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• Find	the	opt.	schedule	by	dynamic	programming
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Today

• Dynamic	programming
• More	Practice:	lines	of	best	fit,	knapsack
• More	Tricks:	selecting	a	suffix,	adding	variables



Lines	of	best	fit



Warmup:	Line	of	Best	Fit

• Input: 3 data	points	4 = 5", 7" , … , 59, 79
• Output: the	line	: (i.e.	7 = ;5 + =)	that	fits	“best”
• “best”	=	minimizes	>??@? :, 4 = ∑ 7B − ;5B − = '�

B

Optimal	Solution

; = 3∑5B7B 	− ∑5B ∑7B
3∑5B' − ∑5B '

= = ∑7B 	− ;∑5B
3



Lines of	Best	Fit

• Input: 3 data	points	4 = 5", 7" , … , 59, 79
• What	if	the	data	does	not	look	like	a	line?



Lines of	Best	Fit

• Input: 3 data	points	4 = 5", 7" , … , 59, 79 ,	
cost	parameter	F > 0
• Assume	5" < 5' < ⋯ < 59;	write	/B = 5B, 7B

• Output:	a	partition	of	4 into	contiguous	segments	
J", J', … , JK,	lines	:", :', … , :K,	minimizing	“cost”



Lines of	Best	Fit

• First	observation:	for	every	segment	JL,	:L will	be	
the	(single)	line	of	best	fit	for	JL
• Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
• Let	>B,L = >??@? :B,L∗ , /B, … , /L



Lines of	Best	Fit

• Let	P be	the	optimal solution

Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
Let	>B,L = >??@? :B,L∗ , /B, … , /L



Lines of	Best	Fit

• Let	P be	the	optimal solution
• Let	P4Q(S) be	the	cost of	the	optimal	solution	for	
points	/", … , /B

Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
Let	>B,L = >??@? :B,L∗ , /B, … , /L



Lines of	Best	Fit

Let	4 = /",… , /9 be	the	points

LoBF 3, F :
If	3 = 0:	return	0
Else:	return	min"]B]9 >B,9	 + F + LoBF S − 1

Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
Let	>B,L = >??@? :B,L∗ , /B, … , /L



Lines of	Best	Fit

Let	4 = /",… , /9 be	the	points
Let	^ 1,… , 3 be	an	array	(initially	empty)

MLoBF S, F :
If	3 = 0:	return	0
Else	If	(^ 3 not	empty):	return	^ 3
Else:

^ 3 ← min"]B]9 >B,9	 + F + LoBF S − 1
return	^ 3

Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
Let	>B,L = >??@? :B,L∗ , /B, … , /L



Lines of	Best	Fit

• Let	P be	the	optimal solution
• Let	P4Q(S) be	the	cost of	the	optimal	solution	for	
points	/", … , /B

• How	do	we	find	the	actual	segments?

Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
Let	>B,L = >??@? :B,L∗ , /B, … , /L



Lines of	Best	Fit

Let	4 = /",… , /9 be	the	points
Let	^ 1,… , 3 be	an	array	(initially	empty)

FindLoBF 3 :
find	S ∈ 1,… , 3 s.t		^ 3 ← >B,9 + F +^[S − 1]
return	 /B, … , /9 + FindLoBF S − 1

Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
Let	>B,L = >??@? :B,L∗ , /B, … , /L



Bottom	Up	Approach

• P4Q S only	depends	on	P4Q 0 ,… , P4Q S − 1



Lines	of	Best	Fit:	Take	II

• Input: 3 data	points	4 = 5", 7" , … , 59, 79 ,	a	
maximum	number	of	segments	e
• Assume	5" < 5' < ⋯ < 59;	write	/B = 5B, 7B

• Output:	a	partition	of	4 into	e segments	J", … , Jf,	
lines	:", … , :f,	minimizing	“cost”



Recap

• Can	find	the	lines	of	best	fit	in	time	P 3'
• Have	to	be	careful	about	precomputing	>B,L

• New	idea:	find	the	best	final	segment
• Compare	to	scheduling	where	we	simply	decided	
whether	the	final	solution	was	in	or	out	of	the	solution



Lines	of	Best	Fit:	Take	II

• Let	P be	the	optimal solution
• Let	P4Q(S) be	the	cost of	the	optimal	solution	for	
points	/", … , /B



Key	Idea:	Adding	Variables

• Let	P be	the	optimal solution
• Let	P4Q(S, g) be	the	cost of	the	optimal	solution	
for	points	/", … , /B using	g segments



Lines of	Best	Fit

Let	4 = /",… , /9 be	the	points
Let	^ 1: 3, 1: e be	an	array	(initially	empty)

MLoBF 3, e :
If	(3 = 0):	return	0;	Else	If	(3 > 0, e = 0):	return	∞
Else	If	(^ 3, e not	empty):	return	^ 3, e
Else:

^ 3, e ← min"]B]9 >B,9 + LoBF S − 1, e − 1
return	^ 3, e

Let	:B,L∗ be	the	optimal	line	for	{/B, … , /L}
Let	>B,L = >??@? :B,L∗ , /B, … , /L



Bottom	Up	Approach

• P4Q S, g only	depends	on	P4Q i, g − 1 for	i ≤ S



Recap

• Can	find	the	e lines	of	best	fit	in	time	P 3'e
• Note:	problem	only	makes	sense	for	1 ≤ e < 9

'

• New	idea:	introduce	a	new	variable
• Use	a	larger	set	of	subproblems
• Gets	easier	with	practice


