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Lecture 2:
 Asymptotic Order of Growth
* Divide and Conquer: Karatsuba’s Algorithm
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Ask the Audience!
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Asymptotic Order Of Growth
* Want to compare running times of algorithms

* Computing running time exactly is difficult:
* Countingexact number of operationsis tedious

* Different algorithms use different “operations,” exact
running time depends on hardware/language

Waot a uoj Dj(‘ r‘eqsanmj Aot r\)nmj twne thet

s simple.
@ lS ﬂo‘( Spec_:gy( ‘f'g Co qu{’i‘culOJ Mo:c.\')m-e_



Asymptotic Order Of Growth
* Want to compare running times of algorithms

* Often care more about large inputs:
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Asymptotic Order Of Growth
* Want to compare running times of algorithms

* Asymptotic Analysis: How does the running time
behave as the input size grows?
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Asymptotic Order Of Growth
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. ”Big—Oh”Gf(n) = O(g(n)ﬁ if there are constants
c>0andn, st f(n) <c-gn)foreveryn = n,.

- Analogous to saying f(n) S\g(n)

]

* “Forlarge n, f (n) grows no faster than g(n)”
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Ask the Audience!

* “Big-Oh”: f(n) = 0(g(n)) if there are constants
c>0andnyst f(n) <c-gn)foreveryn = n,.

* Which of these are true?
* (a) 3n% +100n = O(nz) £(y) =3+ 000

* (b) n3 = 0(7’12) 3(0 =n"
* (02" =0(n) "
* (dyn=0(2") Nnzioo £ < 43(6
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Asymptotic Order Of Growth

* “Big-Omega”: f(n) = Q(g(n)) if there are const’s
c > 0and ngs.t. f(n)|=|c-g(n) foralln = n,.

 Analogousto saying f(n) = g(n)

* “Forlarge n, f(n) grows at least as fast as g(n)”
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Asymptotic Order Of Growth

* “Big-Theta”: f(n) = 0(g(n)) ifand only if f(n) =
0(g(n)) and f(n) = Q(g(n)).
* Analogousto saying f(n) = g(n)
* “Forlarge n, f(n) grows at the same rate as g(n)”
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Ask the Audience!

* “Big-Oh”: f(n) = 0(g(n)) if there are constants
c >0andny st f(n) <c-gn)foreveryn = n,

* Consider the statement: “either f(n) = 0(g(n))
or g(n) = 0(f(n)) or both”

* |s this statement:
* (a) Trueforall f, g?
* (b) True for some f, g and not others?
* (c) Never true forany f, g?



Asymptotics Rules of Thumb

» Constant factors can be ignored v/ _ pel yromsa
. _ 5
100n =0(n) 7
/ * If a > b then n® grows faster than n”

en?=0m3), nd+0n?

* Any exponential grows faster than any polynomial
en*=002"), 2"=0m*) "= 0O(\.00000")

* Any polynomial grows faster than any logarithm
e login = 0(n'/3), n'/3 =+ 0(og3n)

 Lower order terms don’:c matter
* n? 4+ 42n = O(n?)
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* “Big-Oh”: f(n) = 0(g(n)) if there are constants
c>0andnyst f(n) <c-gn)foreveryn = n,

* Rank the following functions in increasing order of
growth (i.e. f;, f2, f3, fa so that f; = O(fi41))
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More Asymptotics
/7 ’g(n—) 53(,‘7

* “Big-Oh”: f(n) = 0(g(n)) if there are constants
c>0andnyst f(n) <c-gn)foreveryn = n,

* “little-oh”: f(n) = o(g(n)) if for every constant
c > 0 there exists ny s.t. f(n) < c - g(n) for every
nz=ng.
* Analogousto saying f(n) < g(n)
* Forlarge n, f(n) grows slower than g(n)



More Asymptotics

* “Big-Omega”: f(n) = Q(g(n)) if there are const’s
c>0andnyst f(n) =c-gn)foralln = n,.

* “little-omega”: f(n) = w(g(n)) if for every
constant ¢ > 0 thereexists nys.t. f(n) = c-g(n)
for everyn = n,.

» Analogousto saying f(n) > g(n)
* Forlarge n, f(n) grows faster than g(n)




Examgles
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Why Asymptotics Matter
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* Divide and Conquer Algorithms:
Karatsuba’s Algorithm



Addition gt Teled 1 1 T

* Given n-digit numbers x, y outputz =x + y
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Multiplication

* Given n-digit numbers x,y outputz = x -y
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Divide and Conquer

Break the problem into a small number of
simpler “subproblems”

Recursively solve the subproblems
Combine the solutions to the subproblems
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Divide and Conquer Multiplication

(1 2] (3 4] x x=10%-12+34
x (1 1[l2 2]y y=102-11+22

a b x x =10"2a+ b
X c d y y =10"?c +d
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Divide and Conquer Multiplication

1 2 3 4 x x =10%-12 + 34
x 1 1 2 2 vy y=10%-11 + 22

a b x x =10"2q+ b
X C d y y =10"?c +d

x -y = (10"2a + b)(10™?c + d)
= 10"ac + 10™2(ad + bc) + bd

* Need to do four (n/2)-digit mults, three n-digit adds
* Recurrence:T(n) =4T(n/2) + 3n
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* Conjecture:If T(1) =1,T(n) = 4T(n/2) + 3n,
then Vn/"T(n) = 3n?.

* Proof (Induction on #):
* Base Case: ???

* Inductive Step: ??? T(k) » Q"I(‘Tﬂ t 5k
« P77 b
=4- (%'(ﬂ N2 = B

* Therefore the divide and conquer algorithm %%
requires T(n) = Q(n?), no faster than schoolbook




Karatsuba’s Algorithm

a b x =10"2a+ b
X c d y=10"%c +d

Xy = 10"a®c + 10™"2(ad + bc) +é)d

* Key ldentity

(b—a)(c—d)—ad+bCFac—bd

* Suffices to do only three n/2-digit mults!




Karatsuba’s Algorithm

Karatsuba(x,y,n):
|~ Ifn =1 thenreturn xy

| Else wi & 1b |
@aSeCQS@ m « [n/Z] VA Cec ( m

write x = 10ma + b,y = 10™c + d
e < Karatsuba(a, c,m)

f < Karatsuba(b,d, m)

g < Karatsuba(b —a,c —d,m)
return 10?™e + 10™(e+ f + g) + f

\On'ac + lOW{L( (\o—a)(e"d\"‘ac*’ bd) + YBd
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Ask The Audience!

Karatsuba(x,y, n):

If n = 1 then return xy

Else
m « [n/2]
write x =10"a + b,y = 10Mc +d
e < Karatsuba(a, c,m)
f <« Karatsuba(b, d, m)
g < Karatsuba(b — a,c — d, m)
return 10?™e + 10™(e+ f + g) + f

 Carry out Karatsuba’s Algorithm for 52 - 48



Karatsuba’s Algorithm

Karatsuba(x,y, n):

If n = 1 then return xy

Else
m « [n/2]
write x =10"a + b,y = 10Mc +d
e < Karatsuba(a, c,m)
f < Karatsuba(b, d,m)
g < Karatsuba(b — a,c — d, m)
return 10°™e + 10M™(e+ f + g) + f

* Recursive Calls: 3T(n/2)
* Additional Work (additions, shifts): Cn for some C
* Recurrence:T(n) =3T(n/2) + Cn



Karatsuba’s Algorithm O (n'3+>)
O(nl.sqw

* Recurrence:T(n) =3T(n/2)+Cn, T(1) <C
e Guess the right solution: T(n) < 3Cn!°823 — 2Cn



Karatsuba’s Algorithm

* Recurrence:T(n) =3T(n/2) +Cn, T(1) <C
e Guess the right solution: T(n) < 3Cnl°823 — 2Cn

— N

* Proof by Induction:
e Base Case (n=1):T(1) <C Y
* Inductive Step: Assume that it’s true for all n < k, we’ll
proveit forn = k. — Use e T8
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Karatsuba’s Algorithm

Karatsuba(x,y, n):

If n = 1 then return xy

Else
m « [n/2]
write x =10Mma + b,y = 10Mc+d
e « Karatsuba(a, c,m)
f < Karatsuba(b, d,m)
g < Karatsuba(b — a,c —d,m)
return 10°™e + 10M™(e+ f + g) + f

* Recurrence:T(n) =3T(n/2) + Cn
* Running time: T(n) = 0(n!°82 3) = 0(n>%)



Karatsuba

Conjecture: For every n,
and all n-digit x,y,
Karatsuba(x,y,n) = xy.

e Proof by Induction

Karatsuba(x, y,n):

If n=1 then return xy

Else:
m « [n/2]
write x =10Mma+ b,y = 10Mc+d
e < Karatsuba(a,c,m)
f < Karatsuba(b,d, m)
g < Karatsuba(a+ b,c +d, m)
return 102™e +10™(g —e—f) + f

» Base Case: (n=1) Karatsuba(x,y,1) =xy
* Inductive Step: Assumeit’strue for n <k, we’ll it for n = k.




