18 September 2014
Analysis [

Paul E. Hand

hand @rice.edu

Day 8 — Summary — Riemann Integration and Taylor Series

1. All upper sums are at least as large as all lower sums. That is, for any partitions P;, P, and function
fila,b] = R,
Ug(.ﬂ Pl) > Lg(f*) P'Z)

2. Darboux criterion: The function f is Riemann integrable on [a, b] if and only if for all € there is a
partition P for which US(f, P) — LE(f, P) <.

3. Continuous functions are Riemann integrable (on closed bounded domains).

4. The function f is Riemann integrable on [a, b] with value s if and only if for all € there is a § such that
US(f,P) — s < eand s — L2(f, P) < & whenever | P, || < 4.

5. The Riemann integral has several inadequacies.

6. The nth order Taylor series of f(z) about z = a is given by

"(a (n)
1)~ f(@) + fa)e—a) + L@ a4+ L@y

7. The nth Taylor remainder term is

Ra(2) = f(2) - (f(a) rr@E-a+ 0w+ L a)”) -

8. If f € C™*! in a neighborhood of a, then R,(z) < O(jz — a|**!) as z — a. More precisely,

i
Rn(z) < max [f™+D)]. |z —af*

n!

The max is taken over the neighborhood and the inequality holds for all points in the neighborhood.
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