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Day 23 — Summary — Lebesgue Measure

1. A measure u is a mapping from a collection of subsets 3 of R to the extended reals, satisfying:

s EcX = u(E)>0
o u(@) =0
e Countable additivity: If { E; };en are pairwise disjoint, then pu(U;en Ei) = 2 _ien #(Ei)-

2. If we want u((a, b)) = b — a, then there are sets that can not be assigned a measure.
3. Let E C R. For an interval I = (a, b), let [I| = b — a. The Lebesgue outer measure of E is defined as

p*(E) = inf {Z |Zi|

keN

EcC U I, I, an open interval}
keN

4. A set E has measure zero if Ve > 0, there exist open intervals {I;}xen such that E C .y Ik and
2ken k] < e

5. Any countable set has measure zero.
6. There is an uncountable set of measure zero.
7. Properties of the Lebesgue outer measure:
o p*(0) =0.
e ACB= p*(A) < p(B).
e Countable subadditivity: If { F; };en is a countable collection of sets, then pu*(U;en Ei) < D sen #(Ei)-
o p*([a,b]) =b—a.

8. The Lebesgue outer measure is a measure when restricted to certain subsets of R. These subsets are
called measurable sets. The set of measurable sets contains all intervals, is closed under complementa-
tion, and is closed under countable unions and countable intersections.
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