CS4800: Algorithms & Data
Jonathan Ullman

Lecture 4: 4/[\/2
* Recurrences: Master Theorem 007[%

e Divide and Conquer: Median o,
- J
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Recurrences
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* Karatsuba’s Algorithm:
e T(n) =3T(n/2) +Cn
« T(n) = 0(n'°823)

* How would we arrive at these answers?
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Recursion Tree e T(n) =3T(n/2) + Cn
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Geometric Series
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Ask the Audience!

 Solve using the recursion tree method:
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Recurrences

* Mergesort:
e T(n) =2T(n/2) + Cn
* T(n) = 0(nlogn)

* Karatsuba’s Algorithm:
e T(n) =3T(n/2) +Cn
« T(n) = 0(n'°823)

* Just Now:
« T(n) =8T(n/4) + Cn
« T(n) = 0(n'>)



The “Master Theorem”

(Mﬁa('kaf)‘?f
ab,c are aansdants

* Let’s solve all recurrences of the form eg. T(a)= § T(i7)
e T(n) =a-Tn/b) + n¢ + ()
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The “Master Theorem”

e Let’s solve all recurrences of the form
*T(n)=a-T(n/b) + n
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Recursion Tree e T(n) = aT(n/b) + n°
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Recursion Tree « T(n) = aT(n/b) + n°
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The “Master Theorem”

e Let’s solve all recurrences of the form
*T(n)=a-T(n/b) + n

i Three cases: 6_6' Kacatsuva

. (%) > 1: T(n) = @(nlogb a)/> eq meﬁy_}orf

. (i) ;1; T(n) = ©(n‘logn)

-
(L)1 Tm) = 8(ne)

— |atw



The “Master Theorem”
Tln)'-‘- 3K T(g_’) + Y\\o(j\n

 Even More General: All recurrences of the form
T(m)=a-Tn/b)+ f(n) el - n\ojw
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Ask the Audience!
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Switching Gears:
Selection (Median)



Selection

* Given an array of numbers A[1, ..., n], how quickly
can | find the:
« Smallest number? = ©(»)
« Second smallest? = ©(»)
 Eighth smallest? = B ()
o k-thsmallest? - O(ks) — OCn\OJn\

11 3 42 28 17 8 2 15 A




Selection

* Selecting the k-th smallest number is no harder
than sorting. Takes O(nlogn) time.

11 3 42 28 17 8 2 15

@ sort

2 3 8 11 15 17 28 42




Finding the Median

e The median is the [ﬂ-th smallest number

11 3 42 28 17 3 2 15

@ sort

2 3 8 11 15 17 28 42

* Today: finding the median in O(n) time.



Warmup

* You have 25 horses and want to find the 3 fastest.

* You do not know how fast they are, but you have a
racetrack where you can race 5 horses at a time.
* In: {1,5,6,18,22} Out: (6 >5>18>22>1)

* Problem: find the 3 fastest using the fewest races.




Median Algorithm: Take |

17 3 42 11 28 8 2 15 13

11 3 &/ 13 2 8 17 28 42

Select(Al1, ...,n], k):
If n = 1: return A[1]

-» Choose a pivot element p = A[1]

—%Partition around the pivot p, let A[r] be the pivot
If k < r:return Select(A[1,...,r — 1], k)
Elif k > r: return Select(A[r + 1, ...,n],k — 1)
Else: return A[r]




Median Algorithm: Take |
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17 3 42 11 28 8 2 15 13

11 3 17 13 2 8 17 28 42
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Median Algorithm: Take| ¥
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Median Algorithm: Take Il

* Need to find a pivot element p that is in the middle
of the sorted list in O(n) time.

e |[dea 1: Use the median of this list!

* |[dea 2: Use the “median-of-medians” (m-o0-m)!
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