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Divide and Conquer Algorithms

• Split your problem into smaller subproblems
• Recursively solve each subproblem
• Combine the solutions to the subprobelms



Divide and Conquer: Mergesort
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Merging two sorted lists

Merge(L,R):
Let n ← len(L) + len(R)
Let A be an array of length n
j ← 1, k ← 1, 

For i = 1,…,n:
If (j > len(L)): // L is empty
A[i] ← R[k], k ← k+1

ElseIf (k > len(R)): // R is empty
A[i] ← L[j], j ← j+1

ElseIf (L[j] <= R[k]): // L is smallest
A[i] ← L[j], j ← j+1

Else: // R is smallest
A[i] ← R[k], k ← k+1 

Return A 



Merging two sorted lists

Merge(L,R):
Let n ← len(L) + len(R)
Let A be an array of length n
j ← 1, k ← 1, 

For i = 1,…,n:
If (j > len(L)): // L is empty
A[i] ← R[k], k ← k+1

ElseIf (k > len(R)): // R is empty
A[i] ← L[j], j ← j+1
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A[i] ← L[j], j ← j+1

Else: // R is smallest
A[i] ← R[k], k ← k+1 

Return A 

• Prove: If L and R are sorted from 
smallest to largest, then A is sorted 
from smallest to largest.



MergeSort Algorithm

MergeSort(A):
If (len(A) = 1): Return A // Base Case

Let ! ← ⌈ ⁄len()) 2⌉ // Split
Let L ← A[1:m], R ← A[m+1:n]

Let L ← MergeSort(L) // Recurse
Let R ← MergeSort(R) 

Let A ← Merge(L,R) // Merge

Return A



• Claim: The algorithm Mergesort is 
correct

Correctness of Mergesort
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If (len(A) = 1): Return A // Base Case

Let ! ← ⌈ ⁄len()) 2⌉ // Split
Let L ← A[1:m], R ← A[m+1:n]
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Running Time of Mergesort
MergeSort(A):
If (n = 1): Return A

Let ! ← ⌈ ⁄% &⌉
Let L ← A[1:m]

R ← A[m+1:n]

Let L ← MergeSort(L)
Let R ← MergeSort(R)
Let A ← Merge(L,R)

Return A



Find Runtime using Recursion Trees and 
Summation
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• Claim: ! " = $" log( 2"

Proof by Induction ! " = 2 ⋅ ! ⁄" 2 + $"
! 1 = $



• Sort a list of ! numbers in Θ(! log' !) time
• Can actually sort anything that allows comparisons
• No comparison based algorithm can be (much) faster

• Divide-and-conquer
• Break the list into two halves, sort each one and merge
• Key Fact: Merging sorted lists is easier than sorting

• Proof of correctness
• Proof by induction

• Analysis of running time
• Recurrences

• Can prove using recursion tree and summing work at each level
• Can prove using induction
• Can use “Master Theorem” for recurrences

Mergesort Summary



Solving Recurrences:
“The Master Theorem”



Activity

• Suppose ! > 0.
• For large ℓ , how does                        behave?

• What tools do we have to help you?  What can you claim? 

& = (
)*+

ℓ
!)



The “Master Theorem”

• Generic divide-and-conquer algorithm: 
• Split into ! pieces of size "# and merge in time $ %&

• Recipe for recurrences of the form: 
• ' % = ! ⋅ ' ⁄% # + ,%&



Geometric Series

• Claim:
• Why?

• Solution ! = #$%ℓ'(
#$% = %ℓ'($#
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The “Master Theorem”

• Recipe for recurrences of the form:
• ! " = $ ⋅ ! ⁄" ' + )"*

• Three cases:
• $

'* > 1 :  ! " = Θ "./0' $

• $
'* = 1 :  ! " = Θ "* log "

• $
'* < 1 :  ! " = Θ "*



Practice

• Use the Master Theorem to Solve:

• ! " = 16 ⋅ ! '
( + "*

• ! " = 21 ⋅ ! '
, + "*

• ! " = 2 ⋅ ! '
* + 1

• ! " = 1 ⋅ ! '
* + 1

• Recipe for recurrences of the form:
• ! " = - ⋅ ! ⁄" / + 0"1

• Three cases:
• -

/1 > 1 :  ! " = Θ "456/ -

• -
/1 = 1 :  ! " = Θ "1 log "

• -
/1 < 1 :  ! " = Θ "1


