CS4800: Algorithms & Data
Jonathan Ullman

Lecture 15:
e Bellman-Ford Shortest Paths

* Negative Cycle Detection
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Shortest Paths with Negative Edges



Dijkstra Recap

* Input:
* Directed, graph ¢ = (V,E,{£.})
* Non-negative edge lengths £, = 0
* Source node s

* Qutput:

e Arrays d,p
* d(v) is the length of the shortest s — v path
» p(v) is the final hop on the shortest s — v path

* Running time O(mlogn) (\m@em@l\1L ) W"(D
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Ask the Audience

* Does Dijkstra’s algorithm still solve shortest paths in
graphs with negative edge lengths?



Ask the Audience
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Why Care About Negative Lengths?
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Shortest Paths with Negative Lengths

* Input:
* Directed, graph ¢ = (V,E,{£.})
* Possibly negative edge lengths 7, efix
* No negative length cycles

* Source node s

* Qutput:

* Arrays d,p
* d(v) is the length of the shortest s — v path
* p(v) is the final hop on the shortest s — v path



Minimum Cycle Detection

* Input:
* Directed, graph ¢ = (V,E,{£.})
* Possibly negative edge lengths 7,

* Qutput:
* A negative-length cycle C if one exists



Ask the Audience

G = (V,E,{£,}) is a graph with negative lengths
G’ is the same but we add (min #,) to every length
* Why doesn’t it work to run Dijkstra on G'?



Structure of Shortest Paths
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Dynamic Programming
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Dynamic Programming Take Il
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Recurrence

OPT (v,1) is the length of the shortest path from s to v that
uses at most i hops

Want to compute OPT(v,n — 1) for all v
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Finding the paths

* OPT(v,1) is the length of the shortest path from s to v that
uses at most i hops

* P(v,1) is the last hop on the shortest path from s to v that
uses at most i hops

OPT(v,1) = min{OPT(v,i — 1), min{OPT(w, i — 1) + £,,,}}
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Implementation (Bottom Up)

Shortest-Path (G, s)
foreach node v € V
M[O,v] <« o O(V\w
P[O,v] « ¢
M[O,s] « O | +
n- ANnes
for i =1 to n-1 /
foreach node v e V.. & YV
M[i,v] « M[i-1,v]
P[i,v] « P[i-1,v] Y olcﬂ(v)
foreach edge (v, w) € E
if (M[i-1,w] + £, < M[i,v])
M[i,v] « M[i-1,w] + £, ] o(n
P[i,v] <« w
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Optimizations

* One array M|v] containing shortest s — v path found so far
* No need to check edges (w, v) unless M[w] has changed

* Stop if no M|[w] has changed for a full pass through IV

* Theorem:
* Throughout the algorithm M[v] is the length of some s — v path
 After i passes through the nodes, M[v] < OPT (v, i)






Implementation Il

Efficient-Shortest-Path (G, s)
foreach node v € V
M[v] « o©
P[v] « ¢
M[s] « O

for i =1 to n-1
foreach node w € V
if (M[w] changed in the last iteration)
foreach edge (w,v) € E
if (M[w] + £, < M[v])
M[v] « M[w] + £,
P[v] <« w
if (no M[w] changed): return M
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Summary
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Negative Cycle Detection
«\J N

* Claim 1:if OPT(v,n) = OPT(v,n — 1) then there are no
negative cycles reachable from s

* Claim 2:if OPT(v,n) < OPT(v,n — 1) then any shortest
s — v path contains a negative cycle
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Negative Cycle Detection
«\J N

* Claim 1:if OPT(v,n) = OPT(v,n — 1) then there are no
negative cycles reachable from s

* Claim 2:if OPT(v,n) < OPT(v,n — 1) then any shortest
s — v path contains a negative cycle




Negative Cycle Detection

e Algorithm:
* Pickanodea eV
* Run Bellman-Ford for n iterations
* Checkif OPT(v,n) # OPT(v,n — 1) forsomev € V
* If no, then there are no negative cycles
* If yes, the shortest a — v path contains a negative cycle




Negative Cycle Detection

e Algorithm:
* Add a new node s € V, add edges (s, v) foreveryv € V
* Run Bellman-Ford for n iterations
* Checkif OPT(v,n) # OPT(v,n — 1) forsomev € V
* If no, then there are no negative cycles
* If yes, the shortest s — v path contains a negative cycle

O(nm} Jr,\ma )
‘ko NN &\NMM‘ FO/J




Negative Cycle Detection

* Claim 1:if OPT(v,n) = OPT(v,n — 1) then there are no
negative cycles

* Claim 2:if OPT(v,n) < OPT(v,n — 1) then any shortest
s — v path contains a negative cycle
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Implementation (Bottom Up)

Shortest-Path (G)
foreach pair of nodes i,j € V
if (1 = j): M[i,j,0] «< O
elseif ((i,j)e E): M[i,],0] « £
else: M[i,],0] « ©

for k =1 to n:
for 1 =1 to n:
for j =1 to n:
M(,j,k—1), }

M(,j, k) « mln{M(i’k’k — 1)+ Mk, j,k—1)



