CS4800: Algorithms & Data
Jonathan Ullman

Lecture 8:
 Dynamic Programming: Lines of best fit, Knapsack

Feb 2, 2018
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4 v, = 10 p(4) =2
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* Find the opt. schedule by dynamic programming
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Today

* Dynamic programming
* More Practice: lines of best fit, knapsack
* More Tricks: selecting a suffix, adding variables



Linagof best fit



Warmup: Line of Best Fit

e Input: n data points P = {(x1, V1), ..., (X5, )}

* Qutput: the line L (i.e. y =(@x +@ b) that fits “best”,
+ “best” = minimizes error(L, P) = ¥,(y; — ax; — b)2¢
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Lin@of Best Fit

* Input: n data points P = {(x1, 1), ..., (%, ¥n)}

e What if the data does not look like a line?
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Lines of Best Fit
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>
@t: n data pOintS P — {(Xli }’1); e (xn; Yn)};
cost parameter C > 0

o Assume x; < x, < -+ < Xy Write p; = (x;, ;)

e Qutput: a partition of P into contiguous segments
S1, 82, ..., Sy, lines Ly, Lo, ..., L, minimizing “cost”
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Lines of Best Fit ”
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* First observation: for every segment §;, L; will be
the (single) line of best fit for §;

* Let L; ; be the optimal line for {p;, ...,pj}i Foc eacn 1)) ,an
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Lines Of BeSt F|t Lete; ; = error(L’g,j,{pi,...,pj})

* Let O be the optimal solution
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Let L; ; be the optimal line for {p;, ..., p;



Let L; ; be the optimal line for {p;, ..., p;}

Lines Of Be5t F|t Lete; ; = error(L"g,j,{pi,...,pj})

e Let O be the opglmal solution

* Let @@%) be the cost of the optimal solution for
points pq, ..., % p.
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Let L; ; be the optimal line for {p;, ..., p;}

Lines Of BeSt F|t Lete; ; = error(L"g’j,{pi, ...,pj})
Let P = {pq, ..., p,,} be the points
C ate cost
LoBF(ng):

If n = 0: return 0 ) Base (ase

Else: return min,¢;<, €;, + C + LoBF(i — 1)




Let L; ; be the optimal line for {p;, ..., p;}

Lines Of BeSt F|t Lete; ; = error(L"g’j,{pi,...,pj})

Let P = {py, ..., p,,} be the points  C = Hre cost
Let M[1, ..., n] be an array (initially empty)

MLoBF(i,%):
Ifn = 0:return 0
Else If (M[n] not empty): return M[n]
Else:
M[n] « min e;,, + C + LoBF(i — 1)

1<i<n

return M|[n]
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Let L; ; be the optimal line for {p;, ..., p;}

Lines Of BeSt F|t Lete; ; = error(L"g’j,{pi,...,pj})

* Let O be the optimal solution

* Let OPT (i) be the cost of the optimal solution for
points pq, ..., D;
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Let L; ; be the optimal line for {p;, ..., p;}

Lines Of Be5t F|t Lete; ; = error(L"g,j,{pi,...,pj})

Let P = {p4, ..., pn} be the points

F]ndLoBF(n) 'HM]L mnmes e‘}" ¥ C 4 M [l’ lz

findi € {1, ...,n} s.t AFASPOPPSVITais

return ({pi, ..., P} + FindLoBF (i — 1))
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Bottom Up Approach

* OPT(i) only depends on OPT(0),...,OPT(i — 1)

oPt(sy OorPT(D  oP() oPT(3) OPT(»)




Lines of Best Fit: Take Il

* Input: n data points P = {(x1,¥1), -, (X5, V) }, a
maximum number of segments k

o Assume x; < x, < -+ < Xy Write p; = (x;, ;)

* Qutput: a partition of P int@egments S1, ey Sk,
lines L, ..., L, minimizing “cost”




Recap penalky for oddins rec
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e Can find the lines of best fit in time 0(n?)
* Have to be careful about precomputing e; ;

* New idea: find the best final segment

* Compare to scheduling where we simply decided
whether the final solution was in or out of the solution
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Lines of Best Fit: Take Il

* Let O be the optimal solution {um exam‘J [, £ %j’“fm>
* Let 0PT(4) be the cost of the optimal solution for
points pq, ..., ¥ Pn O contamy some Sejmv'*f SJ ) Se
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Key Idea: Adding Variables (n+) (k) sdoproklens

* Let O be thf optimal solution

Ny
* Let OPT #ps) be the cost of the optimal solution

for points py, ..., #; using g segments
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Let L; ; be the optimal line for {p;, ..., p;}

Lines Of BeSt F|t Lete; ; = error(L"g’j,{pi,...,pj})

Let P = {p4, ..., pn} be the points
Let M[1:n, 1: k] be an array (initially empty)

MLoBF(n, k):
If (n = 0): return 0; Else If (n > 0,k = 0): return oo
Else If (M[n, k] not empty): return M[n, k]
Else:
' M[n, k] « mingcicn € + LOBF(i — 1,k — 1)
H’/“ ", return M[n, k]
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* OPT(i,s) only depends on OPT(j,s — 1) forj <i

Pe) | <D
;| & ==l =>
o | (Do |® | oo oo
o | T . .



Recap

e Can find the k lines of best fit in time 0 (n?k)

* Note: problem only makes sense for1 < k < g

* New idea: introduce a new variable
e Use a larger set of subproblems
e Gets easier with practice



