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Ask	the	Audience!

• True	or	False?		
∀", $, % > 1,	" ⋅ log,(% ⋅ .) = Θ(log2 .)



Divide	and	Conquer	Algorithms

James	Gillray.		Plumb	Pudding	in	Danger. 1805

• Divide	your	problem	into	simpler	subproblems
• Recursively	solve	each	subproblem
• Combine	the	solutions	to	the	subprobelms



• Examples
• Karatsuba’s	Algorithm	(Multiplication)
• Mergesort /	Binary	Search
• Median
• …

• Key	Tools
• Proof	by	Induction	(Correctness)
• Recurrences	(Running	Time) /	Master	Theorem

Divide	and	Conquer	Algorithms



Sorting

11 3 42 28 17 8 2 15

2 3 8 11 15 17 28 42

3



Simple	Algorithm:	Insertion	Sort

11 3 42 28 17 8 2 15

2 3 8 11 15 17 28 42

11 3 15 28 17 8 2 42

Repeat
. − 1 times.

Scan	to
find	the	max

Place
the	max
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Divide	and	Conquer:	Mergesort

• Key	Idea:	If	5, 6 are	sorted	lists	of	length	.,	then	we	can	
merge	them	into	a	single	sorted	list	3 in	7(.) time.

3 11 28 42

2 8 15 17

5

6



Divide	and	Conquer:	Mergesort

Merge(5[1…ℓ], 6[1, … , ?]):
Let	A, B, C ← 1,	3 1,… , . //	3 will	be	the	output
For	C = 1,… , ℓ + ? //	Loop	over	elts

If	A > ℓ:	 //	5 is	empty
3 C = 6 B ,	B ← B + 1

Elif B > ?:	 //	6 is	empty
3 C = 5 A ,	A ← A + 1

Elif 5 A < 6[B]: //	5 is	smaller
3 C = 5[A],	A ← A + 1

Else: //	6 is	smaller	
3 C = 6[B],	B ← B + 1

Return	3



Divide	and	Conquer:	Mergesort

11 3 42 28 17 8 2 15Split

11 3 42 28 17 8 2 15

3 11 28 42 2 8 15 17

2 3 8 11 15 17 28 42

Recursively	
Sort

Merge

3

5 6



Divide	and	Conquer:	Mergesort

Mergesort(3[1,… , .]):
If	. = 1,	return	3 //	Base	case

ℓ ← I
2 //	Split	into	two	lists

5 ← 3 1,… , ℓ , 6 ← 3[ℓ + 1, .]

5 ← JK?LKMN?O 5 //	Sort	recursively
6 ← JK?LKMN?O(6)
3 ← JK?LK(5, 6) //	Merge

return	3



Correctness	of	Mergesort
Mergesort(3[1,… , .]):

If	. = 1,	return	3
ℓ ← I

2 	5 ← 3 1,… , ℓ , 6 ← 3[ℓ + 1, .]

5 ← JK?LKMN?O 5
6 ← JK?LKMN?O(6)
3 ← JK?LK(5, 6)
return	3



Running	Time	of	Mergesort

Mergesort(3[1,… , .]):
If	. = 1,	return	3 //	Base	case

ℓ ← I
2 //	Split	into	two	lists

5 ← 3 1,… , ℓ , 6 ← 3[ℓ + 1, .]

5 ← JK?LKMN?O 5 //	Sort	recursively
6 ← JK?LKMN?O(6)
3 ← JK?LK(5, 6) //	Merge

return	3



Mergesort

• Guess:	∀	. ∈ ℕ, S . ≤ U. log2 . + 1
• Proof	by	induction	on	.:

• S . = 2S . 2⁄ + U.							
• S 1 = U



Mergesort

• Guess:	∀	. ∈ ℕ, S . ≥ U.	log2 .
• Proof	by	induction	on	.:

• S . = 2S . 2⁄ + U.							
• S 1 = U



• Mergesort:
• S . = 2S . 2⁄ + U.
• S . = Θ . log .

• Karatsuba’s	Algorithm:
• S . = 3S . 2⁄ + U.
• S . = Θ(.Z[\] ^)

• How	would	we	arrive	at	these	answers?

Recurrences



Recursion	Tree • S . = 2S . 2⁄ + U.							
• S 1 = U



Recursion	Tree • S . = 2S . 2⁄ + U.							
• S 1 = U

.

./2 ./2

./4 ./4 ./4 ./4
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Work

U.

2 ⋅ U.
2 = U.

4 ⋅ U.
4 = U.

2a ⋅ U.
2a = U.

2Z[\] I ⋅ U = U.

…



Recursion	Tree • S . = 3S . 2⁄ + U.							
• S 1 = U



Geometric	Series

• Series

• Solution	b = cdeℓfg
cde

b = 	h?a
ℓ

aij	

b		 = 1 + ? + ?2 +⋯+ ?ℓ
?b = 								? + ?2 + ⋯+ ?ℓ + ?ℓlc


