
CS3000:&Algorithms&&&Data
Jonathan&Ullman

Lecture&6:&
• Dynamic&Programming:&Segmented&Least&Squares

Jan&27,&2020

 

Midterm I Ued Feb 12



Dynamic&Programming&Recap

• Recipe:
(1)&identify&a&set&of&subproblems
(2)&relate&the&subproblems via&a&recurrence
(3)&find&an&efficient1implementation of&the&recurrence
(4)&reconstruct1the1solution from&the&DP&table

reality

automated



Dynamic&Programming&Recap
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Segmented&Least&Squares



Background:&Least&Squares

• Input: 6 data&points&7 = 8", :" ,… , 8<, :<
• Output: the&line&= (i.e.&: = >8 + @)&that&fits&best
• best =&minimizes&error =, 7 = ∑ :E − >8E − @ 'E
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Segmented&Least&Squares

• Input: 6 data&points&7 = 8", :" ,… , 8<, :<
• What&if&the&data&does&not&look&like&a&line?



Segmented&Least&Squares

• Input: 6 data&points&7 = 8", :" ,… , 8<, :< ,&
cost1parameter H > 0
• Assume&8" < 8' < ⋯ < 8<

• Output:1a&partition&into&segments&L", L',… , LM and&
lines&=", =', … , =M ,&minimizing&“total&cost”

contiguous
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Segmented&Least&Squares

• First1observation:1for&every&segment&LN,&=N must&be&
the&(single)&line&of&best&fit&for&LN
• Let&=E,N∗ be&the&optimal&line&for&{QE , … ,QN}
• Let&SE,N = error =E,N∗ , QE ,… , QN

S Sz S3

H



SLS

• Let&T be&the&optimal solution

Let&=E,N∗ be&the&optimal&line&for&{QE, … ,QN}
Let&SE,N = UVVWV =E,N∗ , QE, … ,QN

a partition into segments

n possible answers could be any segment pi pn

for E 1,2 in what isthe

Case i the last segment is Epi pn lastsegment

Sm
optimal solutions is c

optimalSts Pi pn
P f I Pi

4in
Subproblems to consider Ein

opt solin for all sets pi pi p Pi i



SLS

• Let&OPT(\) be&the&value of&the&optimal&solution&for&
points& Q", … , QN
• Case1^:1final&segment&is& QE,… , QN
• optimal&solution&is&=E,N∗ ∪ optimal&sol.&for& Q", … , QE`"
• can&use&any&a ∈ 1, … , \

Let&=E,N∗ be&the&optimal&line&for&{QE, … ,QN}
Let&SE,N = UVVWV =E,N∗ , QE, … ,QN

titalcost

I



SLS

• Let&OPT(\) be&the&value of&the&optimal&solution&for&
points& Q", … , QN
• Case1^:1final&segment&is& QE,… , QN
• optimal&solution&is&=E,N∗ ∪ optimal&sol.&for& Q", … , QE`"
• can&use&any&a ∈ 1, … , \

Let&=E,N∗ be&the&optimal&line&for&{QE, … ,QN}
Let&SE,N = UVVWV =E,N∗ , QE, … ,QN

Recurrence: OPT \ = min"fEfN SE,N + H + OPT a − 1

Base1cases:1 OPT 0 = 0
OPT 1 = OPT 2 = H07

Minimum over costof
all possible finalsegments



SLS:&Take&I

// All inputs are global vars
FindOPT(n):
if (n = 0): return 0
elseif (n = 1,2): return C
else:
return hij/f^fkl^,k + m + nijopqr ^ − /



SLS:&Take&II&(“TopWDown”)

// All inputs are global vars
M ← empty array, M[0]G←G0, M[1]G←GC, M[2]G←GC
FindOPT(n):
if (M[n] is not empty): return M[n]
else:
M[n] ← hij/f^fkl^,k + m + nijopqr ^ − /
return M[n]

Only n 11 problems to solve

Each array entry gets
filled once

n recursive calls f11 ore etx

Total of calls is 0 ri

Time to compute Eii Canbedone in 047time



SLS:&Take&III&(“BottomWUp”)

M[0] M[1] M[2] … M[i] … M[n]
… …

OPT j Min Ei j t C OPT i i
ki En

If minimum is achievedby Ei 1Ctopfitheopt solin for 1 j uses

i J as the final segment

and
Mei D j

O C C OPTn



SLS:&Take&III&(“BottomWUp”)

// All inputs are global vars
FindOPT(n):
M[0]G←G0, M[1]G←GC, M[2]G←GC 
for (j = 3,…,n):
M[j] ← hij/f^ftl^,t + m + u[^ − /]

return M[n]

ALoopthrough n 2 times
11Canevaluate in OCD t.me

Total Time 0 na



Finding&Segments

• Let&OPT(\) be&the&value of&the&optimal&solution&for&
points& Q", … , QN
• Case1^:1final&segment&is& QE,… , QN
• optimal&solution&is&=E,N∗ ∪ optimal&sol.&for& Q", … , QE`"
• can&use&any&a ∈ 1, … , \

Let&=E,N∗ be&the&optimal&line&for&{QE, … ,QN}
Let&SE,N = UVVWV =E,N∗ , QE, … ,QN

Thefinal segment is Epi pj3

The cost is Ei t C 1 OPTCi 17

If OPIC ei TC OPTCi i

F an optimal sdt.vn where Epi pit is thefinal segment



Finding&Segments

// All inputs are global vars
// M[0:n] contains solutions to subproblems
FindSol(M,n):
if (n = 0): return ∅
elseif (n = 1): return {1} 
else:
Let iG← yz{hy|/f^fkGl^,k + m +u ^ − / :
return {i,…,n} + FindSol(M,i-1)

iinsm.im 3

Find i s t

Of1 n Ei n t C OPT i i



Segmented&Least&Squares&v.2



Segmented&Least&Squares&v.2

• Input: 6 data&points&7 = 8", :" ,… , 8<, :< ,&
parameter&1 ≤ ~ ≤ 6
• Hard&upper&bound&on&the&number&of&segments

• Output:1a&partition&of&7 into&≤ ~ contiguous&
segments&L", L',… , L� minimizing&“total&cost”



SLSv.2

• Let&T be&the&optimal&solution

Let&=E,N∗ be&the&optimal&line&for&{QE, … ,QN}
Let&SE,N = UVVWV =E,N∗ , QE, … ,QN

What is the final segment

Need to record
Sm how much of the

0PT i t
budget is remainingpi pn

in I soln for l i i could use k
segments



SLSv.2

• Let&OPT \, � be&the&optimal&solution&for&points&
1,… , \ using&≤ � segments

• Case1^:1final&segment&is& QE,… , QN
• optimal&solution&is&=E,N∗ ∪ optimal&solution&for&points&
Q", … , QE`" using&≤ �− 1 segments

• can&use&any&a ∈ 1, … , \

Let&=E,N∗ be&the&optimal&line&for&{QE, … ,QN}
Let&SE,N = UVVWV =E,N∗ , QE, … ,QN

Recurrence: OPT \,� = min"fEfN SE,N + OPT a − 1, � − 1

Base1cases:1 OPT 0, � = 0GGGG∀� ≥ 0
OPT \,0 = ∞GGG∀\ ≥ 1

Biggerset of subproblems



SLSv.2:&Take&II&(“TopWDown”)

// All inputs are global vars
M ← empty array, M[0,�]G←G0, M[j,0]G← ∞
FindOPT(n,k):
if (M[n,k] is not empty): return M[n,k]
else:
M[n,k] ← hij/f^fkl^,k + nijopqr ^ − /, �− /
return M[n,k]



SLSv.2:&Take&III&(“BottomWUp”)

M[E,0] M[E,1] M[E,2] M[E,3] … M[E,k]
M[0,1E]
M[1,1E]
M[2,1E]
M[3,1E]
...

M[n,1E]

Mlj e OPT j e

osegro agree negru uses

0 0 O O O O

Ept a

Ee pi3 a

mu m
a r w v R

Spi pn3 a r w w Wf T

Fill one column at a time



SLSv.2:&Take&III&(“BottomWUp”)

// All inputs are global vars
FindOPT(n,k):
M[0,�]G←G0, M[j,0]G← ∞
for (� = 1,…,k):
for (j = 1,…,n):
M[j,�] ← hij/f^ft l^,t + nijopqr t − /, � − /

return M[n,k]

ALoop K L times
HLoop n l tires

11Ocn t.me

Total Running Time 01km2



SLSv.2:&Finding&Segments

// All inputs are global vars
// M[0:n,0:k] contains solutions to subproblems
FindSol(M,n,k):
if (n = 0): return ∅
elseif (n = 1): return {1} 
else:
let iG← yz{hy|/f^fkGl^,k + u ^ − /, �− / :
return {i,…,n} + FindSol(M,i-1,k-1)



SLS&Wrapup

• Version11: can&solve&SLS&with&a&“segment&cost”&in&
time&T 6' space&T 6'
• New1idea:1break&problem&up&by&final&segment

• Version12:1can&solve&SLS&with&a&“hard&cap”&of&k&
segments&in&time&T 6'~ space&T(6' + 6~)
• New1idea:1define&subproblemsusing&two&variables

• Correctness&follows&from&the&recurrence
• Computational&costs:
• Running&time&≈ total&number&of&terms&in&all&recurrences
• Space&≈ total&number&of&subproblems


