next-best-view information
gathering actions. Another interesting direction is to use the world model to track our state of
ignorance in the world’s objects – for example, many occupied cells in an occupancy grid may
not be overlapping any known objects in the world model. This may indicate that a collection of
unidentified cells may correspond to an unknown object type, and the robot can then attempt to
learn about novel objects. For any world model to be practical in human environments, I envision
that it must have the capability to adapt and grow its representation.

6.2 How might we go further?

The point above raises an interesting counterpoint: world models, and estimators in general, cannot
just grow in size. Even with the proof-of-concept domains shown in this dissertation, inference
was already non-trivial. Consider the scenario shown in Figure 6-2: there are many more objects,
additional attributes of interest, large regions of space, compounded over long time horizons. At-
tempting to directly scale up our current model to a problem of this size is hopeless. Instead, I argue
that world models and estimators must also have the capability to compress its representation, by
aggressively ‘forgetting’ information, or simply ignoring it.

Aggressively forgetting is in the same vein as heavy pruning in methods such as the MHT. How-
ever, we also know that simply discarding information permanently without maintaining a sufficient
statistic eventually leads to errors. Since computational tractability demands a pruning strategy,
perhaps what we need instead is a recovery mechanism, triggered by a fault diagnosis/identification
process. For example, for online purposes, we filter incoming information using an aggressively-
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Figure 6-2: A Willow Garage PR2 robot in a typical laboratory environment.

pruned MHT, but also store a significantly longer historical snapshot. If, through some inference
procedure or failed-assertions triggers, a meta-estimator comes to believe that the MHT has di-
verged from the true state, then the stored history is consulted and used to reset the filter, possibly
by using more robust but slower solutions such as clustering-based batch data association.

Perhaps even harder, but certainly necessary eventually, is allowing estimators to learn to ignore
certain spaces of information. This is based on the recognition that for any given task, most of the
world state is typically irrelevant. For example, I certainly function properly in my office without
worrying about the state of things in my home. I currently fundamentally believe that:

Estimators, including world models, must be tied to the task.

In the long run, since the task changes, what we need is a method for agents to automatically
construct, adapt, and reconfigure estimators that can be used in different tasks. Choice of state
representation and estimator, conventionally a privilege and responsibility that is solely granted to
human system designers, should be made available to all intelligent agents, natural or artificial.

6.3 Final Remarks

Instead of contributing to the sea of ending remarks, I close this dissertation by quoting an obser-
vation made by Anderson and Oates (2007) that succinctly summarizes the current state of affairs:

Natural intelligent systems tend to be robust;
Artificial intelligent systems tend to be brittle.
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