CS4800: Algorithms & Data
Jonathan Ullman

Lecture 13:
* Shortest Paths: Dijkstra’s Algorithm, Heaps

* DFS(?)

Feb 28, 2018
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Weighted Graphs

* A graph with edge lengths G = (V, E, {w,})
* I/ is the set of nodes/vertices
[ € VXV is the set of edges
* w, € Rare edge weights
* Can be directed or undirected

* Today:
J o Directed graphs (models one-way streets)
J * Non-negative edge lengths denoted £, >0



Shortest Paths

e n
* The length of apath P = v, - v, — ==+ — Uy is the

sum of the edge lengths
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* Shortest Path: given nodes s,t € I/, find the
shortest path from sto t 7 s —v, —va — =~ Ve =%t

* Single-Source Shortest Paths: given anode s € V,
find the shortest paths from stoeveryt € V



Structure of Shortest Paths
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Last Week on C54800

* If all edge lengths are 1
then BFS solves SSSP
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* Theorem: if all edge lengths are 1, then layer i is
exactly the set of nodes at distance i from s
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Extending to Edge Lengths

 Alternative interpretation of BFS:
* Maintain a set of explored nodes S
* Invariant: when we explore a node, we know its distance
* |teration: explore the nodes at smallest distance first

* Can we generalize this to graphs with edge lengths?



Dijkstra’s Algorithm (Informal)

* Maintain a set of explored nodes S
* |nitially S is empty

* Maintain upper bound on distances d(v)
* Initially d(s) =0, Vv # s, d(v) = o

* Until all nodes are explored:

* Choose the node u & S that minimizes d(u)
* Update the distance of all neighbors of u

e |[nvariant: if u € S, then d(u) is the length of the
shortest path from s tou
* We'll talk about finding the shortest paths in a bit
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Dijkstra’s Algorithm: Demo

Graph with
nonnegative
edge lengths:




Dijkstra’s Algorithm: Demo

Initialize:




Dijkstra’s Algorithm: Demo

Closest node is A4:

A B C D E

div): 0 o oo o o




Dijkstra’s Algorithm: Demo

Explore edges leaving A4:




Dijkstra’s Algorithm: Demo

Closest node is C:
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Dijkstra’s Algorithm: Demo

Explore edges leaving C:




Dijkstra’s Algorithm: Demo

Closest node is F':
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Dijkstra’s Algorithm: Demo

Explore edges leaving E:
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Dijkstra’s Algorithm: Demo

Closest node is B:
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Dijkstra’s Algorithm: Demo

Explore edges leaving B:

11 S{A, C,E,B}



Dijkstra’s Algorithm: Demo

Closest node is D:




Dijkstra’s Algorithm (Informal)

* Invariant: if u € S, then d(u) is the length of the
shortest path from s tou

* Proof by induction:

Baouse (ex(ﬂom s ‘C"A\ - \/
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* Invariant: |fu € S, then d(da) is the length of the
shortest path fromsto# v

* Proof by induction: (\nduc’rw Step )
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Dijkstra Implementation

Dijkstra(G,s): lask(v) < L
Setd(s) « 0,setd(v) « coforv #s
SetS <« Q0,0 <V

,While (Q is not empty):

& wee .
X Remove v from Q add itto S

) For (neighbors (v,u) € E):
If (d(w) > d@) + £,,,): Ol C)@S(V\w

5 ;l(:‘)( : d(v) + tvu Olm) miese stegs
ast W) &V

Lo\ect ~‘-l,\( close meﬁdorﬁ'd’ nodg
Let v « argmind(w) 2 — O(vﬂ O(nﬂ nAotal
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Dijkstra(G,s): Dloan
Setd(s) « 0,setd(v) « coforv #s O( s J \

SetS < @,Q «V « n laek(v,®) @(mbj ")
While (Q is not empty): EX’H‘C&{'MM (Q)

Let v « argmin d(w) /
WEQ

Remove v from Q add itto S
For (neighbors (v,u) € E):
If (d(u) > d(w) +£,,):
d(u) «d) +4,, & m Ded‘GGSQKE:)(‘”) d(u\\




Implementing Dijkstra

 Every iteration we need to:

* Find v = argmin d(w) to explore
WE&S

* Find all neighbors (v,w) € E and update d



Priority Queues (Heaps)



Priority Queues

* Want a data structure Q to store key-value pairs
(k,v(k)) efficiently:

* Operations: ?@1\’\” Queve .
* Insert(Q,k,v) : waloe
e ExtractMin(Q) *No chote 9

e DecreaseKey(Q,k,Vv) . Camst Jocrear



Possible Approaches?
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Heaps
p lal%(S UF nodas C%J\rcwo/\cj '/o ua(wef

 Store keys in a binary tree (can actually be an array)
* Heap Order: If k is the parent of k', v(k) < v(k')
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Implementing ExtractMin (HeapifyDown)
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Implementing Insert




Implementing Insert (HeapifyUp)

The Heapi fy-up process is moving
element v toward the root.




Implementing DecreaseKey




Implementing Insert (HeapifyUp)
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Implementation Using Arrays
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* Maintain an array H representing the nodes

* Maintain an array P mapping keys to nodes
* Can look up the value of a given key in 0(1) time

* Index Arithmetic: for any node i aswmj; oviay Stoct

 LeftChild(i) = 2i
« RightChild(i) = 2i + 1
e Parent(i) = |i/2]



Heaps Summary

 Heapify operations take O (log n) time for n keys

* ExtractMin in O(logn):
* Eliminate the root, move the last element to the root,
restore the heap property using HeapifyDown

* Insert in O(logn):
* Put new key in the last position, restore the heap
property using HeapifyUp
* DecreaseKey in O(logn):

* Lookup the location of the key, change its value, restore
the heap property using HeapifyUp
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Back to Dijkstra’s Algorithm



Dijkstra Implementation

Dijkstra(G,s):
Setd(s) « 0,setd(v) « ocoforv #s
SetS <« @,0 <V

While (Q is not empty):

Let v « argmin d(v)
VEQ

Remove v from Q add itto S
For (neighbors (v,u) € E):
If (d(u) > d(w) +£,,):
d(u) «dw) + fv,u




Dijkstra Summary

e Can find the distance from s to all other nodes
v € Vintime O(mlogn)
* Use a heap to implement the priority queue
 Can get 0(m + nlogn) using fancier priority queues

* How do we find the shortest paths themselves?



Dijkstra Implementation

Dijkstra(G,s):
Setd(s) « 0,setd(v) « ocoforv #s
Set last(v) « L
SetS <« Q,0 <V

While (Q is not empty):

Let v « argmind(v)
VEQ

Remove v from Q add itto S
For (neighbors (v,u) € E):
If (d(u) > dW) +4,,):
d(u) « d(w) + 4,
last(u) « v




Dijkstra’s Algorithm: Demo

st (O = A

last (E)=C

HM actual shortost Vaﬂa fmm A+ E &
\ast Clast (EDY ¢ regest vark Yoo opt to A



