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Day 10 — Summary — Norms and Inner Products

A vector space V' over the reals is a set that permits addition and scalar multiplication.

@ (z+y)+z=z+Yy+2)Vr,y,z€V

®) 0+z=aVr eV

(c) Ve € V,dy € Vsuchthatz +y =0

dz+ty=y+axvVz,yeV

(e) Forxz € Vand a,b € R, (ab)x = a(bz), (a + b)x = ax + bx,a(x + y) = ax + ay.

A norm on a vector space V' is denoted by || - || and satisfies

(@ ||z|]| > Oforallz € V

(®) |z|| =0« 2z =0.

©) |laz|| = |a|||z|| forallz € V,a € R
@ [z +yl <] + ly|| forallz,y € V

For finite and infinite sequences x, the £, normis ||z, = (3, |z;[?)/P. Tt is a norm for 1 < p < oo.
The ¢+, or sup norm of a sequence x is ||||oc = sup; |z;l-

For functions f : Q@ — R, the L, normis || f||, = ([, |f|p)1/p. The Lo normis || f{loo = sup,eq | f(2)]-
A norm for CP[a, ] is given by || f]| = 35 [/ co-

Norms can be visualized by their unit ball.



