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1. (10 points) Is
∑∞

n=1
sin(nx)

n2 uniformly continuous over R? Prove it.

2. (10 points) Let x(∞) ∈ Rn. Suppose x(k) ∈ Rn for k ∈ N. Directly show that the following are
equivalent:

(i) x(k) converges to x(∞) as k →∞ with respect to the `2 norm.

(ii) x(k) converges to x(∞) as k →∞ with respect to the sup norm.

Do not appeal to the equivalence of norms on finite dimensional spaces. If you wish, you may begin by
directly proving these two norms are equivalent.

3. (15 points) Let {qn}n∈N be an enumeration of the rationals in [0, 1]. Let f : [0, 1] → R be such that
f(qn) =

1
n for all n ∈ N and f(x) = 0 for any irrational x. Is f Riemann integrable? Prove it.

4. Let V be the set of all real sequences {xn}∞n=1 satisfying
∑∞

n=1
x2
n
n <∞.

(a) (5 points) Find an element of V that is not in `2.

(b) (10 points) Prove that ‖ · ‖ : {xn}∞n=1 7→
√∑∞

n=1
x2
n
n is a norm on V .
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