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Day 11 — Summary — Equivalent Norms and Banach Spaces
1. Definition: Two norms || - ||, and || - ||» are equivalent on a vector space V' if there exists ¢, C > 0 such
that

clizlle < llzlla < Clizlly Yz € V.

2. All norms on finite dimensional vectors spaces, e.g. R", are equivalent.
3. In infinite dimensional vector spaces, some pairs of norms are not equivalent.

4. Definition: A sequence x, in a normed vector space is Cauchy if

Ve AN such thatn,m > N = ||z, — Zm|| < €.

5. In a normed vector space, we say that x,, converges to z if Ve 3N such thatn > N = |z, — z|| < e.
We write this as lim,,_yoo Zn = T

6. Definition: A vector space is complete if any Cauchy sequence converges to an element in the set.
7. Definition: A Banach space is a complete normed vector space.

8. Definition: R™ is a Banach space under the ¢, norm. By equivalence of norms on finite dimensional
spaces, it is a Banach space under any norm.
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