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Ask	the	Audience

• You	come	up	with	an	algorithm	for	multiplying	two	
!-digit	numbers	that	uses:
• 6	multiplications	of	"#-digit	numbers
• $(!& '⁄ ) time	to	combine

• Is	this	algorithm	faster	than	the	Θ !+.-.-… time	
Karatsuba’s	algorithm?



Selection	/	Median



Selection

11 3 42 28 17 8 2 15

• Given	an	array	of	numbers	0[1,… , !],	how	quickly	
can	I	find	the	5-th smallest	number?

SimpleSelect 0 1,… , ! , 5 :
Let	> hold	the	indices	of	the	5 smallest	items	so	far
> ← 1,… , 5

For	@ = 5 + 1,… , !:
If	0[@] is	bigger	than	0[D] for	some	D ∈ >
Add	@ to	> and	remove	D from	>

Output	the	largest	item	in	>



Selection

11 3 42 28 17 8 2 15

2 3 8 11 15 17 28 42

• Selecting	the	5-th smallest	number	is	no	harder	
than	sorting.		Takes	Θ ! log ! time.

• Can	improve	to	Θ ! log 5

sort



Finding	the	Median

11 3 42 28 17 8 2 15

2 3 8 11 15 17 28 42

• The	median is	the	 "' -th smallest	number

• Today:	finding	the	median in	$(!) time.

sort



Job	Interview	Puzzle

• You	have	25	horses	and	want	to	find	the	3	fastest.
• You	do	not	know	how	fast	they	are,	but	you	have	a	
racetrack	where	you	can	race	5	horses	at	a	time.
• In:	 1, 5, 6, 18, 22 Out:	 6 ≻ 5 ≻ 18 ≻ 22 ≻ 1

• Problem:	find	the	3	fastest	using	just	7	races.



Median	Algorithm:	Take	I

17 3 42 11 28 8 2 15 13 0

QuickSelect 0 1,… , ! , 5 :
If	! = 1:	return	0[1]

Choose	a	pivot	element P = 0[1]
Partition	around	the	pivot	P,	let	0[Q] be	the	pivot
If	5 < Q:	return	STUTVW(0 1,… , Q − 1 , 5)
Elif 5 > Q: return	STUTVW(0 Q + 1,… , ! , 5 − Q)
Else:	return	0[Q]

11 3 15 13 2 8 17 28 42



Median	Algorithm:	Take	I

17 3 42 11 28 8 2 15 13 0

11 3 15 13 2 8 17 28 42



Median	Algorithm:	Take	I

1 2 3 4 5 6 7 8 9 0



Median	Algorithm:	Take	II

• Need	to	find	a	pivot	element	P that	is	in	the	
“middle”	of	the	sorted	list	in	$ ! time.

• Idea	1:	Use	the	median	of	this	list!

• Idea	2:	Use	the	“median-of-medians”	(MOM)!



Median	of	Medians
MOM5 0 1,… , ! :

\ ← ! 5⁄
For	@ = 1,… ,\:	] @ = median{0 5@ − 4,… , 5@ }
Return	P = QuickSelect ] 1,… ,\ , \ 2⁄



Median	of	Medians

• Claim:	There	are	at	least	3! 10⁄ items	smaller	than	
the	MOM	and	at	least	3! 10⁄ items	larger.



Median	Algorithm:	Take	II

17 3 42 11 28 8 2 15 13 0

QuickSelect 0 1,… , ! , 5 :
If	! ≤ 25:	return	med{0 1,… , ! }

Let	P = MOM5 0
Partition	around	the	pivot	P,	let	0[Q] be	the	pivot
If	5 < Q:	return	QuickSelect(0 1,… , Q − 1 , 5)
Elif 5 > Q: return	QuickSelect(0 Q + 1,… , ! , 5 − Q)
Else:	return	0[Q]

11 3 17 13 2 8 17 28 42



Median	of	Medians

>ghi ! ≤ >ghi
7!
10 + >klk ! + m′!

≤ >ghi
7!
10 + >ghi

2!
10 + m!

>ghi 25 ≤ m



Median	of	Medians

>ghi ! ≤ >ghi
7!
10 + >ghi

2!
10 + m! >ghi 25 ≤ m



Ask	the	Audience

• Suppose	we	instead	split	this	input	into	"& blocks	of	
size	3.		Would	the	algorithm	still	run	in	time	$ ! ?



Median	in	Practice

17 3 42 11 28 8 2 15 13 0

QuickSelect 0 1,… , ! , 5 :
If	! = 1:	return	0[1]

Let	P = 0 5 for	a	randomly	chosen 5
Partition	around	the	pivot	P,	let	0[Q] be	the	pivot
If	5 < Q:	return	QuickSelect(0 1,… , Q − 1 , 5)
Elif 5 > Q: return	QuickSelect(0 Q + 1,… , ! , 5 − Q)
Else:	return	0[Q]

11 3 17 13 2 8 17 28 42



Median	in	Practice

17 3 42 11 28 8 2 15 13 0

11 3 17 13 2 8 17 28 42



Quicksort

17 3 42 11 28 8 2 15 13 0

QuickSort 0 1,… , ! :
If	! > 1:	

Choose	a	pivot	element P
Partition	around	the	pivot P,	let	0[Q] be	the	pivot
Quicksort(0 1,… , Q − 1 )
Quicksort 0 Q + 1,… , !

11 3 17 13 2 8 17 28 42



Quicksort

17 3 42 11 28 8 2 15 13 0

11 3 17 13 2 8 17 28 42



Arbitrage



Arbitrage



Arbitrage

8 3 28 11 17 42 2 35

• Input:	an	array	0 1,… , !
• Output:	a	pair	1 ≤ @ < D ≤ !
• Goal:	maximize	profit @, D = 	0 D − 0 @



Arbitrage:	Take	I

8 3 28 11 17 42 2 35



Arbitrage:	Take	I

8 3 28 11 17 42 2 35

MaxProfit 0 1, … , ! : //	Returns	@, D	
If	! = 1:	return	 1,1 //	Base	Case

\ ← ! 2⁄
@i, Di ← MaxProfit 0 1, … ,\
@x, Dx ← MaxProfit 0 \ + 1,… , !
@k ← argmin 0 1,… ,\ − 1
Dk ← argmax 0 \ + 1,… , !

Return	the	best	solution	among	v, w,]



Arbitrage:	Take	I

8 3 28 11 17 42 2 35

MaxProfit 0 1, … , ! : //	Returns	@, D	
If	! = 1:	return	 1,1 //	Base	Case

\ ← ! 2⁄
@i, Di ← MaxProfit 0 1, … ,\
@x, Dx ← MaxProfit 0 \ + 1,… , !
@k ← argmin 0 1,… ,\ − 1
Dk ← argmax 0 \ + 1,… , !

Return	the	best	solution	among	v, w,]



Arbitrage:	Take	II

8 3 28 11 17 42 2 35



Arbitrage:	Take	II

8 3 28 11 17 42 2 35

MaxProfitII 0 1, … , ! : //	Returns	@, D, \@,\y,
If	! = 1:	return	 1,1,1,1 //	Base	Case

\ ← ! 2⁄
@i, Di,\@i,\yi ← MaxProfitII 0 1, … ,\
@x, Dx,\@x,\yx ← MaxProfitII 0 \ + 1,… , !
@k ← \@i Dk ← \yx
\@ ← min	{\@i,\@x} \y ← max \yi,\yx

If	v is	best:	return	(@i, Di,\@,\y)
Elseif w is	best:	return	(@x, Dx,\@,\y)
Elseif] is	best:	return	(@k, Dk,\@,\y)


