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Abstract

Sketching is a prominent algorithmic tool for processing
large data. In this paper, we study the problem of sketching
matrix norms. We consider two sketching models. The first
is bilinear sketching, in which there is a distribution over
pairs of r X n matrices S and n X s matrices 1" such that for
any fixed n X n matrix A, from S-A-T one can approximate
||A|lp up to an approximation factor o > 1 with constant
probability, where ||A]|, is a matrix norm. The second is
general linear sketching, in which there is a distribution over

linear maps L : R" 5 R* , such that for any fixed n x n

matrix A, interpreting it as a vector in R”Z, from L(A) one
can approximate ||A||, up to a factor a.

We study some of the most frequently occurring matrix
norms, which correspond to Schatten p-norms for p €
{0,1,2,00}. The p-th Schatten norm of a rank-r matrix

A is defined to be [|All, = (3°._, oP)V/? | where o1, ..., 0,
are the singular values of A. When p = 0, || Al|o is defined to
be the rank of A. The cases p = 1,2, and oo correspond to
the trace, Frobenius, and operator norms, respectively. For

bilinear sketches we show:

1. For p = oo any sketch must have r - s = Q(n*/a?)
dimensions. This matches an upper bound of Andoni
and Nguyen (SODA, 2013), and implies one cannot
approximate the top right singular vector v of A by
a vector v’ with [[v/ — v[j2 < 1 with - s = 5(n?).

2. For p € {0,1} and constant «, any sketch must have

r-s > n'~¢ dimensions, for arbitrarily small constant
e > 0.

3. For even integers p > 2, we give a sketch with r -
s = O(n* *P¢=2) dimensions for obtaining a (1 + ¢)-
approximation. This is optimal up to logarithmic
factors, and is the first general subquadratic upper
bound for sketching the Schatten norms.

For general linear sketches our results, though not optimal,
are qualitatively similar, showing that for p = oo, k =
Q(n®?/a*) and for p € {0,1}, k = Q(v/n).
separations in the sketching complexity of Schatten-p norms

These give

with the corresponding vector p-norms, and rule out a table
lookup nearest-neighbor search for p = 1, making progress
on a question of Andoni.

1 Introduction

Sketching is an algorithmic tool for handling big data. A
linear skech is a distribution over k x n matrices S, k <
n, so that for any fixed vector v, one can approximate a
function f(v) from Sv with high probability. The goal
is to minimize the dimension k.

The sketch Sv thus provides a compression of v, and
is useful for compressed sensing and for achieving low-
communication protocols in distributed models. One
can perform complex procedures on the sketch which
would be too expensive to perform on v itself, and this
has led to the fastest known approximation algorithms
for fundamental problems in numerical linear algebra
and nearest neighbor search. Sketching is also the only
technique known for processing data in the turnstile
model of data streams [22, 38|, in which there is an
underlying vector v initialized to 0™ which undergoes a
long sequence of additive positive and negative updates
of the form v; + v; + A to its coordinates v;. Given
an update of the form v; < v; + A, resulting in a new
vector v/ = v+ A - ¢;, we can add S(A - ¢;) to Sv to
obtain Lv" (here e; is the i-th standard unit vector).

A well-studied problem in the sketching litera-
ture is approximating the frequency moments F,(v),
which is equivalent to estimating the p-norms ||jv||, =
(30 |viP)/P, for p € [0,00]. This problem was in-
troduced by Alon, Matias, and Szegedy [1], and many
insights in information complexity [6, 9] and sketching
[1, 3, 7, 24] were made on the path to obtaining optimal
bounds. In addition to being of theoretical interest, the
problems have several applications. The value ||v||o, by
continuity, is equal to the support size of x, also known
as the number of distinct elements [16, 17]. The norm
|lv]]1 is the Manhattan norm, which is a robust measure
of distance and is proportional to the variation distance
between distributions [19, 21, 28]. The Euclidean dis-
tance ||v]|2 is important in linear algebra problems [44],
and corresponds to the self-join size in databases [1].



Often one wishes to find or approximate the largest co-
ordinates of z, known as the heavy hitters [10, 13], and
|v]|oo is defined, by continuity, to equal max; |v;].

In this paper, we are interested in the analogous
problem of sketching matriz norms. We study some
of the most frequently occurring matrix norms, which
correspond to Schatten p-norms for p € {0,1,2,c0}.
The p-th Schatten norm of an n x n rank-r matrix A
is defined to be |4, = (3i_, o7)V/?, where o1,...,0,
are the singular values of A. When p = 0, [|4]o is
defined to be the rank of A. The cases p = 1,2, and oo
correspond to the trace norm, the Frobenius norm, and
the operator norm, respectively. These problems have
found applications in several areas; we refer the reader
to [11] for graph applications for p = 0, to differential
privacy [20, 33] and non-convex optimization [8, 15] for
p =1, and to the survey on numerical linear algebra for
p € {2,000} [35].

In nearest neighbor search (NNS), one technique of-
ten used is to first replace each of the input objects
(points, images, matrices, etc.) with a small sketch,
then build a lookup table for all possible sketches to
support fast query time. In his talks at the Barriers
in Computational Complexity II workshop and Math-
ematical Foundations of Computer Science conference,
Alexandr Andoni states that a goal would be to design
a NNS data structure for the Schatten norms, e.g., the
trace or Schatten 1-norm (slide 31 of [2]). If a sketch
for a norm has small size, then building a table lookup
is feasible.

Sketching Model. We give the first formal study
of the sketching complexity of the Schatten-p norms.
A first question is what does it mean to have a linear
sketch of a matrix, instead of a vector as is typically
studied. We consider two sketching models.

The first model we consider is bilinear sketching, in
which there is a distribution over pairs of r X n matrices
S and n x s matrices T such that for any fixed n x n
matrix A, from S - A-T one can approximate |4,
up to an approximation factor @ > 1 with constant
probability, where ||A||, is a matrix norm. The goal
is to minimize r-s. This model has been used in several
streaming papers for sketching matrices [4, 14, 23], and
as far as we are aware, all known sketches in numerical
linear algebra applications have this form. It also has
the advantage that SAT can be computed quickly if S
and T have fast matrix multiplication algorithms.

The second model is more general, which we dub
general linear sketching, and interprets the n x n matrix
A as a vector in R"’. The goal is then to design a
distribution over linear maps L : R™ — RF, such that
for any fixed n X n matrix A, interpreting it as a vector
in R™", from L(A) one can approximate ||A|, up to

a factor o« with constant probability. The goal is to
minimize k.

Previous Results. Somewhat surprisingly the
only known o(n?) upper bound for either model is
for p = 2, in which case one can achieve a bilinear
sketch with r - s = O(1) [23]. Moreover, the only
lower bounds known were those for estimating the p-
norm of a vector v, obtained for p > 2 by setting
A = diag(v) and are of the form k = Q(n'~2/?logn)
[5, 34, 40]. We note that the bit complexity lower
bounds of [6, 9, 43] do not apply, since a single linear
sketch (1,1/M,1/M?,1/M3,...,1/M"~1)Ty is enough
to recover v if its entries are bounded by M. The sketch-
ing model thus gives a meaningful measure of complex-
ity in the real RAM model.

Thus, it was not even known if a sketching dimen-
sion of r - s = O(1) was sufficient for bilinear sketches
to obtain a constant-factor approximation to the rank
or Schatten l1-norm, or if k = Q(n?) was required for
general linear sketches.

Our Results. We summarize our results for the
two sketching models in Table 1. We note that, prior
to our work, for all p ¢ {2,00}, all upper bounds in
the table were a trivial O(n?) while all lower bounds for
p < 2 were a trivial (1), while for p > 2 they were a
weaker Q(n'=2/Plogn).

For the bilinear sketching model, we have the
following results. For the spectral norm, p = co, we
prove an (n?/a*) bound for achieving a factor a-
approximation with constant probability, matching an
upper bound achievable by an algorithm of [4]. This
generalizes to Schatten-p norms for p > 2, for which we
prove an Q(n?~*/?) lower bound, and give a matching
O(n?>~*/?) upper bound for even integers p. For odd
integers p we are only able to achieve this upper bound
if we additionally assume that A is positive semi-definite
(PSD). For the rank, p = 0, we prove an (n?) lower
bound, showing that no non-trivial sketching is possible.
Finally for p = 1, we prove an n'~¢ lower bound for
arbitrarily small constant € > 0. Note that our bounds
are optimal in several cases, e.g., for p = oo, for even
integers p > 2, and for p = 0.

For the general sketching model, we show the fol-
lowing. For the spectral norm, our bound is Q(n3/2/a?),
which although is a bit weaker than the bilinear case,
is super-linear in n. It implies, for example, that any
general sketching algorithm for approximating the top
right (or left) singular vector v of A by a vector v/ with
[v—'|l2 < % requires k = Q(n*?). Indeed, other-
wise, with a sketch of O(n) dimensions one could store
gA, for a random Gaussian vector g, and together with
v’ obtain a constant approximation to ||A| ., which
our lower bound rules out. This bound naturally gen-



Bilinear sketches General Sketches
Schatten p-norm Lower Bound Upper Bound Lower Bound Upper Bound
p=oc Q(n?/a") ow?/a) 4] | Qe Om?/ah) []
p>2 Q(n2=4/p) O(n*>=*/P) even p | Q(n3/20=2/P))  O(n2=4/P) even p
p=0 Q(n?) O(n?) (/) O(n?)
p=1 n'=¢ for any € > 0 O(n?) Q(y/n) O(n?)

Table 1: Our results for approximating the Schatten-p norm up to a constant factor (except for the p = co case)
with constant probability in both the bilinear sketching and general sketching models. For the bilinear case, we
look at the minimal 7 - s value, while for general linear sketches we look at the minimal value of k. For p = oo,

a > 1 is the desired approximation factor.

eralizes to an Q(n/2(1=2/P)) bound for p > 2. For
p € {0,1} our bound is now a weaker Q(y/n). However,
it is the first super-constant lower bound for rank and
Schatten-1 norm, which in particular rules out a naive
table lookup solution to the NNS problem, addressing
a question of Andoni.

Our Techniques for Bilinear Sketches. A stan-
dard technique in proving lower bounds is Yao’s mini-
max principle which implies if there exists a distribution
on sketches that succeeds on all n x n inputs matrices
A with large probability, then for any distribution £ on
inputs A, there is a fixed pair S and T of r x n and
n X s matrices, respectively, which succeeds with large
probability over A ~ L. Moreover, we can assume the
rows of S are orthonormal, as well as the columns of T.
This is because, given SAT, we can compute USATV,
where U and V are arbitrary invertible r X r and s X s
matrices, respectively. Thus, it suffices to give two dis-
tributions £; and Lo on A for which the ||A||, values
differ by a factor o w.h.p. in the two distributions, but
for any matrix S with orthonormal rows and T with
orthonormal columns, the induced distributions £} and
Ly on SAT, when A ~ L1 and A ~ L, respectively,
have low total variation distance dpy (L], £5).

Since S has orthonormal rows and T has orthonor-
mal columns, then if £; and Lo are rotationally invari-
ant distributions, then SAT is equal in distribution to
an r X s submatrix of A. This observation already suf-
fices to get an Q(y/n) bound on r - s for all Schatten
p-norms for a fixed constant p # 2, using a result of
Jiang [26] which shows that square o(y/n) X o(y/n) sub-
matrices of an n X n matrix of i.i.d. Gaussians and an
n X n orthonormal matrix have o(1) variation distance.
Note that both distributions are rotationally invariant
and by the Marcenko-Pastur Law have constant factor
difference in Schatten-p norm w.h.p. We slightly gener-
alize Jiang’s proof to show the variation distance is o(1)
for any r x s submatrix of these distributions provided
r-s < nl7¢ for arbitrarily small € > 0.

For our Q(n?) bound for p = 0 and Q(n?~%/P)

bound for p > 2, we propose the following rotationally-
invariant distributions with constant factor gap in
Schatten norm:

e For p =0, £ = UVT for n x n/2 ii.d. Gaussian
U and V, while £y, = UVT + ~vG for the same U
and V and G an n x n i.i.d. Gaussian matrix with
variance v < 1/poly(n).

e For p > 2, £L; = G for an n x n ii.d. Gaussian
matrix, while Lo = G + nl/z%l/puvT for the same
GG and random n-dimensional Gaussian vectors u
and v.

The major difficulty is bounding drv (L4, £5). Forp > 2
this amounts to distinguishing ¢ from ¢ + h, where g
is an r X s matrix of Gaussians and h is a random
r X s matrix with (4, j)-th entry equal to w;v;. The fact
that h is random makes the probability density function
of g + h intractable. Moreover, for each fixed h, the
variation distance of g and g+h is much larger than for a
random h, and the best lower bound we could obtain by
fixing h is Q(n'~2/P) which would just match the vector
lower bound (up to a logn factor). Instead of bounding
drv (LY, £4) directly, we bound the x2-divergence of £}
and L5, which if o(1) implies drv (£}, £5) = o(1). This
idea was previously used in the context of sketching p-
norms of vectors [5], improving the previous Q(n'=2/P)
bound to Q(n'~2/?logn). Surprisingly, for the Schatten
p-norm, it improves a simple Q(n'~2/P) bound by a
quadratic factor to Q(n?~*/P), which can similarly be
used to show an Q(n?/a*) bound for a-approximating
the spectral norm. One caveat is that if we were to
directly compute the x2-divergence between £} and L5,
it would be infinite once r - s > nl=2/P. We fix this by
conditioning £} and £} on a constant probability event,
resulting in distributions £} and £}, for which the y2-
divergence is small.

For p = 0, the problem amounts to distinguishing
an r x ¢ submatrix Q of UV7 from an r x s submatrix
of UVT + ~G. Working directly with the density
function of UVT is intractable. We instead provide



an algorithmic proof to bound the variation distance.
See Theorem 3.5 for details. The proof also works for
arbitrary Q of size O(n?), implying a lower bound of
Q(n?) to decide if an n x n matrix is of rank at most
n/2 or e-far from rank n/2 (for constant ), showing an
algorithm of Krauthgamer and Sasson is optimal [29].
Our Algorithm. Due to these negative results,
a natural question is whether non-trivial sketching
is possible for any Schatten p-norm, other than the
Frobenius norm. To show this is possible, given an
n X n matrix A, we left multiply by an n x n matrix
G of i.i.d. Gaussians and right multiply by an n x n
matrix H of i.i.d. Gaussians, resulting in a matrix A’
of the form G'SH’, where G', H' are i.i.d. Gaussian
and ¥ is diagonal with the singular values of A on
the diagonal. We then look at cycles in a submatrix
of G'SH’. The (i,j)-th entry of A" is >, _; 00Gi Hy ;.

Interestingly, for even p, for any distinct i1,...,1,/0 and
distinct ji, ..., Jp 2,
! !/ ! ! / !/
E[(Ah,]d Ai2,j1) ’ (Ai27j2Ai37j2) e (Aip/27jp/2Ai1)jp/2)]
= [l All5-

The row indices of A’ read from left to right form a
cycle (iy,42,12,13,13,,...,ip/2, ip/2, 1), Which since also
each column index occurs twice, results in an unbiased
estimator. We need to average over many cycles to
reduce the variance, and one way to obtain these is to
store a submatrix of A" and average over all cycles in it.
While some of the cycles are dependent, their covariance
is small, and we show that storing an n'=2/P x n!=2/p
submatrix of A’ suffices.

Our Techniques for General Linear Sketches:
We follow the same framework for bilinear sketches.
The crucial difference is that since the input A is now
viewed as an n?-dimensional vector, we are not able to
design two rotationally invariant distributions £; and
Lo, since unlike rotating A in R™, rotating A in R
does not preserve its Schatten p-norm. Fortunately, for
both of our lower bounds (p > 2) and (p € {0,1}) we
can choose £; and L2 so that £} is the distribution
of a k-dimensional vector g of i.i.d. Gaussians. For
p > 2, L} is the distribution of g + h, where g is as
before but h = W(UTLLU, ...,uT L*v) for random
n-dimensional Gaussian u and v and where L is the
i-th row of the the sketching matrix L, viewed as an
n x n matrix. We again use the y2-divergence to
bound dry (L], £5) with appropriate conditioning. In
this case the problem reduces to finding tail bounds
for Gaussian chaoses of degree 4, namely, sums of the
form Za’b&,’d Agbe,d Ugupve) for a dth-order array P of
n? coefficients and independent n-dimensional Gaussian
vectors u,u’,v,v’. We use a tail bound of Latala

[30], which generalizes the more familiar Hanson-Wright
inequality for second order arrays P.

For p € {0,1} we look at distinguishing an n x n
Gaussian matrix G from a matrix (G, G’ M), where G’
is an n x n/2 Gaussian random matrix and M is a ran-
dom n/2 x n/2 orthogonal matrix. For all constants
p # 2, the Schatten p-norms differ by a constant factor
in the two cases. Applying our sketching matrix L, we
have £ distributed as N (0, I), but £} is the distribu-
tion of (Z1,...,2y), where Z; = (A*, G') + (B',G'M)
and each L' is written as the adjoined matrix (A, BY)
for n x n/2 dimensional matrices A’ and B’. For each
fixed O, we can view Z as a k-dimensional Gaussian
vector formed from linear combinations of entries of G'.
Thus the problem amounts to bounding the variation
distance between two zero-mean k-dimensional Gaus-
sian vectors with different covariance matrices. For £
the covariance matrix is the identity Iy, while for £} it
is I, + P for some perturbation matrix P. We show that
with constant probability over M, the Frobenius norm
| P||F is small enough to give us an k = Q(y/n) bound,
and so it suffices to fix M with this property. One may
worry that fixing M reduces the variation distance—
in this case one can show that with k = O(y/n), dis-
tributions £] and L4 already have constant variation
distance.

We believe our work raises a number of intriguing
open questions.

Open Question 1: Is it possible that for every odd
integer p < 0o, the Schatten-p norm requires k = (n?)?
Interestingly, odd and even p behave very differently
since for even p, we have ||Al|, = ||A?(,/2, where A?
is PSD. Note that estimating Schatten norms of PSD
matrices A can be much easier: in the extreme case of
p = 1 the Schatten norm || A||; is equal to the trace of
A, which can be computed with k& = 1, while we show
k = Q(y/n) for estimating ||Al|; for non-PSD A.

Open Question 2: For general linear sketches our
lower bound for the operator norm is Q(n*?/a3) for
a-approximation. Can this be improved to (n?/a?),
which would match our lower bound for bilinear sketches
and the upper bound of [4]? Using the tightness of
Latala’s bounds for Gaussian chaoses, this would either
require a new conditioning of distributions £} and £},
or bounding the variation distance without using the
x2-divergence.

2 Preliminaries

Notation. Let R™*? be the set of n x d real matrices
and O,, the orthogonal group of degree n (i.e., the set
of n x n orthogonal matrices). Let N(u,X) denote
the (multi-variate) normal distribution of mean p and
covariance matrix . We write X ~ D for a random



variable X subject to a probability distribution D. We
also use O,, to denote the uniform distribution over the
orthogonal group of order n (i.e., endowed with the
normalized Haar measure). We denote by G(m,n) the
ensemble of random matrices with entries i.i.d. N(0,1).

For two n x n matrices X and Y, we define (X,Y")
as (X,Y) = tr(XTY) = >i; XijYij, Le., the entrywise
inner product of X and Y.

Singular values and Schatten norms. Consider
a matrix A € R"*?  Then AT A is a positive semi-
definite matrix. The eigenvalues of VAT A are called
the singular values of A, denoted by o1(A) > 02(A) >
-+ > 04(A) in decreasing order. Let r = rank(A4). It
is clear that o,11(A) = -+ = 04(A) = 0. The matrix
A also has the following singular value decomposition
(SVD) A =U%VT where U € O,, V € O4 and X is an
n x d diagonal matrix with diagonal entries o1 (4), ...,
Omin{n,d} (4). Define

1Al = (Z(Ui(A))p> , p>0

=1

then || Al|, is a norm over R"*4 | called the p-th Schatten
norm, over R"*? for p > 1. When p = 1, it is also called
the trace norm or Ky-Fan norm. When p = 2, it is
exactly the Frobenius norm ||A| r, recalling that o;(A)?
are the eigenvalues of AT A and thus ||A[|% = tr(AT A).
Let ||A]| denote the operator norm of A when treating
A as a linear operator from /¢ to 3. Besides, it holds
that limy, o ||A|l, = 01(A) = [|A|| and lim,_,o+ || A, =
rank(A). We define ||A||o and || A]|o accordingly in this
limit sense.

Finally note that A and AT have the same non-zero
singular values, so ||A], = ||AT]|, for all p.

Distance between probability measures. Sup-
pose p and v are two probability measures over some
Borel algebra B on R™ such that p is absolutely contin-
uous with respect to v. For a convex function ¢ : R — R
such that ¢(1) = 0, we define the ¢-divergence

Dulullr) = | ¢(j”) av.

In general Dy(p||v) is not a distance because it is not
symmetric.

The total variation distance between p and v,
denoted by dry (i, v), is defined as Dy (u||v) for ¢(z) =
| — 1]. It can be verified that this is indeed a distance.

The x2-divergence between p and v, denoted by
X2 (ul|v), is defined as Dy (u||v) for ¢p(x) = (z — 1) or
¢(x) = 22 — 1. Tt can be verified that these two choices
of ¢ give exactly the same value of Dy(p||v).

PROPOSITION 2.1. ([45, P90]) It holds that

drv (i, v) < /X3 (pl|v).

PROPOSITION 2.2. ([25, P97]) It holds that
X2(N(0,1,) * p||N(0,1,)) < Ee®*) — 1, where
x,x’ ~ p are independent.

In the case of n = 1, if F(z) and G(z) are the cu-
mulative distribution functions of u and v, respectively,
the Kolmogorov distance is defined as

di(p,v) = sup |F(z) — G(z)|.

It follows easily that for continuous and bounded f,

’/fdu—/fdv

If both p and v are compactly supported, it suffices
to have f continuous and bounded on the union of the
supports of u and v.

Hanson-Wright Inequality. Suppose that u is a
distribution over R. We say p is subgaussian if there
exists a constant ¢ > 0 such that Pry.,{|z| > ¢} <
el=<t” for all t > 0.

The following form of the Hanson-Wright inequality
on the tail bound of a quadratic form is contained in
the proof of [41, Theorem 1.1] due to Rudelson and
Vershynin.

(2.1) < fllso - dr (s v).

THEOREM 2.1. (HANSON-WRICGHT INEQUALITY) Let
u = (Up,...,up),v = (v1,...,0,) € R™ be random
vectors such that uy,...,Un, V1,...,V, are i.i.d. sym-
metric subgaussian variables. Let A € R™™™ be a fired
matriz, then

t t?
Al 1A%

Pr{|u” Av—FEu” Av| > t} < 2exp (—cmin{

for some constant ¢ > 0, which depends only on the
constant of the subgaussian distribution.

Latala’s Tail Bound. Suppose that g;,,..., g,
are i.i.d. N(0,1) random variables. The following re-
sult, due to Latala [30], bounds the tails of Gaussian
chaoses Y ai, - @i i, -+ giy- The Hanson-Wright in-
equality above, when restricted to Gaussian random
variables, is a special case (d = 2) of this tail bound.
The proof of Latata’s tail bound was later simplified by
Lehec [32].

Suppose that A = (ai)1<iy,....iu<n 1S & finite multi-
indexed matrix of order d. For i € [n]? and I C [d],
define iy = (i;)jer. For disjoint nonempty subsets
I,..., I C[d] define

1 k
IAll1,,...z = sup {Zaix§,j RN
i

)



2 2
Z (:ESB) < 1,...,2 (335112) <1
tn Uy
Also denote by S(k,d) the set of all partitions of
{1,...,d} into k nonempty disjoint sets Iy,...,Ix. It
is easy to see that if a partition {Iy,..., I} is finer
than another partition {J,...,Je}, then [|A|f, .. 1, <
[B2Y P

THEOREM 2.2. For anyt >0 and d > 2,

d
I AT
j=1

i

Pr

N
< Cgexp{ —cq min min _— ,
1<k<d (I1,.... 1) €S (k,d) \ ||All1,,....15

where Cy,cq > 0 are constants depending only on d.

Distribution of Singular Values We shall need
the following two lemmata.

LEMMA 2.1. (MARCENKO-PASTUR Law [36, 18])
Suppose that X is a p X m matriz with i.5.d N(0,1/p)
entries. Consider the probability distribution Fx ()
associated with the spectrum of XT X as

Fx(z) = % [{i: XN(XTX) <a}l.

For v € (0,1], define a distribution G- (x) with density
function p(z) as

(b—2z)(x—a)

G wela)

py(T) =

where

a=(1-v7)? b=(01+y7)%
Then when m — oo, p — oo and p/m — v € (0,1) 4t
holds that the expected Kolmogorov distance

Esup |Fx () — G, ()] = O(n~ /).

LEMMA 2.2. ([46]) Suppose that X ~ G(p,m). Then
with probability at least 1 —e‘t2/2, it holds that o1(X) <

VP +Vm+t.

3 Lower Bounds for Bilinear Sketches

3.1 The case of p > 2 Fix r, < n and s, < n.
Let £1 = G(rn,s,) and Lo denote the distribution of
the upper-left 7, x s, block of G + 5n~1/2+1/pyyT,
where G ~ G(n,n), u,v ~ N(0,I,) and G,u,v are
independent.

THEOREM 3.1. Suppose that p > 2, ¢ € (0,1) and
Tn,Sn > 4. Whenever r, s, < cC2n2(1_2/1’), it holds that
drv (L1, L) < ¢+ 0.009, where ¢ > 0 is an absolute
constant.

Proof. For simplicity we write r, and s, as r and
s, respectively. The distribution £; is identical to
N(0,I,5), and the distribution L5 is a Gaussian mixture
N(z,1I,5) with shifted mean z € R™, where

Zij = 5n_1/2+1/puivj 1<i<r1<j<s.

For a given t > 0, define the truncated Gaussian
distribution, denoted by N(0,I,), as the marginal
distribution of N(0,I,,) conditioned on the event that
lz|| < t, where x ~ N(0,I,). Since ||z]? ~ x%(n),
the probability p, := Pr{|lz| > 2v/n} < 0.004 by
evaluating an integral of the p.d.f. of x?(n) distribution.
Consider an auxiliary random vector Z € R"® defined as

Ziy =5 YA Pgp, 1<i<r1<j<s,
where (iy,...,%,) is drawn from N, 5(0,1.) and
(D1,...,0s) is drawn from Ny (0, I5). Define an aux-

iliary distribution Zg as N(z,1s). It is not difficult to
see that

dTV(CQ,ZQ) < max{ - ]-,pr +ps} < 0.009.

1—pr—ps

So we need only bound dTV(ﬁl,Eg). It follows from
Proposition 2.1 and Proposition 2.2 that

drv (L1, L2) < VEet22) —1,

where the expectation is taken over independent Z; and
Zo, which are both identically distributed as Z. Next we
compute Ee(#1:%2)

E21,22 exp((él, 22>)

—1+42 ~ o~~~
5,4 5 €XP (5n /pE , uivjuivj)

i, D,a’ 0! exp (5nil+2/p E lﬂﬂl; E j{}jﬁ;) .

Now let us bound E| Y, @d’|**. Note that | Y, @d’| <
l@]|2||@'||2 < 4r. By our assumption that r > 4 it holds
that 72*=1 > 4 so t2/r < t for t < 4r. Applying the
Hanson-Wright inequality (Theorem 2.1) to the identity
matrix I, we have that

2k i
< / Pro |
0 i

ar 1/k r k
< 2/ et rar < 9 () k!
0 C1

for some absolute constant ¢; > 0, where the integral

E
(32) =E

2k

E >t pdt

E o
i




is evaluated by variable substitution. We continue
bounding (3.2) using the Taylor series as below:

]E21722 eXp(<21, 22>)
= (on”RRE| Y, ad PE| Y, o |
(2k)!

5n2(- 1+ 2 g *
(=)
<1+2§:(C2>k<1+<2
- k=1 3 - ’

provided that 5rs/cin?(1=2/P) < (2/3. Therefore

<

k=0

o0
§1+22

k=1

(k1)?
(2k)!

dry (L1, L2) < (InEef#2N 2440y (Lo, £5) < ¢40.009,

as claimed. The absolute constant ¢ in the statement
can be taken as ¢ = ¢7/15. O

It is not difficult to see that |G|, and ||G +
5n'/P=1/2yyT ||, differ by a constant factor with high
probability. The lower bound on the dimension of the
bilinear sketch is immediate, using £, and Lo as the
hard pair of distributions and the observations that (i)
both distributions are rotationally invariant, and (ii) by
increasing the dimension by at most a constant factor,
one can assume that r, > 4 and s,, > 4.

THEOREM 3.2. Let A € R™ "™ and p > 2. Suppose that
an algorithm takes a bilinear sketch SAT (S € R™ "
and T € R"*®) and computes Y with (1 — ¢,)|| A} <
Y < (L4 ep)l|AlL for any A € R™ ™ with probability
at least 3/4, where ¢, = (1.2° —1)/(1.2° + 1). Then
rs = Q(n2(1=2/p)),

Proof. 1t suffices to show that |G|, and |G +
5nt/P=1/2yyT ||, differ by a constant factor with high
probability. Let X = 5n'/P~1/24y7. Since X is of rank
one, the only non-zero singular value o (X) = || X||r >
4.9 - n*/P+1/2 with high probability, since [uv?|% ~
(x?(n))?, which is tightly concentrated around n?.

On the other hand, combining Lemma 2.1 and
Lemma 2.2 as well as (2.1) with f(z) = 2P on [0,4],
we can see that with probability 1 — o(1) it holds for

X ~ ﬁ (n,n) (note the normalization!) that
(3.3) IX1I5 = (Ip + o(1)) n,
where
4
r /(4—
(3.4) L= a%. %d@« < 9P,
e

0

Hence |G|, <1.1- I;/pn1/2+1/17 <1.1-2.pl/2+1/p
with high probability. By the triangle inequality,

IG + Xllp 21Xl — [Gllp > (4.9 = 2.2)n'/P+1/2

>1.2-2.20YP712 > 1.2/,

with high probability. O
3.2 General p > 0 The following theorem is a
generalization of a result of Jiang [26]. Following his
notation, we let Z,, denote the distribution of the upper-
left r,, x s, block of an orthonormal matrix chosen
uniformly at random from O,, and G,, ~ ﬁg(rn, Sn).

THEOREM 3.3. If rps, = o(n) and s, < r, <
n¥(d+2) 45 n — oo for some integer d > 1, then
lim,, o0 dTV(va Gn) =0.

Jiang’s original result restricts r, and s, to r, = o(y/n)
and s, = o(y/n). We follow the general notation
and outline in his paper, making a few modifications
to remove this restriction. We postpone the proof to
Appendix A.

The lower bound on bilinear sketches follows from
Theorem 3.3, with the hard pair of rotationally invariant
distributions being a Gaussian random matrix versus a
random orthonormal matrix. The proof follows from
Theorem 3.3 and is postponed to Appendix B.

THEOREM 3.4. Let A € R™*™ and p > 0. Suppose that
an algorithm takes a bilinear sketch SAT (S € R"™"
and T € R"*®) and computes Y with (1 — ¢,)|| A} <
Y < (L4 ¢)l|Allp for any A € R™ ™ with probability

o=l Then rs = Q(nt=") for

3
at least 3 ST

1, where ¢, =
any constant n > 0.

3.3 Rank (p =0) Let S C [n] x[n] be a set of indices
of an n x n matrix. For a distribution £ over R™*™  the
entries of S induce a marginal distribution £(S) on RI®!
as

X

’ P\sMﬂs\)a

(Xph(h ’ XP2,Q2? s X ~ L.
THEOREM 3.5. Let U,V ~ G(n,d), G ~ vG(n,n) for
~v = n"". Consider two distributions £1 and Lo over
R™ " defined by UVT and UVT + G respectively. Let
S C [n] x [n]. When |S| < d?, it holds that

(3.5) drv(L1(S), L2(S)) < C[S| (n™2 + de?)

where C >0 and 0 < ¢ < 1 are absolute constants.

Proof. (sketch, see Appendix D for the full proof.) We
give an algorithm which gives a bijection f : RISl —
RISl with the property that for all but a subset of
RIS! of measure o(1) under both £;(S) and £5(S), the
probability density functions of the two distributions are
equal up to a multiplicative factor of (1 + 1/poly(n)).



The idea is to start with the row vectors Uy,...,U,
of U and Vi,...,V, of V, and to iteratively perturb
them by adding vG; ; to UVT for each (i,j) € S. We
find new vectors Uy,...,U; and V{,..., V) of n x d
matrices U’ and V' so that (U')(V')T and UVT +~G
are equal on S. We do this in a way for which ||U;||2 =
(11 /poly(n)) [U/]]> and | Vilz = (141/poly(n)) [ V7>
for all ¢, and so the marginal density function evaluated
on U; (or Vj) is close to that evaluated on U] (or V),
by definition. Moreover, our mapping is bijective, so the
joint distribution of (Uj,...,U},V{,..., V') is the same
as that evaluated of (Uy,...,U,,Vi,...,V,) up to a
(1£1/poly(n))-factor. The bijection we create depends
on properties of 9, e.g., if the entry (UV7T), ; = (U;, V;)
is perturbed, and more than d entries of the i-th row of
A appear in S, this places more than d constraints on
U;, but U; is only d-dimensional. Thus, we must also
change some of the vectors V;. We change those V; for
which (7,j) € @ and there are fewer than d rows ¢/ # i
for which (¢/,7) € S; in this way there are fewer than
d constraints on Vj so it is not yet fixed. We can find
enough V; with this property by the assumption that
IS < d?. O

In the theorem above, choose d = n/2 and so
rank(UVT) < n/2 while rank(G) = n with probability
1. Note that both distributions are rotationally invari-
ant, and so the lower bound on bilinear sketches follows
immediately.

THEOREM 3.6. Let A € R™ ™. Suppose that an al-
gorithm takes a bilinear sketch SAT (S € R™"™ and
T € R"*) and computes Y with (1 — ¢,)rank(A) <
Y < (1+c¢p)rank(A) for any A € R™*™ with probability
at least 3/4, where ¢, € (0,1/3) is a constant. Then
rs = Q(n?).

As an aside, given that w.h.p. over A ~ Ly in
Theorem 3.5, A requires modifying ©(n?) of its entries
to reduce its rank to at most d if d < n/2, this implies
that we obtain an (d?) bound on the non-adaptive
query complexity of deciding if an n xXn matrix is of rank
at most d or e-far from rank d (for constant ¢), showing
an algorithm of Krauthgamer and Sasson is optimal [29].

4 Bilinear Sketch Algorithms

By the Johnson-Lindenstrauss Transform, or in fact,
any subspace embedding with near-optimal dimension
(which can lead to better time complexity [44, 12, 37,
39]), we can reduce the problem of general matrices
to square matrices (see Appendix C for details), and
henceforth we shall assume the input matrices are
square.

We present a sketching algorithm to compute a
(1+¢)-approximation of || Al for A € R™*" using linear

Algorithm 1 The sketching algorithm for even p > 4.

Input: n, e > 0, even integer p > 4 and A € R™"*".
1: N+ 9(6_2)
2: Let {G;} and {H;} be independent n'=2/P x n
matrices with i.i.d. N(0,1) entries
3: Maintain each G;AH!,i=1,...,N
4: Compute Z as defined in (4.6)
5: return Z

sketches, which can thus be implemented in the most
general turnstile data stream model (arbitrary number
of positive and negative additive updates to entries
given in an arbitrary order). The algorithm works for
arbitrary A when p > 4 is an even integer.

Suppose that p = 2¢q. We define a cycle o to
be an ordered pair of a sequence of length ¢: o =
((i1,...,1q), (J1s- .-, Jq)) such that i,,j,. € [k] for all r,
ir # ig and j, # js for r # s. Now we associate with o

As = H Aie,jzAiHLje
{=1

where we adopt the convention that ixy1 = i;. Let C
denote the set of cycles. We define

1 X1
==Y — G,AHM),
N;|C|Z( 5

ceC

(4.6)

for even p.

THEOREM 4.1. With probability > 3/4, the output Z
returned by Algorithm 1 satisfies (1 — ¢)[|A|b < Z <
(1+e)||A||b when p is even. The algorithm is a bilinear
sketch with r - s = Op(e”2n2=4/P).

See Appendix E for the proof. A similar algorithm
works for odd p and PSD matrices A. See Appendix F
for details.

5 Lower Bounds for General Linear Sketches

5.1 Lower bound for p > 2 Let G ~ G(n,n), u,v ~
N(0,1I,) be independent. Define two distributions:
Ly = G(n,n), while £y is the distribution induced by
G+5n T ruT.

A unit linear sketch can be described using an n xn
matrix L. Applying this linear sketch to an n x n
matrix @ results in (L,Q). More generally, consider
k orthonormal linear sketches (which as was argued
earlier, is equivalent to any k linear forms, since, given
a sketch, one can left-multiply it by an arbitrary matrix
to change its row space) corresponding to {L;}¥_; with
tI’(L;‘FLJ) = (S”

Let X ~ Lo and Z; = (L;;X). We define



a distribution D, ; on R* to be the distribution of
(Z1,...,Zy).

THEOREM 5.1. Suppose that p > 2. For all suffi-

ciently large n, whenever k < cn%(k%), it holds that
dry(N(0,1), Dy i) < 0.24, where ¢ > 0 is an absolute
constant.

Proof. 1t is clear that D, is a Gaussian mixture with
shifted mean

Xu,v = 5n71/2+1/p(uTL1’U, ’LLTLQU7 .

—: 5n /2Py,

s ul Lyw)T

Without loss of generality we may assume that k > 16.
Consider the event £,, = {|[Yuollz < 4Vk}. Since
E|lY. |3 = k, it follows from Markov’s inequality
that Pry ,{€,,} > 15/16. Let YSn,k be the marginal
distribution of D,, , conditioned on &, ,. Then

drv (Do g, Dni) < 1/8

and it suffices to bound drv (N (0, In) nk). Resort-
ing to x? divergence by invoking Proposition 2.1 and
Proposition 2.2, we have that

dry (N(0,1,), D i) < VEeXuoXurw) 1,

where u,v,u’,v" ~ N(0,1I,) conditioned on &,, and
Euw v We first calculate that

<Xuv7Xu v>—c n71+2 Z ZLI ab

a,b,c,d=1 1

. 2 : I /
=D Aa,b,c,duaubvcvm
a,b,c,d

_ 2 .
where D = cf)n 43 and Agp.c,a is an array of order 4

such that

k
Aa,b,C,d = Z Loy Ly
i=1
We shall compute the partition norms of A, pcq as
needed in Latata’s tail bound.
Partition of size 1. The only possible partition is
{1,2,3,4}. We have

o\ 1/2

Z (Z Lab cd)
a,b,c,d

||A||{1,2,3,4}

1/2

k
Z Z L27bLi,dL£,bLz,d

a,b,c,di,j=1

Cduaubvcvd

1/2

> S,

a,b,c,d i=1
vk

Partition of size 2 and 3. The norms are automati-
cally upper-bounded by [|A[{1,2,3.4) = VEk.

Partition of size 4. The only partition is
{1},{2}, {3}, {4}. We have

k
sup u Liou/T L'
w,v,u’ v’ eSr—1 i—1

k
! (Z(uvT

< sup =
i=1

[ All1y, 123,033 .40y =

u,v,u’ v’2

,Li>2 =+ <ul’u/T,Li>2> S 1

The last inequality follows the fact that uwv? is a un2it
vector in R™ and L*’s are orthonormal vectors in R™ .
Latala’s inequality (Theorem 2.2) states that for

€ [\/Ev k2]7

Pr{‘ E Aa’bﬁc,duaugvcv&‘ > t}
a,b,c,d

t2 t3

< Ciexp | —c¢min 17\/f
<(Cie c i

<p | —c- —
>~ U1 p k%

with no conditions imposed on u, v, u’,v’. It follows that
Pr {[(Vaw, Yar o) > £|€0vEur i }
< Pr {KYUJH Yu’,v’l > t}
= Pr{€u v} Pr{€u .}
2
/3
c ki) , te [VE K.

3

< Cyexp (—

Note that conditioned on &, , and &y 4/,
|<Yu,v»Yu/,v’>| S ||Yu,v||2||Yu/,v’H2 S 16k.
Let ¢ = 1/8, then for ¢ € [k'/?%¢ 16k], it holds that

Ct2/3 Ct2/3

tD — L1/3 =  9f1/3’

provided that k < ¢ =3, Integrating the tail bound

gives that

IEeX” s Xl !

16k
=1 +/ e P Pr{|(Yy.o, Yur )| > thdt
0

p1/2+e
=1+ D/ etD ].:)I'{|<§/u’v7 Yu’,'u/>‘ > t}dt
0



16k
+D P Pr{|(Vy, o, Yur )| > thdt

kl/2+e

|1/ 2te 16k
_42/3/1.1/3
§1+D/ ePdt + CyD etD—et™ /K gy
0
< eDk1/2+e

kl/2+e

Ck25/3
)

ccn1=%)
2

when n is large enough. It follows immediately that
drv(N(0,1,), Dy k) < 1/10 and thus

dry (N (0,1,), Dp i) < 1/10 + 1/8 < 0.24.

16k w42/3

+ CoD e 23t

kl/2+e

< eXp(Dk1/2+€) + 16C3kD - exp (—

+ 16020'012311%(1_%) exp <

<1.01

O

The lower bound on the number of linear sketches
follows immediately as a corollary.

THEOREM 5.2. Let X € R™ ™ and p > 2. Suppose
that an algorithm takes k linear sketches of X and
computes Y with (1 — c,)[|X[[5 <Y < (14 ¢,)[| X[}
for any X € R™ ™ with probability at least 3/4, where
= (1.22 — 1)/(1.2° +1). Then k = Q(n3/2(1=2/p)),

5.2 General p > 0 Consider a random matrix
(G,GM), where G ~ G(n,n/2) and M ~ O, 5.

A unit linear sketch can be described using an n xn
matrix L = (A, B), where A, B € R™*("/2) guch that
|Al|% + ||B||% = 1. Applying this linear sketch to an
n x n matrix Q = (Q1,Q2) (where Q1,Qy € R**(/2))
results in (A, Q1) + (B, Q2).

More generally, consider k orthonormal linear
sketches (which as was argued earlier, is equivalent to
any k linear forms,; since, given a sketch, one can left-
multiply it by an arbitrary matrix to change its row
space) corresponding to {L;}_; with tr(LTL;) = §;;.

Now we define a probability distribution D,, ; on
R*. For each i write L; as L; = (A®, B®). Then
by orthonormality, (A®, AWy + (B® B = g, ;
Define Z; = (A%, G) + (BY,GM) and D, to be the
distribution of (Z1,..., Zx).

THEOREM 5.3. Let D, be defined as above and ( €
(0,1). Then for k < (¢/3)3/2\/n it holds that

dTV(Dn,ka N(O7Ik>) S <>

where N(0,1;) is the standard k-dimensional Gaussian
distribution.

Proof. The sketch can be written as a matrix ®g, where
® € RF*"*/2 ig a random matrix that depends on A(-9),
B9 and M, and g ~ G(n?/2,1). Assume that ® has
full row rank (we shall justify this assumption below).

Fix ® (by fixing M). Then ®g ~ N(0,®®T). Tt is
known that ([27, Lemma 22])
dry (N(0,987), N(0, I)) < /tr(@T) — k — In [987],

where A1,...,\; are the eigenvalues values of &7,
Write ®®7 = T + P. Define an event F =
M:||P|% < 14—2 . %2} When E happens, the eigenval-

ues of P are bounded by,/%~% <2/3. Let p1,..., [k

be the eigenvalues of P, then \; = 1+p; and |p;| < 2/3.
Hence

k

dry (N (0, 8®7), N(0, 1)) < | > (1 — (1 + pss))
=1

< 12 _ i < 2C

= ¢ vn— 3>

where we use that z — In(1 + z) < 22 for z > —2/3.
Therefore, when E happens, ® is of full rank and we can
apply the total variation bound above. We claim that
EPfj < 4/n for all 4, j and thus E||P||% < 4k?/n, it then
follows that Pr(E) > 1—¢/3 by Markov’s inequality and

drv (Do N(0, 1)) < 2C+Pr(BY) < 5+ 20 =¢

as advertised.
Now we show that EP7 < 4/n for all 4, j. Suppose
that M = (m;;). Notice that the r-th row of ® is

A+ B my, i=1,...n,

Hence by a straightforward calculation, the inner prod-
uct of r-th and s-th row is

(@, ®u) = 0,5+ DAY B me + > AY B my;
1,5,¢ 4,5,

= G + Z (¢Af”, BY) + ¢4l B) ) g

J
where AET) denotes the i-th column of A(™). Then

Py = tr(UM),



where the matrix U is defined by
uje = (47, B{) + (4", B{").
Since
e <2{ (32, 145°7) (32, 185°7)
+ (2 1408) (32,1851) §
and thus
loig <23 {32, 1491) (3, 1851) +
(32 1a) (3, 1851) |
<2 (IADRIBOF + AP |HIBOE) < 2.

We conclude that

E[P?) = Zj . U?kE[mij]‘FZ(j Ky wjptieE[my mi

This completes the proof. (|

Without loss of generality, we can normalize our
matrix by a factor of 1/y/n. Let X ~ ﬁg(n,n) and
Y = (G,GM), where G ~ G(n,n/2) and M ~ O, /5. It
is not difficult to see that || X||} and [V} differs by a
constant with high probability. The following theorem
is now an immediate corollary of Theorem 5.3. The
proof is postponed to Appendix H.

THEOREM 5.4. Let X € R™*™ and p > 0. Suppose that
an algorithm takes k linear sketches of X and computes
Y with

o (whenp >0) (1—c,)|X|IE <Y < (1+¢)|l X2,
or
o (whenp=0) (1—cp)[X]o <Y < (1+¢)[X]lo

for any X € R™™™ with probability at least %, where ¢,

is some constant depends only on p. Then k = Q(y/n).

References

[1] N. Alon, Y. Matias, and M. Szegedy. The Space
Complexity of Approximating the Frequency Moments.
J. Comput. Syst. Sci., 58(1):137-147, 1999.

[2] A. Andoni. Nearest neighbor search in high-
dimensional spaces. In the workshop: Bar-
riers in  Computational Complexity II, 2010.

http://www.mit.edu/ andoni/nns-barriers.pdf.

[3] A. Andoni, R. Krauthgamer, and K. Onak. Streaming
algorithms from precision sampling. In FOCS, pages
363-372, 2011.

[4] A. Andoni and H. L. Nguyen. Eigenvalues of a matrix
in the streaming model. In SODA, 2013.

[5] A. Andoni, H. L. Nguyen, Y. Polyansnkiy, and Y. Yu.
Tight lower bound for linear sketches of moments. In
ICALP, 2013.

[6] Z.Bar-Yossef, T.S. Jayram, R. Kumar, and D. Sivaku-
mar. An information statistics approach to data
stream and communication complexity. J. Comput.
Syst. Sci., 68(4):702-732, 2004.

[7] L. Bhuvanagiri, S. Ganguly, D. Kesh, and C. Saha.
Simpler algorithm for estimating frequency moments
of data streams. In SODA, pages 708-713, 2006.

[8] E. J. Candés and B. Recht. Exact matrix completion
via convex optimization. Commun. ACM, 55(6):111—
119, 2012.

[9] A. Chakrabarti, S. Khot, and X. Sun. Near-optimal
lower bounds on the multi-party communication com-
plexity of set disjointness. In CCC, 2003.

[10] M. Charikar, K. Chen, and M. Farach-Colton. Find-
ing frequent items in data streams. In Proceedings
of the 29th International Colloguium on Automata,
Languages and Programming (ICALP), pages 693-703,
2002.

[11] H. Y. Cheung, L. C. Lau, and K. M. Leung. Graph
connectivities, network coding, and expander graphs.
In FOCS, pages 190-199, 2011.

[12] K. L. Clarkson and D. P. Woodruff. Low rank ap-
proximation and regression in input sparsity time. In
STOC, pages 81-90, 2013.

[13] G. Cormode and S. Muthukrishnan. An improved
data stream summary: the count-min sketch and its
applications. J. Algorithms, 55(1):58-75, 2005.

[14] M. S. Crouch and A. McGregor. Periodicity and cyclic
shifts via linear sketches. In APPROX-RANDOM,
pages 158-170, 2011.

[15] A. Deshpande, M. Tulsiani, and N. K. Vishnoi. Algo-
rithms and hardness for subspace approximation. In
SODA, pages 482-496, 2011.

[16] P. Flajolet and G. N. Martin. Probabilistic counting.
In Proceedings of the 24th Annual IEEE Symposium
on Foundations of Computer Science (FOCS), pages
76-82, 1983.

[17] P. Flajolet and G. N. Martin. Probabilistic counting
algorithms for data base applications. J. Comput. Syst.
Sci., 31(2):182-209, 1985.

[18] F. Gotze and A. Tikhomirov. Rate of convergence in
probability to the marchenko-pastur law. Bernoulli,
10(3):pp. 503-548, 2004.

[19] S. Guha, P. Indyk, and A. McGregor. Sketching
information divergences. Machine Learning, 72(1-2):5—
19, 2008.

[20] M. Hardt, K. Ligett, and F. McSherry. A simple
and practical algorithm for differentially private data
release. In Advances in Neural Information Processing
Systems 25, pages 2348-2356. 2012.

[21] P. Indyk. Stable distributions, pseudorandom gener-
ators, embeddings, and data stream computation. J.
ACM, 53(3):307-323, 2006.



22]

23]

(24]

(25]

(26]

27]

(28]

29]
(30]

31]

32]

33]

34]

(35]

(36]

37]

(38]

39]

(40]

P. Indyk. Sketching, streaming and sublinear-space
algorithms, 2007. Graduate course notes available at
http://stellar.mit.edu/S/course/6/£a07/6.895/.

P. Indyk and A. McGregor. Declaring independence
via the sketching of sketches. In SODA, pages 737—
745, 2008.

P. Indyk and D. P. Woodruff. Optimal approximations
of the frequency moments of data streams. In STOC]
pages 202-208, 2005.

Y. Ingster and I. A. Suslina. Nonparametric Goodness-
of-Fit Testing Under Gaussian Models. Springer, 1lst
edition, 2002.

T. Jiang. How many entries of a typical orthogonal
matrix can be approximated by independent normals?
The Annals of Probability, 34(4):pp. 1497-1529, 2006.

A. T. Kalai, A. Moitra, and G. Valiant. Efficiently
learning mixtures of two gaussians. In Proceedings of
the 42nd STOC, pages 553-562, 2010.

D. M. Kane, J. Nelson, E. Porat, and D. P. Woodruff.
Fast moment estimation in data streams in optimal
space. In Proceedings of the 438rd annual ACM sympo-
stum on Theory of computing, STOC ’11, pages 745—
754, 2011.

R. Krauthgamer and O. Sasson. Property testing of
data dimensionality. In SODA, pages 18-27, 2003.

R. Latala. Estimates of moments and tails of Gaussian
chaoses. Ann. Probab., 34(6):2315-2331, 2006.

B. Laurent and P. Massart. Adaptive estimation of
a quadratic functional by model selection. Annals of
Statistics, 28(5):1302-1338, 2000.

J. Lehec. Moments of the Gaussian chaos. In Sémsi-
naire de Probabilités XLIII, volume 2006 of Lecture
Notes in Math., pages 327-340. Springer, Berlin, 2011.
C. Li and G. Miklau. Measuring the achievable
error of query sets under differential privacy. CoRR,
abs/1202.3399, 2012.

Y. Li and D. P. Woodruff. A tight lower bound for
high frequency moment estimation with small error.
In RANDOM, 2013.

M. W. Mahoney. Randomized algorithms for matrices
and data. Foundations and Trends in Machine Learn-
ing, 3(2):123-224, 2011.

V. A. Marcenko and L. A. Pastur. Distribution of
eigenvalues in certain sets of random matrices. Mat.
Sb. (N.S.), 72 (114):507-536, 1967.

X. Meng and M. W. Mahoney. Low-distortion sub-
space embeddings in input-sparsity time and applica-
tions to robust linear regression. In STOC, pages 91—
100, 2013.

S. Muthukrishnan. Data Streams: Algorithms and
Applications. Foundations and Trends in Theoretical
Computer Science, 1(2):117-236, 2005.

J. Nelson and H. L. Nguyen. OSNAP: Faster numerical
linear algebra algorithms via sparser subspace embed-
dings. CoRR, abs/1211.1002, 2012.

E. Price and D. P. Woodruff. Applications of the
Shannon-Hartley theorem to data streams and sparse
recovery. In ISIT, pages 24462450, 2012.

[41] M. Rudelson and R. Vershynin. Hanson-Wright in-
equality and sub-gaussian concentration. Manuscript.
http://arxiv.org/abs/1306.2872v2.

M. Rudelson and R. Vershynin. The Littlewood-
Offord problem and invertibility of random matrices.
Advances in Mathematics, 218(2):600 — 633, 2008.

M. E. Saks and X. Sun. Space lower bounds for
distance approximation in the data stream model. In
STOC, pages 360-369, 2002.

T. Sarlés. Improved approximation algorithms for
large matrices via random projections. In FOCS, pages
143-152, 2006.

A. B. Tsybakov. Introduction to Nonparametric Esti-
mation. Springer, 1st edition, 2008.

R. Vershynin. Introduction to the non-asymptotic
analysis of random matrices. In Y. C. Eldar and
G. Kutyniok, editors, Compressed Sensing: Theory and
Applications. Cambridge University Press, 2011.

[42]
(43]
(44]

[45]

[46]

Appendices
A Proof of Theorem 3.3

Proof. First we strengthen Lemma 2.6 in [26] and in
this proof we shall follow Jiang’s notation that the we
read the upper-left p x ¢ block despite the usage of r,
and s,, in the statement of the theorem.

It holds that fi(s,t) = —2/(1—-2s—1t) = -2+
O(n=Y@+2)) and f/(s,t) = —1 + O(n'/(@+2). The
bounds for second-order derivatives of f(s,t) still hold.
Thus

3kq 1

—n2 ) P S

B, =n //ln(l 25— t)dsdt + =~ +0 (nl/(d+2)>
=n? //ln(l — 25 — t)dsdt + o(1).

Now, we expand the Taylor series into 7 terms,

2 d
- (s+t)d+1
- d+1

ln(1+s+t)—{(s+t)— G (SH)dH

So
/ / In(1+ s+ t)dsdt
0o Jo
d

(-

:I;k(k+1)(k+2)

((u + U)k+2 _ uk+2 _ Uk+2)

+ O((u 4 v)*+3)

as n — oo. Substituting u = —(p+2)/n and v = —¢/n
back into two integrals in (2.5), (2.7) becomes

’I’L2 v u
—/ / In(1+ s + t)dsdt
2 0 0



d

IZ 1 (p+q+2)¥2 — (p42)k2 — ght2 e tr(XTX)4+2)
—_ n bl
2R 2) o
443 where g,, € [0,2) for n sufficiently large.
+ 0 <(p+q+2)> We want to show that
q
an (A1) Bn+ Y f(A)—0
2/n =1
—/ / n(l+ s+ t)dsdt in probability as n — oo. First, we look at the last
term. It is clear from
1 (q + 2)k+2 2k+2 _ qk+2 .
< k(k+1)(k+2) n* (X7 X,)™) =Y D Ty G T 1 T o
gd+3 i=1 j€[g]™~1 ke[p]™
co() A
n kmfl7]m,72xk7n—17]n171ka,7]m71kanﬂ
Hence that Etr((X1X,,)™) = O(p™g,), where the constant in

d O(+) notation depends on m but not p and ¢. For any

k+1 7 k+2—'L
1 1 k+2\p
B,=—-=-y — E 1). €>0,
" T2 k) (k+2) <i=1( i ) nk )—I—o()

B[(tr(X5 Xn)"*2)?]

. . T r4+2 r+2
Notice that for i > 2, it holds that pi¢"T2~i/nkF < Pr {tr((X,, X,,)"™* > en™?} < 2p2r 4
pFq? /n* — 0 as n — oco. It follows that E[g tr(XT X,,)2+] prHig2
< n = =0
= 2p2ria 2 2r+a
B = "9 kz k(k + 1)nk +o(1). as n — 0o. So the last term goes to 0 in probability.
=1

For the other terms, fix € > 0, we see that
This is our desired form of Lemma 2.6.

Now, following the proof of Lemma 2.7, we expand Pr{|tr(X]X,)™) —Etr(X] X,,)™)| > en™}

into more terms _ E[(tr(XIX,)™)?] _ Elg(ix(X2X,)™)]
m(1 % r z? rdtl xdt+? 1 - €2n2m - €2n2m
n(1-0) = (d+ D1 d+2 (€—n)@? —0(1’2“@2) 0
S0 2p12m
_ptgt+l n—-p—gq-—1 n—p—q—1 ,, hence
f(l') = om x 4An2 x 2(d+1)nd+1 q tat
42 Z FOu) — P g (X Tx)
+ gn(x)m, 2n
g1 _
where . Z AR A S ) tr((XTX)j)
n*tin—p—q—1) o 2jnJ

gn(z) = — d+2
2(d+2)(€ —n) in probability. It suffices to show that

It is trivial to see that

1 ptg+l Iy S Ty
sup |gn(z)| < = B,+ 5 —Etr(X'X) Z tr((X*X)7)
=2

0<z<an n

The eigenvalues are bounded by O((\/p + \/@2) = goes to 0. Rearrange the terms in the bracket as
O(n'*~1/(4+2)), Define Q accordingly. Then

d
p+q+1 T i 1 T it >
g —E{r( X X)) — ——E(tr(X* X)?
LS Z( g AT = gy BT
=t p+qg+1 T yryji+1
. D R (XT X))
= P (X X) = 3 e (X)) (e

Jj=2



The last term goes to 0 as E(tr(XTX)/+1) = O(p’*1q)
and p?*t!/n? — 0. Hence it suffices to show that for
each k

O(d/e?) rows while roughly maintaining the singular
values as follows. Call ® a (d, d)-subspace embedding
matrix if with probability > 1 — § it holds that

(1 =@zl < [[@z] < (1 + ¢)f||

for all z in a fixed d-dimensional subspace. In [44], it is
proved that

LEMMA C.1. Suppose that H C R™ is a d-dimensional
subspace. Let ® be an r-by-n random matriz with

—p"g+ (k+1) (p+q+1)E(tr(XTX)*) — kE(tr(XTX) "M entries i.i.d N(0,1/r), where r = ©(d/e?log(1/6)).

k+1
pFtiq p+q+1 Tk
— E(tr(X* X
R D Tk SOrXOX)D)
1
— ———E(tr(XT X))
T BT o,
or
nk
— 0,
which can  be  verified easily using that
Etr((XIX,)™) = p™q, + o(n™). Therefore (A.1)

holds and the rest of the argument in Jiang’s paper
follows.

B Proof of Theorem 3.4

Proof. Choose A from Dy with probability 1/2 and from
O,, with probability 1/2. Let b € {0,1} indicate which
distribution A is chosen from, that is, b = 0 when A
is chosen from Dy and b = 1 otherwise. Note that
both Dy and O(n) are rotationally invariant, so without

loss of generality, we can assume that S = (IT O)
and T = {)S Hence SAT ~ Z, when b = 0 and

SAT ~ G, when b = 1. Notice that the singular
values of an othorgonal matrix are all 1s. Then with
probability 1 — o(1) we have that

(1= cp)((Lp +o())n <Y < (1+¢)((Ip +o(1))n,
I—cp)n <Y <(1+4¢)n, b=1

so we can recover b from Y with probability 1 — o(1),

. 1I,—1|
provided that ¢, < 2(;;“).
Consider the event F that the algorithm’s output

indicates b = 1. Then as in the proof of Theorem 5.4,

1
drv(Dy g, N(0,11)) > 3 +o(1).

On the other hand, by  Theorem 3.3,
dry (D i, N(0,I;)) = o(1) when rs < n'=" for some
n > 0. This contradiction implies that rs = Q(n'=")
for any n > 0.

C Reduction to Square Matrices for the upper
bound

Suppose that A € R"*4 (n > d). When n = O(d/€?),

let A = (A,0) with zero padding so that A is a square

matrix of dimension n. Then ||A|, = | A, for all

p > 0. Otherwise, we can sketch the matrix with

Then it holds with probability > 1 — 0 that

(1= lz] < f[@x] < (X +e)fzll, VzeH.

In fact we can use more modern subspace embeddings
[44, 12, 37, 39] to improve the time complexity, though
since our focus is on the sketching dimension, we defer a
thorough study of the time complexity to future work.

Now we are ready for the subspace embedding
transform on singular values, which follows from the
min-max principle for singular values.

LEMMA C.2. Let ® be a (d,d)-subspace embedding ma-
triz. Then, with probability > 1 — §, it holds that
(1—€)o;(PA) < 0;(A4) < (14€)o;(PA) foralll <i < d.

Proof. [of Lemma C.2] The min-max principle for sin-
gular values says that
i(A) = i A
0i(4) = max min [ Az,

llzll2=1

p — gvhere S; runs through all i-dimensional subspace. Ob-

serve that the range of A is a subspace of dimension at
most d. It follows from Lemma C.1 that with probabil-
ity >1—6,

(1- o)l Aal| < [®Aa]| < (1 + [ Az], Ve € R™

The claimed result follows immediately from the min-
max principle for singular values. O

Let A = (®A,0) with zero padding so that A is
a square matrix of dimension O(d/e?). Then by the
preceding lemma, with probability > 1 — §, ||f1||p =
|®A|, is a (1 £ €)-approximation of || A||, for all p > 0.
Therefore we have reduced the problem to the case of
square matrices.

D Proof of Theorem 3.5

Proof. Suppose that |S| = k and S = {(p;,¢:)}*_,. By
symmetry, without loss of generality, we can assume
that S does not contain a pair of symmetric entries.
Throughout this proof we rewrite £4(S) as £; and
L5(S) as L5. Now, using new notation, let us denote



the marginal distribution of Lo with fixed G by La2(G).
Then

drv(Ly,L2) = sup |Pr(A4) — Pr(A4)]
ACM(RF) L1 L2
= sup |Pr(A)— / Pr(A|G)p(G)dG’
ACM(RF) L1 Rn2 L2
<  sup / Pr(A) — Pr(A|G)' p(G)dG
ACM(RF) JRn? | L1 L2
< sup / Pr(A) — Pr(A|G)‘p(G)dG—|—
ACM(RF) L1 Lo
F'(9)
[ [prta) - praio)| werac
sy 1 2
(D.Q) S sup dTv(El, LQ(G)) + 2 PY{F(5)C},
GEF(5)

where FI(0) = {G € R"*" : |Gp, o.| <9, Vi=1,... k}
and Pr{F(§)°} is the probability of the complement
of F(0) under the distribution on G, and we choose
8 = n'/*y. Recalling the PDF of a Gaussian random
variable and that k < n?, it follows from a union bound
that

(D.3)  Pr{F(5)°} < ke /@) = ge=""*/2 < =3,

Now we examine dpry(L1,L2(G)) with G €
F(0). For notational convenience, let ¢ =
(f;,...,fk)T = (Gprgrs--Gprg)t and define
€D = (&,...,6,0,...,00T.  Applying the triangle

inequality to a telescoping sum,

(D.4) drv (L1, L2(Q))
= su Pr(A) — Pr (A
ACMI()]R’C) El( ) LQ(G)( )’
= sup Pr(A)—Pr(A—g)‘
ACM(RK) | £1 Ly
k
(D.5) < sup PF(A—f(i_l))—PT(A—é”)’
ACM(RF) =7 | £ L1

where M(RF) denotes the canonical Borel algebra on
RE.

To bound (D.5), we need a way of bounding
|Prz, (A) — Prg, (A + te;)| for a value ¢ with [¢] < 4.
In this case, we say that we perturb a single entry
(p,q) == (pi,q;) of UVT by t while fixing the remaining
k — 1 entries. We claim that there exists a mapping
T, : R4 — R"*4 (we defer the construction to the
end of the proof) for which the following three proper-
ties hold:

L (LU)T,V)T),, = (UV)y, + t and for all

(t',¢) € S\{(p,9)}, we have (TLU)(TV)")py =
(UVT)p’q“

2. [U-TU|lr <t, ||V-T:V|r <t with probability
1 — O(1/n? + de?), over the randomness of U and
V. When this holds, we say that U and V are good,
otherwise we say that they are bad.

3. T T =id.
Property 3 implies that T} is bijective. Define

BE(x)={U,V):UVT|s =z}
Egood(z) ={(U,V) € E(x) : (U,V) is good},
Evaa(z) = {(U,V) € E(z) : (U, V) is bad}

Then, using these three properties about T}, as well as
the triangle inequality, and letting p(U),p(V) be the
p-d.f’s of U and V that

1 |U]1%
= 7(2% wdj2 SXP ( S

1 VI
_7(27r wd)2 exp( 5

Ier(A) - Ef(A + te;)

(D.6) p(U)

p(V)

we have that

_ / p(U)p(V)dUdV — / p(U)p(V)dUdV

B (x) E(z—te;)

< p(U)p(V)dUV — /p<TtU>p<Ttv>dUdv
Egood(A) Egood(A)

+/ pU)p(V) + p(TU)p(T,V)dU AV
Evaa(A)
< / Ip(U) — p(TU) [p(V)dUdV

Egood (A)

4 / p(TU)p(V) — p(TV)|dUdV
Egood(A)
(D.7)

1
+ O (2 + dcd) .
n
Using (D.6),
(D.8)

(0) = oT0)| = 01— ex

vz - ITtUII%>‘
5 :

Notice that ||U||% ~ x%(nd), where x*(nd) denotes the
x-squared distribution with nd degrees of freedom, and



so by a tail bound for the y2-distribution [31, Lemma 1],
|U[|% < 6nd—t' (recall that ¢’ = 1/n*) with probability
at least 1 — e "® > 1 — n=3. When this happens, for
good U it follows from the triangle inequality, the second
property of T; above, and the fact that ¢’ = 1/n* that

NUIZ = ITUP| = (Ul + 17Ul [1U] = 1 TU]|
< QIUIHNU-TU|) lU-T,U|| < 2v6nd-t' < 6n~2.

Using |1 — el®l| < 2|z| for || < 1 and combining with
(D.8), we have

(D:9)  |p(U) = p(TU)| < p(U) - 12075,

Similarly it holds that ||V ||% < 6nd—t' with probability
> 1 —n"3 and when this happens,

lp(V) = p(T,V)| < p(V) - 12073,
It then follows that
(D.10)

1
/Egood(A) Ip(U) = p(T;U)|p(V)dUdV = O <Tl?’) )
(D.11)
1
/ p(LU)Ip(V) = p(TiV)|dUdV = O (3)
Egooa(A) n

Plugging (D.10) and (D.11) into (D.7) yields that

—0(12+dcd),
n

which, combined with (D.5), (D.2), and (D.3), finally
leads to

dTv(El,ﬁg) S dTV(Lla EQ(G)) + QPF{F((S)C}
=0 (k(n?+dc%)).

(D.12)

IZf(A) - Ef(A + te;)

Construction of 7;. Now we construct 73. Sup-
pose the entry to be perturbed is (p, q).
Case la. Suppose that the p-th row contains s < d
entries read, say at columns ¢, ..., qs. Without loss of
generality, we can assume that s = d, as we can preserve
the entries in S, perturbing one of them, and preserve
d — s arbitrary additional entries in the p-th row.

Then we have (U; denotes the i-th row of U and V;
the i-th column of V)

Ui(Var Vas Vo) =
and we want to construct U/ such that

Ui (Var  Va Vi) =+ Az
Hence property 1 automatically holds and

D.13) (U -U,) (Ve Va Vi) = Az

With probability 1, the matrix V := Vi Vs - -+ V)
has rank d. Hence we can solve U/ — U; uniquely, and

10~ Uil < 1= <

Using the tail bound on the minimum singular value
given in [42], we have Pr{o4(0) < e/Vd} < Ce + ¢,
where C' > 0 and 0 < ¢ < 1 are absolute constants.
Choosing € = n~* and recalling that d < n, we see that
with probability at least 1 — Cn~™* — ¢?, it holds that
oa(V) > 1/n°/? and thus

U] = Us|| < 0?26 = n®2HH /4y <n=2,

This proves property 2 of this case. To show property
3 in this case, we can show something stronger, which is
T_; oT; = id, namely, this step is invertible. Indeed, if
we replace Az with —Az in (D.13) the solution U, — U;
will be the opposite sign as well.

Case 1b. Suppose that the g-th column contains s < d
entries read. Similarly to Case la we have U/ = U; and
|V/ —Vi|| < n~® with probability > 1—Cn~*—c?. The
invertibility is similar as in Case la and therefore holds.
Case 2. Suppose that there are more than d entries
read in both the p-th row and the g-th column. Define

J = {i€[n]:i-th column has < d entries contained in S}
Cr={ien]:(ri)e S}, R.={ien]:(i,c)e S}

Call the columns with index in J good columns and
those with index in J¢ bad columns.

Note that |J¢| < d since the total number of entries
in S is at most d?. Take the columns in J¢N C,, and
notice that ¢ € J°N ). As in Case 1, we can change
Up to U, such that U'VT agrees with the perturbed
entry of UVT at (p,q) and keeps the entries of UVT
the same for all (p,q’) for ¢’ € (J°N Cp) \ {q}, since
(7N C)\ {g}] < d—1.

However, this new choice of U’ possibly causes
o'vt),, # (UVT),,; for i € C, N J. For each
i € CpNJ, we also need to change V; to a vector V/
without affecting the entries read in any bad column.
Now for each good column, the matrix U used in Case
1 applied to each 7 in C, N J is no longer i.i.d. Gaussian
because one row of V has been changed, and this change
has ¢, norm at most n~° (the guarantee on property
2 in Case 1) with probability at least 1 — 4n=3 — ¢4,
and since the minimum singular value is a 1-Lipschitz
function of matrices, the minimum singular value is
perturbed by at most n~°. Hence for each good column
i, with probability at least 1 — 4n=3 — ¢, we have
Vi — V/|| < n5. Since there are at most d good
columns, by a union bound, with probability at least
1 — 4/n% — dc? we have |V — V'||r < n~* This



concludes the proof of properties 1 and 2 in Case
2.

The final step is to verify property 3. Suppose
that T3(U,V) = (U', V') and T_+(U", V') = (U", V"),
we want to show that U” = U and V" = V. Observe

that V; = (Vl)z = (V”)i fori e J°N Cp = {6117~ .. 7Qd}7
we have
(U[/) - U;D) (Vth V:Iz VQd) = Az
(Ugly/ - U;;) (V:h qu qu) =-Az
Adding the two equation yields
(U;;l - U:D) (Vlh qu Vfld) =0,
and thus U, = U, provided that (Vg,,V,,...,Vq,) is

invertible. Since U; = U] = U}’ for all i # p, we have
U =U". Next we show that V" = V] for each i € C,NJ.
Suppose R; = {p1,...,p4} O p. Similarly to the above
we have that

Uzln 0
Uy | Vi =Vi) = | (U, = Up, Vi)
UZ’)d 0
and
UI’)’1 0

Uy | (V" =V =1 = U = U, Vi)
v 0

Adding the two equations and recalling that U;)’ =U,
and U; = U] = U/ for all i # p, we obtain that

U, 0
Up | (V' =Vi)+ | Uy = Up | (V= Vi)
Up, 0

0

ie.,
U,, 0
UP (V;H - V;) =10 )
Up, 0

whence it follows immediately that V;” = V; provided
that (UL,...,UL) is invertible. Together with V; =
V! =V/ for all i € C;, N J¢, we conclude that V"' = V.

E Proof of Theorem 4.1

We say that two cycles o = ({i},{j}) and 7 =
({7}, {4'}) are (mq,mz)-disjoint if [{Ai'| = 2m; and
|7AJ'| = 2mq, denoted by |[cAT| = (mq,m2).

Proof. Let X = UXV be the SVD of X. Let G and
H be random matrices with i.i.d. N(0,1) entries. By
rotational invariance, GX H” is identically distributed
as GXHT. Let k = n'~2/? and X be the upper-left k x k
block of GAHT =: X. Tt is clear that

n
Xst = E 0:GisHj

=1

Define

Suppose that o = ({is},{js}) then

q q
XU = z H O'[S Ums H Gé57is Hés Js Gmsyis+1Hms,js
s=1

Ly, by s=1

mi,...,Mgyg
It is easy to see that EX, = Yo7 = ||A[% (all {¢,}
and {m,} are the same) and thus EY = || X|[P. Now we
compute EY2.

- .
EY? = 101 > E(X,X,).
ml:O

q
mo=0 o,7eC
loAT|=(m1,m2)

Suppose that |cAT| = (my, ma),

~ = q
]E(XUXT) = E (Hifl 00,0m; 0'@2 U'rn;) :
0,0ty
Z;,...,é;
mi,...,Mq
mi,...,m;

q
E {Hs:1 GrisGmeion G it Gme it } :

q
I {Hs:1 Hy, j, Hms,jsHe;,j;Hm;,j;} :



It is not difficult to see that (see Appendix G for details)

IE(X X) Smp
2 2 1 2 +1 4 .
[ ||A||2§zz+1g||An (mimma) - <my <gq—12
2(2g—2 —1 2 1 4
AR A AL, my <ma <g-1
1 4 +1
1A|s ™ ||A||2§zz+lg mi=q,ma<q—1 ,
mi+1

4 1—1
1AIs ™Al
HAH2qa

(’ITL1+1
my =mz =4q

By Holder’s inequality, || A[|2 < n'"% | Al|Z and

2 +1 2(rn+1)
A2 <

2(m+1)
a(mt1) = 1A+

Thus,

np—ml—mg—ZHA”IQ)p
ntm L A2
nd=me | A 7P

IAl1Z7

my,my <g—1
P2 =4,pP1 S

E( U'XT) Sm,p
mp =mg =4(q.

There are Oy(k1t™1k9T™m2) = O, (kPT™11™2) pairs of

(mq, mg)-disjoint cycles and |C| = ©(kP),
1
W Z E(AO'AT)
o,reC
loAT|=(m1,m2)
np—ml—m2—2
< Cm1+m2,pWHAH127p

< leerz,pHAH;Zap’

1
E 2
|C| o,7eC
loAT|=(m1,m2)

mi,ma Sq_la

E(A,A,)

nd—mi 1—1

p Al
P
2

1

2 E(.A)
‘C| o,7reC
leAT|=(m1,m2)

S le +ma

SCWLPHAH]) =q,mi Sq_lv

np—2m2—2

1+ma,p fa—m2

Al

<Cn IAII?

S thp

1
i
|C| o,7eC

loAT|=(m1,m2)

ggmlzqamQSq_la

E(A,A;) < ||A||Z2,p, my + mg = p.

Therefore EY? < C,||A||2P for some constant C;, depen-
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Algorithm 2 The sketching algorithm for odd p > 3.

Input: n, € > 0, odd integer p > 3 and PSD A € R™"*"
1: N+ 9(6_2)

Let {G;} be independent n'~2/P x n matrices with

iid. N(0,1) entries.

3: Maintain each G, XGT,i=1,...,N

: Compute Z as defined in (F.14)

return 7

dent on p only. Since

then Y;’s are i.i.d. copies of Y. It follows that
EX =EY = [|A|P

Var(Y) _EY? 1, ..,
— < = —¢°||Al|ZP.
Va/r( ) N — N 46 || ||p
Finally, by Chebyshev inequality,
Var( ) 1
Pri|X —||A||2] > €¢||A||2 <=
{|X = 1A4IB] > el Alp} < ETVTE

which implies the correctness of the algorithm. It is easy
to observe that the algorithm only reads the upper-left
k x k block of each G; XG7T, thus it can be maintained
in O(Nk?) = O,(e~2n?~4/?) space. O

F Algorithms for Odd p

Given integers k and p < k, call a sequence (i1, ...,1p)
a cycle if ¢; € [k] for all j and i;, # ij, for all j; # ja.
On a k x k matrix A, each cycle ¢ defines a product

p
AU = H AU'i70'i+1
=1

where we adopt the convention that 7,41 = ;. Let C
denote the set of cycles. Call two cycles o,7 € C k-
disjoint if |cA7| = 2k, where o and 7 are viewed as
multisets.

THEOREM F.1. With probability > 3/4, the output X
returned by Algorithm 2 satisfies (1 — €)||Allb < X <
(1 + e)llA|L when A is positive semi-definite. —The
algorithm is a bilinear sketch with r-s = O, (e~2n?=4/P).

Proof. Since X is symmetric it can be written as
X = OAOT, where A is a diagonal matrix and O an
orthogonal matrix. Let G be a random matrix with
iid. N(0,1) entries. By rotational invariance, GXG”T
is identically distributed as GAGT. Let k = n'=2/? and



X be the upper-left k x k block of GAGT := X. It is
clear that

Xs,t = Z )\iGi,sGi,t
=1
Define

§

ip) then
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Suppose that o = (iy, ...

X, = Z Aj, -

Tlyeees Jp=1

Jzﬂ/z Jzyi/z+1

i ':]ﬁ

It is easy to see that EX, = > AP = [[A[% (all ji's are
the same) and thus EY = || X||5. Now we compute EY.

E(X,X,).
o,T are m-disjoint

It is not difficult to see that (see Appendix G for details),
when m < p — 2, it holds for m-disjoint ¢ and 7 that

= 2 m—1 (m+1
E(XoXr) Smp 1413V A5

(m+1)
By Holder’s inequality, || A2 < n'=% | A[|7 and
lAlle) <7 2, 2(m 1) <p
Thus,
c % nPTm AP, 2(m+1) <p
IE(X X )Nm,p —m—1 g :
kP [AllZ7,  otherwise.

And when o, T are (p — 1)- and p-disjoint,
E(4,A,) < A2

There are O, (kP*™) pairs of m-disjoint cycles and |C| =
O(kP),

1 npP=m
er L B <Gy Sl
o,7eC
l[oAT|=2m
< CplAlZ, m<Z -1
= Ym,p p =9 ’
1 kp—m—l 2p
op 2 E(edd) < Copm |4l
o,7eC
l[oAT|=2m
< gl E-1<m<p-2,
1
o1 Y. E(A4,) < fllAII m=p-—1

o,7eC
\UAT\ 2m

E(A,A.) < || A2

o 2
> m=p.

|C| o,TreC

loAT|=2m

Therefore EY? < Cp||A[?? for some constant C,,
dependent on p only. Hence if we take multiple copies
of this distribution as stated in Algorithm 2 and define

723/7»

then Y;’s are i.i.d. copies of Y. It follows that
EX =EY = [|A|}

(F.14)

and
Var(Y) _EY?2 1, .,
Var(X) = —— < — = ;< I4I"-
Finally, by Chebyshev inequality,
Var(X) 1
Pri|X —||A|2] > €¢||AlP} < ————= < =,
{| || ||p| || Hp} — 62“14”12)‘1; — 4

which implies the correctness of the algorithm. It is easy
to observe that the algorithm only reads the upper-left
k x k block of each G; XG7T, thus it can be maintained
in O(Nk?) = O,(e~2n?~4/?) space. O

G Omitted Details in the Proof of Theorem F.1

Suppose that o = (i1,...,i,) and 7 = (j1,...,Jp) are
m-disjoint. Then
E(X,X,) Z PRSP VIO VETED VR
Ly,...
Z,... e’
P
E {H Gr.i.Ge. i G Ge, ,jsﬂ} :
s=1

For the expectation to be non-zero, we must have
each appeared entry repeated an even number of times.
Hence, if some i, appears only once among the index
{is} and {js}, it must hold that ¢, = ¢s;1. Thus for
each of the summation term the indices {{;} breaks
into a few blocks, in each of which all ¢, takes the same
value, the same holds for {¢,}. We also need to piece
the blocks of {¢} which those of {¢.}. Hence the whole
sum breaks into sums corresponding to different block
configurations. For a certain kind of configuration,
in which /¢,...,¢, are free variables with multiplicity
7w respectively, the sum is bounded by

G- DL A LAl

élv-"yg'w

Tlyeony

A < Cl Al



where the constant C' depends on the configuration
only, and thus can be made on m and p by taking
the maximum constant over all possible block config-
urations. Notice that in a configuration, all r,’s are
even, Y 1, = 2p and w < p — m. Note that
-1

Al < Al AN,

IAIZES < NAIFIALL,

r>s

it is easy to see that the worst case of configuration is
w=p—mand (ri,...,r) = (2(m+1),2...,2), giving
the bound

2(p—m—1 2(m—+1
ClAZ® D Al )

Finally, observe that the number of configurations is a
constant depends on p and m only, giving the variance
claim.

H Proof of Theorem 5.4
Proof. First we show that ||X|} and [V} differ by a

constant factor. We have calculated || X ||} = (I,+o(1))n
n (3.3). Similarly, it holds that
Y15 = (Jp + o(1)) m,
where
(H.15)
p A/ ( - 3
J—22/ 2 (@ ada: a,b=§$\@.

Extend the definition of I, and J, to p = 0 by I, =1
and J, = 1/2. This agrees with || X||o = rank(X). Now
it suffices to show that I, # J, when p # 2. Indeed, let
us consider the general integral

/“*\/5)2 AN VBP = a)a -
(1—+/B)2

2 Bx
Change the variable y = (x — (1 + 3))/v/5, the integral
above becomes

—/ (VBy+ (1 +5))”

=i,

“1/4 —y2dy.
Hence
1 2
=— / fp(z)V4 — 22dz,
271' _92
where

fo(z) = (vV2z + 3)%*1 e 2)5,1

One can verify that f, <0 on (—2,2) when 0 < p < 2,
fp > 0on (—2,2) when p > 2 and f, = 0 when p = 2.
It is easy to compute that I = 1. The case p = 0 is
trivial. Therefore, I, > J, for p € [0,2), I, < J, for

p € (2,00), and I, = J, =1 when p = 2.

Denote by Dy the distribution of X and by D; that
of Y. Suppose that the k linear forms are aq,...,ak.
Choose X from Dy with probability 1/2 and from D;
with probability 1/2. Let b € {0,1} indicate that
X ~ Dy. Without loss of generality, we can assume
that aq,...,ax are orthonormal. Hence (ay,...,ax) ~
N(0,I;) when b = 0 and (a1,...,ax) ~ Dy, when
b = 1. Then with probability 3/4 — o(1) we have that

(
(I =¢p)((Up +0(1))n <Y < (14 ¢)((Ip + o(1))n,
(1 =) ((Jp +0(1))n <Y < (1 4¢,)((Jp + o(1))n,

so we can recover b from Y with probability 1 —
o(1), provided that ¢, < 2‘([;;_{}”17'). Consider the
event E that the algorithm’s output indicates b =
1. Then Pr(E|X ~ Dg) < 1/4 4+ o(1) while
Pr(E|X ~ Dp) > 3/4 — o(1). By definition of to-
tal variation distance, dpy (Dpk, N(0,1})) is at least
|Pr(E|X ~ Do) — Pr(E|X ~ D;)|, which is at least
3 4+ o(1). On the other hand, by Theorem 5.3,
dry (D, N(0,I;)) < i when k < ¢y/n for some ¢ > 0.
We meet a contradiction. Therefore it must hold that

k > cy/n.

b=0
b=1



