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is being considered as the most promising candidate for the next generationof wide-area backbone networks. These are highly exible networks capable ofsupporting tens of thousands of users and providing capacities on the order ofgigabits-per-second per user [4,7,16]. WDM optical networks utilize the largebandwidth available in optical �bers by partitioning it into several channelseach at a di�erent optical wavelength [2,4,10,11].The typical optical network consists of routing nodes interconnected by point-to-point �ber-optic links. Each link supports a certain number of wavelengths.A lightpath is an optical path between two nodes on a speci�c wavelength. Pho-tonic switching, also known as dynamic wavelength routing, is the setting upof lightpaths. The routing nodes are capable of photonic switching [3,5,17].Though the total number of wavelengths is limited, nevertheless, it is possibleto build a transparent wide-area optical network by spatial reuse of wave-lengths (see Figure 1).
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Fig. 1. Example of an All-Optical Wavelength Routing NetworkThe Problem. The fundamental problem in bandwidth utilization in opticalnetworks can be modeled as follows:Optical Routing: Given a (directed/undirected) graph G and a set Pof n requests (each of which is a pair of nodes to be connected by a di-rected/undirected path) �nd a set of paths corresponding to these requestsand an assignment of wavelengths to the requests so as to minimize the to-tal number of wavelengths used. The assignment must ensure that di�erentpaths allotted the same wavelength must be edge-disjoint.In practice, the topology of the optical network stays �xed over time and thesize of the set of requests to be routed is a varying parameter. Hence, it isinteresting to study Optical Routing on �xed-size arbitrary topologies.Previous Work. Optical Routing has been studied in great detail on anumber of di�erent and fundamental topologies by Raghavan and Upfal [15].2



This problem is NP-complete for undirected trees by reduction from edge col-oring. They gave a 9=8-approximation algorithms for undirected trees and a2-approximation algorithm for rings. They also present approximation algo-rithms for expanders, meshes, and bounded-degree graphs. Subsequently, Mi-hail, Kaklamanis, and Rao [14] consider the problem on directed trees (theseare trees obtained by replacing each edge of an undirected tree by two directededges in opposite directions). They obtain a 15=8-approximation algorithmusing potential function arguments. Aumann and Rabani [1] consider routingpermutations on arrays, hypercubes, and arbitrary bounded degree networks,while Bermond et. al. [12] study the problems of broadcasting and gossipingin optical networks. Goldberg, Jerrum, and Mackenzie prove a lowerbound forrouting h-relations in complete optical networks [8].Our Results. We present an algorithm for Optical Routing on �xedconstant-size topologies which has running time polynomial in the numberof requests (Section 2). We combine this algorithm with ideas from Raghavanand Upfal [15] to obtain an optimal assignment of wavelengths on constantdegree undirected trees (Section 4). Mihail, Kaklamanis, and Rao [14] posedthe following open question: what is the complexity of this problem on di-rected trees? We show that it is NP-complete both on constant depth (Section3) and binary directed trees (Section 4).Notation. For a graph (directed/undirected) G = hV ;Ei on k vertices, let�0(G) denote the chromatic index (i.e., the edge color number). In any edgecoloring �0, let �0(e) denote the color of any e 2 E. For u; v 2 V , denote anundirected path between u and v by u � v and denote a directed path fromu to v by u; v. When G is a tree, for any given u; v 2 V , the path u � v isunique and hence Optical Routing is equivalent to path coloring on trees.A directed is thought to have edge pairs of the form u ; v and v ; u.Given an instance of Optical Routing with a graph G and a (multi)setP (jP j = n) of paths, let �(G;P ) denote the number of wavelengths used. Insuch a wavelength assignment, let �(p) denote the wavelength of a path p. Let��(G;P ) denote the optimal number of wavelengths for the set of requests P .Note that wavelengths can also be interpreted as colors.2 Constant Size GraphsWe now present an exact polynomial-time algorithm for the problem of Op-tical Routing on a �xed constant-size topology, G (i.e., k is constant).This problem is non-trivial and a combinatorial algorithmic approach seemsdi�cult. G may be directed or undirected. We present the algorithm onlyfor undirected graphs. The algorithm for directed graphs is a straightforward3



modi�cation.Theorem 1 Optical Routing on constant-size topologies is in P.Proof. Let rij denote the number of paths from node i to j. Note that rijcould potentially be as large as n. Let a path-matching be a collection of edge-disjoint simple paths. Let MG = fM jM is a path-matching in Gg be the setof path-matchings in G. Note that since G is constant-size, so is MG .Consider the following integer program (IP):min XM2MG xM subject to 8i; j; Xi�j2M xM � rij:It is easy to see that the above IP models the problem of Optical Routingexactly. A solution to the IP yields ��(G;P ), the optimum number of wave-lengths needed. Though the IP has terms in the constraints which are linearin n, the optimizing function has only a constant number of variables. Thismeans we can solve the IP exactly using Lenstra's polynomial-time algorithmfor integer programs in �xed dimension [13]. 23 Constant Depth TreesFor undirected trees of constant depth, the problem of coloring paths is knownto be NP-complete. For directed trees, however, no hardness result was knownbefore. We now give a reduction that shows that coloring paths on directedtrees of depth 3 is NP-complete. To make it easy, �rst, we give the reductionfor undirected trees and then we show how to modify the construction fordirected trees.Theorem 2 Coloring paths on undirected trees of depth 2 is NP-complete.Proof. We reduce edge coloring to this problem: given an undirected graphG = hV ;Ei and an integer k, is �0(G) = k? We build an undirected tree T asfollows: T = hV [ frg; f(r; v) j v 2 V gi. Note that the degree of r in T is jV jand depth of T is 2. The set of paths is P = fvi � vji j (vi; vj) 2 E^i < jg. Inother words, the set of paths in the tree is just the edges in the graph. Clearly,all the paths have to go via r in T .If �0(G) = k, then using such a coloring, paths in P on T can be colored usingk colors: simply color the path p = vi � vj as �(p) = �0(vi; vj). The fact that4



� is a valid path coloring follows from the fact that �0 is a valid edge coloringand clearly �(T; P ) = k. Conversely, if paths in P on T are colored using kcolors, then, for i < j, set �0(vi; vj) = �(vi � vj). Thus, all edges leaving anyvertex in G are colored di�erently. 2To extend the above result to directed trees, we need the following gadgetTr;x;y: a depth 2 directed tree with a root r and children x; y and with edgeset fr ; x; x; r; r ; y; y ; rg. Let Pr;x;y;k denote the multiset fx; yg ofmultiplicity k. All paths in Pr;x;y;k have to be colored with k di�erent colors,i.e., ��(Tr;x;y; Pr;x;y;k) = k.Theorem 3 Coloring paths on directed trees of depth 3 is NP-complete.Proof. We reduce edge coloring to this problem. We use a stronger version ofedge coloring where we assume the graph is k-regular (in fact, even for k = 3,i.e., cubic graphs, the problem is NP-complete [9]). Given a k-regular graphG, is �0(G) = k? First, we construct the tree T essentially as in Theorem 2,but with undirected edges replaced by directed edges in both directions. Now,set P = fvi ; vj; vj ; vi j (vi; vj) 2 Eg.T and P are almost good for us. It is easily seen that if �0(G) = k, then thepaths in P can be colored with k colors by assigning �(vi ; vj) = �(vj ; vi) =�0(vi; vj) (since these directed paths don't interfere with each other, this isvalid). The converse would be easy if for all path pairs �(vi ; vj) = �(vj ; vi)in which case setting �0(vi; vj) = �(vi ; vj) would su�ce. Unfortunately, thisis not true and it could happen that �(vi ; vj) 6= �(vj ; vi). To circumventthis problem, we use the gadget described above to construct a new tree T 0and new set of paths P 0.For path pair vi ; vj; vj ; vi in P , tack the gadgets Tvi;vij1 ;vij2 and Tvj;vji1;vji2to obtain T 0. Note that the depth of T 0 is 3. Now, construct the multiset P 0from P by replacing vi ; vj and vj ; vi by vij1 ; vji2 and vji1 ; vij2and adding Pvi;vij1 ;vij2 ;k�1 and Pvj ;vji1;vji2;k�1. This modi�ed T 0 ensures that ina k-coloring of P 0, �(vij1 ; vji2) = �(vji1 ; vij2) since ��(Pvi ;vij1;vij2;k�1) =k � 1. 2Figure 2 illustrates the reduction for a 3-node graph. It is interesting to notethat coloring paths on directed trees of depth 2 is in P (in contrast to undi-rected trees). This follows from an obvious reduction to edge coloring bipartitegraphs [14]. 5
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Fig. 2. Reduction to a Constant Depth Directed Tree4 Constant Degree TreesFirst, we show that for undirected trees of constant degree, the problem ofcoloring paths is in P. Then, we show that for directed trees, this problem isNP-complete even for binary trees.Theorem 4 Coloring paths on undirected bounded-degree trees is in P.Proof. Let T = hV ;Ei. The problem now is to assign colors in an optimalfashion to paths in P . Now observe that the following nice decompositionresult holds: let the removal of edge e 2 E result in two trees T1 = hV1;E1iand T2 = hV2;E2i. P is partitioned into P1 (the paths entirely in T1), P2 (thepaths entirely in T2), and P12 (the paths that go through e). Consider thetrees hV1;E1[fegi with paths P1[P12 and hV2;E2[fegi with paths P2[P12.If we can color both the above instances optimally then we can combine thecolors of the two to get an optimal coloring of P on T . Thus we need onlyto solve the problem on stars (trees with one central vertex and many leaves)and then we can put the solutions together to get a solution for the whole.But since T is constant degree, the stars we get from breaking up the tree areconstant-sized and so we can use the results from Theorem 1 to get optimalsolutions for these stars.Thus we have an exact polynomial-time algorithm for the problem ofOpticalRouting on a constant-degree undirected trees. 2To prove the next theorem, we need some basic results from vertex coloringinterval and circular-arc graphs. Recall that an interval (resp. a circular-arc)graph is one whose vertices can be represented as arcs on a line (resp. circle)such that two arcs intersect if and only if those vertices have an edge. Vertex6



coloring intervals graphs can be done in linear time. Vertex coloring circular-arc graphs is NP-hard [6].To obtain the result on directed binary trees, we note the following simpletransformation �v on an instance T and P : Let v be a leaf node in a directedtree T . Let vi ; v; v ; vi 2 P for i = 1; : : : ; p. Then, �v(T ) is T witha complete binary tree of lg p levels �xed to the node v. Let the leaves ofthis complete binary tree be labeled u1; : : : ; up. Then, �v(P ) is P with eachvi ; v; v ; vi pair replaced by vi ; ui; ui ; vi for i = 1; : : : ; p. It can beseen that ��(T; P ) = ��(T 0; P 0).Theorem 5 Coloring paths on directed binary trees is NP-complete.Proof. We reduce vertex coloring of circular-arc graphs to this problem.Given a circular-arc graph G and an integer k, is �(G) = k? Our idea will beto embed a circle on the tree. In the circular-arc representation of G, �rst we\cut" G at any two points p1; p2 on the circle to partition G into two \pieces"G1; G2. Let G12 (resp. G21) be set of arcs that were \cut" at p1 (resp. p2)and hence occur in both G1 and G2. Let jG12j = k1; jG12j = k2. Note that G1and G2 are interval graphs. It is easy to embed an interval graph as paths ona binary tree { the arcs simply correspond to paths on a degenerate tree. Acoloring of paths directly corresponds to coloring of an interval graph. So, it iseasy to consider a long enough (degenerate) directed tree T and construct Pin the following manner. P consists of arcs in G1 interpreted in the \upward"direction and of arcs in G2 interpreted in the \downward" direction on T .Since T is degenerate, let it be rooted and let the leaves be, say a and b. Ifx; p1 ; y was an arc in G that was cut, we have x; a; a; y 2 P , and wehave to ensure that �(x ; a) = �(a ; y). To do this, we �rst applying thetransformation discussed above to obtain T 0 = �b(�a(T )) and P 0 = �b(�a(P )).Note that this transformation preserves the coloring but makes the tree bi-nary. Let the leaves of this binary tree T 0 be a1; : : : ; ak1 and b1; : : : ; bk2. As inthe proof of Theorem 3, we tack the gadget Tai;ai1;ai2 and Tbj;bj1;bj2 to T 0 foreach i = 1; : : : ; k1; j = 1; : : : ; k2 to obtain T 00. P 00 is obtained from P 0 by re-placing every z ; ai, z ; bj by by z ; ai2, z ; bj2 and adding Pai;ai1;ai2;k�1,Pbj ;bj1;bj2;k�1 for i = 1; : : : ; k1 � 1; j = 1; : : : ; k2 � 1.Now, if �(G) = k, it is easy to see �(T 00; P 00) = k. Conversely, if �(T 00; P 00) = k,then, the tacked gadgets ensure that the arcs that were cut are colored withsame color. 2Figure 3 illustrates the reduction for a 3-node circular-arc graph.7
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