CS4800: Algorithms & Data
Jonathan Ullman

Lecture 6:
e Divide-and-Conquer: Inversions, Closest Pair

* Dynamic Programming Warmup (?)

Jan 26, 2018



Counting Inversions



Approximate Sortedness

e Which of these is “more sorted”?
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Counting Inversions (A0 v Huji{ds)

A Measure of Sortedness: Number of Inversions
e Inversion: a pair i < j such that A[i] > A[/] (‘f\:";&i&i\"ms
o “Kendall tau distance” / “Bubble sort distance”
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Counting Inversions

* A Measure of Sortedness: Number of Inversions

* Inversion: a pair i < j such that Ali] > Al[j]
e “Kendall tau distance”
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* Many Applications

* Collaborative filtering / recommender systems
* Social choice theory / voting theory



Counting Inversions: Basic Algorithm
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Counting Inversions: D&C

L, e=2 R, Ce=3
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Counting Inversions: D&C
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Counting Inversions: D&C

MergeAndCount(L[1 ...¢], R[], ...,T]):
leti,j,k < 1,c < 0
Fork=1,..,£+r // Loop over elts
Ifi > ¢: // L is empty
X Alk] =R[jl,j < Jj+1
of Elifj > r: // R is empty
Ve Alk] = L[i],i « i +1
on ~ Elif L[i] < R[j]: // L is smaller
Q¥ Akl = L[i],i < i+1
’ Else: // R is smaller
Alkl = R[j1,j < j+1,
c—c+({f—-i+1) // Add inversions
Return (4, ¢)




Counting Inversions: D&C

Split

Recurse

Merge
+Count
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Counting Inversions: D&C

SortAndCount(4[1, ..., n]):

Ifn =1, return{@,0) // Base case
f « [ } // Split into two lists
L<All..,f],R « A[f + 1,n]

(L, c;) < SortAndCount(L) — T(%D // Recurse
(R, cg) < SortAndCount(R) - T(%) //Recurse
(4, cp) <« MergeAndCount(L, R) g // Merge

O(n)

return (4,c; + cg + cpy)
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Ask the Audience!

e Suppose | wanted to output a list of all inversions
(i.e. all pairs i < j such that A[i] > A[j]), can our
D&C algorithm be modified to output a list of all
inversions in 0(nlogn) time?
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Counting Inversions: Fun Fact

* Improved to O(n,/log n) in 2010

* Itis “not possible” to sort in less than nlogn time
* Counting inversions is easier than sorting



Closest Pair



Closest Pair

* General Problem: Given points p4, ..., p,,, find the
pair p;, pj minimizing d(p;, p;)
* Foundational problem in computational geometry

* Closely related to nearest-neighbor search,
classification, and clustering problems



Closest Pairin 2D N+, Ajo,~+ym On") 4me
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 Special Case: Closest Pair in
e Given p; = (x1,¥1), ..., P, = (x,,,v,,) € R? find
the pair p;, p; minimizing the Euclidean distance
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Assumption: all the x and y coordinates distinct



Ask the Audience!

* Even More Special Case: Closest Pair in 1D

* Given x4, ..., X, € R find the pair Xi, Xj minimizing
the distance |x,; — x]-|

* Find an O(nlogn) time algorithm
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Ask the Audience!

* Even More Special Case: Closest Pair in 1D

* Given xy, ..., X, € R find the pair x;, x; minimizing
the distance |x,; — xj| | ok S=mm<§&, Se

* Findan O(n log n) time algorithm
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Closest Pairin 2D S = o 32 S, o

* Given P1 = (Xl, yl) -y Pn = (xn; yn) € RZ find
the pair p;, p; minimizing the Euclidean distance
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Closest Pair in 2D

e Givenp; = (x1,V1), .., P, = (%, ¥,) € R? find
the pair p;, p; minimizing the Euclidean distance

* Key Idea: Only need to consider a band of width 6
on each side around the midline



Closest Pair in 2D

1D: Travis Barker Mohawk
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Ask the Audience! [ty e

* Suppose | look at the pointsin_the
mohawk and sort by the y-coord.

. TruThe closest pair in the
mohawk is adjacent in the sorted list? ®
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Closest Pair in 2D
=7 \/ij Coo\JEej Cla,\m

* Claim: Let (x4, Y1), -, (X1, Vi) be the points in the
mohawk, sorted by y-coordinate and let p,, p, be the
closest pair, then |k — £| < 15
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Closest Pair in 2D
> Sor‘(’ all Pomh bx) X 5 %K

Sat all on ks
Closest(@ ¢ J 6 2 S}
Let g be the middle-element of SX g?\ﬂ, {3 x~coord
Divide P into Left, Right according to g. Scan to getlLY RY.

delta,r,j = MIN(WY) Closest(Right, RX, RY))
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For each point x in Mohawk (in order): Sected dpj J coore

[ Compute distance to its next 15 neighbors] onl thee
Update delta,r if any pair (x,y) is < delta J £ £ 1S ofle, oty

Return (delta,n,))
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Closest Pair in 2D

 Claim: Let (x1,V1), ..., (X;n, Vi) be the points in the mohawk, sorted by y-
coordinate and let py, p, be the closest pair, then |k — £| < 15
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Closest Pairin 2D

 Claim: Let (x1,V1), ..., (X;n, Vi) be the points in the mohawk, sorted by y-
coordinate and let py, p, be the closest pair, then |k — £| < 15
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Closest Pair in 2D

 Claim: Let (x1,V1), ..., (X;n, Vi) be the points in the mohawk, sorted by y-
coordinate and let py, p, be the closest pair, then |k — £| < 15
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