CS4800: Algorithms & Data
Jonathan Ullman

Lecture 7:
 Dynamic Programming: Fibonacci Numbers,
Interval Scheduling
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Dynamic Programming

e Don’t think too hard about the name

* “l thought dynamic programming was a good name. It
was something not even a congressman could object to.
So | used it as an umbrella for my activities.”

—Richard Bellman

* Dynamic programming is careful recursion
* |dentify a “small” number of “subproblems” sounds Simlas
| h bl . + DX QJ\DLA S
Relate these problems via a recurrence Mberent m prock e
 Carefully solve the recurrence



Warmup: Fibonacci Numbers



Fibonacci Numbers
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Fibonacci Numbers Alg |

Fibl(n):
Ifn=01:returnn /7 Pawe (Cases
Else: return Fibl(n — 1) + Fibl(n — 2) /Recunon

 How many total recursive calls does this algorithm
make when computing F(n)?
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Fibonacci Numbers Alg |

Fibl(n):
If n = 0,1: returnn
Else: return FibI(n — 1) + Fibl(n — 2)
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Fibonacci Numbers Alg Il {"Memoizakon™)

/—7 Skore SO\a—’vonS {’o (ro\AQﬂ\S gq_) \/\o,uq awv‘ een

Let M be an array (initialize each cell to “empty”)
Fibll(n):

Ifn=0,1:returnn /Bae case
_» Else if M[n] is not empty: return M[n] /(Clei\w fo

/ Else: A 3ol n

el . |M[n] « Fibll(n — 1) + FiblI(n — 2)
a\rta U\ &on
bnoo e | poo0 return M|[n]
onSuw oU\SU"J
* How many total recursive calls does this algorithm
make when computing F(n)? MALIS ... Mo
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Fibonacci Numbers Alg Il



Fibonacci Numbers Alg Il (“’Boﬂon—Uf [ Heahae \

Fiblli(n): -~ ———— ¢ n Yl orect”
M[0] « 0,M[1] « 1, O\’;Lﬂ‘n—e fble i e “cor

Fori =3, ...,n:
M[i] « M[i — 1] + M[i — 2]
return M[n]

D(\’D a&&r\'rong X O(h’) e szaau'}-on ‘—'O/ nz)
* How many additions does this algorithm take to fime
compute F(n)?

St T |0

£y F(D WS F(9) F(u) F—(3C-,3 F(.q



Fibonacci Numbers Alg Il

FibIII(n):
M[0] « 0, M[l] 1,
Fori = 3,. ;
M[i] « M[l — 1]+ M[i — 2]
return M[n]




Summary

* The “obvious” recursive algorithm for Fibonacci
numbers takes exponential time

* Problem: recursing on the same problem many times
* |Idea I: Remember solutions (aka “top-down”) “memorcation”
-, * |dea Il: Solve subproblems in order (aka “bottom-up”)

(3 MM
itera e

* Dynamic pro ming is careful recursion
* Identify a| “small”|number of “subproblems”

* Relate these problems via a recurrence&
«_Carefully solve the recurrence
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nterval Scheduling



Interval Scheduling

5 Assume o\l %, ¢ ae dokadt

* How can we optlmally schedule a resource?

 This classroom, a computing cluster, the Large Hadron
Collider, etc...

(steut e $Feo\n e \mlus

* Input: a n intervals (s;, f;) with value v;

* Qutput: a compatible schedule S with the largest
possible total value

« Aschedulelis a subset of intervals S € {1, ...,n}
* Aschedule S |s{ coméat Ie(if notwoi,j € S overlap

* The ﬂ\@l\ug})fS is YoV \
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Interval Scheduling s,y ¢ 3 No N
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Possible Algorithms

* Choose most valuable interval first
* fake most ve\velole
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Possible Algorithms

* Choose interval with earliest start time first
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Possible Algorithms

* Choose interval with earliest finish time
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Possible Algorithms

 Choose shortest interval first
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Shep \ . Yot an orhma\ sol Aren

A Recursive Algorithm fw* flacks. cloootut. |
S‘{'e( 2. Cl&b%f O

* Let O be the optimal solution\\ O el dowr or doesast

. . . ‘ te?
e Case I: Last interval is notin O (6 &€ O) oy
» Then O must be the optimal solution for {1, ..., 5}
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A Recursive Algorithm
O woce bjg +L)o {3@@3 of soloJmnsJ each O'F ek gendoans an -of—F

g'a\ﬂ ’fo (48 5ma|(£/ /Ob]em,
* Let O be the optimal solution

e Case I: Last interval is notin O (6 &€ O)
» Then O must be the optimal solution for {1, ..., 5}

e Case 2: Last interval isin O (6 € 0)
* Then O must beEche optimal solution for {1, ..., 3ﬂ+ $L3
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. _ ﬁy'e(@v(#ealg
A Recursive Algorithm  —

Dssome that e mtevals are sorted l\oy “C §o 7[:<J[2 <. ‘7[;.

J

* Let O be the optimal solution

e Case I: Last interval is notin O (n &€ O)
* Then O must be the optimal solution for {1, ...,n — 1}

e Case 2: Last interval isin O (n € O)
* Sortintervalsbyendtimeso f; < f, < -+ < f,
{Let p(i) be the last interval not overlapping i]
* Then O must beEche optimal solution for {1, ...,p(n)}] u zr@

Let WT(S be e valve o -erogkwna) sthed e Uby ngc’j
OPT(0)=0
OPT ()= max§ T, v P75



Recursive Algorithm | Assume Swrﬁw

FindOPT(i): j

Ifi = 0: return O S
Else: return max{vi + FindOPT(p(i)), FindOPT(i — 1)}

* Claim: FindOPT (i) computes OPT (i) Y =9l ,»
’FCUOQ Bam case <PO-\ . 60“9/
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Recursive Algorithm |

FindOPT(i):
If i = 0: return O Fand &7 (E’ZB
Else: return max{vi + FindOPT(p(i)), FindOPT(i — 1)}

e Sad Fact: FindOPT(n) might runin = F(n) time
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Recursive Algorithm II: Memoization
M zan wran Yo hold sdpproslems ceve selveds (lnbedly empha

MFindOPT(i):
Ifi = 0: return O
Elself M[i] is not empty: return M|[i]
Else:

M[i] « max{v; + FindOPT(p(i)), FindOPT(i — 1)}
return M|[i]

Medsocce
» Wappy fact: MFindOPT(n) runs in time O (n)
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Finding the Solution



Finding the Solution

Index
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« v, + OPT(3) =7
- OPT(5) =8

* We know 6 & O!



Finding the Solution

FindSOL(i):
If i = 0:return @
Else:
If v, + Mp(i)] = M[i —1]:
return: {i} U FindSOL(p(i))
Else

return: FindSOL(i — 1)




Recursive Algorithm Ill: Bottom-Up

I[terFindOPT(i):
M[0] < O -
Fori=1,...,n:
M[i] « max{v; + FindOPT(p(i)), FindOPT(i — 1)}
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Recursive Algorithm Ill: Bottom-Up
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Now You Try

1 v; =3 p(1)=0
2 v, =5 p(2) =1
3 vz =9 p(3) =0
4 vy =6 p(4) =2
5 vs =13 p(5) =1

6 Vg =3 p(6) =4




Dynamic Programming Recap

* What did we do:
* |dentified a “small” number of “subproblems”
* Related these problems via a recurrence
» Carefully solved the recurrence

III

* Defining the subproblems and finding a
recurrence can be challenging



