
Thcorctic.11 Computer Scicncc 115 119931 351-357 
Elsevlcr 

Note 

Optimal path cover problem on 
block graphs and bipartite 
permutation graphs 

R. Srikant. Ravi Sundaram. Karan Sher  Singh and 
C Pandu R:lngan 

Cornrnunjca:ed by bl. Nivat 
Rccrivcd Juli i99(1 
Revised 4ugusr 1992 

Sr ikox .  R ,  cr al.. Optimal path cover prohlzm <>n hiuch gr,tpns .lnd hloartlte perrnutxion gmphs, 
Theorciicill i'i>nlputer Science 1 l i  (14911 351-357 

The opilmil i  piilh cover problem IS In tind :I minlrnum oumhsr ,>i r'ertc\ dis~omt paths a i l i ch  
rogr l i~er  w x r r  ni i  thc verriccs or the gmph. I n  !his p1prr. (VC ?reseni ihni.ncitme ~ l g o r ~ c h m s  ior :he 
uplinxal path cover problem fur ihc clilis di block graphs and  blpartltu permutsrlon ~raphs .  

I .  Introduction 

The optimal path cover problem is to find a minimum number of vertex disjoint 
paths which together cover all the vertices of the graph. Finding an  optimal path cover 
for an arbitrary graph is known to be NP-complete [3]. However, polynornial-time 
algorithms exist for trees [4], cacti [4] and for interval graphs [9]. The solution 
presented in [2] For circular-arc graphs is known to be wrong. In this paper, we 
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present linear-time algorithms for findine an optimal path cover o n  bipartite permu- 
tation graphs and block graphs. The path cover problem finds applications in 
establishing ring protocois. code optimization, and mapping parallel programs to 
parallel architectures [4]. 

2. Bipartite permutation graphs 

In this section, we assume that the given graph G=(S, T, E )  is a bipartite permuta- 
tion graph [6], where 3. Tare  :he partite sets of the graph G. 

Detinition 2.1. A s i rv i~g  ei.de;.rriq of the vertices or a bipartite ~ r n p h  G=iJ .  T , E )  
consists of an ordering uf S and >n ordering of Tsuch that lor all Is .  r I. 13'. t ' I  in E.  s es' 
and t > I '  imply that I s . r ' ) . ~~ ' . t~ :E .  

Lemma 2.2 Gpinrrid et .11. 9 1 1 .  Lur G =IS. T. E l  be a b ip trr i ;~~,  graph. Tlzrr! tire 
f i~l l~~rn-i~z~g .sriiter~rnits on? eili~iucle~ir: 

( I )  G is n b i p ' i r ~ i t ~ ~  per~r?t#rtitfor~ g ~ t ~ p l ~ .  
12)  Tllrrc 1.5 o .sii.iliig ar.[Ii,i.;rry o f u r r r i ~ e . ~  ofG. 

1.1. Oprii,i~il pr~ih cove? i,! brparfiii p@I.lMlIII?:II)lI gi.0p1i.s 

Definition 2.3. Let G be ;l bip;iriire prrmutation graph. .A path cover i P k . P L .  ... . P,) 
on G is said to be ri~~rliqur~u,s ii ~t jatistiss the Following t7xo conditions: 

I I )  If s IS thr oni? vertex in P 2nd if s ' c  < r" ,  then s' and .s" beiong ro direrent 

( 2 )  If st is an edge in P, and s ' i  is 3x1 edge in P,, where i i j  and .s<s'. then rcr'. 

Lemma 2.1. Let G hc ( I  hipirrtitr perrrz~rrariorr yrapil. Tllell thrreevisrs r i  conrigrrorrs przth 
curerfor G ~chii.li is uprirtlcil. 

Proof. We will convert an  arbitrary optimal path cover P into a contiguous optimal 
path cover as follows: We consider the two conditions in Definition 2.3 separately. 

(1) Let s',s,s" be the vertices not satisfying condition 1. Without loss of generality, 
assume that s',sr' are closest to s from the right and left in the ordering of S in some 
path P, of P. Let s'-I-s" be the subpath of P,. From Definition 2.1, t is adjacent to s. 
Connect t with s and remove the connection between t and s" in the path cover. By 
repeating this procedure, we get an  optimal path cover satisfying condition 1 .  

(2) Let sr and s't ' .  respectively. be the edges in P, and Pj of P, not satisfying 
condition 2. From Detinition 3.1. we know that sl' and s't  are in E. Remove the edges 
st and s'r'from the path cover and replace them with st' and st. W e  get two new paths 
P ;  and P,' which cover the same ~ s r t i c e s  as PI and P,. By repeating this (or all pairs of 



edges which d o  not satisfy condition 2, we get an optimal path cover which satisfies 
condition 2. 

Hence, we can convert a n  arbitrary optimal pa:h cover into a contiguous optimal 
path cover. O 

Remark 2.5. Let S = s i  ,sl, ..., s I s  and T = r l  , r2 ,  . .  . r l r J  be the vertices o f S  and T i n  
the strong ordering of G. Note that a contiguous peth P starting with a vertex s i eS  will 
be of the form s j t j s j+ , r j+ ,  . . .  skt , (sk+,  1, where I < i < k $  ISI, 1 < j < r < l T I .  This 
follows from the proof given in 171 for the Harniltonian path. In other words, P covers 
s j , s i + ,  . . .. . s, and t , , i ,+  , , . . . , r,. A similar remark holds for contiguous paths starting 
from a vertex in T, 

Let P=sir ,si- , t j+,  ... r l _ ,  r,(ri) be u path in G P IS said to be rutt.nrlable oil riglir. or 
simply exrrirdiible. i f P  znds with I, 'and rts,- , E E  o r  P ends with s,  and s , r , ~ E .  We say 
that :L path is u irlc~.xirrrcil prrrl! if ~t is inot possible to sxtcnd the path on  the right. Notz 
tnat each.opt~mal pnth cover can be converted into on optimal path cover In which 
e:ich ?uth 1s ,I navimai  pnth. We ra) that an 13prim:rl contieuuus path zover 
P =  P t ,  P a ,  ... . P; is :. ; ~ ICI .Y~ ; I I I I I I I  opriij~c,~ " ~ r ~ i i  C , Z > C P ~  <?:~c!i Pz covers maxlmurn number 
of vzrtlces in Y { P I U P L ~  .-:UP,-,). 

Lemma 2.6, Let ti he ~i hipcii'rite pwii7urnrra1i gi'oph Then there r ~ i s r s  o co~iri:juous purh 
ciiuer,fii. G ~rhich is nil opri~i~nl i ~ i e r . ~ i i i i i i ~ ~ ~  pirr!~ couo-. 

Proof. L e t  P= P,,?,. . .  . iJ,br .tn ,~?tlrnuI m~irim;ii path Lover !'or G.  We will convert 
this path cover Into m optimal piit11 cu!er in ibhicll each p i th  is a maximum pnth. 1st 

P,=$it,.sl-, ... .s,t, he the first path : n  P ivhiuii is nut 3 mnnimum path. Without loss of 
generality. assume that Pk 2 n d ~  in ii I vertex. Then :he maxlmum path Pi  will be or the 
o r  P = t i  t . s r  s . . . t , , s .  I f  [lie path P k _ ,  starts from s,+l then we csn 
replace P q ~ n d  P k 7 ,  with P; a n d  P;. ,. \v!irre Pi. I = P I - ,  - P i .  If Pi., starts from 
the vertzv r j + ,  then P; with replace P, and P,- , . which will contradict the optimality. 
By repeatine the procedure for 311 nun m:iximum paths. we can set an optimal path 
cover in which each path is a rn:lximum path. B 

Algorithm 1 
( I )  Mark all vertices in S and T as not visited. Let P=0.  
(2) While all the vertices are not visited D o  

(2.1) Let s and t be the first vertices in S ond T which are not visited. 
(2.2) Let P, and P, be the m ~ x i m a l  paths starting from s and t, respectively. 

Q=Maximum of P, and P,. 
(2.3) P = P u Q .  
(2.41 Mark all vertices in Q as visited. 
End while. 

(3)  Output P. 



!g 3 .. .. ,+ e BC-tree Tas follows: T has a node correspondins to each block and tach cut vertex of 
"" ,. . - i; ,> G. The nodes of Tcorresponding to blocks ol'G are c:lilrd block nodes and the nudes 

corresponding to cut tertizes of G :Ire ::~llsd cut nudes We sax. a cut node c is 
contained in ,I block node h if the block represented by b :onrains c Every cut node 
r IS  connzcrsd ra all block nudes whish contain c 

3.1. Opriirrrri pl~ril corer in hlorh yrri~>lr,s 

It is instructive to note that the minimum path cover number for the graph T ,$ 
need not be equal ro the minimum path cover number of G (Fig. 1). We will assume 4' 

.., $1 
that T is rooted at a cut nude. The nodes of Twill be visited in post order traversal. ,4 

.::$I" 
For each no& i . ~  T, G,, denores the subgraph of G formed by the vertices in the blocks .,!;@ represented by descendant block nodes of L. except f u r  the vertex w, where w is &: 

G T .$ -" .:: 
Fig. 1 .  The uptlmal palh c o w  number oi G i a  2. The optimal poih cover number of Tis 3. 



the cut vertex u if o is a cut  node or the cut vertex 11, and the parent of v if v is a 
block node. 

Algorithm 2 
1 1 )  Construct the BC-tree T of G and root the tree T a t  a cu t  node. 
(2)  While the root i s  not visited D o  

(2.1) For all nodes u of T whose children are visited D o  
(2.1.1) If u is a cut node then let b,.6,, ... , h, be the children of rr. Let 

Pb,. Phi. ... , Phx be :he optimal path covers of Ga l ,  Chi,  . . .  . Ghb. 
respectively. 
If there are  paths P;6Phr and P;,6Pb, such that paths PLi and 
PL, end in c' and c". respectively. and c ' . c t h ,  and c " , i s h j  
ther. P , . = P , , ~ P , , ~ - ~ ~ ~ P , , , - P ~ , I ~ ~ ~ ~ ~ ~ I P , ~ , - P ; , J V . . . ~ . ~ P , , , ~  
IP;,-i . '-c-c"-P,ta,.  (See Fig. 21 
IF there is only one such path P ~ , E P , ,  then P , =  PI, u P,,. , 
. . u ~ P ~ , - P ; , ) u  ~.wP,.,\Jlp;,-~"-c'1. 
I f t h r r e ~ s  no such path then P , . = P i . v 2 , + : U -  l i P h , U . . . C I  P , ,  WICI. 

13.1.31 11 c is a block node then. 
let h,.h,, . . .  . b, be rh r  non cur verrlcts in the block represented bv 
the block node L 

If i. has only one son C, then 
IF there is a path P , e P .  where P is the optimal path 
cover of G, and if PI ends in i, 

then P,.=(P-P,)LIP,-L,-~,-~,-  ... -h , )  
else P , . = P w l h , - h 2  . . -  - 1 1 , ; .  

else 
Let c, ,c , .  ... . r ' ,  be the children ot'r.. Let P,, . P,:. . . . .  PC* be tllr 
optimal path covers oI G,,. G,:. . . C ; , , ~ .  respectjvely. 
Let P P , .  P C ,  be the paths that end in vertices 
c , , , ~ , ~ ,  ... ,c ir  respectively. 

V CUT NODE 

Fig. 2 



T l ~ e a  i : = i P & , c ; , - c , 2 - ? , / , , , u ( ~ ' .  ca -c. ,> -r. , ~ - P C ; ~ J V . .  U 

~ f ' ~ , o . - c ; q - t  - C i ~ l - p i ; o l u ( I j . G , ~  P,;,L.- u Pc,,t-(Pg;i. 
. . .  . ?,';I tvhrre q = r  or r -  I .  depending upon n;l,...t~,~: 

i' is divisible hq. 2 or  nor:, [See Fiz, 31 

dse  P, ,=?p~(P*k-b , -b , -  - .  - 6 , ~  
Mark u ;is isirzri. 

End for. 
End while. 

We can easily Prove the correctness uf.4lgorirhrn 2 by inductii,n on the n u m b r r  of 

vertices o i  the given graph ';I]. .At  e:tch step the algorithm processes ;, and i t s  
children. H-rice. Algorithm 2 takes only O [ , l i i r t ~  time to tiod an optimal path 

Theorem 3.1- opritila1 p ~ ~ r l r  rol.rr. problanr ra,l be solrrii it, Ih~nrr r i tnr,/ i i r  ;he L,luss of. 
block yrciphs, 

4. Conclusions 

We have presented linear algorithms for the path cover problem on bipartite 
permutation graphs and block graphs. The earlier polynomial-time aIgoritIlms have 
been predominantly using greedy techniques and in our case. for the bipartite 
permutation graphs, we hove risod greedy methods while, for the block graphs, we 
have used the block cut vertex tree as the tool. The block cut verte.~ tree has been 



Biptirttrv per,i,ccluliuii yr.tp1r.i 

emerging as a paradigm for solving a number of problems in block graphs 151. While 
we have been successful in designing polynomial-time algorithms far this problem on 
intervalgraphs, block graphs etc., it is well known that minimal path cover problem is 
NP-complete even for chordal graphs. Thus, i t  would be interesting to investigate the 
complexity of the path cover problem on larger classes of graphs and identify 
a 'sharper dividing 1ir.e between P- and NP-completeness of this problem across 
different classes of graphs. 
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