CS4800: Algorithms & Data
Jonathan Ullman

Lecture 5:
* Divide-and-Conquer: Median-Finding, Binary
Search, Max-Difference,...

Jan 23, 2018



Ask the Audience

* You come up with an algorithm for multiplying two
n-digit numbers that uses:

* 6 multiplications of %—digit numbers

« 0(n3/?) time to combine

e |s this algorithm faster than the @(n1>8>) time
Karatsuba’s algorithm?
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Selection / Median



Selection
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* Given an array of numbers A[1, ..., n], how quickly
can | find the k-th smallest number?

11 3 42 28 17 8 2 15

SimpleSelect(4[1, ..., n], k):
Let T hold the indices of the k smallest items so far
T «{1,..,k}

smalles
2 L > Fori=k+1,..,n:

If A[i] is igger than A[j] for some j € Tl

Addito T and remove j from T
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Output the largest item in T




Selection
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* Selecting the k-th sr‘nﬁmﬂiﬂber is no harder

than sorting. Takes|®@(nlogn)|time.

11 3 42 28 17 8 2 15

[ o

2 3 8 11 15 17 28 42

 Can improve to O(nlogk)



Finding the Median

e The median is the [ﬂ-th smallest number

11 3 42 28 17 3 2 15

@ sort

2 3 8 11 15 17 28 42

* Today: finding the median in O(n) time.



Job Interview Puzzle

* You have 25 horses and want to find the 3 fastest.

* You do not know how fast they are, but you have a
racetrack where you can race 5 horses at a time.

* In: {1,5,6,18,22} Out: (6 >5>18>22>1)

* Problem: find the 3 fastest using just 7 races.
Slowest Rartast
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Median Algorithm: Take |

17 3 42 11 28 8 2 15 13 | A

smaller Hhon te prvot prook \N‘)’”H“ He prvok
11 3 15 13 2 8 17 28 42
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QuickSelect(A[1, ...,n], k):

Ifn=1:return A[1]  /Base case
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gChoose apivotelementp = A[1] ©9 | o ¢ pe( ALt 0], D)

Partition around the pivot p, let A[r] be the rfivot
If k < r:return Select(A[1,...,r — 1], k)
Elif k > r: return Select(A[r + 1, ...,n],k — 1)
Else: return A[r]

neewsve call olees Tkr—ﬂ or T(n—r-ﬂ



Median Algorithm: Take |

@3 42 11 28 8 2 15 13
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Median Algorithm: Take | k=2
?N-o-k
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Median Algorithm: Take Il

* Need to find a pivot element p that is in the
“middle” of the sorted list in O(n) time.

e |[dea 1: Use the median of this list! ) | deal (\)NO*“

* Idea 2: Use the “median-of-medians” (MOM)!
Need o {nd o prot Et(proana—Ee( wr He meddle

- mddle lalf lsaeocl enov%\ﬂ
Neec\ to do M O(aD -{',\m&



Median of Medians (C\noom o Torot )
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MOMS(A[1, ..., n]): n
m — [n/5] \Z E"OC\B = OC"\
Fori =1,..,m: M[i] = median{A[5i — 4, ..., 5i]}
Return p = QuickSelect(M[1, ..., m], [m/ZJ) — Tssu( ,>
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Median of Medians

 Claim: There are at least 3n/10 items smaller than

the MOM and at least 3n/10 items larger. m;ﬁu\k«z&
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Median Algorithm: Take Il

17 3 42 11 28 8 2 15 13 | A

11 3 17 13 2 8 17 28 42

QuickSelect(A[1, ...,n], k): L8 smallo
If n < 25: return mediAMipzzad)

Let p = MOM5(A) 4 Tran () = Tue (g wol

Partition around the pivot p, let A[r] be the pivot O(n)

If k < r:return QuickSelect(4[1, ..., — 1], k) T( D 0.

Elif k > 7: return QuickSelect(A[r + 1, ...,n,k = 1) T(n -¢) -:Lc

Else: return A[r] v
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Median of Medians . -
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Ask the Audience

e Suppose we instead split this input into g blocks of
size 3. Would the algorithm still run in time O(n)?
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Median in Practice

17 3 42 11 28 8 2 15 13

11 3 17 13 2 8 17 28 42

QuickSelect(A[1, ...,n], k):
If n = 1: return A[1]

Let p = A[k] for a randomly chosen k

Partition around the pivot p, let A[r] be the pivot

If k < r:return QuickSelect(4[1, ..., — 1], k)

Elif k > r: return QuickSelect(A[r + 1, ...,n],k — 1)
Else: return A[r]




Median in Practice

17 3 42 11 28 8 2 15 13

11 3 17 13 2 8 17 28 42




Quicksort

17 3 42 11 28 8 2 15 13

11 3 17 13 2 8 17 28 42
{\ecursmlj sorf eeds s\'\relua,

QuickSort(4[1, ..., n]):
Ifn>1: e -\‘Le medan
Choose a pivot element p v
Partition around the pivot p, let A[r] be the pivot
Quicksort(4[1, ...,r — 1])
Quicksort(A[r + 1, ...,n])

Aléecnabre do Megprorf T = 2T (2) + 0 ()



Quicksort

17 3 42 11 28 8 2 15 13

11 3 17 13 2 8 17 28 42




Arbitrage
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Arbitrage
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Market summary > Apple Inc.
NASDAQ: AAPL - Jan 19, 7:50 PM EST

178.46 uso +0.80 (0.45%)

After-hours: 178.68 4+0.12%

1 day 5 day 1 month 3 month 1 year 5year max

200 sell \\D'\a
sl Lyl

100

50 h& \04

2014 2015 2016 2017 2018
Open 178.61 Mkt cap 916.27B
High 179.58 P/E ratio 19.43

Low 177.41 Div yield 1.41%



Arbitrage

o) o
* Input: an array 4|1, ..., n] /j ““;j“(‘”“} N

e Qutput: a pair 1 ﬂi <JjJ<n
* Goal: maximize profit(i,j) = Alj] — Ali

3 3 28 11 17 42 2 35
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Arbitrage: Take |

‘o Je le IR

3 3 28 11 ' 17 42 2 35
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Arbitrage: Take | Tl =2TEY+ ol
- @(Y\\oﬁs
8 3 28 11 17 42 2 35

MaxProfit(4[1, ..., n]): // Returns i, j
If n = 1:return (1,1) // Base Case
m « [n/2]
(it,j) « MaxProfit(4[1, ..., m]) J Rocomely solue each
(ik, j®) « MaxProfit(A[m + 1, ..., n]) hal b )

i « argmin{A[1, ...,m — 1]}

jM « argmax{A[m + 1, ...,n]} i Do) Hwme

Return the best solution among L, R, M i O(0) Hwe
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Arbltrage Ta ke I
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3 3 28 11 l 17 42 2 35

MaxProfit(A[1, ...,n]): // Returns i, j, mw, max
If n = 1:return (1,1) // Base Case

m « |n/2| ( . *.,3 L
Gl77 e MaxProfit(A[1, ...,m]) — ¢ JJ M, me n ot
Py« MaxProfit(A[m + 1,..,n]) — (L 35 Ay ma \‘) ~mas
] I [ ) uan{—&o re(ﬂute ‘\'lre_ O(v;w ()3!‘(’ to
gria 4., } com¥e .
Also have fo cehosa miv,ma
Return the best solution among L, R, M ¢s, do s O(1) +e
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Arbitrage: Take I L

(e \') y™Maf max wn) L 0

b

8 3, 28 11'17 42, 2 35
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Arbitrage: Take Il o (-5

3 3 28 11 17 42 2 35

MaxProfitll(4[1, ..., n]): // Returns i, j, mi, ma,
If n = 1:return (1,1,1,1) // Base Case

m < [n/2]

(it, j*, mi,, ma;) < MaxProfitlI(A[1, ..., m])

(iR, jR, mig, mag) « MaxProfitll(4[m + 1, ...,n])

i" « mi, M < mag

mi « min{mi;, migp} ma < max{ma;, mag}

If L is best: return (i%, jL, mi, ma)
Elseif R is best: return (i%, j&, mi, ma)
Elseif M is best: return (i™, j™, mi, ma)

) = (2 )* ol S,o?: (9%5)'—2 >
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