CS4800: Algorithms & Data
Jonathan Ullman

Lecture 3:
* Divide and Conquer: Mergesort
* Solving Recurrences, Master Theorem

Jan 9, 2018
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Divide and Conquer Algorithms
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e Divide your problem into simpler subproblems
* Recursively solve each subproblem

* Combine the solutions to the subprobelms
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Divide and Conquer Algorithms

* Examples
» Karatsuba’s Algorithm (Multiplication)
e Mergesort / Binary Search
* Median

* Key Tools
* Proof by Induction (Correctness)
* Recurrences (Running Time) / Master Theorem
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Simple Algorithm: Insertion Sort Twme S2(n™)
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Simple Algorithm: Insertion Sort
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Divide and Conquer: Mergesort

* Key ldea: If L, R are sorted lists of length n, then we can
merge them into a single sorted list A in O(n) time.
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Divide and Conquer Mergesort

mn & L 7 nko{ ,F,Nm" s\p-k\nA
Merg
té \k «— 1 All //A will be the output
For k =1,..,° + r // Loop over elts
Ifi > f: // L is empty
Alk] =R[jl,j<j+1
Elifj > r: // R is empty
Alk]l =L[i],i <i+1
Elif L[i] < R[j]: // L is smaller
Alk] =L[i],i<i+1
Else: // R is smaller
Alk] =R[j],j<j+1
Return 4




Divide and Conquer: Mergesort
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Divide and Conquer: Mergesort

Mergesort(4[1, ..., n]):
esnt hawe 4oe
Ifn =1, return A // Base case (Do Sni‘ ) X
f « g // Split into two lists
L < All, .., ¢],R « A[£+ 1,n]

L « Mergesort(L) // Sort recursively
R « Mergesort(R)
A <« Merge(L,R) // Merge

return A




Correctness of Mergesort
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. ) T(ﬂjsjﬂwb sodt M Tems
Running Time of Mergesort T)=2T(2) + 00

T(D)= 00D
Mergesort(4[1, ..., n]):
Ifn=1, return 4 // Base case
o\
OK f « g // Split into two lists
L<All..,f],R « A[f + 1,n]
%) —+> L « Mergesort(L) // Sort recursively
) —+-> R « Mergesort(R)
W | » A« Merge(L,R) // Merge
Ohe)
A return A
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Mergesort « T(n) =2T(n/2) +Cn
« T(1)=C

*Guess:Vn €N, T(n) < Cn(logzn+1) T(0)-=6(clegn)

* Proof by induction on n:
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Mergesort « T(n) = 2T(n/2) +Cn
« T(1) =C

*Guess:VneN, T(n) =Cnlog,n
* Proof by induction on n:



Recurrences

* Mergesort: ]
e T(n) = 2T(n/2) + Cn = % (2 T3« (2) )« o
« T(n) = O(nlogn)

* Karatsuba’s Algorithm:
e T(n) =3T(n/2) +Cn
« T(n) = 0(n'°823)

* How would we arrive at these answers?

Tly= N-T(3) + o
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Recursion Tree

Level

log, n
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Recursion Tree
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Geometric Series
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