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Abstract. Existing verified compilers are proved correct under a closed-world
assumption, i.e., that the compiler will only be used to compile whole programs.
We present a new methodology for verifying correct compilation of program
components, while formally allowing linking with target code of arbitrary prove-
nance. To demonstrate our methodology, we present a two-pass type-preserving
open compiler and prove that compilation preserves semantics. The central novelty
of our approach is that we define a combined language that embeds the source,
intermediate, and target languages and formalizes a semantics of interoperability
between them, using boundaries in the style of Matthews and Findler. Compiler
correctness is stated as contextual equivalence in the combined language.

Note to reader: We use blue, red, and purple to typeset terms in various lan-
guages. This paper will be difficult to follow unless read/printed in color.

1 Introduction

There has been remarkable progress on formally verified compilers over the last few
years, with researchers proving the correctness of increasingly sophisticated compilers
for increasingly realistic languages. The most well known instance of this is the Comp-
Cert compiler [1,2] which uses the Coq proof assistant to both implement and verify
a multi-pass optimizing compiler from C to PowerPC, ARM, and x86 assembly, prov-
ing that the compiler preserves semantics of source programs. Several other compiler-
verification efforts have successfully followed CompCert’s lead and basic methodology,
for instance, focusing on multithreaded Java [3], just-in-time compilation [4], and C
with relaxed memory concurrency [5].

Unfortunately, these projects prove compiler correctness under a closed-world as-
sumption, that is, assuming that the verified compiler will always compile whole pro-
grams. Despite the immense effort put into verification, the compiler correctness the-
orem provides no guarantees about correct compilation of components. This whole-
program assumption is completely unrealistic since most software systems today are
comprised of many components written in different languages compiled to a common
target, as well as runtime-library routines that may be handwritten in the target lan-
guage. We need compiler correctness theorems applicable to the way we actually use
these compilers.

Formally verifying that components are compiled correctly—often referred to as
compositional compiler correctness—is a challenging problem. A key difficulty is that,
in the setting of compiling components, it is not clear how to even state the compiler cor-
rectness theorem. CompCert’s compiler correctness theorem is easy to state thanks to
the whole program assumption: informally, it says that if a source program Ps compiles
to a target program Pr, then running Pg and Pr results in the same trace of observable



events. The same sort of theorem does not make sense when we compile a component
es to a component er: we cannot “run” a component since it is not a complete program.

Intuitively, we want the compiler correctness theorem to say that if a component eg
compiles to er, then some desired relationship eg ~ er holds between eg and er. The
central question is: how do we formally specify es ~ er? To answer this question, we
must consider how the compiled component is actually used: it needs to be linked with
some e, creating a whole program that can be run. Informally, the compiler correctness
theorem should guarantee that if we link ep with e/, then the resulting target-level
program should correspond to the source component eg linked with /.. But, formally
speaking, how can one link a source component with a target component and what
are the rules for running the resulting source-target hybrid? These questions demand
a semantics of interoperability between the source and target languages. We give our
semantics of interoperability as a multi-language operational model. We then define
es ~ er as a contextual equivalence in that model.

There are two other important issues to consider when evaluating a compositional
compiler correctness theorem and its supporting formalism. The first is the degree of
horizontal compositionality that the model allows, that is, which target components e’T
may formally be linked with a compiled component. At the lower end of the horizontal
compositionality spectrum are fully abstract compilers. Full abstraction states that the
compiler both preserves and reflects contextual equivalence. Hence, a fully abstract
compiler preserves all of the source language’s abstractions, and compiled components
are only allowed to link with components that can be expressed in the source language.

But real systems often link together components from multiple languages with dif-
ferent guarantees and different expressive power. We are particularly interested in sup-
porting interoperability between parametric typed languages like ML and low-level
languages like C. Thus, full abstraction is often too restrictive. To support the whole
programs that we actually run, the compiler correctness theorem should formally sup-
port linking with as large a class of programs as possible, and in particular, should not
require an e/, to have been compiled from the same source language as er.

Abandoning full abstraction in favor of greater horizontal compositionality does not
require giving up all the guarantees of the source language. The compiler and its ver-
ification framework can be designed to preserve the source-level equivalences that are
critically needed without forbidding all foreign behavior. To show that different levels
of abstraction preservation are possible, we will deliberately pick a target language that
is more expressive than the source and design our compiler so that it is not fully ab-
stract. Our focus in this paper is on how to preserve the representation independence
and information hiding guarantees provided by type abstraction in our source language.

The second important issue for a compiler correctness framework is that we want
to be able to verify multi-pass compilers. For example, if we have a two-pass compiler
that compiles a source component eg to an intermediate-language component ey to a
target component er, we should be able verify each pass separately, showing es ~ e
and ey ~ er, and then compose these results to get a correctness theorem for the whole
compiler saying eg ~ erp. This is typically referred to as vertical compositionality.

We will show that our approach of using a multi-language operational model suc-
ceeds at both horizontal and vertical compositionality. In particular, we validate our



methodology by applying it to a two-pass type-preserving compiler. The compiler deals
with three languages: our source language F (System F with existential and recursive
types), an intermediate language C (the target of a typed closure conversion pass), and
our target language A (the target of a heap allocation pass).! The target language A
allows tuples and closures to live only on the heap and supports both mutable and im-
mutable references. Our closure conversion pass translates F components of type 7 to
C components of type 7€, where 7€ denotes the type translation of 7. The subsequent
allocation pass translates C components of type 7 to A components of type 7+*, where
74 is the type translation of 7.

To define the semantics of interoperability between these languages, we embed them
all into one language, FCA, and add syntactic boundary forms between each pair of ad-
jacent languages, in the style of Matthews and Findler [7] and of Ahmed and Blume [8].
For instance, the term CF7 (eg) allows an F component eg of type 7 to be used as a C
component of type 7€, while "FC(ec) allows a C component ec of translation type
7€ to be used as an F component of type 7. Similarly, we have boundary forms AC
and C.A for the next language pair. Non-adjacent languages can interact by stacking up
boundaries: for example, FC(C.Aep) (abbreviated FC.A(ep)) allows an A component
ep to be embedded in an F term.

FCA Design Principles Our goal is for the FCA interoperability semantics to give us
a useful specification of when a component in one of the underlying languages should
be considered equivalent to a component in another language. We realize that goal by
following three principles.

First, we define the operational semantics of FCA so that the original languages are
embedded into FCA unchanged: running an FCA program that’s written solely in one of
the embedded languages is identical to running it in that language alone. For instance,
execution of the A program ep proceeds in exactly the same way whether we use the
operational semantics of A or the augmented semantics for FCA.

Next, we ensure that the typing rules are similarly embedded: a component that con-
tains syntax from only one underlying language should typecheck under that language’s
individual type system if and only if it typechecks under FCA’s type system.

The final property we need is boundary cancellation, which says that wrapping
two opposite language boundaries around a component yields the same behavior as the
underlying component with no boundaries. For example, any ef : 7 must be contextually
equivalent to "FC(CF"ef), and any ec : 7° must be equivalent to CF™ ("FCec).

Compiler Correctness We state the correctness criterion for our compiler as a contex-
tual equivalence. For each pass of the compiler from a source S to a target 1", where .S
and T interoperate via boundaries S7 and 7S, define our source-target relationship by
es ~ er = eg gl ST (er):T.

We prove that if eg: 7 compiles to er, then eg =~ er. Since contextual equivalence
is transitive, our framework achieves vertical compositionality immediately: it is easy
to combine the two correctness proofs for the individual compiler passes, giving the
overall correctness result that if er compiles to ep, then ep ~ ex, or

eF %;tca 7:FC..A(eA) IT.

! We have extended our F to A compiler with a code-generation pass to an assembly language,
much like Morrisett ef al.’s stack-based TAL [6]. We will report on that work in a future paper.



Reasoning About Linking Our approach enjoys a strong horizontal compositionality
property: we can link with any target component e, that has an appropriate type, with
no requirement that e/, was produced by any particular means or from any particular
source language. Specifically, if er expects to be linked with a component of type 7" and
compiles to ep, then ex will expect to be linked with a component of type ((7/ )C)A. If
e), has this type, then using our compiler correctness theorem, we can conclude that
(er TFCA(eR)) ~° FCA(en €),
or equivalently,
ACF (er T FCA(eh)) ~° en €.
The right-hand side of this equality is exactly the A program we ultimately want to run,
and the left-hand side is an FCA program that models that program.

Contributions Our main contributions are our methodology and that we have proven
correctness for an open multi-pass compiler. We have designed a multi-language seman-
tics that lets us state a strong compiler-correctness theorem, and to prove the theorems,
we have developed a logical relation for proving contextual equivalences between FCA
components. The most significant technical challenges were related to interoperability
between languages with type abstraction, specifically, in designing the multi-language
semantics so it preserves type abstraction between languages (§5), and in designing
the parts of the logical relation that model the handling of type abstraction in a multi-
language setting (§9).

Due to space constraints, we elide various technical details and omit proofs. All
definitions, lemmas, and proofs are spelled out in full detail in Appendix B.

2 Related Work: Benton-Hur Approach

Before beginning our technical development, we compare our methodology to the only
prominent existing approach to compositional compiler correctness.

To eliminate the closed-world assumption, Benton and Hur [9] advocate setting up a
logical relation between the source and target languages, specifying when a source term
semantically approximates target code and vice versa. We will refer to a logical rela-
tion that relates terms from two different languages as a cross-language logical relation.
The relation is defined by induction on source-language types. Benton and Hur verified
a compiler from the simply-typed A-calculus with recursion [9]—and later, from Sys-
tem F with recursion [10]—to an SECD machine, proving that if source component
eg compiles to target code er, then eg and e are logically related. Later, Hur and
Dreyer [11] used essentially the same approach to prove correctness of a compiler from
an idealized ML to assembly.

However, the Benton-Hur (henceforth, BH) approach suffers from serious draw-
backs in both vertical and horizontal compositionality. First, the cross-language frame-
work does not scale to a multi-pass compiler. Both Benton-Hur and Hur-Dreyer handle
only a single pass. To achieve vertical compositionality in the BH style, one would
have to define separate cross-language logical relations relating the source and target
of each compiler pass, and then prove that the logical relations compose transitively
in order to establish that the correctness of each pass implies correctness for the entire
compiler. But this kind of transitive composition of cross-language logical relations has
been an open problem for some time. (We’ll discuss recent work towards addressing
this problem in §11.)



The second drawback to the BH approach is its limited horizontal compositionality.
Consider the situation where a verified compiler from language S to language 7’ is used
to compile a source component eg to some target code er. The BH compiler correctness
theorem tells us that eg and e are logically related. We wish to link the compiled code
e with some other target code e/ and verify the resulting program. To do this using the
BH framework, we must now come up with a source-level component €’y and show that
it is logically related to e/.. This is an onerous requirement: while it may be reasonable
to come up with e’y when the given e/, is very simple, it seems almost impossible when
e/ consists of hundreds of lines of assembly! Further, if e/, is compiled from some
other source language R, it may not even be possible to write down an €y in language
S that is related to e/..

Technically speaking, the BH approach does support linking with any target code
that can be proved logically related to a source component. But it cannot support link-
ing with any components that are not expressible in the source language. And we con-
tend that even for the theoretically-allowed cases, in practice the approach is limited
to allowing linking between only very simple components or components that were all
compiled from the same source language.

Overcoming BH Limitations By reasoning about components in the FCA setting, we
can overcome both limitations of the BH framework. We have already pointed out that
our framework admits vertical compositionality thanks to the transitivity of contextual
equivalence.

For the second limitation of the BH approach, consider a target component e/,
While the BH approach would need to find a related source component to fit e}, into
their framework, we only need to find an FCA component that looks like a source com-
ponent. Specifically, we can use e/, itself in a source context by wrapping it in appro-
priate boundaries: FC.A(e),).

3 The Languages

We begin our technical development with a few notes on typesetting and notational con-
ventions. We typeset the terms, types, and contexts of our various languages as follows:

— F (System F) in a blue sans-serif font;
— C (Closure conversion) in a red bold font with serifs;
— A (Allocation) in a purple sans-serif bold font.

For each of our languages, we will use the metavariable e for components and ¢ for
terms. In the first two languages, F and C, terms and components coincide, but the
distinction will be meaningful in language A. Similarly, all languages use 7 for types,
v for values, E for evaluation contexts, and C' for general contexts. We write fv(e)
to denote the free term variables of e and ftv(e) (or ftv(7)) to denote the free type
variables of e (or of type 7). We use a line above a syntactic element to indicate a list of
repeated instances of this element, e.g., @ = a1, ..., o, for n > 0. When the arities of
different lists are required to match up in a definition or inference rule, these constraints
will usually be obvious from context. Whenever two environments (e.g. A or I or ¥)
are joined by a comma, this should be interpreted as a disjoint union.
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Fig. 1. Definition of F (top), C (middle), and A (bottom)



Source Language Our source language F is System F with recursive types, existential
types, and tuples. The syntax of types and terms in F is shown in Figure 1 (top). We
combine type- and term-level abstractions of arbitrary arity into a single binding form
V[a].(T) — 7', abbreviating V[|.(7) — 7" as T — 7’. We define a small-step operational
semantics for F (written e — ¢) using evaluation contexts E to lift the primitive reduc-
tions to a standard left-to-right call-by-value semantics for the language. The reduction
rules are standard; we show only the application rule.

F’s typing judgment has the form A; I  e: 7. The type environment A tracks the
type variables in scope. The value environment [ tracks the term variables in scope
along with their types 7, which must be well formed under A (written A + 7 and
defined as ftv(7) C A). The typing rules are standard and hence omitted.

Intermediate Language Our intermediate language C, shown in Figure 1 (middle), is
nearly identical to F, with two exceptions. First, since this language is the target of
closure conversion, functions are not allowed to contain free type or term variables.
Second, we allow the partial application of a function to a type. Hence, C terms include
t[7] and we consider v[7] to be a value.

The reduction relation e — €’ is identical to that of F, and the typing judgment
A; T F e: 7 differs only in the rules for abstraction and application which are shown
in the figure. Note that the body of a C function must typecheck in an environment that
contains only the function’s formal arguments.

Target Language Our target A must serve as a target for heap allocation. Its design
is similar to the language A from [12]. Since we are compiling a source language
without mutable references, it would suffice for A to provide only immutable references
to functions and tuples that must now live on the heap. However, to provide a concrete
illustration of the ability to link with target code that cannot be expressed in the source
language, we augment A with mutable references to tuples.

The language A is shown in Figure 1 (bottom). Functions in A are stored only in
immutable cells on the heap, while tuples are stored in heap cells that can be either
mutable or immutable. We use 1) for the types of these heap values h. Mutable and
immutable references have types ref 1) and box 1), respectively. The terms ralloc (t)
and balloc (t)—which allocate mutable and immutable cells, respectively—each allo-
cate a new location £ and initialize it to the given tuple. The instructions read|i] £ and
write £ [i] <— v respectively read from and write the value v to the i-th slot in the tuple
(of length n) stored at ¢, assuming 0 < i < n. The type system ensures that writes are
only performed on mutable tuples.

Unlike F and C, the syntax of A distinguishes components e from terms t. A com-
ponent e pairs a term t with a heap fragment H. H can contain functions and tuples that
t may use by referring to locations in H. Intuitively, we need this notion of components
because a bare term t is not as expressive as C component. In particular, A does not
provide any way to dynamically allocate a location and initialize it to a function. We
discuss how the compiler produces components with heap fragments in §4.

Heap fragments are assigned heap types W. A heap fragment may reference lo-
cations that are to be linked in by another component, so the judgment W + H: W’
includes an external heap type W as an environment used in assigning H the type W’.
Here, W’ must provide types for exactly the locations in H. Each h in H must typecheck



under the disjoint union of the two heap types (W, W’). Similarly, a component (t, H)
can reference both external locations and those bound by H, that is, locations in the
domain of either the external heap type W or of H.

Our operational semantics for A is a relation between configurations (H | e). Any
code or data in the internal heap fragment of component e must be loaded into memory
before it can be run. We formally capture this with a reduction rule that “loads” a com-
ponent by merging its internal heap fragment with the external heap. When loading a
component (t, H), we must rename the locations bound in H so that they do not conflict
with the external heap. After the loading step, the term component t can be evaluated
using standard reduction rules.

The structure of A components also entails a small change to the structure of eval-
uation contexts, which are defined in two layers: contexts E expect components e, and
term contexts E; expect terms t. Terms are plugged into term contexts in the obvious
way. Plugging a component-level evaluation context E = (E;, -) with a component e is
defined by (E;, -)[(t, H)] = (Ed[t], H)

4 The Compiler

Compiling F to C Closure conversion collects a function’s free term variables in a
tuple called the closure environment that is passed as an additional argument to the
function, thus turning the function into a closed term. The closed function is paired
with its environment to create a closure. The basic idea of typed closure conversion
goes back to Minamide et al. [13], whom we follow in using an existential type to
abstract the type of the environment. This ensures that two functions with the same
type but different free variables still have the same type after closure conversion: the
abstract type hides the fact that the closures’ environments have different types.

We must also rewrite functions to take their free type variables as additional argu-
ments. However, instead of collecting these types in a type environment as Minamide et
al. do, we follow Morrisett et al. [12] and directly substitute the types into the function.
Like the latter, we adopt a rype-erasure interpretation, which means that since all types
are erased at run time the substitution of types into functions has no run-time effect.

Our closure-conversion pass compiles F terms of type 7 to C terms of type 7€.

Figure 2 (top) presents the type translation 7€ and some of the compilation rules. Since
this is closure conversion, the only interesting parts are those that involve functions.
The omitted rules are defined by structural recursion on terms.
Compiling C to A Our second compiler pass combines hoisting of functions with ex-
plicit allocation of tuples. It takes a C component (that is, just a C term t) of type T,
and produces an A term t as well as a heap fragment H with all the hoisted functions.
The component (t, H) is the overall output, and has type 7** under an empty exter-
nal heap. The heap fragment generated by the compiler does not contain tuples: the
compiler translates C tuples by generating balloc expressions, not by putting them in
a static heap fragment. The type translation and interesting parts of the term translation
are shown in Figure 2 (bottom).

5 F and C Interoperability

5.1 The Basics

We now present a formal semantics for interoperability between F and C. For now,
we define a combined language FC; in §6, we will extend this to FCA. Our FC multi-
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Fig. 2. Compiler from F to C (top) and from C to A (bottom)

language system embeds the languages F and C so that both languages have natural
access to foreign values (i.e., values from the other language). In particular, we want
F components of type 7 to be usable as C components of type 7€, and vice versa. To
allow cross-language communication, FC extends the original F and C with syntactic
boundaries, written "FC e (C inside, F outside) and CF"e (F inside, C outside).

The interesting cases in the semantics of boundaries are those that handle universal
and existential types. These must be defined carefully to ensure that type abstraction
is not broken as values pass between languages. First, though, we explain the general
principles of our boundary semantics by looking at the cases for simple types and their
translations.



CF Boundary Semantics A term CF"e has type 7€ if e has type 7. To evaluate this
boundary term, FC’s operational semantics require first that e be reduced to a value v
(using F reduction rules). Then a type-directed meta-function is applied to v, yielding
a value in C of type 7€ (written CF”(v) = v). An important restriction on this meta-
function, which we call the value translation, is that it is only defined for closed values.
This is sufficient for our needs because it is used only by the FC operational semantics,
and substitution-based reduction relations are defined only for closed programs. We
can still write FC programs with free variables appearing under boundaries, but by the
time we evaluate the boundary term, we will have supplied values for all of these free
variables.

At base types, value translation is easy: for example, translating a value n of type
int yields the same integer in C, n. Most of the other types are translated simply by
structural recursion.

The interesting case is the case for function types. Consider the translation of a
value v of type 7 — 7'. As per the type translation, this should produce a value of type
3B.{((B, 7€) — 7'), B). Since v is closed, we can simply use unit for the type 3
of the closure environment:

CF™ ™ ™' (v) = pack(unit,(v, ())) as 38-(((8, 7€) — '), 8)
We must still construct the underlying function v for this closure, which we can do
using boundary terms and the original function v:
v = A(z: unit, x: Tc).C]'-T/ (vTFCx).
The function we build simply translates its argument from C to F, applies v to the
translated argument, and finally translates the result back into C.

The full translation rule for functions must also handle type arguments and requires

some additional machinery, which we will discuss momentarily.

FC Boundary Semantics The term "FC e has type 7 when e has type 7€. As before,
to evaluate a boundary term, we first evaluate the component under the boundary, this
time to a value v. Then we apply a value translation "FC(v) = v that yields an F value
v of type 7. Again, this translation is only defined for closed values of translation type.

Let us consider the type 7 — 7/ again. A closure v of type (7 — 7/)¢ must be
translated to an F function that first translates its argument from F to C, then unpacks
the closure v and applies the code to its environment and the translated argument, and
finally translates the result back from C to F:

T T/FC(V) = A\(x: T).T/]-"C(unpack (B,y) = vinmi(y) m2(y) CFTx)

In both function cases, notice that the direction of the conversion (and the boundary
used) reverses for function arguments.

5.2 Handling Abstract Types

Now that we have established the general structure of boundary rules, we come to the
interesting cases, those for abstract types.

C

FC Type Abstraction Consider the type V[a].(a) = a. Since a© = a, the translation

of this type is
(Vo] .(a) = )¢ = 3B.((V][a].(B, @) = ), B).



If we naively try to extend the function case of the value translation given above, we get
the following:

viad (@) = “FC(v) = Aa](x: @).*FC(unpack (3,y) = vin 71 (y) [a€] 72 (y) CFX)

Note that we have not expanded o in the application produced by this translation. It
would expand to a C type variable c, but we cannot allow this, because that o would
be unbound! What we really want is that when « is instantiated with a concrete type 7,
the positions inside language C where that type is needed receive 7.

We resolve this by making two changes to our system: first, we add a type [«|
(which may be read as “« suspended in C”) that allows an F type variable to appear
in a C type. The F type variable « needs to be translated, but the translation is delayed
until « is instantiated with a concrete type. We enforce this semantics in the definition
of type substitution: [a][7/a] = 7€.

Second, we adjust the type translation to turn F type variables into suspended type
variables instead of C type variables. We call this modified version of the type transla-
tion the boundary type translation, and notate it by 7). Formally, the rule for type
variables in the compiler’s type translation is replaced by the rule a{® = [a] in
the boundary type translation. We only want to suspend free type variables, so when
we translate a type that contains bound variables, we need to restore the behavior of
the compiler’s type translation when we translate the binding position. We can do this
using a substitution, e.g., (3a.7)(¢) = Ja.(7(%)[a/[]]). Thus the boundary type
translation preserves the binding structure of the type to which it is applied.

With these two changes, we can correct the example above by replacing the appear-
ance of o€ with a{€), and we get a sensible translation from C to F for values of type

(V[a].(a) = a)C.

CF Type Abstraction Next, consider translating values of type V[a].(«) = « from F into
C. Once again, the existing machinery is not quite sufficient. Here is a naive attempt:

CF- ()= () = pack(unit, (v, ())) as (V[a].(a) = «){©
where v = A[a] (z: unit, x: ) .CF*(v [a] “FCx).

This time, we have translated the binder for « into a C binder for «, but we are left with
free occurrences of «v in the result! This is not a suitable translation, as we must produce
a closed value. Note that the boundary terms in the body of v expect to be annotated
with a type that translates to cx.

To fix this problem, we introduce a lump type L{T) that allows us to pass C values to
F terms as opaque lumps. The introduction form for the lump type is the boundary term
LT FCe, and the elimination form is CF-{"’e. A pair of opposite boundaries at lump
type cancel, to yield the underlying C value. We extend the boundary type translation
by defining L(7){¢) = 7.

Now the three free occurrences of «v in v can be replaced with L{c), yielding a
well-typed translation.

Summary With the additional tools of lumps, suspensions, and the boundary type trans-
lation, we have now developed everything needed for the FC multi-language system.
Figure 3 presents more of the details, including the complete value translations.



7= | L(7) T u= - | [&] Tu=T|T

tu=- |"TFCe tu=...|CFe eu=ec]e

Vo= e |L<T>]-'CV Vo= .- viu=v|v A= |Aal Ao
Euv=-. |7FCE Eu=- |CFE Eu=E|E [I':us=-[Lx7|x:7

Boundary Type Translation
v@al.(7)— (€ = 38.((V1@l.(8, 7O Ta/[al]) = 7‘Da/al]) , B)
ol = [a] unit'®) = unit int’®) = int Ja.7€ = EIa.(T(c>[a/ [a]])
par = po (e /[al)) () = (r©@) L) =7
Type Substitution: [o|[7/a] = (€

Include F and C rules, with environments replaced by A; I’

A;FFe:T<c> AT err

AT E"FCe:r A;F}—C}'Ten'(c)
Value Translation CF“"*(()) = () CF™(n)=n CF~7("rcv)=v
CFe-(M = 7' () = pack(unit, (v, ())) as (V[a].(F) —» 7')(©)

where v = A[a] (z: unit, x: 7(%) [/ |—o[|]).C]-'T,[L<°‘>/a] (v [L{a)] Tl /ol Fex)

CF* " (pack(r’,v) as 3a.7) = pack(r'{€) ,v) as Ja.7(C) where CF717'/¢] (v)=v
CF/*7 (foldya -v) = fold , _(c)V where CF™[17/l(y) = v
CF(o ) (v v)) = (Vg e vy Vi) where CFT (vi) = v;
"FC(v) = v | Value Translation “"FC(()) = () ™FC(n) =n Y7FC(v)=""rcCv
¥Ial-(7) = T'FC(v) = Ala] (x77).” FC(unpack (8, y) = v in w1 (y) [[a]] 72 (y), CF7x)
F@TRC(pack(r,v) as Ja.7{) = pack(L(7'),v) asJa.T  where T[L<T’>/Q]FC(V) =v

“a'TFC(foldua.T<c> v) = fold a7 v where TIHT/ARC(v) = v
EEERRE TRC((Viy v vy Vi) = (Vi, ..., Vn) where "FC(v;) = v;
Include F and C rules, replacing eval. contexts E, E with E.
CF" (v)=v "FC(v) =v T # L(T)
E[CF V] — E[v] E["FCv] — E|V]

Fig. 3. FC multi-language system (extends F and C from Figure 1)

The syntax of FC simply combines the syntax of F with that of C, and adds bound-
aries, lumps, and suspensions. The type judgment combines the type rules for F and
C, but with the environments replaced by environments that can contain variables from
both languages. We also add rules to typecheck boundary terms.

The cases of the value translations we have not yet covered mostly proceed by struc-
tural recursion, but note that the cases for existential types need to make use of lumps
and suspensions (the suspensions are introduced by the boundary type translation) in
ways that are dual to the function cases.

The reduction relation combines the reduction rules from F and C and adds rules for
boundaries. The boundary reduction rules use the value translations to produce a value
in the other language.



rim o | Lm = (o] | fa] 7= |7
t u=--- | "CAe t u=... | ACTe e n=---|e
Vo |L<T>C.Av V o= . v o= |v A= | Ao
E = ... | CAE E: == --- | AC"E E = |E I'u=-- | Iyx:7

(A Boundary Type Translation
via].(7) = 7 = box V[a].(r(A o/ Ta]]) = A e/ Te]]
aM=T1a] ... L =7 [l =[q]

Type Substitution: [a|[r/a] = (7<c>)<A> [a][r/a] = (A

W; A; ' e: 7| Include A rules and add W to existing rules
W;A;Fl—e:T<A> U, A ke T
W, AT F"CAe: T W;A;FFACTen-(A)

’ AC” (v,H) = (v,H’)| Value Translation (selected cases) ACU™E (), H) = ((),H)
ACY[®- ()= 7' (v H) = (¢, (H, £ — h))
where h = A[a] (x: 7(4) [a/faﬂ).AC"l[Mo‘)/o‘]v [L{c)] TL{e)/alc A x
ACT) (W), H1) = (£, (Hot1, £ — (V) where ACT: (vi, Hi) = (vi, Hi11)
’ TCA(v,H) = (v,H’) ‘ Value Translation (selected cases) uniteA (), H) = ((), H)
v[al-(P) = 'CcA(v, H) = (\[a] (x77).7 CA(v [[a]] ACTx), H)
TICA(L,H1) = ((V), Hny1) where H (£) = (v) and "CA(vi, Hi) = (vi, Hit1)
[(He) — (H'| )
AC” (v,H) = (v,H") TCA(v,H) = (v,H") 7 #L{7)
(H| ELACTV]) — (H'| E[v]) (H|E[TCAV]) — (H'| E[v])

Lift FC rules to new config.; replace E with £

Fig. 4. FCA multi-language system (extends Figures 1 and 3)

6 C and A Interoperability

The extensions to FC for interoperability with A are given in Figure 4. The principles
discussed in the development of FC still apply, but here we need to handle the presence
of the heap. Specifically, since functions and tuples in A are contained in the heap,
the value translations need access to the program’s memory. Going from C to A, the
value translation may allocate new memory for functions and tuples; going from A to C
requires looking up the contents of locations and translating those contents to functions
or tuples in C. Thus, we pass the current memory as an argument to the translations,
and return a memory that may have had additional locations allocated. Memory cells
allocated by boundaries are always immutable.

Aside from this change, the extension for the new language mostly follows what we
did for FC: we augment the syntax with boundaries between C and A, a lump type L{7)
for opaquely embedding A values into C, and suspensions of type variables into A. Note
that we need the boundary type translation from C to A to handle both C type variables
« and suspended F type variables [«]. Thus A has both [« and [« ] as suspension
types. The boundary type translation 7“4 works similarly to 7). The figure shows



C H|Cpt| | Ald(em).C |- | TFCC
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C = (Cy, ) | (t,Cn)

Coao=[]]--- | AC"C Ch :=Ch,£— h | H,£ — A[a](x:7).C:
C == C| C \ C

Cle] | Context Plugging (A cases shown)

(C H)[ ] = (Ct [t] (H H/)) €= (t? H,) A C; contains no language boundaries
v | (Cile], H) otherwise
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(H, € — @] (x77).Cy)[e] = H, £ — Ala] (x77).(C[e])

[FC:(W AT Fr)~ (WA T F )

Context Typing (omitted)

Contextual Equivalence
WA T e =7 (zngdéf WA Tk er:m ANV AT Feg:m A
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= ((H|Cla))l < (H|Cle2)!)

Fig. 5. General Contexts & Contextual Equivalence for FCA

the function case and the cases involving lumps and suspensions. The type judgment
merges the A type rules with the FC type rules, but where the latter are modified to
add the extra environment W, and adds type rules for boundaries. Finally, the reduction
relation for FCA lifts the FC reductions to use the configuration from A, with a program
heap. We also add the reduction rules from A and a pair of boundary reduction rules
that utilize the value translations.

7 Compiler Correctness

As mentioned in §1, we state compiler correctness in terms of FCA contextual equiva-
lence. Below, we formally define contextual equivalence for FCA components and then
present our compiler correctness theorems. We discuss how to prove these theorems in
§9 and give a longer discussion and the full proofs in the appendices.

7.1 FCA Contextual Equivalence

A general context C' is an FCA component with a hole. A component e can be plugged
into the context only if it is from the same language as the hole. Since contexts can
contain boundaries, e need not be from the same language as the outermost layer of C.
The syntax of general contexts is given in Figure 5 (top). Contexts for F and C forms are
standard. In A, we need contexts to be able to have their hole in either the term part of a
component, or in the body of a function contained in the heap fragment. So in addition
to contexts C that produce components, we have context forms C; and Cy that produce
terms and heap fragments, respectively.



When plugging an A component (t, H) into a context C, the heap fragment H is
placed at the innermost component-level layer of C—that is, at the language boundary
closest to the hole—and merged with the heap fragment already in that position. To
formalize this, the A portion of the definition of plugging a component into a context is
given in Figure 5 (middle). The definition of plugging for F and C contexts is standard.

Given this notion of general contexts, contextual equivalence for FCA is standard
(see Figure 5, bottom). It says that two components e; and ey are contextually equiva-
lent under environments W, A, I" and at type 7 if the following hold: First, both com-
ponents must typecheck under W, A, " at type 7. Second, if C is a context that expects
to be given a component that typechecks under W, A, I" at type 7, and produces a re-
sulting program that is closed but expects to be run with a heap of type W', then Cleq]
and Cez] have the same termination behavior when we run them with any initial heap
H that has type W’.

7.2 Compiler Correctness
We can now state our main result: compiler-correctness theorems for both passes of our
compiler.

Theorem 1 (Closure Conversion is Semantics-Preserving). If a;x: 7/ | e: 7 ~ g,
then -;a;x: 7/ - e =% TFC(e[[a] /] [CF™'x/x]): T.

Theorem 2 (Allocation is Semantics-Preserving). If ci;x: 7/ - e: 7 ~ (t, H: W),
then ;a;x: 7' F e = TCA(t[[a]/a] [ACT' x/x],H): T.

The formal theorems are essentially as we described our compiler correctness re-
sults in §1, with only one additional subtlety: we need to perform a substitution so that
the free variables of the original component match those of the compiled component.
Recall that the compiler turns free type and term variables « and x into type and term
variables a and x from the next language, whereas FCA needs the binding structure of
components to be preserved, including free variables being in the language prescribed
by the type environments A and I". To get the free variables of the two components
back into sync, we substitute suspended type variables for translated type variables, and
we substitute boundary terms for translated term variables. Note that we do not need to
perform a substitution in the heap fragment produced by the allocation pass, since heap
values must be closed anyway.

We could equivalently have stated these theorems with the substitution on the other
side, and the environments correspondingly translated; e.g.

s@%x: ¢ Fell{a)/a] [FFCx/x] = TFCe:#,
where 7 = 7[L{ar) /a] and 7/ = 7'[L{c) /.

It also does not matter which side the boundary term is placed on: boundary cancel-
lation lemmas allow us to prove as a corollary that, for example,

s Xt E CF e n™ em [C]—'T/x/x] e
Since we want to ensure that type variables in the environment remain tied to their
free occurrences in the result type, this version of the theorem uses the boundary type
translation 7(¢) for the result type (instead of the compiler’s type translation 7).

Contextual equivalence is transitive, so we can easily chain these theorems together
to prove correctness for the full compiler:



Corollary 1 (Compiler Correctness). If a;x: 7' Fe: 7 ~» e ~ g, then
s x:r Fex™ TFCA(e[[a]/a][ACFT x/x]): 7.

8 An Example

We can use our compiler correctness theorem to make statements about linking with
arbitrary A components, as long as they have translation type. In this section, we present
an example showing how our framework allows linking both with A components that
cannot be expressed in F, and with those that can. To keep our example concise, we use
variable substitution as a simple notion of linking.

Consider the component

e = (Ag:unit—int. (g () * (g ))) x,

where -; +; (x: unit — int) - e:int. In F alone, only divergent or constant functions can
have type unit — int, but if we are compiling to A before linking, we could be given a
component that makes use of A’s mutable references.

Putting e through the first compiler pass, we get a C component that contains several
administrative reductions. The complete result of compilation is shown in Appendix B,
but for readability, we pretend that e compiles to

e = (Ag:Ja.{(a, unit)—int, &) .(unpack (3, z) = gin (7w1(z) 72(z) ()))
* (unpack (8, z) = gin (m1(2) 72(2) ()))) %,
which is equivalent to the actual result of compilation, and has exactly the same function

body as the closure produced by the compiler.
The second pass brings us to an A component e = (t, H), where t = £ x and

H = ¢ +— Ag:3a.box (box (v, unit) — int, o).
((unpack (8,2) = gin ((read[1] 2) (read[2] z) ())) *
(unpack (3,z) = gin ((read[1] z) (read[2] 2) ()))).
By compiler correctness, we know that o
5+ (x:unit — int) - e =" MFCA(e[ACFUM 7 My /x]) :int.
Equivalently, _ o
5o (ke T) EACF ™ (e[ 7 MEC A x /X)) & e:int,
where 7 = unit—int{©) (4 = Ja.box (box (v, unit) — int, a).

Suppose we want to instantiate x with the following A component, which creates a
function that uses a mutable reference to return the number of times it has been called:
e’ = (pack(ref int,balloc (£, ralloc {0))) as T,

£ — A(x:refint,z: unit). lety = read[1] xinletz = writex [1] «— y + 1iny 4 1).
We would then have _ o
5o E ACF™ (e[ 7 MEC A’ /X)) = ele’ /x]:int,
The right-hand side of this equivalence is exactly the pure-A program that we would ul-
timately run, and the left-hand side is an FCA program that models it. Note that on either
side of the equation, the function exported by e’ will be applied to the unit value twice,
returning 1 the first time and 2 the second time. An F function could not exhibit this

behavior. This demonstrates how our framework allows for linking with components
that are not expressible in F.



If we want instead to link with a different A component € that was compiled from
an F component &, we can still make the statement

ceF AC]_—int(e[unit — int]_—cA é/X]) ot e[é/x] tint,

but we can also simplify this statement using our additional knowledge of €. Our com-
piler correctness theorem tells us that

e b ACUMIE it g et o
From this, we can infer that
o B ACF ™ (e["METIMEC A(ACF M TN 8) /x]) A ef8/x] sint.
Applying boundary cancellation yields
e b ACF ™ (e[a/x]) &% e[a/x]:int.

Now we are essentially equating the pure-A program with a pure-F program, since the
only multi-language element in this statement is the integer boundary at the outermost
level, which merely converts an n to n. This demonstrates that when we do have source-
language equivalents for all our target-level components, our framework allows us to
model target-level linking with source-level linking.

9 Proving Compiler Correctness

To prove the compiler correctness theorem, we design a step-indexed Kripke logical
relation as a sound and complete model of contextual equivalence in FCA. Our logical
relation extends that of Dreyer et al. [14] with the ability to handle multi-language type
abstraction. We give an overview of the logical relation and a more detailed discussion
of its novel features in Appendix A. In this section, we briefly discuss the high-level
ideas behind our model’s novel elements.

A logical-relations model provides a relational value interpretation of each type
7. This relation, which we denote V[7], specifies when two values of type 7 should
be considered related or equivalent. When 7 has free type variables, an environment
p holds arbitrary relational interpretations for those abstract types. The relations in p
capture the invariants of different instantiations of polymorphic values, which allows us
to prove parametricity properties.

The interpretation V[« p is defined by just looking up p(«). To prove important
properties of V[7]p for all types, we must ensure those properties hold in the « case
by constraining the relations we can put into p to require these properties to hold up-
front. Interpretations that satisfy these properties are called candidates or admissible
relations.

In our multi-language setting, the two key properties we need to require for admis-
sibility are boundary cancellation and the bridge lemma. The bridge lemma states that,
given a pair of values v; and v, related according to the interpretation V[ 7] p, the CF’
translations of those values must be related according to V[[T<C> ]p- Similarly, given val-
ues v; and v, related according to V[7(®)]p, their "FC translations must be related
according to V[7]p. (We also require the analogous properties for the second pass.)

The type translation of « is [«], so in order for the bridge lemma to hold at type «,
we need a suitable definition of V[[«]]p, which necessarily will depend on p(«). One
naive definition we tried is the set of translations of values from p(«), roughly:

VITallp = {(vi,v2) | (vi,v2) € pla) A CE(v) = vi}.



While this definition does let us prove the bridge lemma at type «, it does not satisfy
boundary cancellation: if vy and vy are related according to this definition of V[[«]]p,
it is not necessarily the case that CA(AC(v1)) and v are related.

All the ways we tried to define V[[«a]]p by a simple formula in terms of p(«)
failed for similar reasons. Instead of giving a uniform definition, we took the viewpoint
that if the properties of p(«) must be given a priori, then the particular relations with
those properties that instantiate V[a]p and V[[«/|]p should be given a priori as well.
Specifically, in our model, an interpretation p(«) not just given by a relation on F val-
ues, but by a triple containing the relation on F values, a relation on C values to serve
as its “translation” and instantiate V[[«/|]p, and a relation on A values to instantiate
V[[a]]p- Similarly, an interpretation p(cx) is given by a pair containing a C-level rela-
tion and an A-level relation. For p(c), since A is the target language, only one relation
is needed.

This strategy moves the burden for defining the “translations” of candidate relations
to the places in our proof development where individual candidates are needed. But in
all these places, there is some specific information available about the relation, so it was
not difficult to construct them.

10 Discussion and Future Work

Software is composed from components written in different languages because different
languages are suited to different tasks. We have provided a novel methodology for ver-
ifying open, multi-pass compilers, one that yields a stronger theorem than any existing
work, allowing target-level linking with components of arbitrary provenance regardless
of whether the component can be expressed in the source language compiled by the
verified compiler.

Adding Compiler Passes Adding more intermediate languages to our compiler pipeline
requires extending the multi-language model with new boundary forms and translation
rules, and extending the logical relation with new clauses. Our aim is that the proof
structure should be as modular as possible, so that the major lemmas and the correct-
ness proof for one compiler pass can be completed independently of the rest of the
pipeline. Presently, since our admissible relations design requires relations from mul-
tiple languages, we have a small number of places where a proof about one pass is
affected by the other languages and passes. We hope to improve our proof engineering
so that proofs for existing passes are unaffected when the compiler pipeline is changed.

Compiling to Assembly We have extended our compiler with a code-generation pass
that translates A components to a stack-based typed assembly language, T. The latter
is similar to Morrisett et al.’s stack-based TAL [6] but with a type system that tracks
more information. Informally, the T type system allows us to track calls and returns of
semantic “functions” that may span multiple basic blocks, and to determine the “return
type” of such functions. With this information, we are able to give a formal definition of
contextual equivalence for T that makes distinctions about assembly at an appropriate
level of granularity. That is, we relate assembly language components comprised of any
number of basic blocks, rather than relating individual basic blocks. An equivalence
relation based on individual blocks would be too fine grained; for instance, it would
be unable to relate two components with an unequal number of basic blocks that may



have been produced by compiling two equivalent source terms. We are working on the
proofs for this pass and will report on it in a future paper.

Mutable References Consider adding mutable references to F and C. For the first com-
piler pass, we would extend the type translation with (ref 7)¢ = ref 7. When defining
interoperability at type ref 7, it doesn’t make sense to convert an F location ¢ into a fresh
C location £ (and vice versa) since it would lead to duplication of mutable cells in the
interoperating languages and these would be impossible to keep in sync. One solution is
to treat a wrapped location (e.g., " 7FC¥) as a value form. Operations on these wrapped
locations can be performed by reduction rules such as these:
1(efTFCe) — TFC(10)  (FTFCE) = v — "MFC (0 = CFTV),

where !v is a dereference and v := V' is an assignment. Passing references between C
and A can be done analogously. While these interoperability semantics are straightfor-
ward, we expect to find nontrivial challenges in designing a logical relation to properly
handle the wrapped-location value forms they introduce.

Supporting Realistic Interoperability We are particularly interested in supporting target-
level interoperability between a language with parametric polymorphism such as ML
and languages without type abstraction such as Scheme or C. For instance, given a
generic tree library compiled from ML, we want to allow code compiled from Scheme
or C to be able to use the library but ensure that such use cannot invalidate ML’s para-
metricity guarantees by inspecting values that have abstract type on the ML side. In this
paper, we have shown how to preserve ML’s parametricity guarantees part-way through
the compiler. Going forward we wish to develop a gradually typed assembly language
that, following Matthews and Ahmed [15], uses dynamic sealing on the untyped side to
enforce parametricity guarantees provided by type abstraction on the typed side.

11 Related Work

The literature on compiler verification spans over four decades but is mostly limited
to whole-program compilation; we refer the reader to the bibliography by Dave [16]
for compilers for first-order languages, and to Chlipala [17] for compilers for higher-
order functional languages. We have already discussed the existing work [9,11] on
compositional compiler correctness in §2. Here we focus on other closely related work.

Dreyer et al. have recently been working on Relational Transition Systems (RTS’s) [18]
that may provide an alternative cross-language specification technique that is designed
to make it possible to prove transitivity. Regardless, it is still not easy to do: see their
technical report [19] where they prove transitivity for their single-language RTS system
for an idealized ML. It is a non-trivial task to do this for multiple cross-language RTS’s.
Additionally, even if the RTS approach proves effective for verifying a multi-pass com-
piler, it still does not address the problem of linking with a component e/ for which
there is no related source-level €.

The design of our multi-language system builds on that of Ahmed and Blume [8],
who developed a boundary-based multi-language system embedding the source (STLC)
and target (System F) of CPS translation. Ahmed and Blume did not have type abstrac-
tion in the source language, which meant that they did not have to make use of lumps
or suspensions, nor design a logical relation to handle these. Our semantics preserva-
tion proof is analogous to theirs. However, since they were interested in fully abstract



CPS translation, they designed their type translation to disallow linking compiled code
with target components whose behavior cannot be expressed at the source level. The
additional work that they do to prove full abstraction provides a roadmap for how to
extend our methodology to prove full abstraction in a setting where the type translation
enforces it.

Tov and Pucella [20] design a multi-language semantics for interoperation between
a language with an affine type system and a conventional language, where both lan-
guages support polymorphism. Their semantics allows only closed terms to appear un-
der boundaries, which allows them to use slightly simpler machinery than our lumps
and suspensions. But this restriction means that their model would not admit a state-
ment like our compiler correctness theorem, since we use a boundary to relate source
and target components that may have free variables.
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A Multi-Language Logical Relation

Our compiler correctness theorems are stated in terms of FCA contextual equivalence,
but proving contextual equivalences directly can be hard or even intractable due to the
quantification over all contexts C' in the definition of ~“*. We prove our compiler-
correctness theorems by way of a logical relations model of FCA.

Specifically, we design a step-indexed, biorthogonal, Kripke logical relation, which

extends the standard Kripke logical relations design (such as that of Dreyer et al. [14])
with the ability to handle multi-language type abstraction. We prove that logical equiv-
alence is sound and complete for contextual equivalence, and then we are able to prove
our compiler correctness theorems in terms of logical equivalence. In this appendix, we
discuss the novel aspects of our logical relation and the major steps needed to complete
these proofs. We elide many non-novel details of the construction. Full definitions are
given in Appendix B.
Overview of the Logical Relation The basic idea of logical relations is to define an
equivalence relation on program terms by induction on the structure of their types. For
instance, two functions are related at the type 73 — 77 iff relatedness of their arguments
at type 71 implies relatedness of their results at type 7»; two tuples of length n are related
at type (71, ..., 7,) iff their i-th components (for all 1 < i < n) are related at type 7i;
etc.

In the presence of state, one has to make use of Kripke logical relations, which are
indexed by possible worlds W . Kripke logical relations are needed when relatedness
only holds under certain conditions; possible worlds allow us to capture these conditions
and specify constraints on how the conditions may evolve over time. Our worlds W will
specify constraints on heaps; we write (H1, H2) : W when the heaps H; and H, satisfy
W. For instance, two locations ¢; and ¢, should only be related at type box 1 if: they
actually exist in any heaps that satisfy the current world IW; if they contain heap values
related at type 1/; and if W specifies that they are immutable cells—whose contents
will remain unchanged in all future worlds W’ that are accessible from W (written
W' 3 W, where J is pronounced “extends”). An important property of Kripke logical
relations is monotonicity, which says that relatedness of two values in world W implies
relatedness in all future possible worlds W' accessible from V.

Finally, step-indexed logical relations allow one to easily deal with features that
lead to “circularities” in the construction of semantic models, e.g., recursive types and
mutable references to functions. The idea is roughly to define the logical relation by
induction on a natural number that, intuitively, corresponds to the number of steps of
computation for which two programs behave in a related manner.

The important pieces of our logical relation are given in Figures 6 and 7. The big
picture is that we define a value relation V[7] that relates closed values at type 7, a
continuation relation K[7] that relates closed continuations (evaluation contexts) with
a hole of type 7, and a term relation £[7] that relates closed terms at type 7. Each of
these relations is indexed by a world W and we build each of these relations out of
well-typed values, continuations, and terms, as captured by the “Atom” definitions at
the top of Figure 6. We then generalize the definition to open terms (written W; A; I" -
e1 X egiT).

Our worlds are structured as W = (k, W, Wy, ©), where k is the number of
computation steps we have left, W; and W, are the heap types that any H;, H, must



TermAtom|[r, 72] ={(W,e1,e2) | W € World A

W 5-Ferim A WWsa; - Feaima }
ValAtom[71, 72] = {(W,v1,v2) € TermAtom|[ri, 72] }
ContAtom|[r1, 72| ~ [11, 73] = {(W, E1, E2) | W € World A

W, Wy, b By (WoWis - b o)~ (Wi 7))}

TermAtom|[7]p = TermAtom[p1 (1), p2(7)]

ValAtom[7]p = ValAtom|[p1(7), p2(7)]
ContAtom(rlp ~ []o' = ContAtom[p1(7), pa(r)] ~ [p(r"), pb(r")]
V[unit]p ={(W,(),()) € ValAtom[unit]p }

V[int]p = {(W,n,n) € ValAtoml[int]p }

V]alp = p(a).¢"

V[V[a].(t) = 7']p= { (W,v1,v2) € ValAtom[V[a].(T) — 7']p |

YW’ 3 W.VVR € FValRel. ¥, vs. (W' vi,v5) € V[r]pla — VR]
= (W’,v1[VR.71]| Vi, v2 [VR.12] V5) € E[7']pla — VR] }
V[3a.7]p = {(W, pack(r1,v1) as p1 (a.7), pack(72,v2) as p2 (Fav.7))
€ ValAtom[Ja.7]p |
JVR € FValRel.
VR.ri =71 A VR =712 A (W,vi,v2) € V[r]plao — VR] }
V[pa.r]p ={ (W, foldp1 (pee) Vi foldp2(ua.7_) v2) € ValAtom[ua.7]p |
(W,vi,v2) € BV [r[pa.T/a]]p }
VI{r,...,m)p = { (W, {vi1, ..., Vi), {(Vo1, ..., Von)) € ValAtom[(71,...,T)]p |
Ve {10} (Wyvgva) € VInlo}
VIL()]p ={(W, pr(Lr) VFCv1, P2 FCY,) € ValAtom[L(T)]p |
(W,vi,v2) € V[rlp}

Vialp =p(a)®  V[[a]]lp = p(a).¢
VIL(7)]p = {(W, e Ay, P2 TC A v,) € ValAtom|[L(7)]p |
( 7"17"2) € V[[’T]]p}
Vialp =p(a)e®  V[[allp=pla)e*  VI[allp=pla).e”

Fig. 6. FCA Logical Relation



Klrlp={ (W, E1, E2) € ContAtom][r]p ~ [r']p | VW', vy, va.
W Jdpus W A (W v1,v2) € V[r]p = (W', E1[v1], E2[vs]) € O}
Elrlp = { (W, e1,e2) € TermAtom|[r]p | VE1, Es.
(W, Er, E2) € K[7lp = (W, Exe1], Exle2]) € O}
O ={(W,er,e2) | V(Hi,Ho) : W. ((Hi [ er)] A (Hz2[e2)]) Vv
(running(W.k, (H1 | e1)) A running(W.k, (H2 | e2)) }

D[] ={0}

D[4, ] ={pla— VR] | p € D[A] A VR € FValRel }
D[A, o] = {pla— VR]| p € D[A] A VR € CValRel }
DA, o] ={pla— VR]| p € D[A] A VR € AValRel }
HI ] = World

HIW, £:°4p] = H[W] N {W € World | (W, £,£) € V[box]0}

HW, £: ] = H[W]N{W € World | (W, £,£) € V[ref )]0}

Gl ={(W,0) | W € World }

Glhz:7lp  ={(W,v[z— (vi,v2)]) |y € G[LTp A (W,v1,v2) € V[7]p}

\U;A;Fl—el%engti;f\U;A;F}—el:T AW ATEe:TA

YW, p,v. W € H[W] A p € D[A] A (W,7) € G[Ip

= (W, pr(m(e1)), p2(12(e2))) € E[7]p
Fig.7. FCA Logical Relation (Continued)

have if they are to satisfy W, and © is a sequence of islands that specify invariants
on disjoint parts of the heap. We will leave further details of worlds and islands to the
online technical report, except to say that we reserve the first island for tracking all the
immutable cells in the two heaps. We abstract the process of adding immutable cells to
this island by using an operation W B (H1, H) (“box-plus” for adding boxes to W).

The standard practice is for each of the above relations V, IC, £ on 7 to be parametrized
by a mapping p that provides relational interpretations for the free type variables in 7.
For now, assume that p maps type variables « to triples VR ::= (71, 72, ), where 71
and 7, are the types used to instantiate « on the left and right sides, respectively, and ¢
is a relation between values of those types, that is, a subset of ValAtom|[ry, 72]. We will
explain shortly why this structure is not quite what we need, but it suffices to explain
the general principles of the logical relation. We write p; for the substitution that in-
stantiates each o € dom(p) with the corresponding 71, and ps for the substitution that
instantiates as with 75s.

We briefly walk through the F cases of the value relation, which are shown in Fig-
ure 6. Values of base type are related if they are the same value. Values are related at
type « if they are in the relational interpretation of «, p(«).o (For now, ignore the su-
perscript on ¢ in the figure). Functions are related if, at any point in the future, applying
them to related arguments will yield related results. Packages are related at existential
type if there exists some interpretation VR of the abstract type under which their bodies



are related. Values of recursive type are related if unfolding the recursion yields values
that are related after expending a step (denoted by the > operator). Tuples are related if
all their components are related. And finally, lumps are related if the underlying values
are related.

We elide most of the cases of V[7] p for C and A types. The only difficult case is the
case for suspended type variables, which we will return to shortly.

In the term relation E[7]p, two terms are related if running them in related contin-
uations gives related observations. Two continuations are related in KC[7]p if whenever
we are given related values in some future world (under a restricted notion of public
future worlds; see Dreyer ef al.), then running the continuations with those values gives
us related observations. This technique of defining the term relation £ by appealing to
a continuation relation /C is referred to as biorthogonality or T T-closure, and it yields
a logical relation that is complete with respect to contextual equivalence.

Under the relation O, two closed terms give us related observations in world W if],
when we run them in two heaps that satisfy W, either they both terminate, or they are
both still running after k steps, where k is the number of steps allowed by .

Finally, our notion of logical equivalence (bottom of Figure 6) lifts £[7]p to open

terms. It says that e; and es are related if, given a world (which must satisfy the heap
type W), a mapping p (which must satisfy some properties to be discussed shortly), and
a pair of substitutions v (where the values being substituted must be related), we get
related components by closing off e; and e, with p and ~.
Admissible Relations Thus far, we have avoided discussion of what properties an inter-
pretation VR of a type variable o must satisfy to be considered admissible. Usually,
these requirements stem from any lemmas that we need about V[7]p: Since 7 = ais a
base case, these properties need to hold for any interpretation of a.

In our setting, the two properties we need are boundary cancellation and the bridge
lemmas. We have already discussed boundary cancellation, but we give an alternate
statement of it in terms of V[7]p, which must be proved on the way to proving the
version stated in §1:

Lemma 1 (FC-CF Boundary Cancellation).
If (W,v1,v2) € V[7]p and "TFC(CF™ (v2)) = v, then (W, v1,v5) € V[7]p.

Statements of boundary cancellation for the other pairs of opposite boundaries are sim-
ilar.

The bridge lemmas state that if two values are related at a given type, then their
translations are related at translation type. Or, in the other direction, if two values are
related at translation type, their backward translations are related at the corresponding
source type. These lemmas are needed to prove soundness of the logical relation for
contextual equivalence. One of the cases of the bridge lemma is as follows:

Lemma 2 (FC Bridge Lemma).
If (W, v1,va) € V[r{9]p, FC(v1) =V}, and "TFC(v2) = Vb,
then (W,vi,v5) € V[7]p.
We need to build in requirements that any relations we put into p satisfy boundary

cancellation and the bridge lemmas. We will do this in layers, defining sets of relations
that enforce progressively more of these properties.



ValRel[r1, 7] = { " C ValAtom[r1, 2] | Y(W, v1,v2) € 7.
(YW’ I W. (W, vi,v2) € ) A
Wi, vh. (TFC(CF™ (v1)) = vi = (W, vi,v2) € o7 ) A
(TFC(CF™(v2)) = vh = (W,v1,v3) € o)}
ValRel[71, 2] = { ¢© C ValAtom[r1, 72| | V(W, v1,v2) € ©°.
(VW' I W. (W’ ,vi,va) € o) A
V(Hi, H2): W. Vv, vi, Hi, Hj.
(T'CA(AC™ (v1,H1)) = (vi, Hi WH}) = (WH (H],-),vi,va) € ) A
(T:CA(ACT (v, H2)) = (vb, Hz & H5) = (W 8 (-, H1), vi, v4) € ¢°)}
ValRel[71, 2] = { ¢? C ValAtom[71, 7] | V(W, v1,v2) € 0. YW I W. (W’ v1,v2) € ¢}
TransRel®[r, ] = {¢° € ValRel[n(C),Tg <C)] | V(W,v1,v2) € o°.
Vv, vh. (CF(TFC(v1)) = vi = (W, v, v2) € o) A
(CF™2(™FC(v2)) = vh = (W, v1,v%) € 99)}
TransRel™ 11, 72] = { ¢ € ValRel[r1 Y 7 0] | VW, w1, v0) € 2.
V(H1, H2): W. Wvi, vp, HY, Hj.
(ACT (T'CA(v1, H1)) = (vi, H1 W H]) = (W B (H1, ), v{,v2) € ¢ ) A
(ACT2(T2CA(v2, H2)) = (v5, Ha W H3) = (W B (-, H3), v1,v3) € ™)}
CF(m1,m,07) = {(W,v1,v2) | (W,v1,v2) € o7 A CF™(vi) =vi A CE2(vs) = va}
if o € ValRel[r1, 7]
FC(11,72,9%) = {(W,v1,v2) | (W,v1,v2) € ¢ ATFC(vi) =vi A FC(v2) = vo}
if goc € TransRel€ [11, 2]
AC(71,72,99) = {(W B (H], H}),vi,v2) | (Hi,H2): W A (W,v1,v2) € 0% A
AC™ (v1,H1) = (vi,Hi WH]) A AC™2(va,Hs) = (v2, Ho WH3)}
if goc € ValRel[71, 72]
CA(T1, T2, 0%) = {(W,v1,v2) | (H1, H2): W A (W,v1,v2) € 9™ A
T1CA(vi, H1) = (vi,H1) A T™CA(v2,H2) = (v2,H2)}
if o € TransRel*[ry, 72]
FValRel = { VR = (11,72, o7, 0%, o) | ©F € ValRel[r, 7] A
©° € TransRelC[r1, 2] A ¢ € TransRel*[r1 (€, (€] A
CF(r1,m,0") C 0 A FC(r1,m,0%) C o A
AC(T1<C>,’7'2(C>,QOC) Cet A CA(T1<C>,7'2<C>,90A) - L,DC}
CValRel = { VR = (11,72, 9%, 0?) | ¢© € ValRel[71, T2] A
©* € TransRel*[11, 72] A AC(71,72,9%) C p* A CA(T1, T2, 0%) C ¢“}
AValRel = { VR = (71, 72, o) | ¢ € ValRel[r1, 7|}

Fig. 8. Admissible Relations



Boundary cancellation requirements are straightforward to state, but we must ac-
count for the fact that not every relation on C or A values relates terms of transla-
tion type. The first layer of our admissible relations definition, ValRel[r, 72], requires
monotonicity and “forward” boundary cancellation, that is, the cases of boundary can-
cellation where we translate a value to a language further forward along the compiler
pipeline, and then back. This is given in the top part of Figure 8.

The second layer, TransRel, also requires backward boundary cancellation when it
is appropriate, that is, when we are viewing a particular relation ¢ as being a translation.
It is given in the second part of Figure 8.

Now we need to enforce the bridge lemmas. Since a{®? = [«], the base cases of
the bridge lemmas require us to show that the translations of elements of V[a]p are
elements of V[[«]]p. Therefore, we need to define not only our admissibility criterion
but also V[[a]]p in such as way as to enable a proof of the bridge lemma.

Since [« stands for the translation of whatever type instantiates «, it makes sense
to think of V[[«]]p as the translation of the interpretation of «. This suggests a defini-
tion mirroring the bridge lemma itself:

VI[a]lp = {(W,v1,va | CFPl(O‘)(vl) =VviA Csz(a)(VQ) =vH A
(W’ Vi, V2) € p(o‘)'@}

Indeed, the bridge lemmas hold under this definition. But with this solution, forward
boundary cancellation does not hold for V[[«]p. To see this intuitively, recall that
different sequences of translations produce syntactically distinct values, even starting
from the same value and ending up in the same language. Forward boundary cancel-
lation requires V[[«]]p to be inhabited by values that were produced by translating
up from A after any other translations. Though we can appeal to boundary cancellation
properties of p(a).p to cover many sequences of translations, the definition still only
allows values that were last translated down from F.

One strategy we explored to overcome this was to define V[[«]]p as a closure of
the set above. But directly closing this set with respect to the boundary cancellation
operations we need disrupts the proof of the bridge lemma, and a more general closure
with respect to equivalence, such as T T-closure, fails because we need to use this
equivalence-closure before we have proven that applying opposite translations actually
produces equivalent values (since this property is exactly boundary cancellation).

Ultimately, instead of trying to do all the work in the definition of V[[«a]]p, we
take a different approach, and define the needed “translations” of each relation ¢ up-
front. We do this by changing the structure of VR to include not just one relation ¢
on values in the language of the type variable whose interpretation is being given, but
also an additional relation in each language below that. Thus, interpretations of F type
variables contain relations ¥, ¢, and p4; interpretations of C type variables contain
relations ¢© and ¢*; and interpretations of A type variables contain only relations ¢*.
We require that these relations satisfy bridge properties between each other, as shown
in the bottom half of Figure 8. We define V[a]p = p(a).oF, V[[a]]p = pla).¢%,
and the other variable and suspension cases of V' similarly, as shown in Figure 6.

At the end of Appendix B, we give a simple example of proving a contextual equiv-
alence that demonstrates how we can construct these multiple-relation interpretations
such that all the needed properties are satisfied.
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1 Source language: F

T = a | unit | int | V[@].(F)— 7 | Ja.7 | poT | (T)
e u=1t
tu=x|()|n|tpt|ifottt]| Aa](x:7).t | t[7]t | pack(r,t)asJa.7 | unpack (o, x) =tint | fold,n -t

| unfoldt | (t) | mi(t)

T

= () | n | A@](x77).t | pack(r,v)as3a.7 | fold,n.r Vv | (V)

[]|Ept|vpE|if0Ett | E[F]t| v[T]VEt | pack(r,E)as3a.7 | unpack (a,x) =Eint | fold,q.- E
| unfoldE | (v,E,t) | mi(E)

A= A«

re=-|Mx:r

1.1 Well-Formed Type

a€c m AakT AabT AabT AbFT - AT,
At a A+ unit AFint A+Val.(7)— 7’ A+ Ja.r A& por AF(r,.. ., ™)

1.2 Well-Formed Type Environment

AT AT
Al - AFT x:7
1.3 Well-Typed Component
x:T el AT Fty:int AT Fto:int
AT Ex:T A;TE():unit A;T Fn:int AT Hty pty:int
A;T Fty:int AT HtoT AT Hts:r Aol xrkt:r
AT HifOt to t3:7 AT ENa](xi7).t:V[a].(F) — 7'
AT Ftg:Val.(7m) = A+T AT Etimr/a] AT Ht:r[r/a]
AT g [T]t:m[T/a] A;T F pack(7’ t) asJa.7: Jo.7
AT Fty: 3ar Aoyl x:TFt:7 AT Fterfpa.t/al AT Ft:poet
A;T F unpack (a,x) =ty in tp: 7’ A; T+ foldya.r t: par A;T Funfoldt: T[pa.m/a]
AT Htim AT Ety T AT Et: (., T)
ATt te) (71, ) AT Em(t):n



1.4 Reduction Relation

E[n1 p n2
E[if00 t; to]
E[ifOn t; to]
ENa] (<77).t [7)]
E[unpack {a,x) = (pack(7r’,v) asJa.7) in t]
E[unfold (fold,,n.+ V)]
[

Elmi((va

a[v/¥]
alv/x]]

e
/

— E[prnn(p, ni, n)]
Elty
Ef
Elt[r
Elt[r
E[
Elvi



2

A
|

Closure-converted language: C

a | unit | int | V[a].(F) — 7 | Ja.7 | pa.T | (T)

t

x| ()|n|tpt]|ifottt]| Ala](xz7).t |t[Jt | t[r] | pack(r,t)asJa.7
unpack (a,x) =t in t | fold,q.- t | unfoldt | (t) | m;(t)

+ 1=

m= () | n | A@](xT7).t | pack(T,v) asJa.7 | folda.r v | (V) | v[T]
[]|Ept|vpE|ifOEtt |E[t|v[F]VvEt | E[r] | pack(T,E) as Ja.T
unpack (a,x) = Eint | fold,o.- E | unfoldE | (¥, E, t) | m;(E)

A

- | Tyx:7T

2.1 Well-Formed Type

This judgment is defined exactly as in F.

ac A

A,abT

AakFT

A,aFT  AjabT AT - AbTy

AFa AbFunit AFint

AFVa.(7)— 7’

2.2 Well-Formed Type Environment

AlF-

AFT

AF3JarT AtparT AF{(Ti,...,Tn)

AFT

AFT,x:7

2.3 Well-Typed Component

The type rules for abstraction and application are the only rules that differ from F:

axiThHtr

AT HAa](x:7).t:V[a].(F) = 7/

A;THt:V].(F)— AT 6T

AT H6:V[B,al.(F)— 7

A;THE[t:7

AI—TO

A;T - t[ro]:V[a].(t[mo/B]) = 7'[70/B]

For completeness, here are the rules that are identical to F rules:

x:Tel A;TFty:int A;TF ty:int
ATHx:T A;TF ():unit A;TFn:int A;TFty pty:int
A;TFty:int A;T o7 A;T - tg:7 AT Ht:7[T"/a]
A;TFifOoty to tg: 7 A;T F pack{7r’,t) as Ja.7: Ja.T
A;TFty: Jaer A,o; T, x:7Ftg: 7’ A;THt:r[pat/a] A;TFt:pa.r

A;T F unpack (@, x) = t; in ty: 7’

A;Fl‘tllTl

A;T Ffold,q.r t: po.T A;T Funfold t: r[pa.7/a]

AT Fty:im

A;F"(tl,...

stn) i (T1s. ..

7Tn>

AT Ht: (T, ey Tn)
A;THmi(t):




2.4 Reduction Relation m

The reduction relation is also identical to that of F.

E[n1 P DQ] — E[prim(pa ni, 1’12)]

E[ifOO t1 t2] — E[tl]

E[lfo n tq tz] — E[tz] n 7é 0
E[Xa](xT7).t [T] V] — E[t[r’/a][v/X]]
E[unpack (a, x) = (pack(r’,v) asJa.7) in t] +—— E[t[7'/a][v/X]]

E[unfold (fold,q.r V)] — E[v]

E[mi({(viy..-yVn))] — E[vi]



2.5 Compiling F to C
2.5.1 Type Translation

af =« V[a).(7)— 7€ :35.((V[a].(ﬁ,ric)—> T’C),ﬁ)
unit’ = unit Ja.7¢ = Ja.7€
int® = int pot6 = poet€
(T1,... ,Tn>c =(n%, ..., 1°)

2.5.2 Compiler ’ A;THe:T ~ e‘

If the compilation judgment holds, then it follows that A;T Fe:7 and AS; €+ e: 7€,
Most of the rules simply proceed by structural induction:

x:T el AT Htprint ~ tq AT Ftorint ~ to
AT Ex:T~x A;TE():unit~ () A;TEn:int~n ATty ptrzint~ty p ta
AT Ftprint ~ tq
AT o7 ~ to AT Ftz:iT ~tg AT Ht:7[T /o) ~ t
AT Hif0ty to tg:7 ~» ifOtq to ts A;T F pack(7’,t) as Ja.7: Ja.7 ~» pack(r’C,t) as Ja.7¢
AT Fty:JdaT ~ ty Aoy Tox:TE ot~ to AT Etir[pat/al ~ t
A;T = unpack (o, x) =ty in t: 7 ~ unpack (o, x) = t; in to AT - foldo.r t: ot ~» fold’uom_c t
AT Htpot ~~t AT Etyim ~ tq AT Etyim ~ ty
A;T Funfoldt: 7[ua.m/a] ~ unfold t AT (g, ta) i (71, ooy o)~ (B2, 0 ooy t2)

AT Et: (.o )~ t
AT Em(t): 7~ mi(t)

The interesting rules are those for functions and application. To compile a function A[@](X37).t, we first
need to find its free type variables and term variables, and determine the type of the closure environment
we will build. We next compile the body of the function, and finally, we build a closure.

Vi Ym = WA@Y By fe=BVQARIKET) ) Teny = (M) -5 (Tlym))©)
Aol xTht:7 ~t v =AB,@](z: Tonvs x: 7°).(t[m1(2) /y1] * - * [Tm(Z) /Y m])
AT F NI ()R- (7) 7 = pack (e (VIB], () 25 3 {(V[al (@, 7%) — 79), )

To compile an application, we must unpack the closure that will be produced in the function position,
and apply it to its environment as well as its original arguments.

AT Fto:V[@].(71) = 72 ~ to AFT ATHT:mr/a] ~ t
A;T F to [F]T: m2[7/a] ~ unpack (8, z) = to in 7 (z) [t€] w2(2),t




3 F+C

T ou= - | L{T) Tou=T1|T

t u=--- | "FCe e n=ele

v o= | HOFCY v ou=v |V

E:=-.- | " FCE E :=E|E

T | [a] M

t o - | CFTe An=-1Aa| Ao
E:=...|CFE I' o= | I)xer | Tyxe 7

To build a language of interoperability for F and C, we add boundary terms to both languages, lumps
to F types 7, and suspended F type variables to C types 7.

FC types, components, values, and evaluation contexts are just the union of F and C types, components,
values, and evaluation contexts. We add memory M to the syntax of FC for convenience later, when we
augment our multi-language for interoperability with languages that deal with memory. For now, M is just a
piece of syntax that does nothing. Type environments A and I may contain a mixture of F and C variables.

3.1 Boundary Type Translation

a9 = [a] vial.(r) = 7 = 3[3.<<V[a].([3,T<C>[a/(<ﬂ]) — 7' a/ fﬂ]) »3)
unit{® = unit Ja.7€ = Fa. ({9 [a/a]])

int{©) = int pa.€ = pa. (7 a/[a]])
L(T)(© = (11, .y )€ = (O L, (O

3.2 Type Substutution
[a][r/a] = 7

3.3 Well-formed Type

Adapt the rules for A + 7 and A + 7 by changing the environments to A (multilanguage environment
instead of a single-language environment), and add the following rules:

AT ae A
AFL{T) AF [a]

3.4 Well-Typed Terms

Adapt the corresponding judgments for F and C by changing all the environments to the appropriate mul-
tilanguage environment, and add the following rules:

A;Fl—e:7<c> AT he:r
AT HTFCe:T AT+ CF e: 7@




3.5 Value Translation
CFunit((), M)
CF"(n, M)
cfgval.(7)— (v, M)

=(0,M)
= (nvM)
= (pack(unit,(v, ())) as (V[a].(7) — 7){©, M)

where v = A[@] (z: unit, x: 7 [a/[a]]).CFT /ol (v [L{a)] @)/l FC x)

CF*7 (pack(r’ v) as Jo.7, M)
CF#O‘-T(fOMHaI Az M)
CF( ™) ((vy, ... vn), M)

CFH™) (YT FC v, M)

unitFC<()’ M)
R C(n, M)
V[E] (?) — T’FC(V, M)

= (pack (7' () v) as Ja.7(¢), M) where CFT[7' /el (v, M
= (fOId,U,Oz.T(C> v, M’) where CFTlka.7/0] (V, M

= ((Vla oo 7Vn>7Mn+1)
where My = M and CF" (v, M;) = (vi, Mit1)

= (VvM,)
= (v, M)

~— ~—

= (VaM)

= (0, M)
= (n, M)
(A[a](x77).7 FCe, M)
where e = (unpack (3,y) = v in 71 (y) [[a]] 7w2(y), CF™ )

JoTpC(pack(7/,v) as Ja.7(¢), M) = (pack(L(r’),v) as Jo.7, M’)  where -/ FC(v, M) = (v, M)

/LQ'TFC(fOId/La.ﬂH v, M)
<7'17 . 7T">FC(<V17 ceey vn>7 M)

HrRC(v, M)

= (fold, ;0. v, M) where T[/“"'T/O‘]FC(V, M) = (v, M’)
= ((V1,. -+, V), Mpt1)

where M; = M and "FC(v;i, M;) = (vi, M;4+1)
= (XM FCv, M)

3.6 Reduction Relation ’ (M | e) — (M| ¢e)

Lift the F and C reduction rules to the new configuration.

er—s e er— e
(M | Ele]) — (M | E[¢]) (M | Ele]) — (M | E[e'])
Also add the following rules for boundary forms:
CF” (v, M) = (v,M") "FC(v, M) = (v, M") T # L{T)
(M | E[CFTV]) — (M| E[v]) (M | E[FCV]) — (M" | E[v])



4 Language with explicit allocation: A

T &=« | unit | int | 3a.7 | pa.7 | ref ) | boxy

Y =Val.(F)—= 71| (ty...,T)

e = (t,H)

t s=x|()|n|tpt|if0ttt]| | t[]t]| t[r] | pack(T,t)asJa.7 | unpack (a,x) =tint
| fold,a.- t | unfoldt | ralloc (t) | balloc (t) | read[i]t | writet[i] <t

b=t | — |+

v == () | n | pack(r,v) as 3a.7 | fold,o.- v | £ | v[T]

E := (E,")

E. =[] | Ecpt|vpE, |ifOE;tt]| E[Jt]|v[VE.t|E]r] | pack(r,E;)asJa.T
| unpack (o, x) = E¢ in t | fold,o.- E¢ | unfold E; | ralloc (v, E, t) | balloc (v, E, t) | read][i] E;

| write E; [i] < t | writev [i] < E;

Hu=-|H, £ h

h o= Aa](xz7).t | (v,...,v)
Vo= | W, LYY

v = ref | box
A=A«
ra=-.|MLx:r

We will frequently abuse notation by abbreviating (t, -) as just t.

Also note that (E,-)[(t, H)] def (E¢[t], H).

4.1 Well-Formed Type

acA Aok Aok arref o A Fbox 4,
A+« A F unit AFint AF Ja.T Al pa.t A+ ref A+ box )
4.2 Well-formed Heap Value Type
Aok AyarT AbT - Ab T,
A FPOX v () — 7/ AFY (1,0, )

4.3 Well-formed Heap Type

VL 4 N LETR
|‘£1:V1’l,b1,...,£n:'/“’¢n

4.4 Well-Formed Type Environment
AFT  AFT

Al AFTx:T
4.5 Well-Typed Heap Value
V.o xitHt: 7’ W bvpim Wb,
Y Aa](x:7).t:V[a].(7) = 7/ WE (Vi,eooy V)i (T1y e ooy Tn)



4.6 Well-Typed Heap Fragment

dom(W) Ndom(W') =0 Fw’ W, W' hy W (4) e W, W h,: W (4,)
UF {f = heyeo s lo o o} W

4.7 Well-Typed Component

boxheap(W) = e V(€:¥1) € W. v = box
W H: W  boxheap(W) (W, W), A;THt:T x:T el
WA TH (g, H): T WA TEx:T W AT F ():unit

W, AT Fty:int W, AT Fty:int

W:A;TFn:int V. A:THt) ptyint
W, AT ty:int W ATty T WA TH-t3:T 2:pcw £:%%p c W
W, A;THifOty t t3: 7T W, AT £:ref o W, A;T+£:box )
W, A;THt:boxV[.(7)— 7/ W ATHL:T W;A;TFt:boxV[3,a].(T)— 1’ AFT1y
wA T[T W; A;T - t[7o] : box V(@] (T[r0/B]) = 7’0/ B]
WA THt: T[T /] W ATt : 3o VA, T, x:ThHt: 7’
W; A; T - pack(7’,t) as Ja.7: Ja.7 W; A; T - unpack (a,x) =ty intp: 7’
WA THt:T[pa.T/a] VATt pa.r VA THL:T
W, A;T +fold,o.r t: poe.T W; A;T Funfoldt: m[pa.7/a] W; A;T + ralloc (t) : ref (T7)
VA THE:T WA THt:ref (T1,...,Tye ooy Th)
W; A; T + balloc (t) : box (T) W, A;T Fread[ij t: 7y
WA THt:box (T1,..0yTiye ooy Tn) WA THtref (7,003 Tiye ooy Tn) WA THt:T
W; A;T Fread[ij t: 7y W, A;T - writet; [i] < t2:unit

4.8 Reduction Relation | (H|e)— (H' | &)

For purposes of our step-indexed logical relation, we consider the reduction rule that loads heap values from
a component’s heap fragment into the main program heap to take 0 reduction steps.

(H | (& (H', £ h)) 0 ((H, £ — h) | (¢[€'/€], H[¢'/€))) €' ¢ dom(H)
(H | E[ny p na]) (H | E[prim(p, ny, n)])
(H | E[if00 t; tp]) (H | E[t1])
(H | E[if0n t1 t2]) (H | E[t2]) n#0
(H | E[e[7] ) (HER[/@[/<])  H(E) = Al (k77).t
(H | E[unpack (a, x) = pack(7’,v) as Ja.T in t]) (H | E[t[T’/a][v'/X]])
(H | E[unfold (fold,,q.~ v)]) (H| E[v])
(H | E[ralloc {vi,...,vp)]) (H[ — {v1,...,vn)] | E[£]) L¢H
(H | E[balloc {vi,...,vn)]} (H[£ — (v1,...,vn)] | E[£]) L¢H
(H | E[readi] £) (H | E[wi) H(E) = (vi, .- - va)
(H | E[write £[i] < v]) (H[€ — {vi,...,vyeeoyv)] | E[O])

H(£) = (Vi,.vuyViye ooy V)

llllllllll
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4.9 Compiling C to A
4.9.1 Type Translation

a? =« Vial].(7) — A= boxV[E].(ﬁ)—) A
unit” = unit Ja.r? = Ja.rA
int = int po.t? = poTA

(T1y ey Ta) = box ((T1A), ... (Ta?))

4.9.2 Compiler |A;I‘ Fe:T~ (t,H: W) |
implies that A;T Fe:7, - - H: W, and ;A4 TAF (t,H): 74

x:Tel
AT ExiT ~ (Xy000) A;TF () :unit ~ ((),-:+) A;TFn:int ~ (n,-:-)

A;TFty:int ~ (t, Hy: W) A;T F to:int ~ (ta, Hy: W)
AT Fty p ta:int ~ (t1 p t2, (H1, H2): (W1, W3))

A;T F ty:int ~ (t1, Hy: Wy) AT Fta: 1~ (t2, Ha: W)) AT Ftg: 1~ (t3, H3: W3)
A;TFif0ty to tg: 7~ (if0ty ta t3, (Hi, Ha, H3): (W, Wy, W3))

a;xiTht:T ~ (L, H: W)
A;TFA[@](xT7).t:V[@].(F) = 7" ~ (£, (H, £ — A[a](x: 74).t) : (W, £:°>V[a].(14) = /1))

AT to:V[].(71) = T2 ~ (to, Ho: Wo) A;THt:7 ~ (L, H: W)
A;THto[Jt:m2 ~ (to [ E, (Ho, H): (Wo, W))

A;THt:V[B,a]l.(F)— 7"~ (t,H: V) AF 1o
A;T +t[1o]: V[a].(T[10/8]) = 7'[10/8] ~ (t[ro™*],H: W)

AT Ht:7r[r’/a] ~ (t,H: W)
A;T + pack(r’,t) as Jo.7: Ja.7 ~ (pack(r'*,t) as Ja.74, H: W)

A;TFty: 3ot ~ (t1, Hi: Wy) A, o0, x: 7 Fta: 7/~ (ta, Hy: W3)
A; T+ unpack {(a, x) =t in t3: 7’ ~ (unpack (a, x) = t; in tp, (H1, Hy): (W1, W5))

AT Ht:T[paT/a] ~ (L, H: W) AT Ht: poet ~ (L, H: W)

A;T+foldya.r t:pot ~~ (foldua‘.,.A t,H: W) A;T Funfold t: m[pa.7/a] ~ (unfoldt, H: W)

A;THt: (T, 0. Tn) ~ (L, H: W)
A;T Fomi(t): 7~ (read[i] t, H: W)

A;TFty:7mg ~ (t1, Hi: Wy) A;TF ity ~ (ta, Ho: W)
A;TE (t1yeeeytn) i (T1ye ey ) ~ (balloc (t1,...,t0), (Hi,. ooy Hy): (W, ..o, W)

11



5 (F+C)+A

T = | T
T = | L{T) . e
t u=--- | "CAe |
v o v
v ou=-.- | HTcAv £ E
E &= | CAE Mo H
r = | Jal | fo] .
tu=-- ] AC"e A A
B, im o | ACTE F e | Toxir

5.1 Boundary Type Translation

o = [a] V[@l.() = ' = box V[@l.(rM[a/[a]]) = 7" a/[a]]
unit Y = unit o.M = Ja.(rA[a/[a]])
intY = int pom A = po (T a/Tal])
(T150 v s Ta) ™ =box (1Y), ... (1a ™))
L(r) =7 ] = fa]

5.2 Type Substutution

[a][r/a] = (@) [a][r/a) =
5.3 Well-formed Type
AkFT acA acA
A L{T) AF o] AF o]

5.4 Well-Typed Store

-FH:w
FH:W

5.5 Well-Typed Component

Add a store type to each of the previous languages’ typing rules, and add:

\IJ;A;FI—e:T<A> U:A;T'Fe: T
VAT E"CAe: T AT ACT e: 7

12



5.6 Value Translation
AC™((), M) = (
AC™t(n, M) = (n, M)
ACYIE- (D) = 7' (v M) =
where h = A[a] (x: 7 a/[a]]).ACT (/o] v [L{a)] TL@/alC A x
AC?*7(pack(r’,v) as Ja.T, M) = (pack(‘r'<'“> ,V) as EIa.7‘<A>,M')
where ACTI™ /I (v, M) = (v, M)

ACH™T (fold o v, M) = (fold ,, (a) v, M") where ACTreT/el (v M) = (v, M)
ACT ™) ((vyy o, v, M) = (6, (M1, 0 (viy ..o yvp))

where M7 = M and AC™i (vi, M;) = (vi, M;11)
ACHT) (MTc Av, M) =(v,M)
“CA((), M) = (0, M)
ntCA(n, M) = (n, M)
vIal-() = T'cA (v, M) = (A\[@](x77).7CAv [[a]] ACT x, M)
JaTCA(pack(T’v) as Ja.7¢ | M) = (pack(L(7’),v) as Ja.7, M")

where T/l A (v, M) = (v, M")

HeTCA(fold ey v, M) = (fold 0.~ v, M) where Tl#eT/CA (v, M) = (v, M")
(115 Ta)CA (L, M) = ((Viyerey V), Muy1) where M (£) = (vi,...,V,),

M1 = ]\4'7 and TiCA(V],MZ') = (Vi,Mi+1)
LMICA (v, M) = "lcAv, M)

5.7 Reduction Relation ‘ (M| ey — (M| €)

(H|e) — (H'| )
(H| Ele]) — (H"| E[e'])

ACT(v,M) = (v,M") TCA(v,M) = (v,M") T # L(T)
(M | ELACT v]) — (M" | Elv]) (M | E['CAV]) — (M | E[v])
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C =

C

Cu
C

General Contexts and Contextual Equivalence

=[]|Cpt|tpC|ifoCtt]ifotCt]|ifottC| Aa](xi7).C| C[7]t | t[F]t Ct | pack(r,C)asTa.T
| unpack (a,x) = Cin t | unpack (a,x) =t in C | fold,, .~ C | unfoldC | (t,C,t) | m(C) | "FCC
[[ICpt|tpC|if0Ctt|if0tCt|ifottC | Ala](x:7).C|C[[t|t[[tCt | C[r]

| pack(r,C) as Ja.7 | unpack (o, x) = C in t | unpack (o, x) =t in C | foldya.» C

| unfold C | (&, C,t) | m(C) | CFTC | CAC

x= (C, H) | (t,Ch)
C: ==

[]|Cept|tpCi|if0C.tt|if0tCet|if0ttC, | Ci[Jt]|t]t,Ce,t | Cilr]
| pack(r,C;) as Ja.7 | unpack (c,x) = C; in t | unpack (a,x) =t in C, | fold,n.r C; | unfold C;
| ralloc (t, C;, t) | balloc (t, C;, t) | read[i] C; | writeC; [t] +— t | writet[i] + C; | AC™ C

u=Chy, £ — h | H, £ — A[a](x:7).C,
x==C|C|C

6.1 Plug Function

[]le] = e (pack(7,C) as Jav.7)[e] = pack(r,(Cle])) as Ja.T
(Cpt)le]=(Cle]) pt (unpack (a,x) = Cin t)[e] = unpack (o, x) = (Cle]) in t
(tpOle]=tp (Cle)) (unpack (o, x) =t in C)[e] = unpack (a,x) =t in (C[e])

(ifo C t1 t2)[e] = if0 (Cle]) t1 t2 (folda.~ C)[e] = fold,o.+ (Cle])
(if0tg C to)[e] = if0tg (Cle]) t2 (unfold C)[e] = unfold (Cle])
(ifotg t1 C)[e] = if0to t1 (Cle]) ((t,C,t')[e] = (t, (Cle]), t')
(A[a] (7). C)le] = Afa] (x:7)-(Cle]) (mi(C))[e] = mi(Cle])
(ClrIDel = (Cle]) [Tt ("FCC)le] = "FC(Cle])
(t' At C)le] =t [7]t (Cle])
[-]le] = e (pack(T,C) as Ja..7)[e] = pack(T,(Cle])) as Ja.T
(Cpt)e]=(Cle]) pt (unpack (a,x) = C in t)[e] = unpack (a,x) = (Cle]) in t
(tp C)le] =t p (Cle]) (unpack (a,x) = t in C)[e] = unpack (a,x) =t in (Cle])
(if0 C t1 t2)[e] = if0 (Cle]) t1 to (fold,a.r C)le] = fold,a.~ (Cle])
(if0 tg C t2)[e] = if0tg (Cle]) t2 (unfold C)[e] = unfold (C[e])
(if0 to t1 C)[e] = if0to t1 (Cle]) ((t, C,t"))[e] = (t, (Cle]), t’)
(Ale] (x77).C)[e] = Ala] (x77)-(Cle]) (m:(C))[e] = mi(Cle])
(Clv)el=(Cle) [t (CFTC)le] = CFT (Cle])
("t Ct)e]=t"[It (Clel) ¢ ("TCAC)le] = "CA(C[e])
(ClrDle] = (Cle)[7]
(Co, H)e] {(Ct ,(HyH")) e= (t,.H') A C; contains no language boundaries
(Cyle] otherwise
(t, Cr)e] {(t (Cu[t],H)) e= (t,.H’) A Cy contains no language boundaries
(t, Cule] otherwise
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[t =t (pack(T,C;) as Ja.7)[e] = pack(T,(C¢[e])) as Fa.T
(Cept)e] = (Cile]) p t (unpack {a, x) = C; in t)[e] = unpack (a, x) = (Ci[e]) in t
(tp Ci)le] =t p (Cile]) (unpack (o, x) = t in C;)[e] = unpack (o, x) = t in (C¢[e])
(if0 C; tq t2)[e] = if0 (Cile]) t1 t2 (fold o~ Ci)[e] = fold o~ (Cie])
(if0tg Cq ta)[e] = if0tg (Cile]) ta (unfold Cy)[e] = unfold (Ci[e])
(if0to t1 Ci)[e] = if0to t1 (Cile]) (ralloc (t, Cy, t’))[e] = ralloc (t, (Ci[e]), t’)
(CeJ)le] = (Cele) [t (balloc (t, Cy, t’)) ] = balloc (t, (Ci[e]), t’)
(t'[It,Ce, D)[e] =t' | £, (Cife]), t (read[i] C¢)[e] = read[i] (Ci[e])
(Ci[r])]e] = (Cile])[7] (write Cq [i] < t)[e] = write C¢e] [i] ¢
(ACT C)[e] = ACT (Cle]) (writet [i] +— Cy)[e] = writet [i] < C.[e]

(CHaE — h)[e] = CH[e]ae — h
(H, € — A[@] (557).C)[e] = H, £ — Aad] (K77)-(Cele])

6.2 Well-Typed Context ‘ FC:(U;A;TE 1)~ (W AT F )

v Cw ACA rcr’ FC:(U; AT F7) ~ (U AT Fint) AT Ftint
FL: (AT 7))~ (O AT B ) FCpt:(U;A;TF7)~ (U;A ;T Fint)

AT Ftint FC: (AT F7) ~ (U5 AT Fint)
Ftp C:(U;A;TF7)~ (U;A; T Fint)

FC:(U; AT F 1)~ (U5 AT Fint) VAT Ftir OGA T Fyer
Fif0C t1 to: (U ;T 7) ~ (U AT B 7)

U AT Ftg:int FC: (AT ET)~ (WA T B ) U AT Fiy:r
Fifoto Cto: (U;A; T F7) ~ (AT B 1)

U AT Ftg:int U AT FtyoT FC: (AT ET) ~ (WA T Fr)
Fifotg t; C: (U;A; T F7) ~ (U AT B 1)

FC: (VAT R 1)~ (U5 (A @) (T, x7) )
FAa](x:7).C: (U; AT F 1)~ (O AT R YAl (F) — ')

FC:(U;A; T ET)~ (AT FVA] (11, m)— )
AT VAT Ftyimr/al VAT -ty mlr /0]
FCFtr tn: (T A; T 1) ~ (U AT I—T/m)

VAT Feval(m,..ooom)— 7 AFT
VAT Ftyim [T/l AT - t:mfr/al FC(T AT ET) ~ (AT Frigqr/al)
U AST F b0 Tiaa|7/q] U AT -ty im[7/q)
Ft[F]ty--t Ctigo--to: (B AT F 1)~ (WAL T - 77 /a))
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FC: (WA TR 7))~ (U AT F 7l /o))
F pack(r’,C)asJa.7: (U; A;T 1) ~ (U5 ATV = o)

FC(UA; TR 7))~ (U5 AT - Jaur) U A o T x:im -t
Funpack (a,x) = Cin t: (U; A;T F 7) ~ (U5 AT F Jaur)

U AT Ft:3aur FC(UATET) ~ (A ;T 7 77)
F unpack (a,x) =t in C: (U; A;T = 7) ~ (U5 AGT R 77)

FC:(T;A; T ET)~ (AT F rlua.t/al) FC: (AT ET) ~ (AT F opaer)
Ffolda.r C: (U5 A;T F 7) ~ (U5 AL T F ponr) Funfold C: (U5 AsT = 7) ~ (U5 AT = 7lpa.t/al)
U AT Ftyim UA T Ftem
FC(TA;TET)~ (U AT Frigg) VAT Ftigo:Tigo UA T ity
Fltr, et Cotivay s t) s (U AT 7))~ (U5 AST - (71,00, T0))

FC:(T AT ET) ~ (U5 AT F (T, Th)) FC: (U AT F 1)~ (U5 AT 749
Fmi(C): (U; AT F 1)~ (U5 AT F 1) FTFCC: (U AT 1)~ (U5 AGT B 1)
v Cv ACA rcr’ FC:(UA;TFT)~ (VAT | int) U AT Ftint
FL]: (AT 1)~ (U5 AGT R 7)) FCpt:(U;ATH7)~ (U;A,T Fint)

U AT Ft:int FC:(¥;A;TF7)~ (U AT Fint)
Ftp C:(U;A;T 7))~ (U5A, T Fint)

FC:(¥;A;TF7)~ (U;A T Fint) VAT Ftyer VAT g r
Fif0 C tq to: (U;A; T F 1) ~ (U5 AGT Fo7)

U AT F tg:int FC: (AT ET)~ (VAT 1) U AT Fto:T
Fif0tg C to: (U;A; T F 1) ~ (U5 AT Fo7)

U AT F tg:int U ATty FC:(U;A;TFT)~ (WA T F 1)
Fif0tg t1 C: (V;A; T F 1) ~ (U5 AGT B o7)

FC: (U AT E 1)~ (V5 (@); (x57) ')
FA[a] (x:7).C: (U AT - 7) ~ (U5 AT F VY [al. (7) — 77)

FC:(ATET)~ (VAT FY[] (1o ooy ™) — T)
U AT Rt U AT Fty:Ta
FC[ty tn: (VAT ET)~ (VAT 77

VAT F6eV]]o(Try ey ™) — 77 U AT Ftoim U AT Ftym
FC:(U; AT ET) ~ (U5AS T F71igq) U AT b tiypo: Tige U AT Fty:Ta
Ft[Jtree ti Ctigo tn: (VAT ET)~ (VAT - 77)

FC: (WA TET)~ (VAT FVY[B,a.(7)— 7)) AF T

FClro]: (¥;A0;T F 1) ~ (VAT FV[al].(t[10/8]) — 7'[10/8])
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FC: (VAT FT)~ (VAT F [’/ al)
F pack(r’,C) as Ja.7: (¥; A;T F 1) ~ (U5 AT F o)

FC:(UA;TF7)~ (AT - JaT) U A oV x:rHt: 7’

Funpack (a,x) = Cin t: (U;A; T F7) ~ (U5 AT F o)

U AT -t 3a.r FC: (WA TRT)~ (VA ;T x:7 - 77)
Funpack (a,x) =t in C: (¥; A; T F7) ~ (AT R 77)

FC: (AT FT)~ (VAT - rlpa.t/al)
Ffold,n.r C: (U; AT F7) ~ (U AT + paeT)

FC: (AT ET)~ (VAT F pa.)
Funfold C: (U; A;T R 7) ~ (U AT F rlpat/al)

U AT Ftim UA T Ftym

FC: (AT ET)~ (U AT Fo7rigq) U AT - tigo: Tive
F(tryeeestis Cotigayee ey tn) i (U AT E 7))~ (U5 AST F (Tyye ooy )

UA T Fty:ma

FC: (AT ET)~ (U5AT B )

FCH(T AT F7)~s (WA T F (1, 7))
FCFTC:(U; AT 1)~ (U AT |_7_<C))

Fmi(C): (¥;A; T F7) ~ (AT B o)

FC:(U; AT 7))~ (B AT )
FTCAC: (AT F7) ~ (U5 AGT 1)

U'-H:w FC: (U AT ET)~ (U, W), AT = 77)
F(Co, H): (T; AT H 1)~ (U AT R 1)
vCcw  ACA” rcr
FL](0 AT 1)~ (B AST - 7)

FCh: (U AT 1)~ (U W) (W W) AT e’
F(t,Ch): (AT F 1) ~ (O AT B 77)

FC:(U;A;THT)~ (VAT int) U AT - teint
FCpt:(U;A;T 1)~ (U5 AGT Fint)

U AT Fteint FC: (U AT F7)~ (VAT - int)
Ftp C:(U;A;T 7)) ~ (U5 AGT int)

FC:(UA;THFT)~ (VAT int) VAT Ftyr VAT Ftpr
Fif0C ty to: (U; AT F7) ~ (U5 AT F 7))

FC:(U; AT ET)~ (U AT - 7) U AT Fiyr

U AT F tgint
Fif0tg C to: (U; AT F7) ~ (U5 AT F 1)

AT FiyiT FC:(U; AT ET)~ (U AT R 1)

U AT F tgint
Fif0tg tg C: (; AT F7) ~ (U5 AT F7)
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FC: (W AT F 1) v (U3 AT F box V] (11, o 1) — 77)
AT Ftim VAT -ty
FCtyto: (U AT F 1)~ (U AT - 1)

U AT Ft:box V[ (T1y oo s Ta) = 7/ U AT Fiim U AT Fn
FC: (AT F 1)~ (U5AST F71igq) AT Ftipo:migo U AT ity

Ft[Jti- i Ctizo---to: (U0 T F7) ~ (U5 AT B 77)

FC:(UA;TFT)~ (VAT Fbox VB, a.(F) — 7) AFm

F Clro]: (¥ AT k= 7) ~ (U5 AT F box V[a].(7[70/B]) = 7'[10/8])

FC:(UA;TET)~ (VAT 77’ /a)
Fpack(7",C) as Ja.7: (U; A; T F 7) ~ (U5 AT F Jar)

FC(UA;TF7)~ (VAT F Jaur) VA T o xer -tr!
Funpack (a,x) = Cin t: (I;A; T F7) ~ (U AT F JaeT)

AT Ft: 3ot FC(UATET)~ (VA o T x:7 = 77)
F unpack (a,x) = tin C: (; AT F7) ~ (U AT - 77)

FC(U AT ET)~ (VAT - rpa.t/al)
Ffold,a. C: (U5 A; T F 1) ~ (AL F po)

FC:(UA;TET)~ (U AT F pot)
Funfold C: (U; A;T 1) ~ (U5 AT F 7[pot /)

U AT Ftrim U AT Ftem
FC:(UA;TET)~ (VAT F7igq) AT Ftipo:Tigo UAT F ity
Fralloc(ty, ..., ti, Cotiva, ..oy tn): (U AT E7) ~ (U5 AT Fref (T, .oy mh))
U AT Ftiim U AT Ftem
FC:(UA;TET)~ (VAT F7igq) AT b tigo:Tigo U AT iy

Fballoc(ty, ... ti, Cotiza, ooy ta): (U3 A; T F 1)~ (U AT F box (71, ...y Ta))

FC(UATET)~ (UAST Fref (11,5 70)) FC:(UA;TF7)~ (U;A,T - box (11, ...

sTn))

Fread[i] C: (U; AT R 7) ~ (AT B ) Fread[i] C: (¥; AT F 1) ~ (U AT B 7y)

FC(UA;TET)~ (UAST Fref (11,5 70)) AT Ft:in
Fwrite C[i] < t: (¥;A;T F 7) ~ (9; ATV F unit)

AT Ftoref (11,0005 T0) FC: (U AT 7))~ (VAT 1)
Fwritet[i] < C:(¥;A;T F7) ~ (9; ATV F unit)

FC: (AT ET)~ (AT 1)
FACT C: (U AT F 1) ~s (U AT 704
H=4¢1— hy,..., 0, — h, H =¢— hi,...,¢ — h!
W={l1:Y1,.... 00 : Y, L:V[Q].(T) = 7/, €191, L ) ) R 1V
U Whhy:py - O, WHEh,: 1, FC: (U AT FT)~ (VW) (@);(xi7) - 77)
R bl W WEh e U W, e
FH, £ Ao (x:7).Co, H : (0, AT F 7) ~ (U - W)
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6.3 Contextual Equivalence

U AT ke =7 egzrdéflll;A;F}—el:T AN U AT ey A

VYO, M,V 7. FC: (V;A; T E7)~s (U5 By A E M
= (M| Clea]) | &= (M [Cle2]) |)
6.4 CIU Equivalence

U AT ey 60 egzrdéf‘lf;A;F}—el:T AU AT Fe:T A

Vo, v, E, M, W' 7. - §6: A AN U Ey:0(0) A
FE: (U F7)~ (U5 H7) A FM:Y
= (M | E[6(y(e1))]) 4 = (M | E[5(v(e2))]) 4)
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7 Logical Relation

Worlds and Auxiliary Definitions A world W consists of a step index k, a pair of heap types ¥; and
W,, and a sequence O of islands 6. Each island expresses invariants on certain parts of memory by encoding
a state transition system and a memory relation MR that establishes which pairs of memories are acceptable

in each state. (See Dreyer et al. [14] for details.)
The first island in © is distinguished: it tracks the immutable contents of the heap. We assign this island
the index ip0x. Further islands can be added to a world to encode invariants about mutable data.

World, (W = (k,¥1,7,,0) [k <n A Im>1. 0 € Island}" A

Fsbox- O (ibox) = islandpox (Sbox, k) A Wi b spox. My WHoX A WEL b g, My : Whox}
Island,, dﬁf{@—(sSéﬁMRbuH SES N SeESet NI CTSXS ATCHA

d, m reflexive A 0, 7 transitive A MR € S — MemRel,, A bij € S — P(Val x Val) }

MemAtom, & { (W, My, M) | W € World, A Uy b M0, A Wy b My: 0 A

T Wl = WO, A Uy Ty = WD, )}
MemRel, % { ¢ € MemAtom, | V(W, M, Ms) € @p. YW I W. (W', My, Ms) € opr }
o @ @y S (W, My MY, My w M) | (W, My, My) € oar A (W, M, M) € @)y}

The states of O,,0x encode the contents of the immutable part of the heap on each side. This island is
allowed to transition only by adding more immutable data to the heap.

Thox =
Sbox :{(M1’M2>}
6b0X = {((M17M2)v (M]iaMé)) | M, C M{ N My C Mé}

islandpox (5, 5) = (S, Sbox, Oboxs Oboxs AS-{ (W, 8. M7, s.Ms) | W € Worldg }, As.0)

These are standard operations for dealing with step indexing: we can approximate a world or relation to
a given number of steps with |-]x, and we can expend a step using the &> operator (read “later”).

(01, 0m) ]k = ([0)kr [Om]i)

1(s,S,8,7, MR, bij)[x % (s,8,6,, [MR], bij)

MR}, L s, [MR(s) ]

ot (W, My, My) € ppr | Wk <k}

l>(k+17\1117\11239) déf (k7\1117\1127 |_®Jk:)
D>@e = {(W,ep,e2) | Wk >0 = (>W,e1,e2) € ve }
D>, = {(Wv,02) | Wk >0 = (W,v1,v2) € @y }
Future worlds W’ of a given world W, written W’ 3 W, may differ from W in any or all of the following

ways: they may have expended steps, added new islands, or taken transitions in existing islands. When
islands are added or transitioned, additional memory can be allocated. Public future worlds W’ Jp, W are
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similar, but must have taken public transitions from the island states in WW.

(K, W), W%, 0) 3 (k, Uy, Ty, ©) Y <k ANV, DU ATYDT, A O D01
A (k,¥q1,T5,0) € World A (K, 0,0}, 0") € World

@;,...,0. )3 (61,...,0m) Com! >m A Vje{l,...,m}. 0,20,
(s',8",8', 7', MR/, bij’) 3 (s, 5,6, 7, MR, bij) % ($,6", 7/, MR/, bij’) = (S, 8,7, MR, bij) A (s,s') €8
(K, W, W)y, ©) Jpup (k, Ty, Ty, 0) Cr <k AU DU AT,DUy A O Dy [0]p

A (k,¥1,T5,0) € World A (K, ¥, T,,0") € World

de

@,...,0") Joub (61, .,0m) S/ >m A Ve {l,...,m}. 0 Dpuw b
def

(s',8, 0, 7', MR/, bij") Dpup (s, S, 9,7, MR, bij) = (9',¢, 7', MR/, bij’) = (5,5, 7, MR, bij) A (s,s') €

Given a world W, we often need to talk about future worlds of W where the only change is that new
immutable memory has been allocated. We use this notation to capture this:

W H (Ml, Mg) déf (Wk‘, W\Ill (] \1/1, W\IJQ (] \112, W@[ibox — islandbOX(W(ibox).s (] (Ml, Mg), Wki)])

if WW1FM12W1 A W\IIQFMQS\I’Q A boxheap(\lll) A boxheap(\llz).

The following is a convenient shorthand for getting the memory relation from the current state of an

island: .
currentMR () = 6. MR(6.5)

Admissible Relations Atoms are well-formed worlds together with a pair of components or values that
are well-typed at the indicated type under the appropriate memory type of the world.

TermAtom,, [y, 72| def {(W,e1,e2) | W € World,, AN WWy;+-Fepimp A Wy - Fea:im}
ValAtom,, [11, 72] def {(W,v1,v3) € TermAtom,, [r1, 72| }
HvalAtomn[@deJQ] déf { (VV, hy, h2> | W e World,, A WU Fhy:ipy A W5 - hy: 1,[)2}

C (W, By, By) | W e World A 304, Us.

EE (Wb )~ (T B ) A
F B (Wl = 1) ~ (Uas - - 75)}

ContAtom|[ry, 2] ~ [71, 73]

Relations ¢, on values must respect forward boundary cancellation on each side. If they are designated
as “translation relations,” they must also respect backward boundary cancellation. Since boundaries can
allocate (immutable) memory, boundary cancellation moves us to a future world that has added that memory
to the current state of y,,x. The B operation we defined earlier expresses this transition.

ValRel[r1, 72] ef {oF C ValAtom|[ry, 7] | V(W,v1,v2) € . (VW' 2 W. (W' vi,v2) € I ) A
V(My, My): W. Wi, vh, M, M),
("FC(CF™ (vi, M1)) = (vi, M & M{) = (W B (M1, {-}),v1,v2) € 9} ) A
(TFC(CF™(v2, Ms)) = (v, Ma W M3) = (W B ({}, M3),v1,v3) € ¢;)}
ValRel[r1, 73] ef { € C ValAtom[1y, To] | V(W, vi,va) € C. (YW I W. (W', vi,va) € 95 ) A
V(My, Ma): W. v, vh, M, M.
(T'CA(ACT (vq, M) = (V}, My W M]) = (W B (M, {-}), v}, v2) € 95 ) A
(T*CA(ACT™*(va, Ma)) = (vh, My & My) = (W B ({-}, M3), v1,v}) € )}
ValRel[71, 7] def {2t C ValAtom[7y, 5] | V(W,v1,v) € @, YW/ I W. (W' v1,v2) € 0}
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TransRel [y, 7] % {9 € ValRel[r1(9), 7, (@] | V(W, v1,va) € 95 V(My, My): W. W/, v, M}, M}.
(CF™("FC(vi, My)) = (v}, My & M) = (W B (M], {}), v, v2) € ¢ ) A
(CF™(ZFC(vz, Ma)) = (v, Mo & M) = (W B ({-}, M3), v1,v5) € ¢)}

TraunsRelA[‘rl,‘1'2](1éf { o € ValRel[r; 4, 7 (] | V(W v1,v2) € pit. V(My, My): W. W), vy, MY, M},
(AC™ (TCA(v1, My)) = (v, My & M) = (W B (M], {-}),v],v2) € 9}}) A
(ACT™(2CA(v2, My)) = (v5, Mo & Mj) == (W B ({-}, M3),v1,v5) € ¢}')}

We need a basic notion of the translation of a relation ¢,. Given a relation interpretating a type variable,

the definitions below express the bare minimum requirement for what should be related under the relation
that interprets its translation.

CF(ri,m2, ) ={(W8B (M, M), vi,va) | (M, Mz):W A (W,vi,v2) € oF A
CF™(vi, My) = (vi, M1 W M) A CF™(va, Ms) = (va, My W M)}
if oI" € ValRel[r, 7]
FC(r1,m2,07) = {(W B (M, M3),v1,v2) | (M1, Ma): W A (W, v1,v2) € ¢ A
TFC(vy, My) = (vi, M1 W M) N ™FC(va, M) = (vo, My W M3)}
if o € TransRel[r, 7]
AC(T1, 72, 0S) = {(W B (M, M}),vi,v2) | (My, Ma): W A (W,vy,v2) € 05 A
AC™ (vi,My) = (vi, M1 W M{) N AC™2(va, M) = (vo, Mo W M3)}
if p§ € ValRel[ry, 2]
CA(Ty, T, ) = {(WB (M|, M}),v1,va) | (M1, My): W A (W,v1,v2) € @i A
TICA(v1, My) = (vi, M1 W M{) AN T2CA(va, My) = (va, Mo W Mj)}
if oA € TransRel[7y, 72

We now define the full requirements for interpretations of type variables, which much include relations
specifying how the translation should be interpreted:

FValRel < { VR = (71,7, 0%, ¢S, ¢2) |
©F € ValRel[r1, 7] A ¢S € TransRel® [11,72] A @it € TI‘aHSRelA[T1<C>,T2<C>] A
CF(r,m2,04) S of A FC(11,7m2,07) C oy A
AC(1 (9,2 9, 0) C ot A CAMD, (D, o) C o}

CValRel & {VR = (11, 72,05, 0) | ¢S € ValRel[ry, 7] A @ € TransRelA[Tl, T2] A
AC(T1,72,¢5) C 0t A CA(T1, T2, 07) C ¢}

AValRel ' {VR = (11,72, ¢2) | 92 € ValRel[r1, 7]}

The set D[A] ensures that an environment p mapping type variables to value relations is well-formed.

D[] = {0}

DlA o] Y {pla— VR]| peDJA] A VR € FValRel }
DA o] ¥ {pla— VR]| peD[]A] A VR € CValRel }
DA, o] % {pla— VR]| pe DJ]A] A VR € AValRel }

We use p; and ps to denote the substitutions formed by mapping variables in dom p to the first and
second components, respectively, of the tuples they map to.

We also use some shorthands for referring to atoms of a particular type in terms of an environment p:
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dﬁf TermAtom|[p1 (1), p2(7)]
)

(
ValAtom|[7]p = ValAtom[pl(T),PQ(T ]
HvalAtom[v]p Lo HvalAtom[ 1(1), p2()]

)
ContAtom[r]p ~ [7/]p & ContAtom[py (1), p2(r)] ~ [} (1), p(75)]

TermAtom|[7]p

Core Relations The relation V[7]p expresses when two values are related under a given world. For values
from language F, it is almost completely standard.

V[alp = pla).pf

V]unit]p ={(W,(),()) € ValAtom[unit]p }

V[int]p = { (W, n,n) € ValAtom[int]p }
VIV[@].(F) = 7']p= { (W, v1,v2) € ValAtom[V[a].(T) = 7’]p |

YW’ 3 W. YVR € FValRel. W}, V5. (W', v}, v5) € V[r]pla — VR]
= (W' ,v1 [VR.71| V), va [VR.72| V) € E[7']pla — VR] }
V[3a.7]p = {(W, pack(r1,v1) as p1 (a.7), pack(mo,v2) as p2(Fa.7)) € ValAtom[Ia.7]p |
IVR € FValRel. VR =71 A VR =1 A (W,vi,v2) € V[r]pla — VR] }
V[pa.t]p = {(W, foldp1 (. per) v2) € ValAtom[ua.7]p |
(W,v1,v2) € BV [r[ponT/al]p}
V[{te,....,m)lp ={ (W, {vi1, .-, Vin), Vo1, ..., Von)) € ValAtom[{ry, ..., 7)]p |
Vie{l,...,n}. (W,vij,vo)) € V[rilp}
VIL(T)]p = { (W, NFC vy, P2LTDFC v,) € ValAtom[L(T)]p | (W, v1,va) € V[T]p}

) Vi, f0|dp2(

The cases for language C types are almost identical to those for language F. The only addition is the
case for a suspended type variable.

Via]p = ple).¢f

V[unit]p ={(W,(),()) € ValAtom[unit]p }

V[int]p = {(W,n,n) € ValAtom[int]p }

VIV[a].(7) — 7']p={ (W, v1,v2) € ValAtom|[V[a].(T) — 7']p |

YW’ 3 W. ¥VR € CValRel. Vv, v,. (W', v}, v4) € V[r]p[a — VR]
= (W', v1 [VR71] vi, vz [VR.72] v3) € E[r']pler —~ VR]}
V[3ea.7]p = { (W, pack(71,v1) as p1 (Fa.7), pack(12,v2) as p2(Ja.7)) € ValAtom[Tav.7]p |
IVR € CValRel. VR.71 =71 A VRima =10 A (W, vy, va) € V[7]plae — VR] }
Vpa.]p = {(W, fOIdpl(,u,oz.T po(pa.T) va)
(W,v1,vz) € BV[r[pa.m/c]]p}
{(W,{(vi1y++ o3 Vin), (Va1s. .., Van)) € ValAtom[(T1, ..., T)]p |
Vi€{1,....n}. (W, vy, vy) € V[rlp}
V[Telle = p(a)-py
VIL(T)]p = { (W, EIC Ay, 2T Avy) € ValAtom[L(7)]p | (W,vi,v2) € V[7]p}

) Vi, fold € ValAtom[pa.7]p |

V[{T1s..osma)]p
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For language A, we add cases for mutable and immutable references, and a second relation HV[¢]p to
describe when heap values are related, but otherwise we continue the patterns of previous languages.

Viadp = p(a).p

V]unit]p ={ (W, () ()) € ValAtom|unit]p }

V[int]p = { (W, n,n) € ValAtom|int]p }

V[3a.r]p = { (W, pack(Ty,v1) as p1(Ja.7), pack{7,v2) as pa(Fax.7)) € ValAtom[Ja.7]p |

IVR € AValRel. VR.11 = 71 A VR =10 A (W,vi,v2) € V[7]plae — VR] }

Vlpo.t]p ={ (W, foldp1 (nowt) V1> fOIdpg(ua.T) v2) € ValAtom|[pa.T]p |
(Wyvi,v2) € V[ [pa.7/al]p}
V]ref ¢]p — {(W, £1, ) € ValAtom]ref ¢]p | 3i. YW’ 2 W. (€1, £5) € W' (i).bij(W'(i).5) A

Jpps. currentt MR(W' (7)) = o ®
{(W, {1 — hi},{£ — hy}) € MemAtom | (W, hy,hy) € HV[]p}
Vlbox (t1,...,m)]p ={(W,£1,£,) € ValAtom[box (11,...,7n)]p |
VW', My, Ms) € current MR(W (ibox))-
(W', Mi(¢1), M2(€2)) € HV[(T1, s Ta)]p}
VlboxV[a]|.(T) — 7' ]p={ (W, Li[r{y, ..., 7], €2[7315 - ., 75,]) € ValAtom[box V[a].(T) — 7']p |
V(W' My, Ms) € currentMR(W (ibox))-
My (€1) = AlBu1s - -+, Bim, & (X771)-t1 A 7a[r{/B1] = pa(7) A
My(£2) = A[Baty - - -, Bon, @) (Xi2)-ta A T2[T5/B2] = p2(T) A
(W', Ala] (x: p1(7))-ta[71/ Bal, Ala] (x: pa(7)) 2[5/ Ba])
e HV[V[a].(F)— 7']p}

VIlallp = p(a).of
Vilallp = p(a).of

HVIV[E].(7) = m'lp = { (W, A[a] (x: p1(7)) -tu, Al (x: pa(7)) -t2) € HvalAtom(V[a].(7) = ]p |
VW' I W. VVR € AValRel. Vv1, V5. (W’,v1,v3) € V[r]p[a — VR]
= (W', t1[VR.71/a][v1/x], t2[VR.72 /] [va/x]) € E[7']plx — VR]}
HV[{T1y -y Ta)]p ={ (W, Vi1, ...y Vin), (V21,. .., Vo)) € HvalAtom[(71,...,7n)]p |
Vie{l,....n}b (W,vyj,vy) € V[rilp}
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The relations K[7]p and E[7]p interpret types as sets of continuations or terms, respectively. They
depend on a notion of related observations, O.

Klr]p = { (W, E1, E3) € ContAtom[T]p ~ [7']p’ |
YW v1,09. W Do W A (W v1,02) € V[r]p = (W', Ei[v1], Eafvs]) € O}
Elrlp = { (W, e1,e2) € TermAtom|[7]p |

VEl,EQ. (W, El,Ez) € K[[T]]p — (VV, El[el],Eg[ez]) € O}

(My, Ms) - W =Wk >0 = (bW, M, M) € @{currentMR(0) | 6 € W.O })
running(k, (M | e)) =AM’ e’. (M | e) —F+1 (M| €')
o ={(Wer,e2) | V(My, M) : W. ((My | e1) | A (Mz]e2) )V

(running(W.k, (M7 | e1)) A running(W.k, (Ms | e2)) }
Finally, we have interpretations for environments. D[A] was given earlier; we here define H[¥] and G[I']p.

HI{-}H = World
H[W, £:P%p] = H[W]N{W € World | (W, £,£) € V[box )]0 }
H[W, £:p]  =H[W]N{W € World | (W, £,£) € V[ref 4]0}
gl-lp ={(W,0)| W € World }
G z:rlp ={(Wylz = (v, v2)]) |7 € G[T]p A (W,v1,02) € V[7]p}
Our definition of logical equivalence is this:
U:A; T e zeQ:Tdéf U:A;TFer:m AU AT Res:T A
YW, p,v. W e H[¥] A peD[A] A (W,7) € G[T]p
= (W, p1(71(e1)), p2(r2(e2))) € El7]p
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8 Proofs: Basic Properties

8.1 Embedding Theorems

Theorem 8.1 (Multi-Language Type Judgment Embeds Single-Language Type Judgments)
1. If A;T F e: 7 under the type judgment for language F', then -; A; I F e: 7 under the judgment for FCA.

2. If A;T' F e: 7 in language C, then -; A;T'Fe: 7 in FCA.
3. fW; A;l'F e: 7 in language A, then W; A;T - e:7 in FCA.
Proof
By induction on the single-language type derivations. O

Theorem 8.2 (Multi-Language Reduction Embeds Single-Language Reduction)
1. If e — €’ under the reduction relation for language F, then for any M, (M | e) — (M | €’) in FCA.

2. If e— €’ in C, then for any M, (M | e) — (M | €’) in FCA.
3.If(H|e)r— (H|€)in A, then (H|e) — (H|¢e’) in FCA.
Proof

By inspection of the reduction relations. O

8.2 Properties of the Value Translations

Lemma 8.3 (Value Translation Only Adds Memory)
For any v, v, v, M where - M : ¥ and

Uik vir, Wik vir, and Vi FviT,

the following hold:

e dlv/. CF" (v, M) = (v/, M).

e IV.FC(v,M) = (V,M).

e W H W AC™(v,M) =V ,(MWH)) AN UFH:W.

e W .TCA(v,M) = (v, M).
Proof

By inspection of the translations. O

Lemma 8.4 (Weakening for Value Translation)
If AC™(v,M) = (v, M') and dom(M’) Ndom(M") = @, then AC™ (v, M W M") = (v, M' & M").

Proof
By inspection of the translations. O

Lemma 8.5 (Value Translation Preserves Types)
Let F M: ¥ and - M': ¥, Then

1. IfU;-;-Fv:7 and CF7 (v, M) = (v, M'), then ¥; ;- v:7(°).

2. If U ;- F v:7¢€ and "FC(v, M) = (v, M'), then ¥; ;- v:T.

3. If ¥; ;- v:7 and AC™ (v, M) = (v, M’), then ¥; ;- v: 74,

4. I ;- Fv:m and "CA(v, M) = (v, M’), then ¥'; ;- v:T.
Proof

By induction on the type derivations and inspection of the translations. O
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8.3 Operations on Worlds

Lemma 8.6 (World Extension is Reflexive and Transitive)
For any W, W’ , W' € World, we have

1. WIw

2. W Jpup W

3.UW"IW and W I W, then W’ I W

4. if W Dpup W’ and W Jpu, W, then W o W.
Proof

By definition of 3 and dyy, for worlds and islands, and by the reflexivity and transitivity of the
transition relations in the definition of well-formed islands. O

Lemma 8.7 (Properties of H)
Let W € World.

1. If (My, M) : W and W 8 (M], M}) is defined, then (M & M], My & M}) : W 8 (M], Mj).
2. (W8 (M, My)) B (M, M) =W B (M & M}, My & Mj).
3. If W 3 W B (M, My), then there is some W such that W’ = W B (M, My).
Proof
By definition of W (ipox)- O

Lemma 8.8 (Properties of )
For any W € World, we have

LeWwdIW

2. >W Jdpwp W

3. If (My, Ms) : W, then (My, M) : >W.
Proof

1. By definition of > and J, it suffices to show that |0 |w.x—1 3 [0]w.k—1 for each island 0§ € W.O.
But this relation is reflexive, so we are done.

2. Similar.

3. Note that if W.k = 0, there is nothing to show. Otherwise, the claim follows from the definitions
of MemRel and [¢as k-

O

8.4 Basic Properties of Value and Component Relations

Lemma 8.9 (Related Values are Related Components)
If (W,v1,v2) € V[7]p, then (W, v1,v2) € E[7]p.

Proof

Let (W, E1, E2) € K[7]p. We need to show that (W, Ey[v1], Ex[ve]) € O. But instantiating K[7]p with
our hypotheses gives the result immediately. O

Lemma 8.10 (Monotonicity)
Let p € D[A], where A7, Ay, AF7,and A 7. If W J W, then
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—_

2.

Wovi,va) € V[rlp = (W', vi,v2) € V[7]p

W, hi,hy) € HV[]p = (W' hy,hy) € HV[r]p
W,vi,v2) €V[r]p = (W',vi,v2) € V[r]p
Wovi,vo) € V[rlp = (W', v1,v2) € V[7]p

The proofs, like the claims, are presented working up from the target language. This is because the
case for lump types in each language depends on the property holding in the next language down.
However, it may be easiest to read the proof starting from the source language. Many other proofs
will also be structured in this way.

1. Proved by induction on W’.k and on the structure of 7, simultaneously with Claim 2.

In each case, we will need to show (W’ vi,vy) € ValAtom[r]p. This amounts to showing that
W/ W55 kvt for i € {1,2}. We have by assumption that W.U;; ;- b v;: 7. By definition of
world extension, W’.W; D W.U;, so this property holds.
To complete the proof, consider the possible cases of 7:

Case « By definition of ValRel.

Case unit Immediate.

Case int Immediate.

Case da.7’ Follows from the induction hypothesis for the type.

Case po.7’ Follows from the induction hypothesis for the step index.

Case ref 1)’ By transitivity of world extension.

Case box (71,...,7,) We need to show that (W’ £1,£5) € V[box (71,...,7a)]p-
Let (W, M|, M}) € currentMR(W'(ipox)). By definition of islandpex, M, = W (ipex).s. M
and M5 = W' (ipox).s.Ma. We need to show that

(W, ML(£1), My(£2)) € HV[ (1, .., 7)]p-

By assumption, it suffices to find M; and M5 such that (W, My, Ms) € currentMR (W (ipox)),
Ml(el) = M{(@l), and M2(€2) = Mé(fz).

We choose My = W (ipox).8- M7 and My = W (ipox).8.Ma. The first condition holds immedi-
ately by definition of islandpex. Since W’ 3 W, we know that M; C M and My C MJ. Since
(W, £1,£5) € TermAtom[box (71, ..., 7a)]p, £1 and €2 must be in the domain of H; and Ha,
so we have the desired property.

Case boxV[a].(T) — 7/ Let (AW/,M{, M) € currentMR(W' (ipox)). It suffices to find some M;
and M, such that (W, My, Ms) € currentMR(W (ipox)), Mi(£1) = M](¢1), and Ma(£;) =
M (£5). This can be done exactly as in the previous case.

Case [«/| By definition of ValRel.

Case [a] By definition of ValRel.

. Proved simultaneously with Claim 1.

In both cases, we need to show that (W', hy, hy) € HvalAtom[)]p. This amounts to showing that
W', b hi:p for i € {1,2}. We have by assumption that W.U; F h;:¢). By definition of world
extension, W'. ¥, D W.¥,, so this property holds.

Consider the possible cases of :

Case V[a].(T) — 7’ By transitivity of world extension.

Case (71,...,7,) Follows from Claim 1 using the induction hypothesis for the type.

. By induction on W’.k and on the structure of 7.

In each case, we will need to show (W' ,vq,va) € ValAtom[r]p. This holds by an analogous
argument to Claim 1. To complete the proof, we consider the possible cases of 7:
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Case « By definition of ValRel.

Case unit Immediate.

Case int Immediate.

Case V[a].(T) — 7’ Follows by transitivity of world extension.

Case Ja.7’ Follows from the induction hypothesis for the type.

Case pa.7’ Follows from the induction hypothesis for the step index.
Case (71,..., ) Follows from the induction hypotheses for the type.
Case [«a| By definition of ValRel.

Case L(7) Follows from Claim 1.

4. By induction on W’.k and on the structure of 7. We will need to show (W', v, va) € ValAtom[7]p.
This holds by analogously to Claim 1. To complete the proof, we consider the possible cases of 7:
Case « By definition of ValRel.

Case unit Immediate.

Case int Immediate.

Case V[a].(T) — 7' By transitivity of world extension.

Case dJa.7’ Follows from the induction hypothsis for the type.

Case pa.7m’ Follows from the induction hypothesis for the step index.
Case (71,...,7,) Follows from the induction hypotheses for the type.
Case L(1) Follows from Claim 3.

8.5 Reduction Lemmas
Lemma 8.11 (O Closed under Anti-Reduction)
Given W I W, if Wk < W' k+ ki, Wk <W'k+ ks, and
V(My, Ma) : W 3(My, My) : W' (M | ex) m="1 (M7 | e) A (Ma | e2) —*2 (Mg | €3),
then
(W/,€I17€/2) e = (W,el,eg) € 0.
Proof

Let (My, My) : W. Then, by our assumption, (M | e1) —=F1 (M] | €}) and (My | eg) —F2 (M} | €b)
for some (Mj, M%) : W’. Since (W', e}, e5) € O, we have either that (M] | e]) | and (M3 | e5) | or
that running(W"'.k, (M7 | €})) and running(W"'.k, (M} | €5)).

In the former case, we have (M; | e1) | and (Ms | e3) | by assumption. In the latter case, we have
running(W'.k + kq, (M, | e1)) and running(W'.k + ko, (M5 | e3)). Since we have as assumptions that
both of these are more steps than needed, we have the result. O]

Lemma 8.12 (O Closed under Generalized Anti-Reduction)
If (My, Ms) € currentt MR(W (ipox)) and (M | e) — (Ms | €’), then

(W,eq,esle’/z]) € O = (W, ey, esle/z]) € O.
Proof
Let (W, e1,ez[€’/z]) € O and let (M, M}): W. We have either that (M7 | e1) | and (M} | ez’ /x]) |,
or that running(W.k, (M | e1)) and running(W.k, (M | ez[e’/x]}). In the first case, it suffices to show

that (M} | eale/x]) |. In the second case, it suffices to show that running(W.k, (M; | eale/x])). These
can both be proven by induction on the structure of es. O
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Lemma 8.13 (O Closed under Loading Heap Values)
If (W, e, E[(t,H)]) € O, then (W B ({-},H),e1, E[t]) € O.

Proof

Similar to the proof of Lemma 8.11. Note that if (M, My): W, (M | E[(t,H)]) —° (M, H | E[t]).
O

Lemma 8.14 (£[7]p Closed under Type-Preserving Anti-Reduction)
Let (W, e1,e2) € TermAtom[r]p. Given W/ I W, if Wk < W'.k + ki, W.k < W'.k + ko, and

V(M My) s W 3(MG, M3) s W (M | ex) —* (Mj [ e)) A (Ma | es) —* (M | ),

then
(W' ey, eh) € Elrlp = (W,er,e1) € E[T]p.

Proof

Let (W,E1,E2) € K[r]p. We need to show that (W, Eq[e1], Ezlez]) € O. By our assumption,
(W', Eq[e]], E2[eb]) € O. By inspection of the operational semantics and by assumption, for any
(My, Ms) : W, there is an (M7, M4) : W’ such that

(My | Erler]) —* (M7 | Erley]) and  (My | Ealeq]) —* (Mj | Eales)).
The result follows by Lemma 8.11. O

Lemma 8.15 (£[7]p Closed under Memory-Invariant Anti-Reduction)
Let (W, e1,e2) € E[7]p. I

V(Ml,MQ) : W. <M1 | 61> —* <M1 | 6/1> A <M2 | 62> —* <M2 | 6’2>7

then
(W, e}, eh) € ET]p = (W, e1,ea) € E[7]p-

Proof
Follows from Lemma 8.14 using W’/ =W, M = My, and M = M. O

Lemma 8.16 (£[7]p Closed under Boundary Anti-Reduction)
If (My, M3) : W and (Ms | ACT va) — (Mo W M’ | v), then

(WB{},M),e,v) €E[rP]p = (W,e1, ACT v3) € E[+M]p.
Proof
Follows from Lemma 8.14 using W’/ = W B ({-}, M’), M{ = M;, and M} = My M. O

Lemma 8.17 (€[7]p Closed under Generalized Anti-Reduction)
If (M, M) € current MR(W (ipox)), (Mo | €) — (M | €'), and (W, e1, e2[e/z]) € TermAtom[r]p, then

(W,er,ese’/z]) € E[r]p = (W, e1,e2le/x]) € E[T]p.
Proof
By Lemma 8.12. O

Lemma 8.18 (£[7]p Closed under Loading Heap Values)
It (Wyer, E[(t, H)]) € E[r]p, then (W8 ({-}, H), ex, E[t]) € E]7]p.

Proof
By Lemma 8.13. O
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Lemma 8.19 (Plugging Continuations Preserves Atoms)
Let (W, Eq, E3) € ContAtom[7]p ~ [7']p’.

o If (W,e1,eq) € TermAtom|[7]p, then (W, Ey[e1], E2[es]) € TermAtom[7’]p’.
o If (W, EY, Eb) € ContAtom[r']p" ~ [7"]p", then (W, E{[E1], E4[Es]) € ContAtom[r]p ~ [1”]p".
Proof
By induction on the type derivations. O

Lemma 8.20 (Monadic Bind)
If (W, e1,e2) € E[r]p, (W, E1, E3) € ContAtom|[7]p ~ [7]p" and

VW' Jpup W. Your,ve. (W vi,ve) € V[rlp = (W', E1[v1], E2[v2]) € E[7']/,
then (W, Ey[e1], Eales]) € E[7]p .
Proof

We first need to show that (W, E1le1], Eales]) € TermAtom|[7']p’. But this follows from Lemma 8.19,
since (W, e1, e2) € TermAtom|[7]p.
Let (W, E{, E}) € K[r']p’. We need to show that (W, E{[E1[e1]], E5[Ez[e1]]) € O. It suffices to show
that

(W, B [Eq], E5[Es]) € K[r]p.

To get this, we first need (W, E{[E1], E5[E»]) € ContAtom[r]p ~ [7"]p" for some 7" and p”, but this
follows immediately from our assumption and Lemma 8.19.

Next, let W’ Jpup W osuch that (W', vy, v2) € V[7]p. We must show that

(W', E{[Er[v1]], B3 Bsvs]]) € O.

Applying our premise, we find that (W', Eq[v1], Ea[vs]) € E[7']p". Instantiating this with the fact that
(W, El, Eb) € K[7']p" gives the result. O

8.6 Identities on Abstract Type Interpretations

The weakening property established in the following few lemmas is trivial, but its proof shows the induction
structure necessary to prove other identities about the value interpretation relation V[7]p and the other
parts of the logical relation it (mutually) depends on.

Lemma 8.21
If pla = VR] € D[A, o] and « & ftv(1), o & ftv(1)), then

1. V[]p = V[r]pla — VR]

2. HV[v]p = HV[]pla — VR]

3. E[r]p = E[r]pla — VR]

4. K[r]p = K[7]pla = VR].
Proof

We prove all claims simultaneously, by induction on the step index and 7.

1. Consider the possible cases of 7:

Case o Immediate, since a # .
Case unit Immediate.
Case int Immediate.
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Case da.T Follows from the induction hypothesis for 7.

Case pa.7 Follows from the induction hypothesis for the step index.
Case ref 1) Follows from claim 2.

Case box (11,...,7,) Follows from claim 2.

Case boxV[a].(7) — 7’ Follows from claim 2.

Case [« Immediate, since a # a.

Case [« Immediate, since a # cx.

2. Consider the possible cases of :

Case V[a].(T) — 7’ Follows from the induction hypothesis for 7 and from claim 3 (also using
the induction hypothesis for 7).

Case (71,...,7,) Follows from the induction hypothesis for 7.
3. Follows from claim 4.

4. Follows from claim 1.

Lemma 8.22
If pla — VR] € D[A, o] and « & ftv(7), then

1. V[r]p = V[r]pla — VR]

2. E[r]p = E[]pla — VR]

3. K[r]p = K[r]ple — VR].
Proof

We prove all claims simultaneously, by induction on the step index and .

1. Consider the possible cases of 7:
Case a Immediate, since o # .
Case unit Immediate.

Case int Immediate.

Case V[a].(T) — 7’ Follows from the induction hypothesis for 7 and from claim 2 (also using
the induction hypothesis for 7).

Case da.tT Follows from the induction hypothesis for 7.

Case pa.t Follows from the induction hypothesis for the step index.
Case (T1,...,T) Follows from the induction hypothesis for 7.
Case [« Immediate, since a # a.

Case L{7) Follows from Lemma 8.21.

2. Follows from claim 3.

3. Follows from claim 1.

Lemma 8.23
If pla — VR] € D[A, o] and « ¢ ftv(7), then

1. V[r]p = V[7lpla — VR]
2. E[7]p = E[7]pla — VR]
3. K[r]p = K[7]ple — VR].
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Proof

We prove all claims simultaneously, by induction on the step index and .

1. Counsider the possible cases of 7:

Case o Immediate, since o # a.
Case unit Immediate.
Case int Immediate.

Case V[a].(7) = 7’ Follows from the induction hypothesis for 7 and from claim 2 (also using the
induction hypothesis for 7).

Case da.1 Follows from the induction hypothesis for 7.

Case pa.t Follows from the induction hypothesis for the step index.
Case (71,...,7,) Follows from the induction hypothesis for 7.

Case L(1) Follows from Lemma 8.22.

2. Follows from claim 3.

3. Follows from claim 1.

O

We establish several identities that arise from the way our multi-language semantics handles abstract
types. As we have seen, types from different languages can be embedded in each other, but only in particular
ways: a lower-level type can only appear inside a lump type in the next higher language, and a higher-level
type cannot appear in a lower-level type except for suspended type variables.

Together with the fact that L(7){¢) = 7 (and L(7) = 7), this means that we can rewrite our
interpretation of an abstract type in several interesting ways, captured by the operations defined throughout
the rest of this section.

The first set of translation identities shows that, as long as we are observing at a lower-level language
type, we can replace a higher-level type variable (which can appear only in a suspension) with a lower-level
variable by “translating” its interpretation.

Definition 8.24
C]:(Tla T2, pra %?7 (pﬁ) déf (Tl(c>77_2<c>7 501?7 90;)4)

def
AC(TlaT2a<va7@f) = (Tl<A>7T2<A>7<)0'?)

Lemma 8.25
1. If VR € FValRel, then CFVR € CValRel.

2. If VR € CValRel, then ACVR € AValRel.
Proof
Immediate, by the definitions of FValRel, CValRel, and AValRel. O

Lemma 8.26
If p € D[A] and « ¢ ftv(7), o & ftv(v)), then

1. V[r]plee = VR] = V[7[e/[e]]]p[cx = ACVR]
2. HV[Y]pla — VR] = HV[¢ [/ [a]]] p[ex — ACVR]

3. &[7]ple — VR] = E]7[ee/ [a]]]p[ex — ACVR]
4. K[r]plae — VR] = K[7[ee/ [ax]]]p[ex — ACVR].
Proof

33



The proof follows the same structure as Lemma 8.21. The only interesting case is in claim 1, when
7 = [a]. In this case we have

V[[a]]ple = VR] = VR.¢ = ACVR.¢2 = V[a]ple — ACVR] = V[[ ][/ [a]]]p[e — ACVR].
O

Lemma 8.27
If p € D[A] and « ¢ ftv(7), o & ftv(e)), then

1. V[r]ple = VR] = V[r|e/[a]]]plex — ACCFVR]

2. HV[ylpla = VR] = HV[[/ [a]]pler =+ ACCFVR]

3. Elrlpla — VR] = €[r[e/[a]]lple - ACCFVR]

4. K[r]ple = VR] = K[r[ee/[e]]]pler — ACCFVR].
Proof

The proof follows the same structure as Lemma 8.21. The only interesting case is in claim 1, when
7 = [«]. In this case we have

V[[a]]ple — VR] = VR.;!
= ACVR.¢2 = V][a]p[a — ACCFVR] = V[[a][a/[a]]]ple = ACCFVR].
O

Lemma 8.28
If p € D[A] and a & ftv(7), then

1. V[r]pla — VR] = V[r[ea/[«]]]plex — CFVR]

2. E[r]pla— VR] = &7/ [a]]]plex — CFVR]

3. K[r]pla = VR] = K[r[ee/ [a]]]p[ex — CFVR].
Proof

The proof follows the same structure as Lemma 8.22. The only interesting case is in claim 1, when
7 = [a]. In this case we have

V[[a]]p[a — VR] = VR.¢¢ = CFVR.¢S = V][a]pla = CFVR] = V[[a][a/[a]]]plec — CFVR].
O

The second set of identities is intuitively the inverse of the first set. We can “lump” an interpretation of
a lower-language type variable to replace it with a (properly suspended) higher-language type variable.

Definition 8.29

o
o
-

(L{T1), L{m2), {W, S IFC vy, M0 FC va) | (W, v, v2) € 95}, 98, i)
(L(71), L(m), {(W, BC A vq, B2IC A vy) | (W w1, v2) € 02}, i)

L((71, 72, 07, 3))
L{(71, 72, ¢3"))
Lemma 8.30
1. If VR € CValRel, then L{(VR) € FValRel.

[o N
g i

2. If VR € AValRel, then L(VR) € CValRel.
Proof
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1. Let VR = (71, 72,95, ¢}). After applying the hypothesis, we need to show:
o o = {((W,HmIFC v, M2 FCvs) | (W, v1,v2) € 9§} € ValRel[L(m1), L(72)],
e 0¥ € TransRel®[L(m), L(7)],
o CF(L(r1),L(T2),0]) C oy,
o FC(L(m1), L{m2), o) C oy
All of these follow easily from the definition of L(VR).

2. Analagous to claim (1).

Lemma 8.31
If p € D[A] and o ¢ ftv(7), o & ftv(e)), then

L V[7]ple = L(VR)] = V[7[er/ [ec]][plx = VR]
2. HV[Y]pla = L{VR)] = HV[ [/ [ec][[plex — VR]
- Elrlpla = LVR)] = E[r[a/ ][] plex = VR]

~ W

. Klrlpla > L(VRY] = K[r[e/[@]]]plo - VR].
Proof

The proof follows the same structure as the proof of Lemma 8.21. The only interesting case is in claim
1, when 7 = [a/]. In this case we have

VIallpla = L(VR)] = L(VR).of = VR.of = V[alplo = VR] = V][] [/ [a]]]plex — VR,
O

Lemma 8.32
If p € D[A] and « & ftv(7), o & ftv(v)), then

L V[r]pla = LIL(VR))] = V[7[a/[a]]]p[e = VR]
2. WY ]pla = LIL(VR))] = HV[)[a/[a]]]ple = VR]
- Elrlpla = L{IL(VR))] = €[/ [a]]]pler = VR]

V]

. Klrlpla = L(L(VR))] = K[7[ee/[a]]]plex = VR].
Proof

The proof follows the same structure as the proof of Lemma 8.21. The only interesting case is in claim
1, when 7 = [«/]. In this case we have

VITallpla = LIL(VR))] = L(L(VR)).o!
— VR.p;} = V[adple = VR] = V[[a][e/a]]]ple = VR,
O

Lemma 8.33
If p € D[A] and a & ftv(7), then

1. V[r]pla — L(VR)] = V[7[a/[a]]]p[cx — VR]
2. E[r]pla = L{VR)] = E[r[a/[a]]]plee = VR]
3. K[r]pla — LVR)] = K[r[a/[a]]]p[ex — VR].
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Proof

The proof follows the same structure as the proof of Lemma 8.22. The only interesting case is in claim
1, when 7 = [«a]. In this case we have

VITallpla LIVR)] = LIVR).¢§ = VR.¢ = V]alpla — VR] = V[[a][a/a]]]pla — VRI.
O

Finally, this set of identities deals with a property of the lump type exploited by the value translations
in our multi-language framework, which we need to reason about in order to prove boundary cancellation.

Since the translation of e.g. L<T<C>> is the same as the translation of 7, we can transform the interpretation
of an abstract type between these two instantiations. Intuitively, thanks to parametricity, nothing can be
done with an abstract value except to return it from the term that was required to keep it abstract, and
similarly, there are no operations on a lump except to send it over the boundary. If the return from an
abstract view requires passing through a boundary, a lump of the translation of a value is indistinguishable
from the original value. Thus, an interpretation VR of a type variable is equivalent to this transformation
of it (opaqueR(VR)), as long as we are viewing it from a lower-level language, where we have to perform a
translation to get to the underlying values.

Definition 8.34

opaqueR (11, 72, 08, 5 o) = (71, L((229)), 65, 05 1))
where ¢F= {(W,vi, XN FCvo) | (My, Mz): W A (W,v1,v2) € oF A
CF™(vp, My) = (va, M)}
U LW, SO N FC o) [ (Mo, Ma): W A (W, vi,va) € o€ A
"FC(vy, My) = (vi, M1)}
opaqueR(r1, 72,65, o) = (71, L((m2 ), oF 1))
where ¢§= {(W B ({-},M’),vl,L(("‘2<A>)>C.sz) | (My, Ma): W A (W,vi,v2) € 02 A
AC™2(vg, Ms) = (vo, Mo W M')}
UL, ve, W= 00 Av) | (M1, Mo): W A (Wi, va) € 9 A
TICA(vy, My) = (v1, M1)}
Lemma 8.35
1. If VR € FValRel, then opaqueR(VR) € FValRel.

2. If VR € CValRel, then opaqueR(VR) € CValRel.
Proof

1. Let VR = (11, 72, 0F, 0¥, o),

. (€ -
OF L = {(W,v, YN FCvy) | (My, My): W A (W,vi,v2) € oF A CF™(va, My) = (va, My)},
and

. (€ .

oy = {(W,v, "N FCvy) | (My, My): W A (W, vi,vs) € o5 A "FC(vy, M) = (vi, M)}

After applying the hypothesis, we need to show:
e (pF'1 UPL,) € ValRel[r, L(12 ()],
o ©¢ € TransRel[r, L(m(©))],
o CF(ri,L(nf9), (pf1U@L2)) C o, and
o FC(r1, ('), 7) C (p51U@L).
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The first two requirements are boundary cancellation properties. On the left, they follow from
the boundary cancellation properties given by oF € ValRel[r;, 7] and ¢S € TransRel®[r1, 7). On
the right, they follow directly from the translation rules for lump types.

The latter two requirements are bridge properties. We can break them down to the following:

b C]:(Tla L<7—2<C)>7¢51) - Qoga

b C]:(Th L<T2<C>>>¢52) c ‘ng and

b -FC(Tla L<7—2<c)>750§) - 955‘2
These follow easily from the definitions of ¢X; and ¢f's and from the boundary cancellation
property given in ¢ € TransRel® [T1, 2]

2. Analogous to claim (1).

Lemma 8.36
Let VR € ValRel[r;, 2] and VR’ = opaqueR(VR). Let pf" = VR. and I = VR .pF.

1. If (W,vi,v2) € oF ) (My, My): W, and CF™(vq, Ma) = (va, Ms), then (W, vl,'-<72<c>>]:CV2) € pF.
2. Tf (Wyv1, "= N FCvy) € oF, (My, My): W, and "FC(va, Ma) = (va, M), then (W, v1,v2) € oF.
Proof

1. Immediate from the first part of the definition of ¢
2. By boundary cancellation on (" and the bridge property from VR.¢S to ¢f.

Lemma 8.37
Let VR € ValRel[r, 2] and VR’ = opaqueR(VR). Let »§ = VR.§ and 4§ = VR.¢§ .

1. If (W,v1,va) € ¢S, (M, Ma): W, and AC™ (va, Ms) = (v, Mo & M'), then
A
(W& ({'}aM/),V17L<TZ< >>C.AV2) € .
L<T2<'A>> ~C . o B o
2. If (W, vy, CAvy) € ¢S, (My, Ms): W, and 2CA(v2, M) = (va, Ma), then (W, v1,va) € ¢5.

Proof

1. Immediate from the first part of the definition of ¢¢ .
2. By boundary cancellation on ¢ and the bridge property from VR.p# to ¢¢.

Lemma 8.38
1. V[r]pla = VR] = V[7]plex — opaqueR(VR)]

2. HV[Y]pla = VR] = HV[1)] p[ee — opaqueR(VR)]

3. &[7]pla — VR] = E[7]pla — opaqueR(VR)]

4. K[7]plec = VR] = K[r]p[ex — opaqueR(VR)].
Proof

Follows the structure of Lemma 8.21. The only interesting case is in claim (1) with 7 = [a], where
V[[a]]p[e = VR] = VR.¢?} = opaqueR(VR).¢2 = V[[a]]p[e — opaqueR(VR)]

by definition. O
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Lemma 8.39
1. V[r]pla — VR] = V[7]pla — opaqueR(VR)]

2. HV[]pla — VR] = HV[¢]p[ae — opaqueR(VR)]

3. E[r]pla — VR] = &[] pla — opaqueR(VR)]

4. K[7]pla = VR] = K[7]p[e — opaqueR(VR)].
Proof

Follows the structure of Lemma 8.21. The only interesting case is in claim (1) with 7 = [«], where
V[[«]]p[a — VR] = VR.¢?' = opaqueR(VR).02 = V[[a]]p[a — opaqueR(VR)]
by definition.

Lemma 8.40
1. V[r]pla — VR] = V[7]p[e — opaqueR(VR)]

2. &[7]pla — VR] = &[] p[a — opaqueR(VR)]
3. K[7]pla = VR] = K[7]p[a = opaqueR(VR)].
Proof
Follows the structure of Lemma 8.22. The only interesting case is in claim (1) with 7 = [«], where
V[[a]]p[a — VR] = VR.¢S = opaqueR(VR).¢S = V[[a]]ple — opaqueR(VR)]

by definition.
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9 Proofs: Boundary Cancellation

Lemma 9.1

Given W, 7, and A, let p € D[A, 3] such that p = po[B+ VR] and p’ = pg[B8 — VR’], where for each
VR;, VR], either VR; = opaqueR(VR]) or opaqueR(VR;) = VR;. Also let (W,vi,vo) € ValAtom|[7]p,
(My, My) : W, and »2(DFC(CF?2(") (v, My)) = (v, Ms). Then (W, vy,vb) € ValAtom|[r]p'.

Proof

We need to show that (W, vy,v5) € TermAtom[7]p’. From (W,vi,va) € ValAtom[r]p, we know that
W e World, W.Wy; ;- F vi:pi(7), and W.Us; ;- F vy:pa(7). By definition of opaqueR, pj = pi,
so it suffices to show that W.Ws;-;- F vh:ph(7). But now we need only use our hypothesis that
Po(NFC(CF2(7) (v, My)) = (v, M>) to apply Lemma 8.5 twice. O
Lemma 9.2 (FC/CF Boundary Cancellation)
Given W, 7, and A, let p € D[A, ] such that p = po[3 — VR] and p’ = po[3 — VR'], where for each VR;,
VR., either VR; = opaqueR(VR}) or opaqueR(VR;) = VR,. Then
1. If (W,e1,e5) € E[7]p, then (W, ey, 2 MFCCFr2(T) &) € E[r]p.
2. If (W,v1,v2) € V[r]p, (M1, My) : W, and »2(DFC(CF?>(7) (v, My)) = (vb, M>), then
(Wovi,vp) € V[r]p'.

Proof

We prove both claims simultaneously by induction on W.k and then on the structure of 7.

For claim (1), let W’ Jpu W and (W vi,va) € V[r]p. Note that (W,[-],”2(NFCCFr()[]) €
ContAtom|[r]p ~ [7]p’. By Lemma 8.20, it suffices to show

(W' v, P2 DFCCFP () vy) € E[r]p

Note that (W', vy, ?2(DFC CFP2(7) v) € TermAtom|[r]p'.

By Lemma 8.3, for any M, there is a vj such that (M | #2(WFCCFr>(T) vy) —2 (M | v4). Thus, by
Lemma 8.15, it suffices to show (W', v1,v5) € E[7]p’, and finally, by Lemma 8.9, we need only show
(W', v1,vh) € V[7]p', which we have by claim (2).

We prove claim (2) by considering the possible cases of 7:

Case «
Since p € D[A, @], we know that p(a) € FValRel. By Lemma 8.35, p'(a)) € FValRel as well.
Consider the three possible cases of p(«) and p'(«):

)
o If p(a) = p'(a) = (11,72, 0F, 0%, ), then the result is immediate, since p(a) € ValRel[ry, 2].
o If p(a) = (7—1’ T2, 9057 vacv SavA) and pl(a) = opaqueR(p(a)) = (7_17 L<T2<c>>7 9557 vacv 501[?)’ then
by Lemma 8.5, v) = L<72<C>>]:C vy for some vy such that CF™(vp, My) = (va, Ms). The result
follows from Lemma 8.36.
e Finally, if p'(a) = (71,72, F, 05, ) and
p(a) = opaqueR(p' (@) = (11, L(2‘9)), &1, o, 01)),

then there exists some v, such that vo = L<T?<€>>]—'C va, and ?FC(va, My) = (vh, Ms). The
result follows from Lemma 8.36.

Case unit

By inspection of the translation, v, = vo = (), so we are done.
Case int

By inspection of the translation, v, = v, = n, so we are done.
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Case V[a].(T)— 7/
By Lemma 9.1, we know that (W, vy,v5) € ValAtom[V[a].(T) = 7']p’.
Let W J W, VR € FValRel and (W', ¥1,¥2) € V[r]p'[oe — VR]. We need to show that

(W' vq [VR.11] 91, V5 [VR.72] 02) € E[7']p [ — VR].

For convenience, let 71 = VR.71, 2 = VR.12, p = pla — opaqueR(VR)], and p' = p'[a — VR].
Thus we can restate our assumptions as (W’,¥1,¥,) € V[7]¢’, and we can restate our proof obli-
gation as (W', vy [71] U1, V5 [T2] ¥02) € E[T]H-

By Lemma 8.3, there are some ¥ and 5 such that

CF”2) (0, M) = (¥,M)  and  P(DFC(Y, M) = (35, M).

By the induction hypothesis,

(W7,901,75) € V[7]p.
Hence, by our assumption that (W, vq,v2) € V[V[a].(T) = 7']p, we have

(W', va [73) 91, v2 [L((©0)] 9) € E[7'] .
By the induction hypothesis and by claim (1),
(W', va [71] O3, P2 OFC CFP2) vy [L(n (@) 0) € E[7']7)
By Lemma 8.15, it suffices to show that
(M | vj [72] %) " (M | ACOFCCFRT) w3 [Lin )] ).
To show this, we derive the shape of v}. By definition,
CF7> (011 = ™) (v, M) = (pack(unit,(v, ())) as (p2(V[a].(F) = 7/))(©), M),

where

v = A[@] (z: unit, x: pa(r) (O [/ [a]]).CFP2 L@/l y, [[a)] p2(DILi@/alFC x.
Also by definition,
P2(7[a]-(7) = 7RG (pack (unit, (v, ())), M) = (\[@ (x:7).~2 TV FC e, M),
where
e = unpack (3,y) = pack(unit,(v, ())) in (m1(y)) [[a]] m2(y), CF#2() x

Thus v = @ (x:7).~2")FCe.
By the operational semantics, we have

(M | v4 (7)) M | (4 FC e)lrafal /)
M | OFC (v [ @] (), CFR0) )

(
(
(M | 7200FC (v (9] (), 9))
(
(M

*

M | P2TVFCCFPRT) vy (L O] 22D FC )
| pa (T FC cFP2A(T) Vo [|_<72<C>>} vé),

IIUI

as desired.
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Case Ja.T
By Lemma 9.1, we know that (W, vy, v5) € ValAtom[Ta.7]p'.
By our hypothesis that (W, vy, v2) € V[Ja.7]p, we know that

vi = pack(r1,91) as p1 (Fa.7), vo = pack(7,¥,) as p2 (Ja.7),
and that there is some VR € FValRel such that VR.7y = 11, VR.7» = 7, and
(W,41,%2) € V[r]plae — VR].
By Lemma 8.3, there are some ¥ and ¥} such that
CFr /o)y M) = (9, M) and  AOLE Y elpeo, M) = (@), M).

By definition of the value translations, we have v = pack(L(TéQ),\A/z) as ph(Ja.7). To show that
(W,v1,vh) € V[3a.7]p’, we need to find VR’ € FValRel such that VR .7y = 71, VR' .72 = L(r{©)),
and
(W,41,9) € V[r]p'la = VR/].
By the induction hypothesis, VR’ = opaqueR(VR) does exactly this, so we are done.
Case po.t

By Lemma 9.1, we know that (W, vy,v5) € ValAtom[ua.7]p’.
By our hypothesis that (W, vy, v2) € V[ua.7]p, we know that

A

vy = fold 2(pa.r) V2>

Pl(,ua/r) Vi, Vo :f0|dp

and that (W,¥1,%,) € >V[r[pa.7/a]]p.
By Lemma 8.3, there are some Vo and 05 such that

CF’)(p, M) = (Vo,M)  and  PIRC(Vo, M) = (34, M).
By the induction hypothesis,
(W,901,0%) € V[r[pa.m/a]]p.

It remains only to show that v, = fold b ( U5, but this follows easily from the definition of

Le.T)
the value translations.
Case (T)
By the definition of the value translations and the induction hypothesis.
Case L(7)
By Lemma 9.1, we know that (W, vy, v5) € ValAtom[L(T)]p’.
By assumption, we know that

vy = (K)o V1, vy = p2(L{T)) e Va,

and (W, V1, V2) € V[7]p. By inspection of the value translations, we know that v5 = Po(HTNFC s,
so we need to show only that (W,¥1,V2) € V[7]p’. But this follows by Lemma 8.40.

O

Lemma 9.3 -
Given W, 7, and A, let p € D[A, ] such that p = po[8 — VR] and p’ = po[8 — opaqueR(VR)]. Also let
(W, v1,vz) € ValAtom[r(9]p, (M, My) : W, and CF#2(") (P2(FC(vy, My)) = (v}, My). Then

(W, v1,v%) € ValAtom|[7(9]p.
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Proof

We need to show that (W, vy, v%) € TermAtom[p; (7(9)), po(7()]. By (W, v1,v2) € ValAtom[r{%]p,
we know that W € World, W.W; ;- - vy : py (7€), and W.U; ;- b vg 2 po(7¢€)). Tt suffices to show that
W vy p2(7(€)). But we can simply use CFP2(T)(”/2(T)FC(V2, M;)) = (v}, Ms) to apply Lemma
8.5 twice. O

Lemma 9.4 (CF/FC Boundary Cancellation)
Given W, 7, and A, let p € D[A, 5] such that p = po[8 — VR] and p’ = po[8 — opaqueR(VR)]. Then

1. If (W,eq,es) € E[T(9]p, then (W, ey, CFP) r2(NFCey) € E[7(9]p.
2. If (W, vi,vz2) € V[T O]p, (My, M) : W, and CF?2(7) (P2()FC(v4, Ma)) = (v}, M), then

(W, v1,v4) € V[r{9p.

Proof

We prove both claims simultaneously by induction on W.k and then on the structure of 7.

For claim (1), let W’ Jpu, W oand (W', vy, vs) € V[7{9]p. Note that (W, [-],CFr(D) rz(0FC[]) €
ContAtom|[7{]p ~ [7(€)]p. By Lemma 8.20, it suffices to show

(W' vy, CFP2D s FCv,) € E[749]p.

By Lemma 8.3, for any M, there is a v/, such that (M | CFP2(") P2(FCvy) ——* (M | v),). Thus, by
Lemma 8.15, it suffices to show (W', vy, v5) € E[7(%)]p, and finally, by Lemma 8.9, we need only show
(W', v1,vh) € V[r{9]p. We have this by claim (2).

We prove claim (2) by cases of 7:

Case «

Since p/(a) € FValRel, we have p(a).0S = p/(a).¢C € TransRel®[p} (a), ph()]. This gives the
result immediately.

Case unit

By inspection of the translation, v), = v, = (), so we are done.
Case int

By inspection of the translation, v}, = v, = n, so we are done.
Case V|[a].(T)— 7/

By Lemma 9.3, we know that (W, vy, v}) € ValAtom[A[a](7).7' (€] p.

Recall that

via].(7) - 7@ = 36.((V[a]-(8, 7@ [a/Tal]) — 7O/ Tal]) , B).

Lhet T = V[@l.(8, 7 [a/[a]]) = 7 [a/[a]]. Since (W,v1,v2) € V[3B.(7t, B)]p, we know
that

Vi = paCk<T17<Vf17 Venv1>> as EI/3'<pl (Tf)7 /8>a Va2 = paCk<T27<Vf27 Venv2>> as 3/6'<p2(7-f)7 /8>a
and there is some VR € CValRel such that VR.7y = 7, VR.75 = 75,
(W,ve1,vea) € V[e]p[B — VR], and (W, Venvi, Venvz) € VR.0S.

By inpection of the translations, v/, = pack(unit,(v,, ())) as 38.(p2(7¢), 3). We need to find
some VR’ € CValRel such that VR'.7y = 7, VR .75 = unit,

(W, Venvi, ) € VR .S, and (W, ver,v,) € V[7e]p[B — VR].
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We will construct such a VR shortly. First, we will show that the last condition can be derived
from the first three and the property that if (W', vy, ()) € VR .S, then (W', vy, Venya) € VR.0S.

We are proving that (W, ver, vi,) € V[e]p[B — VR']. Let W J W, VR* € CValRel,

p* = p[B+— VR][a = VR,

(W' vE 1 VE ) € VR.@S, and (W', vi,v3) € V[r©[a/[a]]]p*. For convenience, also let

7= VR".7 and 7 = VR".75. We need to show that

(W', ver [T] Viy1s VI Viz [T3] Vineas VB) € E[7 O/ Talllp".

Let = p[8 — VR][a — VR*]. By Lemma 8.3, there exist v and v3’ such that

(I /ARC(vy, M) = (v, M) and  CRPMT/el(vy M) = (vi, M).

By Lemma 8.33, V[r{© [a/[a]]]p* = V[T ]p]B — VR'][a = L(VR¥)], so we can apply the in-
duction hypothesis and get (W’,v¥,v3’) € V[r{®[a/[a]]]p*. Note that p* and j only differ at
B, and that 3 ¢ ftv(7{®’[a/[a]]). Therefore, by Lemma 8.22,

(W, vi,vs) € V[T ©la/[al]]p.

Since VR/.75 = unit, we must have V2.2 = (). By our assumption about VR’, we have that

(W', vE o 1s Venvz) € VR.9S. Therefore, by our hypothesis that (W, ver, vez) € V[7¢]p[3 — VR,
we have

(W' v [T1] Viny1s VIs Ve2 [T3] Venve, v3') € E[79a/Tal]]p-
Once again, 8 ¢ ftv(7'{© [a/[a]]), so
(W', ven [T5] Vi1 Vis Vi [T3] Venvas v3') € E[7Oa/Ta]]lp"
By Lemma 8.33,
E[ O a/Talllp” = E[7O]plB = VR'|[a = LVRY)],

so we can apply the induction hypothesis to get

(W ver [TF] Vi ogs Ve cFP (TIK(r3)/a] (p’(f’)[ufz*)/a]]:c vez [T2] Venvas T;'))
€ E[7C [a/[alllp",

By Lemma 8.15, it suffices to show that

Vi [75] 0, v rr CF LT/l (TR INEC vy [75] Venvas vE)-

To show this, we examine the value translations to determine the structure of v{,. We have that

Vhy = A[@] (z: unit, x: po (1) [/ [a]]).CFP2TIIL /el y [L{a)] o (D) /ol FC x,

where ()
P2(Y10].(T) = T DRC vy, M) = (v, M).

In particular,

v = Ao (x77).22(")FC (unpack (8, y) = va in w1 (y) [[o]] 72(y), CFP() x).
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Therefore,
M | v [73]10),v3)
M| CFra(T)ILr3) /o]y, [L{m)] Py (M)L{m3) /e Vi)

(

— <

—* (M | CFra(T)ILT3)/aly, [L{T2)]v5)
(
(

4 (M | CFP2TIIT2) /) FC vy [15] Venva, CFPaMIL(T2) /] y5)
—* (M | CFPeIILT2) /e oo (LT A FC vy [75] Venva, V3D,

as desired.
It remains to construct VR'. Recall that the properties VR’ must satisfy are these:

VR’ € CValRel

[ )

e VR .71y =7

e VR'.75 = unit

o (W,Venv1,()) € VR 9§

If (W, v,()) € VR".¢¢, then (W', v, Veny2) € VR.¢F.
Define VR’ as follows:

501?0 = {(levenvla ()) | w3 W} 9011;40 = {}
SﬁgnJrl = ‘Pvcn UCA(Ty, unit, Spfn) SpfnJrl = @?n U AC(71, unit, Sogn)
¢F  =Ue¢ls ¢n =UZoei

VR’ = (71, unit, 3¢, $7).

We need to show the first and last of the required properties; the others hold obviously.
To show that VR’ € CValRel, we need to show the following:

1. ¢S € ValRel[ry, unit]

2. A € TransRel” [y, unit]

3. AC(7y,unit, ) C oA

4. CA(Ty, unit, p21) C 9.
Part (1) requires monotonicity and forward boundary cancellation. Monotonicity holds by in-
duction on ¢, noting that the translation operators preserve monotonicity. Boundary cancellation
holds on the left by definition: for any element of ¢, the required translation is in ¢ 5. On
the right, boundary cancellation holds by the translation rules for the unit value.
Part (2) requires monotonicity and backward boundary cancellation. These properties hold by
similar arguments to those for part (1).
Parts (3) and (4) hold by definition.
Finally, we must show that (W', v, ()) € ¢S, implies (W', v, Venva) € VR.¢S. We prove this si-
multaneously with the property that for any (W’ v, ()) € ¢A, if (My, My): W’ and ™CA(v, M;) =
(v, M), then (W', v, Venvz) € VR.¢S, using induction on 4.
For the first proposition, we have (W’,v,()) € ¢¢; for some i. If i = 0, we have the result
since we know that (W, Venvi, Venvz) € VR.9S. If i > 0, then either (W' v,()) € ¢$;_1, in
which case the induction hypothesis gives the result immediately, or there is some v such that
TCA(v, M) = (v, M) and (W’,v,()) € ¢/};_1, in which case the induction hypothesis for the
second proposition gives the result immediately.
For the second proposition, we have (W', v, ()) € o2, for some i. If i = 0, we have a contradiction
since ¢ is empty, so we are done. If i > 0, then either (W’ v,()) € go;j‘tl, in which case the

induction hypothesis gives the result immediately, or there are some v, W, and M’ such that
W' =Wm@ (M, {}), AC™ (v, M;) = (v, My & M), and (W,v,()) € $S;_1. By the induction

hypothesis for the first proposition, (W, v, Venyva) € VR.¢S. The result follows from boundary
cancellation on VR.¢S.

This completes the proof of the most difficult case of boundary cancellation!
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Case Jda.t
By Lemma 9.3, we know that (W, vy, v%) € ValAtom[3a.7(%]p.
We know that vi = pack(7;,v1) as p1(Ja.7(%)) and vy = pack(7s,73) as py(Ja.7(€)), and that
there is some VR € CValRel such that VR.7y = 71, VR.72 = 73, and (applying Lemma 8.33)

(W, 91, 92) € V[T @[e/ [al]]pla = VR] = V[ @ pla — LVR)].
By Lemma 8.3, there exist ¥ and ¥/, such that
pé(f)[L<7'1>/04]1;\(;({,27 M) = (0, M) and CFra(NIL{r1)/e] (U, M) = (¥, M).
Thus we can apply the induction hypothesis and Lemma 8.33 to get
(W, ¥1,95) € V[rD]pla = L(VR)] = V[{9[a/[a]]]pla = VR].

By inspection of the translations, v, = pack(72,v}) as (pa(Ja.7)(?)), so we have the desired
result of
(W, v1,v4) € V[Fa.mp
by using VR to instantiate the existential.
Case pa.t
By Lemma 9.3, we know that (W, vy, v5) € ValAtom|[ua.7(%]p.
We know that v; = foldp

{/1, Vo = fOldp {/2, and

1 (o 74€)) o (e 7(€))
(W, 91, 92) € BV[r9 e/ [a]][ua.m /a]lp = BV[(rlpa.T/a])C]p.
By Lemma 8.3, there exist ¢ and ¥/, such that
pa(rlket/aDpC (G5, M) = (0, M) and CFPa(Tler/al (G M) = (¥4, M).
Thus we can apply the induction hypothesis to get

(W, 91,95) € BV[(r[ua.r/a)) D ]p = bV [/ [a]][ua.r /a]]p.

By inspection of the translations, v/, = foldp2 (ua.7'<c)) V5, so we have the result.
Case (T)

By definition of the value translations and the induction hypothesis.
Case L(7)

By inspection of the translations at type L(7), v, = v3, so we are done.
O

Lemma 9.5 B

Given W, 7, and A, let p € D[A, 3] such that p = pg[3 — VR] and p’ = po[3 — VR'], where for each VR;,
VR;, either VR; = opaqueR(VR;) or opaqueR(VR;) = VR;. Also let (W, vy, v2) € ValAtom|[7]p, (M, M2) :
W, and P2(TCA(ACP2(T) (va, My)) = (vh, Mo W M}). Then (W 8 ({-}, M5),v1,v}) € ValAtom[r]p'.

Proof

We need to show that (W 8 ({-}, M3), vq,v5) € TermAtom([7]p’. From (W, vy,vz) € ValAtom[7]p we
know that W € World, W.Wy; - F vyi:p1(7), and WWq; ;- F va:pa(7). By definition of opaqueR,
P = p1, so it suffices to show (W B ({-}, M3)).Wa; ;- = vi:ph(7). But now we need only use our
hypothesis that #2("CA(ACP2(T) (v4, My)) = (v}, My & M) to apply Lemma 8.5 twice. O

Lemma 9.6 (CA/AC Boundary Cancellation)
Given W, 7, and A, let p € D[A, 3] such that p = po[B — VR] and p' = po[3 — VR/], where for each VR;,
VR., either VR; = opaqueR(VR}) or opaqueR(VR;) = VR. Then
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1. If (W, e, es) € E[T]p, then (W, ey, (TICAACP(T) e5) € ]
2. If (W, v1,vz2) € V[7lp, (M1, M) : W, and »2(")CA(ACP2(") (vy, My)) = (v}, My & M’), then

(WE{-}, M), v1,vy) € V7o'

Proof

We prove both claims simultaneously by induction on W.k and then on the structure of 7.

For claim (1), let W’ Jpup, W and (W', vy, v2) € V[r]p. Note that (W,[-],”2(TICAACP() []) €
ContAtom|[7]p ~ [7]p’. By Lemma 8.20, it suffices to show

(W', vy, P2TIC A ACP2(T) vy € E[7]p .

Note that (W', v1,72(TCAACP(T) v5) € TermAtom[7]p'.
By Lemma 8.3, for any (M, Ms): W, there is a v}, such that

(My | P2CAACP(T) va) —* (My W M | vh).

Thus, by Lemma 8.16, it suffices to show (W' ({-}, M"),v1,v}) € E[7]p’, and finally, by Lemma 8.9,
we need only show (W’ 8 ({-}, M’),v1,v5) € V[r]p’, which we have by claim (2).

We prove claim (2) by considering the possible cases of 7:

Case «
Since p € D[A, @], we know that p(a) € CValRel. By Lemma 8.35, p'(a) € CValRel as well.
Consider the three possible cases of p(a) and p'(a):
o If p(a) = p'(a) = (11, T2, 0, ), then the result is immediate, since p(a) € ValRel[ry, 7).
o If p(a) = (71,72,%7%) and p'(a) = opaqueR(p()) = (71, L{72Y), o, ¢}, then by
Lemma 8.5, v}, = L(rs (A )CAv, for some vy such that AC™(vy, My) = (va, Mo W M’). The
result follows from Lemma 8.37.
o Finally, if p'(a) = (71, 72,97, ¢;') and p(a) = opaqueR(p' (@) = (71, L{m2"), ¢, i),
then there exists some v, such that vo = Lre (A )CAv, and T2CA(v2, My) = (v, Ms). The
result follows from Lemma 8.37.
Case unit
By inspection of the translation, v/, = vo = (), so we are done.
Case int
By inspection of the translation, v,, = v = n, so we are done.
Case V[a].(T)— 7/
By Lemma 9.5, we know that (W, v1,v}) € ValAtom[V[a].(T) — 7/]p’.
Let W J W & ({-}, M), VR € CValRel, SR € TStackRel, and (W’,¥1,V2) € V[7]p'[c — VR].
We need to show that

(W', v1 [VR.71] V1, v, [VR.12] ¥2) € E[7']p' [ — VR].

For convenience, let 71 = VR.7q, T2 = VR.72, p = pla — opaqueR(VR)], and p' = p'[a — VR].
Thus we can restate our assumptions as (W’,V1,V3) € V[7]p/, and we can restate our proof
obligation as (W', vy [T1] V1, V), [T2] V2) € E[T']p

Suppose (Ml, Mg) :W'. By Lemma 8.3, there are some v and \772 such that

ACP2(T) (g, Ny) = (0, My & M! and  P2(NCA(U, My W M) = (¥, My W M)).
I3 ) 2 [3
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Let M’ = M]. By the induction hypothesis and monotonicity,

(W' B ({-}, M), 91,%4) € V[r]5.
Hence, by our assumption that (W, vy, va) € V[V[a].(T) — 7']p, we have
(W'B ({-}, M), vy [71] ¥1, v [L{m2 )] ¥5) € E[7']p.
By the induction hypothesis and by claim (1),
(W' B ({3, M), v1 [71] 31, 2T ICAACPT) vy [L(mo )] V5) € E[r']5.
We claim that
(M | vl [73] V2) —* (Mp UM | 72T ICAACH () vy [L(my )] ¥5)

using only memory-invariant reduction steps and translation reduction steps that only affect
memory by allocating the M/. By Lemmas 8.15 and 8.16, this is sufficient to complete the proof.

To show this reduction sequence, we derive the shape of v/,. By definition,
ACPr2(V[a].(7) — -,-')(V2,M2) = (¢, My M),

where

M’ = £ — X[@](x: p2(T) A [/ [a]]). ACP> (T /el vy [L{a)] (DL} /alc A x.
Also by definition,
(V-1 = TG A (0, My w0 M) = (N[@] (x77).72TICA (£ [[]] ACP2T) x), My ) M').

Thus v/, = A[a] (x77).2(TICA (£ [[a]] ACP>(T) x).
By the operational semantics and by the property that My(£) = M’(¢) (which follows from the
definitions of B and world extension), we have

My | 2TICA (£ [12(A] ACP2(T) $15))

My w M| PT0CA (€[5 (A)] 0))

My w M| 7270 A ACP (™) vy [Li(1(A)] 52(T)CAT)
Myw M | 270 A ACP2(T) vy [Li(75 )] 95),

(My | v} [73] 92)

*

—
—
—
—*

(
(
(
(

as desired.

Case Jo.T
By Lemma 9.5, we know that (W 8 ({-}, M"),v1,v5) € ValAtom[3a.7]p’.
By our hypothesis that (W, vy, vs) € V[Ia.7]p, we know that

vy = pack(m,¥1) as p; (Fa.7), vy = pack(Ta,V2) as po(Ja.7),
and that there is some VR € CValRel such that VR.7; = 71, VR.75 = 72, and
(W,¥1,¥2) € V[r]pla — VR].

Note that by Lemma 8.3, there are some ¥ and v/, such that

A
ACPOT /e (95, M) = (0, M M) and PO ) /0loa @, My w M) = (9, My 1w M),
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Consider the form of v/. By definition,
ACP2GxT) vy My) = (pack (724 0) as (pa(Fa.7)) A My w M)
and
P23TICA (pack (124 ,0) as (pa(3a.7)) A, My W M') = (pack (L (7oA, 94), My w M").

So to show that (W, vq,v5) € V[Ja.7]p’, we need to show that there is some VR’ € CValRel
such that VR’ .7y = 71, VR .75 = L{75*"), and

W8 ({},M),v1,v,) € V[r]p'[ee = VR'].

By the induction hypothesis, VR’ = opaqueR(VR) does exactly this, so we are done.

Case po.t
By Lemma 9.5, we know that (W B ({-}, M’), vy, v}) € ValAtom[pa.7]p’.
By our hypothesis that (W, vy,va) € V[pa.7]p, we know that

vy = foldpl( V1, Vo = foldpQ( Va,

o ) noeT)

and that (W, Vq,V2) € V[ [pa.7/a]]p.
By Lemma 8.3, there are some U and ¥, such that
AcP(TlhaT/o) (G My) = (1, Myw M) and  P2(TleT/elCA (G, My w M) = (¥4, My W M),
By the induction hypothesis,
(WH{-}, M), ¥1,V) € pV[r[pa.7/a]]p.

It remains only to show that v/, = fold V5, but this follows easily from the definition of

pa(poe.T)
the value translations.

Case (T1,..+,Tn)
By Lemma 9.5, we know that (W8 ({-}, M’),v1,v5) € ValAtom[(T1, ..., Ta)]p’. By our hypoth-
esis that (W, vy,v2) € V[(T1,...,Tn)]p, we know that

V1:<V117"'7V1n>7 V2:<V217"'7V2n>a
and that for each i, (W, vy;,va;) € V[ri]p.
By inspection of the translations,
M =MW - M @+ (I1,...,0,)) and vy = (Viyeeey Vi)
for some Vq,...,V, and Vq,..., ¥V, such that

ACP2(T) (voy, My W M{ - - M) = (U, Mo W M{ W - & M)

?

and )
P2(TICA (U, My W M) = (5, My & M').

By the induction hypothesis and monotonicity, each (W 8 ({-}, M’),v1i, Vi) € V[r]p’. Thus
wa{},M),vi,v,) € V[(T1,...,mn)]p" as desired.

Case [«
Since p' (o) = p(a),this follows from p(a).¢S € ValRel[p1 (a)(€), pa(a)(©)].
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Case L(7)
By Lemma 9.5, we know that (W 8 ({-}, M"),v1,v5) € ValAtom[L(7)]p’.
By assumption, we know that

vy = Pl(L<"'>)CA\’}1, Vo = pz(L<T>)CA(,2’
and (W,¥1,02) € V[7]p. By inspection of the value translations, we know that
vt = P2 4TIC A, and M ={},
so we need to show only that (W, ¥1,72) € V[7]p’. But this follows by Lemma 8.38.

O

Lemma 9.7 -
Given W, 7, and A, let p € D[A, 3] such that p = pg[3 — VR] and p’ = pg[3 — opaqueR(VR)]. Also let
(W, v1,v2) € ValAtom[r 4] p, (M, My) : W, and ACP2(7) (P2(T)CA (vy, My)) = (v5, My & M3). Then

(W B ({-}, M}),v1,v}) € ValAtom[r ]p.
Proof

We need to show that (W, vq,v5) € TermAtom[r M ]p. From (W,v1,v2) € ValAtom[r{4]p, we know
that W € World, W.W; ;- F vi:pi (™), and W.U; ;- F vp:po(7). Tt suffices to show that
WU - b= ) po(74). But we can simply use ACP2(7) (P2(TICA (v, My)) = (v5, M>) to apply Lemma
8.5 twice. O

Lemma 9.8 (AC/CA Boundary Cancellation)
Given W, 7, and A, let p € D[A, 3] such that p = po[3 — VR] and p’ = pg[3 — opaqueR(VR)]. Then

L If (W,er,e2) € E[7¢]p, then (W, e1, AC2(7) 12(IC A ey) € E[7A]p.
2. If (W, v1,v2) € V[rA]p, (My, My) : W, and ACPD (P2(TICA (va, My)) = (v}, My W Mj), then

(W8 ({-}, M3),v1,v3) € V[T ]p.

Proof

We prove both claims simultaneously by induction on W.k and then on the structure of 7.

For claim (1), let W’ Jyup, W oand (W' vi,v;) € V[r]p. Note that (W, [-], AC2(") r2(TICA[.]) €
ContAtom[T ] p ~ [7¢4]p. By Lemma 8.20, it suffices to show

(W' w1, ACP2(T) 2 (TIC A vy) € E[7M]p.
Note that (W', vy, ACP2(7) 72(TIC A v,) € TermAtom[r]p’.
By Lemma 8.3, for any (My, M,): W, there is a v} such that
(M | ACP2(T) P2(TIC A vp) —* (Mo W M | vh).

Thus, by Lemma 8.16, it suffices to show (W’ 8 ({-}, M"),v1,v}) € E[7]p, and finally, by Lemma
8.9, we need only show (W' B ({-}, M"),v1,v}) € V[T ]p. We have this by claim (2).

We prove claim (2) by cases of 7:

Case «

Since p(a) € CValRel, we have p(a).p? = p/(a).0? € TransRel?[p} (), py(c)]. This gives the

result immediately.



Case unit
By inspection of the translation, v), = v, = (), so we are done.
Case int
By inspection of the translation, v}, = v, = n, so we are done.
Case V[a].(T) — 7/
By Lemma 9.7, we know that (W, vq,v}) € ValAtom[A[a] (7).7/ 4] p.

Recall that
V[a].(F) = 7/ = box V[@].(rA[a/[a]]) = 7 [a/[a]].

Let ¢ = V[a].(t(A [a/[a]]) = 7 [a/[a]]. Since (W,vi,vs) € V[box 1] p, we know that

vi =£L1[F115 -+« 5 Tim]s vo = £a[T215 .+« 5 T2n),

Mi(€1) = APy -+« Bim, &) (x: p1(11)) -1, T =71[T1/6],

M3(€2) = X[B21 - - - , B2n, @] (X2 p2(T2)) 12, T = 1[T2/B2),

and

(W, Ala] (x: p1(m1))-ta[F1/Bal, Ale] (x: p2(72)) - t2[T2/B2]) € HV[¥x]p.

By inpection of the translations, v, = £ and M’ = £ + h, where

h = A[a](x: p/Q(T)<~A> [a/[a]]).e, e = Acra(T)L{ce)/a] [L{a)] pa(T)[L{e) /el A X,

and - -
v =A@ (x: p4(7)) P2 CA L [72, [a]] ACPET) x.

We need to show that

(W8 ({-}, M), A[a] (x: p1(m1))-t1[71/B1], h) € HV[]p.

Let W' 3 W, VR € AValRel, (W’,v;,v3) € V[t [a/[e]]]pler = VR]. For convenience, also
let 7" = VR.7 and 77 = VR.72. We need to show that

(W, ta[#1/Bal[rf /el [vi /x], e[r5 /] lv; /x]) € E[7" A [/ Ta]]]ple — VR].

By Lemma 8.3, for any (Mj, M}): W', there exist vi, E, and M* = M{ W .- & M} such that

pa(MIL(7) /IC A (v5, My) = (v5, Mj)

and

ACP (MLl (v M) = (vi!, My w MY).

By Lemma 8.31, V[7 Y [a/[a]]]p[cx — VR] = V[7{(A]p[a — L{VR)], so we can apply the in-
duction hypothesis and monotonicity to get

(W' B ({3, M*),vi,v3") € V[ [a/[a]]]ple — VR].
By instantiating our hypothesis, we know that
(W' B ({-}, M*), ta[#1/Bal[ri" /al[vi /x], ta[ 72/ Ba] [75 / ] [v3 /x]) € E[7" M [a/[e]]]pla = VR].

By Lemma 8.31, £[7"* [a/[a]]]p[e — VR] = E[7" A ]p[a — L{VR)], so we can apply the
induction hypothesis to get

(W' B ({-}, M*), t[F1/Bu] [y /@] [vi /x], ACK COWTDI A C Ay [7, / Bo] 5 /] [v3 /x])
€ E[r" e/ Ta]]lple = VR],
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We claim that

(Mj | e[r5 /a]lvi/x]) —* (Mj 6 M* | AP OBTDIIe Aty 7/ B[ /o] [v5 /x])

using only memory-invariant reduction steps and translation reduction steps that only affect
memory by allocating the M;*. By Lemmas 8.15 and 8.16, this is sufficient to complete the proof.
By the operational semantics and by the property that M}(£) = h (which follows from the
definitions of B and world extension), we have

(M; | e[r3 /allvs/x]) =

(
(M | ACr O [L{75)] vE)

(M} | Acr2(T)L(7) /a] CAY, [7.2’ 3 5] ACez (ML(m)/a] Vi)
(

(

MQ‘ACPz(T)[L(Tﬂ/O‘]V[ (13)] P (ML) /e A v
M;

(M w M* | ACP RS AL, (7, 73] Vi)
M} M* | ACK CNECDIRIC Aty [7y/Ba][r5 /e [v3 /x]),

—
—
—
—

as desired.

Case Jo.T
By Lemma 9.7, we know that (W, vq,v}) € ValAtom[Fa.7 4 ]p.
We know that v; = pack(71,01) as p;(3e.m) and vy = pack(m,0;) as po(Fa. 7)), and that
there is some VR € AValRel such that VR.7y = 71, VR.7» = 7, and (applying Lemma 8.31)

(W,01,02) € V[T [a/[a]]]plec = VR] = V[ ]plac = L{VR)].
By Lemma 8.3, there exist ¥ and U such that
p’z(f)[L<T1>/a]CA(\A,2,M2) = (¥,M,) and ACP(TL(T1)/a] (¥, Ms) = (U4, My & M").
Thus we can apply the induction hypothesis and Lemma 8.31 to get
(W8 ({-},M"),01,7) € V[r W]ple = L(VR)] = V[V [er/ [@]]] plex =+ VR].

By inspection of the translations, v) = pack(7,,0}) as (pa(Ja.7)), so we have the desired

result of
(WH{-},M),vi,v}) € V[[Eloz.T(A>]]p

by using VR to instantiate the existential.

Case pa.t
By Lemma 9.7, we know that (W, vq,v}) € ValAtom|[po. ) p.

We know that v; = fold (A Vs, and

) Vi, V2 = fOIdPQ(,UzOt-T

pr (oA
(W, 91,02) € V[ [/ [a]][pa.r4 /a]]p = BV[(r[pa.T/a]) M ]p.
By Lemma 8.3, there exist ¥ and ¥/, such that
pa(tlneet/CNGA (G, My) = (v, M) and  ACP2(TIrem/eD (G My) = (0, My & M),
Thus we can apply the induction hypothesis to get
(W8 ({}, M), 01,9) € >V[(r[pa.t/a)) N]p = oV[r D[/ [a]][pa.t /a]]p.

By inspection of the translations, v/, = fold 0!, so we have the result.
y P y Vo pz(,uOéT<‘A>) 29
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Case (T1,...,Tn)
By Lemma 9.7, we know that (W 8 ({-}, M’),v1,v}) € ValAtom[{1,...,Tn)*]p’. By our

hypothesis that (W, v1,v2) € V[{T1,...,Ta) ]p = V[box (14, ..., 7,¢)]p, we know that
vi = £1 and vy = £5, where
Mi(€1) = {vi1, . - - s V1n), My (£2) = (va1, ..« s V2n),
and that for each i, (W, vy, vai) € V[7i]p.
By inspection of the translations,
M =MW ---&IM & (U1,...,0,)) and v)=2¢
for some V1,...,V, and Vq,...,V, such that
P2(TICA (vi, My) = (V5, M)
and
ACP2 () (5, My M W - - M!_|) = (0, Moy W M| & - -5 M]).

By the induction hypothesis and monotonicity, each (W B ({-}, M'),v1;,U;) € V[n]p’. Thus
(W B ({-}, M), vi,v5) € V[(T1,..., ) ]p as desired.
Case [«
Since p/() = p(a), this follows from p().p € TransRel™[p; (a)(©), pa(a)(©)].
Case L(7)
By inspection of the translations at type L(7), v} = v2, so we are done.
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10 Proofs: Soundness and Completeness

10.1 Bridge Lemmas

Lemma 10.1
Let p € D[A] and Al 7.

1. (a) If (W, ey, ez2) € E[7(9]p, then (W, (DFCey,P> " FCes) € E[7]p.
(b) If (W, e1,e0) € E[7]p, then (W,CFP+ (1) e;, CFP2(7) ey) € E[7(]p.
2. (a) FC(p1(7), pa(7), V[T 9]p) € V[r]p.
(b) CF(p1(7), pa(7), V[r]p) € V[ ©]p

We can restate claim (2) as follows:

(a) If (W,v1,v2) € V[T ]p, (My, Ma): W, Pr(IFC(vy, My) = (vi, My), P2(FC(va, M) = (v2, Ms),
then (W,v1,v2) € V[7]p.

(b) If (W,v1,v2) € V[r]p, (M1, Ms): W, CFP*(")(vy, My) = (v, M), CFP) (vp, My) = (va, M),
then (W, vy,v2) € V[r{9]p.

We prove all the claims simultaneously by induction on W.k and the structure of 7.
For claim (1), let W’ Dy, W, (W’ vi,v2) € V[7]p, and (W', vy, va) € V[7{]p. Note that
(W, r(NFc [-],m(T)]-'C [[]) € CODtAtOm[7‘<C>]p ~ []p

and
(W,CcFPr () [],cFP2(D) []) € ContAtom|[r]p ~ [r{9]p.

By Lemma 8.20, for part (a) it suffices to show that
(W', OFC vy, 2 DFCv,) € E]T]p,
and for part (b) it suffices to show that
(W', CFP1 T vy, CFP T vy) € D p.

But by Lemma 8.3, for any (M, My): W, there exist v/, v}, vi, and v5 such that

(M | PYOFCve) — (My | vp) (My | P2FCv2) — (Ma | vh)

(My | CFPY T vy) — (M | v)) (M | CFP2 ) s (M | V).
So by Lemma 8.15, Lemma 8.9, and claim (2), we have the result.
For claim (2), we consider the possible cases of 7:

Case «
Since p(«) € FValRel, we have this immediately.

Case unit
Immediate.

Case int
Immediate.
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Case V[a].(T)— 7/

For part (a), let W’ 3 W, VR € FValRel, and (W’ 91,0,) € V[r]p[a — VR]. For convenience,
also let 71 = VR.1y, 7» = VR.72, and p’ = p[a — VR]. We need to show that

(W' vy [F1] 01, v2 [R2] 92) € E[7'] 0.
By our assumption, there is some VR* such that
v1 = pack{Tienv,{Vif, Vienv)) as V[a].(F) = 7€),
Vo = pack(Taenv,(Vars Vaenv)) as V[a].(F) — 7/¢¢),
VR*.71 = Tienv, VR*.T2 = Taenv, (W, Vieny, Vaeny) € VR, and

(W, vie, var) € VIVIA].(8, 7 [/ [a]]) = 7/ [a/[a]]]plB = VR'].

Let (Mj, M3):W'. By Lemma 8.3 and the induction hypothesis, there are some ¥; and ¥ such
that CFﬂ(\?l,Ml) = (Ol,Ml), CF‘?Z(\,}Q,MQ) = ({Iz,Mg), and

(W', 51,¥2) € V[T©O]p' = V[r{©[a/[]]]plB — VR*][ex — CFVR].

Instantiating the previous fact with this, we get

(WI7 Vif [7ﬁ1 <C>] Vienvy "\7717 Var [7’>2 <C>] V2envy ‘772)
€ E[ O a/[a]]]plB — VR*][a — CFVR] = 5[[T’<C>]]p’.

By the induction hypothesis,
(WI7 pll (T/)FC Vir [%1 <C>] Vienvs {’717 P/z (T/)]:C Var [’7/;2 <C>] V2envs {772) S 5[[7/]]/),-
By Lemma 8.15, it suffices to show for ¢ = 1,2 that

(M; | vi [7]0) —* (M, | 7TOFC vie [74©)] Vieny, 03).-

To show this, note by the translation definitions that

vi = Ma] (x77).## 7V FC (unpack (8, y) = v; in 71 (y) [[a]] 72 (y), CFri(D) x).
Thus we have
(M; | vi 1)
— (M; | #i{)FC (unpack (8, y) = vi in 71 (y) [7(©] mwa(y), CFA &)
—* (M; | 7TOFC (vig [79)] Vieny, CFPAT )
—* (M; | PTDFC (vie [71$9] Vienvs V1)),

as desired.
For part (b), recall that

v[a].(7) = 7/¢) = 3B.(7¢, B), where 7 =V[a].(8,7@[a/[a]]) = 7 Oa/[a]].
By inspection of the translations,

v1 = pack(unit,(vy, ())) as 3B.(p1(7¢), B) and vz = pack(unit,(vy, ())) as 3B.(p2(7r), B),

where

vi = A[@](z: unit, x: p; (1)@ [a/Ta]]).CFATIH@ /]y [L{a)] (D) /ol FC x
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and

vh = Al@](z: unit, x: po(7)() [a/ [o]]).CFP(T)IL /o] vy [L(a)] P2 (ML) /] FC x.

Let
VR = (unit, unit, {(W, (), () | W € World}, {(W, (), ()) | W € World}).

Clearly, VR € CValRel. It suffices to prove that

(W,v1,v3) € V[re]plB — VR].

To do this, let W 2 W, VR’ € CValRel, p' = p[3 — VR][a = VR/], and

(W', 91,¥2) € V[T Oee/[a]]]p = V[T(©]p[B = VR][or = L{VR')].

For convenience, also let 71 = VR'.71 and 75 = VR'.75. We need to show that
(W', v [71] 91, V4 [F2] 92) € E[7 O a/Tal]]p’.

Recall that E[7'{) [a/[a]]]p’ = E[T" ] p[B — VR][o — L(VR')]. By Lemma 8.3, there are some
V1 and ¥, such that

PFC(V1, M1) = (91, M1) and P2(IRC(Va, M2) = (U2, My).

By the induction hypothesis, (W’,¥1,¥2) € V[7]p’. Instantiating (W, v1,v2) € V[V[@].(7) — 7']p,
we have that

(W' va [L(7)] 9, v2 [L72)]92) € E[7'ola = LVR))).
By the induction hypothesis,
(W', CFAT) vy [L{7)] 01, CFPT) va [L(72))02) € E[7 O plor = LVRY)).
By Lemmas 8.22 and 8.33,
(W, CFATD vy [LF)) 01, CFP2) vy [L{72)] %) € [ [/ [Tl
By Lemma 8.15, it suffices to show for ¢ = 1,2 that
(M; | V] [/] 95) " (M | CFAT) vy [L(F0)] 0).
By inspection of the operational semantics, we have
(M; | V] [F] %)
— (M | CFP) v [L{7)] Pi(DFC ;)

—* (M, | CFPT) v [L(7)] ),

as desired.

Case da.t
For part (a), we have vi = pack(#;,%1) as p; (3a.7(%)), vo = pack(#s,¥5) as pa(3a.7()), and
that there is some VR € CValRel such that VR.7; = 71, VR.75 = 72, and

(W, ¥1,92) € V[r9[a/[a]]lple = VR] = V[ ]pla = L(VR)].
By inspection of the translations,

vi = pack({L(71),91) asp1(Ja.7) and v, = pack(L(T2),02) as pa(Jev.7),
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where
PMLED/pC (v, M) = (91, M) and PO T2/ARC(Gy, My) = (Op, Msy).
By the induction hypothesis,
(W, 01,92) € V[r]pler = L(VR)].

We can use L(VR) to instantiate the definition of V[Ja.7]p and reach the result.
Part (b) is similar: we have v; = pack(71,01) as p1 (Ja.7), vo = pack(?2,02) as pa(Ja.7), and that
there is some VR € FValRel such that VR.7; = 71, VR.7» = 7, and

(W,¥1,02) € V[7]p[la — VR].
By inspection of the translations,
vi = pack(#1¢©) ,¥1) as p1 (Fa.7(¢)) and vy = pack(H{(),¥5) as py(Fa.7(),

where
CF™I/ (01, My) = (V1, M1) and  CFTI2/0l(0y, My) = (Y2, Mp).

By the induction hypothesis and Lemma 8.28,
(W, ¥1,%2) € V[r{9)pla = VR] = V[r{9[a/[a]]]ple — FCVR].

We now instantiate V[3a.7(]p with FCVR to complete the proof.
Case pa.t
For part (a), we have vi = fOIdpl(ua.T<c>) Vi, Vg = foldpQ(

pa.7(E)) V2, and

(W, ¥1,92) € V[T O e/ [a]][pa.T/a]lp. = BV[rlpa.r/a]“]p

By inspection of the translations,

A

Vi = f0|dpl( NQ-T) Vo,

pice.t) Vi and vo = foldp2(

where
m(T[u<)¢~7/<)t])1;‘c({,17 M) = (01, M;) and pz(T[uwT/@])FC({,z’ My) = (9, My).

By the induction hypothesis,
(W,¥1,%2) € >V[r]ua.T/a]]p,
which is sufficient to prove (W,vy,vs) € V[ua.7]p.

. _ N o
Part (b) is similar: we have v; = foldpl( U1, v = foldp2( ) V2, and

e ) QLT
(W, 31,%2) € V[r[pa.t/a]]p.
By inspection of the translations,

— fold
V=0

L ,LLOZ.T(C>) \71 and Vo = fOldp

o (o 7(€)) V2,
where
Crr(rlneet/el (g, My) = (91, My) and  CFP2Ulem/o)(Qy M) = (Yo, My).
By the induction hypothesis,
(W, 91,92) € BV[r[na.r/a)D)p = V[ o/ [a]][na.T/a]]p.

This completes the proof.
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Case (T)
By definition of the value translations and the induction hypothesis.

Case L(7)
Follows immediately from the definitions of V[L(7)]p and the translation rules for lumps.

Lemma 10.2
Let p € D[A] and A+ 7.

L (a) If (W,e1,e2) € E[rA]p, then (W,("ICAe;,”(TICAe;) € E[T]p.
(b) If (W, e1,e2) € E[T]p, then (W, ACP*(T) ey, ACP>(T) e5) € E[7]p.
2. (a) CA(p1(7), pa(7), V[T ]p) C V[7]p.
(b) AC(p1(7), p2(7),V[r]p) C V[ “]p.
Proof

We can restate claim (2) as follows:
(a) If (W,vi,v2) € V[T ]p, (M, My) : W,
PTICA(vy, My) = (vi, My), and #27ICA(vo, M) = (va, My),

then (W, vq,va) € V[7]p.
(b) If (W, v1,va) € V[1]p, (M1, Ms) : W,

ACPI(T)(V17M1) = (V17M1 Lﬂ M{), and ACPQ(T)(V27M2) - (V27M2 Lﬂ Mé)’
then (W 8 (M, M}),v1,v2) € V[ ]p.

We prove all the claims simultaneously by induction on W.k and the structure of 7.
For claim (1), let W’ Jpu, W, (W', v, va) € V[7]p, and (W', vi,v2) € V[74]p. Note that

(W, pi(T)e A [], p2(T)c A [[]) € ContAtom[7'(A>]P ~ [T]p

and
(W, AcP (D) [.], ACP2(D) [.]) € ContAtom[7]p ~ [7¢4]p.

By Lemma 8.20, for part (a) it suffices to show that
(W', P1TIc Avy, P2(TIC Avy) € E[7]p,
and for part (b) it suffices to show that
(W', ACP (D) vy, ACP2(T) vy) € E[T Y] p.
But by Lemma 8.3, for any (M, My): W, there exist vi, vj, v}, and v} such that

(My | PTIC AV s (M | V) (My | P2T0CAvs) s (My | vh)
(My | ACPY ) vy v (M W MY | V) (M | ACP2(T) va) s (Mo W M3 | ).
So by Lemma 8.15, Lemma 8.9, and claim (2), we have the result.

For claim (2), we consider the possible cases of 7:

Case «
Since p(c) € CValRel, we have this immediately.
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Case unit
Immediate.
Case int
Immediate.
Case V[a].(T)— 7/
For part (a), let W’ 3 W, VR € CValRel, and (W', v, ¥5) € V[[T]]pm. For convenience,
also let 71 = VR.71, 72 = VR.72, and p’ = p[a — VR]. We need to show that

(W', vy [F1] 91, V2 [F2] ¥2) € E[7]".

By our assumption,

vi = 1[7]], M (1) = A[B1, & (X7 71).ta, mi[ry/B1] = pr(r P [/ Ta]),
v = bo[15], My (£2) = A[B1, & (XT72).t2, 2[5/ B2] = p2(T M [/ [a]]),

and

(W, A& (x: p1(r P [a/Ta])) talrf /Ba], Al@] (x: po (7 [/ Te]])) ta[75 / Ba])
€ HV[V[a].(rN e/ [al]) = 7"/ [a]]]p.

Let (M}, M3):W’. By Lemma 8.3 and the induction hypothesis, there are some ¥; and U, such
that A(TF1 (\71, M1> = (\71, M1 ©] M{z)’ A(j‘;—2 ({/z,Mg) = (\72,M2 H MQIZ), and

(W' B (M], Mj), 01, 92) € V[rA]p = V[r o/ [a]]]o]er =+ ACVR],

where M{ =4 M, and M) = |4 MJ,. Instantiating the previous fact with this, we get

(W' B (My, M), ta[75 /Bl [F1 4 /o] [91 /x|, t2[ 75/ Ba] [F24) / o] [U2 / x])
e E[r A a/[al]]lpla — CAVR] = E[+" Ay’

By the induction hypothesis,

(W' 8 (M{, M3), "1 IC At [ /B[ [l [1/X], 2 IC Ata[r5 [ Ba] [72 4 [ o] [92/X])
e &[]y

By Lemma 8.15, it suffices to show for ¢ = 1,2 that

(M; | vi [R]%3) = (M w M] | CCAG[T /B[R /a[6i/x]).

To show this, note by the translation definitions that
vi = A[a] (X77).» T CAv; [[a]] ACPi(D x.
Thus we have
(M | Vl [Tl] Vi)
— (M, CAv; [7(A] ACHT) %)
—* (M | PiTICA (v [#0]0;))
—* (M | HTCAG[ /B /o] [6i/x]),

as desired.
For part (b), recall that

V[a].(F) = 7/ = box V[a].(rA[a/Ta]]) = 7 a/[a]].
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By inspection of the translations, vi = £1 and vy = £5, where

M (£1) = hy = A[@] (x: p1(7)A [/ [a“),ACm(T’)[Lm)/a] vy [L{a)] n(MIL{)/alc A x

and

M} (£y) = hy = A[a] (x: po(T) A [/ T]]) . ACP2 (T /o] vy [L( )] p2(ME{@) /@IC A x.

It suffices to prove that
(W B (Mj, M3), hi,hz) € HV[V[a].(rA [a/Ta]]) = 7/ e/ [al]]p.

To do this, let W/ J W B (M], M}), VR’ € AValRel, and

(W',01,02) € V[T [/ []]]plee = VR!] = V[T {A]pla — L{VR')].

For convenience, also let 71 = VR'.7 and 7 = VR/.7». We need to show that

(WI7ACp1(-r’)[L(o¢)/a] i [L(ﬁ)] p1(T)[L(71) /a0 A V1,
ACr2(T)Ie) /el v [ (7,)] p2(NIL(R) /alC A Gy)

€ E[r' Do/ Tal]lplo = VR'] = E[7" ] pla = L(VR')].

By Lemma 8.3, there are some V1 and Vo such that

PUICA (U, My) = (V1, M) and r2(TICA(Uy, My) = (Vo, My).

By the induction hypothesis, (W', V1, V2) € V[7]p[a — L{VR)’]. Instantiating
(W,v1,v2) € V[V[a].(F) — m']p,

we have that

(W', va [L(71)] V1, v2 [L(72)] ¥2) € E[7']plo = L(VR)].

By the induction hypothesis,
(W', ACP1(T) vy [L(71)] 91, ACP ™) vy [L(72)] ¥2) € E[7" ] p[a — L(VR')].

The result follows by Lemma 8.15.

Case da.t
For part (a), we have v; = pack(#1,01) as p1 (Fa.7), vy = pack(F,0s) as py(Fa. 7)), and
that there is some VR € AValRel such that VR.7; = 71, VR.7» = 7, and

(W, 01,92) € V[r N [a/[a]]]ple = VR] = V[ ]plax =+ L(VR)].
By inspection of the translations,
vyi = pack(L(71),¥1) asp1(Ja.7) and va = pack(L(f),V2) as pa(Ja.T),
where
PO/ ACA (G, My) = (91, M) and PO/ ACA (G, M) = (99, My).
By the induction hypothesis,

(W,¥1,V2) € V[r]p[a = L(VR)].
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We can use L(VR) to instantiate the definition of V[Ja.7]p and reach the result.
Part (b) is similar: we have v = pack(71,V1) as p1 (Ja.7), vo = pack(F2,V2) as p2(Ja.7), and
that there is some VR € CValRel such that VR.7; = 71, VR.72 = 72, and

(W,¥1,V2) € V[r]p[a — VR].

By inspection of the translations,

A A)),

vi = pack (71 01) as p1 (Ba. 7)) and vy = pack (72 ,05) as pa(Fa. T

where

ACTI /(5 M) = (0, My W M) and  ACTI2/l (35, My) = (U, My W M)).
By the induction hypothesis and Lemma 8.26,

(W B (M], M}),01,02) € V[ ]pla = VR] = V[ [/ [a]]]plee — CAVR].

We now instantiate V[Ja.7]p with CAVR to complete the proof.
Case pa.t

F t (a), h vi = fold vy, vo = fold Uy, and

or part (a), we have vy p ) U1 v2 pa(perr(A)) V2, a0

1 (poe A po.

(W, 01, 92) € BV[r o/ [a][uaT/allp. = BV[r et /o] @]

By inspection of the translations,

vy = foldp o (pa.t) V2

1(ua.7')v1 and vz:foldp

where
p(rlpet/eloA (G, My) = (V1, My) and P27/ eDCA Gy, My) = (Vo, My).
By the induction hypothesis,
(W, ¥1,V2) € pV[r[pa.7/a]]p,

which is sufficient to prove (W, vy, vs) € V[pa.7]p.

S B . , .
Part (b) is similar: we have vq = foldpl( Vi, Vh = foldp2( ) Yz, and

poeT)
(W, ¥1,V2) € DV[r[pa.T/a]]p.

po.T

By inspection of the translations,
V] = f0|dp1 ([,La.T<A>) Vi and Vo = fOIdpQ(/J,Oé.T('A>) Vo,

where
Ach(TlraT/al) (G M) = (0, My W M]) and  ACP(Tlrem/eD) (G, My) = (Un, My W M}).
By the induction hypothesis,
(W 8 (Mj, M3),01,02) € BV[r[pe.t/a] N ]p = V[r D[/ [a]][pa.t/a]]p.
This completes the proof.
Case (T)
By definition of the value translations and the induction hypothesis.
Case [«

Since p(«) € FValRel, we have this immediately.

Case L(T)
Follows immediately from the definitions of V[L(7)]p and the translation rules for lumps.
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10.2 Substitution

Lemma 10.3
Let p € D[A].

1. If A+ 7, then V[r]p € ValRel[p1 (1), p2(7)] and V[7(€)]p € TransRel [p1 (1), p2(7)].
2. If A+ 7, then V[r]p € ValRel[p1(7), po(7)] and V[ ]p € TransRel?[p; (1), p2(7)].
3. If A+ 7, then V[7]p € ValRel[p1(7), p2(7)].
Proof
Follows from monotonicity and boundary cancellation. O

Lemma 10.4
Let p € D[A].

1. If A7, then (p1(7), pa(7), V[r]p, V[T ] p, V[{€ A p) € FValRel.
2. If A+ 7, then (pi(7), p2(7), V[T]p, V[T ]p) € CValRel.
3. If A+ 7, then (p1(7), p2(7), V[7]p) € AValRel.
Proof
Follows from Lemma 10.3 and the bridge lemmas. O
To avoid repetition, for the next three lemmas, let p € D[A], and define the function V as follows:
V() = (pu(7), p2(7), VIrlp, VIT Do, VT ] p)

V(T) = (p1(7), p2(7), V[7]p, V[T ]p)
V(T) :(pl(T)7p2(T)7v[[T]]p)

Note that by Lemma 10.4, pla — V(7)] € D[A, o as long as 7 and « are in the same language and o ¢ A.
We assume this is the case for the next three lemmas.
We now state a key set of substitution lemmas:

Lemma 10.5
L VIrlola = V(7)) = VIrlr/allp.
2. HV[¢lpla = V(1)) = HV[[r/allp.
3. Elrlpla > V(7)) = Elr[r/allp
4. Klrlpla v V(7)) = Kl7[r/allp.

Proof
Follows the induction structure of Lemma 8.21. The base cases (for type variables and suspensions)
follow from the definition of V(7). O
Lemma 10.6

L. V[rlplo = V(7)] = V[r[r/a]]p.

2. E[r]pla = V(r)] = E[r[r/a]]p

3. Klrlpla = V(7)] = K[r[7/adlp-
Proof
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Follows the induction structure of Lemma 8.22. The base cases (for type variables and suspensions)
follow from the definition of V(7). O

Lemma 10.7
1. V[rlpla — V(7)] = V[r[r/a]]p.
2. Elr]ple = V(7)] = E[7[r/allp
3. Klrlplec = V(7)] = K[r[7/a]]p.
Proof
Follows the induction structure of Lemma 8.23. The base case (for type variables) follows from the
definition of V(7). O
10.3 Compatability Lemmas

Because of the recursive dependence between the relations E[[7]p, V[7]p, and HV[¢]p, to prove the funda-
mental property we will need to define relations for open values and heap values:

Definition 10.8 (Logical Relation for Values)

U AT Fop =~y vngdéf\I/;A;l—‘l—vlzT AU AT Fo:T A

YW, p,y. W € H[W] A peD[A] A (W) € G[T]p
= (W, p1(71(v1)), p2(12(v2))) € V[7]p
Uk hy Ay hoi ) @ U Ehyigp A Tk hyip AYIV € H[T]. (W, hy, hy) € HV[4]0

The compatibility lemmas for value forms will have two similar statements: one for the logical relation
for terms, and one for the logical relation for values. We will only address the former in the proofs, because
the latter can always be shown with a very similar proof.

Lemma 10.9 (F Variable)
Ifx:7 €T, then U; A;T Fx & x:7.

Proof
First note that ¥; A;T - x: 7.
Let W € H[V], p € D[A], and (W, ~) € G[I']p. By definition of G[I']p,
(W, pr(71(x)), p2(12(x))) = (W, 71(x), 12(x)) € V[7]p-
Then by Lemma 8.9, (W, p1(71(x)), p2(72(x))) € E[T]p, as desired. O

Lemma 10.10 (F Unit)
e ;AT H ()~ ():unit

o T;A;TH ()~ ():unit.
Proof
First note that ¥; A;T F (): unit.
Let W € H[P], p € D[A], and (W, ~) € G[[]p. By definition,
(W, p1(71(0)), p2(72(()))) = (W, (), ()) € V[unit]p.
By Lemma 8.9, (W, p1(1(())): p2(32(()))) € Efunit]p, as desired. O
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Lemma 10.11 (F Int)
e UA;T'Fnan:int

e U:A;T'Fn=, n:int.
Proof
First note that U; A;T" F n:int.
Let W € H[V], p € D[A], and (W, ) € G[I']p. By definition,
(W, pr(71(n)), p2(72(n))) = (Wyn, n) € V[int]p.
By Lemma 8.9, (W, p1(71(n)), p2(72(n))) € E[int]p, as desired. O

Lemma 10.12 (F Primitive)
If U;A;THty & ty:int and U; A;T Ft) & th:int, then U; A;THty pt] &=ty pth:int.

Proof

First note that U; A;T' Fty p tj:int and U; A;T F to p th:int.
Let W € H[V], p € D[A], and (W, v) € G[T]p.
We need to show that

(W, pr(n(te p 7)), p2(12(t2 p 13))) = (W pr(11(ta)) P p1(71(t1)), p2(12(t2)) P p2(12(t2))) € E[int]p.

By assumption, (W, p1(71(t1)), p2(12(t2))) € E[int]p and (W, p1(11(t1)), p2(12(t2))) € Eint]p.
Let W' Jpup W and (W, vy, v2) € V[int]p. By Lemma 8.20, it suffices to show that

(W' v1 p pi(m(th)),va p p2(12(t2))) € Efint]p.

Let W” Jpup W and (W', vi,v5) € V]int]p. By another application of Lemma 8.20, it suffices to show
that
(W" v1 p Vi,va p vh) € Efint]p.

But by definition of V[int]p, vi = vo = m and v} = v5 = n. For any (M, Ms): W",
(M; | mpn) — (M;|n’).
By definition, (W",n’,n") € V[int]p. So by Lemma 8.9 and Lemma 8.15, we have the result. O

Lemma 10.13 (F If0)
IFU ATty ~tprint, U; AT Ht) & th:7, and U; AT Htf =~ t4: 7, then

U AT Hif0ty t) t] =~ if0ty th th: 7.
Proof

First note that ¥; A;T Fif0ty t] t/:7 and U; AT Fif0tp t) t5: 7.
Let W € H[V], p € D[A], and (W,v) € G[T]p.
We need to show that

(W, pr(m(if0ty t] t7)), p2(r2(ifta t5 7))
= (W,if0 p1(71(t1)) pr(v1(t1)) pr(vi(ty)),if0 pa(ra(t2)) pa(12(ty)) p2(12(ty))) € El]p-

By assumption, (W, p1(71(t1)), p2(72(t2))) € E[int]p,

W, o1 (1)), p2(12(t2))) € E[7lp,  and (W, pr(71(t7)), p2(72(t3))) € E[]p-
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Let W’ Jpup W and (W, vy, v2) € V[int]p. By Lemma 8.20, it suffices to show that
(W7,if0vy pr(m1(th)) p1(71(t])), if0v2 pa(22(t2)) p2(12(t3))) € Elr]p.
By definition of V[int]p, vi = vo = n. Depending on whether n = 0, for any (M, M3): W', either
(M; |if0vi pi(7i(t)) pi(ri(t]))) — (Mi | pi(7i(t)))

or
(M; [ 1£0vi pi(7i(t) pi(ri () — (Mi | pi(i(ti")))-
Thus, by Lemma 8.15, it suffices to show that

(W, p1(n(t1)), p2(12(t2))) € E[rlp and (W, p1(n(t1)), p2(72(t2))) € E[7]p-

But we already have these facts, so we are done. O

Lemma 10.14 (F Function)
If ¥; (A,@); (T,%x:7) F t1 &~ tp: 7/, then

o U, AT H Aa|(xi7).t1 = A[a](x:7).t2: V[a].(F) = 7/
o W AT F A[a](xi7).t1 =y A[a] (X:7).t2:V[a].(T) — 7.
Proof

First note that ¥; A;T F A[@](X:7).t1: V[a].(T) = 7" and U; A; T+ A[a](x27).t2: V[@].(F) — 7.
Let W € H[V], p € D[A], and (W, v) € G[T]p.
We need to show that

W, pr(r (A[@] (7)) 1)), p2 (2 (Aa] (x:7) t2)))
= (W, A\[a] (x7).p1 (71 (1)), Ala] (557).p2(72(t2))) € E[V[a].(T) — T']p.

By Lemma 8.9, it suffices to show that

(W, Ala] (7). pr (71 (1)), Ala] (7). p2(72(t2))) € V[V[a].(7) = '] p.

Let W J W, VR € FValRel, and (W’,vy,v2) € V[7]p[ce — VR]. For convenience, also let 71 = VR.7y
and 7 = VR.7» We need to show that

(W, A[a] (<77).p1 (1 (t2)) [72] V1, Ala] (377)-p2 (2 (t2)) [72] V2) € E[r'[pla — VRI.
By Lemma 8.15, it suffices to show that
(W, p1 (. (t) 11 /] [vi /X, pa(r2(t2)) [r2 /] [v2/X]) € E[7'plax = VR]].
By definition, W’ € H[¥] and p[a — VR] € D[A,@]. By definition and by monotonicity,
(W' ~y[x = (vi,v2)]) € G[T,x:7] plae — VR].
Applying our assumption gives the result. O

Lemma 10.15 (F Application)
IfO,ATHG ~t:V[a].(T)— 7/, AF 7, and U; A;T F t] &~ th: 7[7/a], then

U AT Fty [?]E ~ 1y [?]E:T’[?/a}.

Proof
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First note that W; A;T &ty [F]t]:7/[#/a] and W; A;T =t [F] th: 7' [F/al.
Let W € H[¥], p € D[A], and (W, ) € G[I']p. We need to show that

(W, pr (. (ta [F111)), p2 (72 (t2 [F]15)))

= (W, pr(m(t2)) [p1 ()] pr (1 (11)), p2(72(t2)) [p2(7)] p2(12(t2))) € E[7'[7/al]p-

Let VR = (p1(#), p2(%), V[F]p, V[#© ] p, V[F{€ (A]p). By Lemma 10.7,

El7' 7 /allp = El7|pla — VR] and  V[r[7/a]]p = V[r]p[a — VR].

We will use these equalities throughout the proof.
Let Wy Jpun W and (Wo,v1,v2) € V[V[a].(T) — 7']p. By Lemma 8.20, it suffices to show that

(Wo,va [p1(F)] pr(1(t1)), va [p2(7)] p2(12(t2))) € E['[7/l]p.

Let W; Jpup Wi—1 and (Wi, Vi, vh,) € V[7[7/a]]p. By further applications of 8.20, it suffices to show
that

(Wa,yva [p1(F)]Vh, va [p2(F)]v5) € E[T'[F/a]]p.

Since W,, 3 Wy, VR € FValRel, and (W,,,v{,V5) € V[7]pla — VR], we can instantiate our assumption
that
(Wo,v1,v2) € V[V[al.(T) = 7'lp

to get exactly the needed result. O

Lemma 10.16 (F Pack)

o If U; A;TFty = to:7[7'/a], then W; A; T F pack(7’,t;) as Jo.7 & pack(7',t2) as Ja.7: Jav.7

o If U: A:T' F vy =y vo:7[7'/a], then ¥; A;T' F pack(7’,v1) as .7 &2, pack(7’,vp) as Ja.7: Jav.7.

Proof

Note that U; A; T+ pack(r’,t1) as Ja.7: .7 and W; A; T F pack(r’,tp) as Ja.7: Jav.7.
Let W € H[¥], p € D[A], and (W,v) € G[I']p. We need to show that

(W, p1 (71 (pack{r’,t1) as Jav.7)), p2 (2 (pack(7’,t2) as Ja.T)))
= (W, pack{p1(7"),p1(71(t1))) as Jav.7, pack{pa (7),p2(y2(t2))) as Ja.7) € E[Fa.7]p.

Let VR = (p1(7"), p2(7), V[7']p, V[ ] p, V[T (€ 4] p). By our assumption and Lemma 10.7,
W, p1(m(t1)), p2(12(t2))) € El7[7"/ellp = E7]pla = VR].
Let W’ Jpup W and (W/,v1,v2) € V[7]p[a — VR]. By Lemma 8.20, it suffices to show that
(W, pack{p1(7'),v1) as .7, pack(p2(7'),v2) as Ja.7) € E[Fa.7]p.
By Lemma 8.9, it suffices to show that

(W, pack{vy,p1(71(t1))) as Ja.7, pack(va,p2(12(t2))) as Ja.7) € V[Ia.7]p.

But (W', v1,v2) € V[7r]pla — VR] is sufficient to give this. O

Lemma 10.17 (F Unpack)
If O; AT F ity &~ to:Jar and ¥; (A, a); (T, x:7) F t] &= th: 7/, then

U; AT F unpack (o, x) = t; in t] ~ unpack (@, x) =ty in t5: 7.
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Proof

Note that U; A; T F unpack (o, x) =ty in t}: 7" and U; A; T unpack (o, x) =tp in th: 7.
Let W € H][¥], p € D[A], and (W, ) € G[I']p. We need to show that

(W, p1(v1(unpack (o, x) =ty in t7)), p2(y2(unpack (@, x) =tz in t3)))
= (W, unpack (@, x) = p1(71(t1)) in p1(71(t1)), unpack (a, x) = p2(72(t2)) in pa(12(ts))) € E[7']p-

By our assumption, (W, p1(71(t1)), p2(72(t2))) € E[Fa.7]p. Let W I W and (W', v, va) € V[Ia.7]p.
By Lemma 8.20, it suffices to show that

(W' unpack {a, x) = vq in p1(71(t])), unpack (a, x) = vy in pa(72(th))) € E[7']p-

By definition of V[Ja.7]p, vi = pack(m1,01) as p1(Ja.7) and v = pack(m,V2) as p2(Ja.7), where there
is some VR € FValRel such that VR.7y = 7, VR.7» = 7, and (W', 31, ¥02) € V[r]pla — VR]. By the

operational semantics and by Lemma 8.15, it suffices to show that
(W', pr(m () / 01/, p2(72(t2))[r2/ a][¥2/x]) € E[']p.
By our hypothesis, this follows from W’ € H[¥], pla — VR] € D[A, ], and

(W' yx — (v1,v2)]) € G[T,x: 7]p[e — VR].

The first two of these conditions hold immediately, and the last holds by monotonicity and since

(W' v1,v2) € V[r]p[a — VR].

Lemma 10.18 (F Fold)
o If U A;T 1ty = to:7[pua.7/a, then W; A;T = fold,q - t1 & fold, o 7 to: pov.7

o If U; AT F vy =y vor7T[pa.m/a], then ¥; A;T = fold 0. v1 =y fold,q 7 Vo pae.T.
Proof

Note that ¥; A;I' = fold . » t1: poe.7 and W AT = fold o - to 2 prov.7.
Let W € H[¥], p € D[A], and (W, ) € G[I']p. We need to show that

(VV7 P1 (71 (f0|d,u,oz.‘r tl))7 P2 (’72 (f0|duoz.‘r t2)))
= (Wfold ), (;1a.r) Pr(mi(ta)), fold () 7y P2(R2(t2))) € Epa]p.

By our assumption and monotonicity,
(W, pr(m (1)), p2(12(t2))) € BE[T[paT/a]]p.
Let W' Jpup Wand (W', vy, v2) € BV[r[pe.7/a]]p. By Lemma 8.20, it suffices to show that
(W', f°|dp1(/wz.7) V1, f°|dp2(ua.r) Vo) € E[pa.T]p.

By Lemma 8.9, it suffices to show that

(W’,foldpl( vl,foIdPQ( Vo) € V][pa.t]p.

e ) e )
But (W', v1,v2) € >V[r[pa.T/a]]p is suflicient to give this.

Lemma 10.19 (F Unfold)
If U; A;T Fty & to: poet, then U; A;T F unfold ty & unfold to: T[ua.7/al.

Proof
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Note that U; A;T F unfold ty : 7[pa.7/a] and ¥; A; T F unfold to: 7[ua.7/al.
Let W € H[V], p € D[A], and (W, ) € G[I']p. We need to show that

(W, p1(~1(unfold t1)), p2(y2(unfold tz))) = (W, unfold p1 (71 (t1)), unfold pa(12(t2))) € E[r[ua.t/a]]p-

By our assumption, (W, p1(71(t1)), p2(72(t2))) € E[pa.T]p. Let W I W and (W', v, v2) € V][pa.7]p.
By Lemma 8.20, it suffices to show that

(W', unfold vy, unfold vo) € E[r[pa.7/a]p.

By definition of V[ua.7]p, vi = f0|dp1( V1 and vo = foldpQ( U>, where

L) pe.T)
(W'301,02) € >V[r|pot/a]]p.
By the operational semantics and by Lemma 8.15, it suffices to show that
(W', 91,02) € E[r[pa.T/a]]p-
But this follows from Lemma 8.9. O
Lemma 10.20 (F Tuple)
o If U A;TFty ~to:7, then U; AT F (t1) = () : ()
o If U: A;TF vy &y vp:7, then U; AT F (V1) = (V2): (7).
Proof
Note that U; A; T+ (t1): (7) and U; A; T F () : (7).
Let W € H][¥], p € D[A], and (W, ) € G[I']p. We need to show that
(W, p1(1((81))), p2(12((82)))) = (W, {p1(11(t2))), {p2(12(t2)))) € E[(T)]p-

By our assumption,

(W, p1(m1(tr)), p2(12(t2))) € E[7]p-
Let Wo = W, W; Jpup Wi1, and (W;,vi,v2) € V[7]p. By repeated use of Lemma 8.20, it suffices to
show that

(Wh, (1), (2)) € E[(T)]p-
By Lemma 8.9, it suffices to show that
(Wh, (v1), (v2)) € VI{T)]p-
But we have this by its definition and by monotonicity. O

Lemma 10.21 (F Projection)
U AT Et & t:(T), then U; AT F mi(ty) = mi(t2): 7.

Proof
Note that U; A;T F mi(ty): 7 and U5 AT F i (t2) : 7.
Let W € H[¥], p € D[A], and (W,v) € G[I']p. We need to show that
(W, pr(m1(mi(t1))), p2(12(mi(t2)))) = (W, mi(p1(11(t1))), mi(p2(12(t2)))) € E[n]p.

By our assumption, (W, p1(71(t1)), p2(12(t2))) € E[(T)]p. Let W' 2 W and (W', v1,v2) € V[(7)]p. By
Lemma 8.20, it suffices to show that

(W', mi(v1),mi(v2)) € E[n]p.

By definition of V[(F)]p, vi = (U1) and vo = (02), where (W’,91,92) € V[r]p. By the operational
semantics and by Lemma 8.15, it suffices to show that

(le Oli’ \72i) € g[[TI]]p
But this follows from Lemma 8.9. O
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Lemma 10.22 (FC Boundary)
IfU; AT ey ~ey: 7 then U; AT +7FCeq ~ "FCesy:T.

Proof
Note that W; A;T'F "FCeq:7 and V; A;T' H"FCesq: 7.
Let W € H[Y], p € D[A], and (W,v) € G[I']p. By our assumption,
(W, pr(m1(e1)), pa(12(e2))) € E[7p.

By the bridge lemma,

(W, DFC py(71(e1)), 2 TFC pa(12(e2))) = (W, pr(m ("FC e1)), pa(12("FCe2))) € E[7]p,
as desired. 0

Lemma 10.23 (C Function)
If U (@); (X:7) F t1 & to: 7/, then

o AT H A[a](xX:7).t1 = A[a](x:7).t2:V][a].(F)— 7/
o AT H A[a](X:7).t1 =y A[a] (x:7).t2:V[a].(7) — 7.
Proof

First note that ¥; A;T' F A[a] (X:7).t1:V[a].(T) = 7/ and U; AT F A[a] (X:7).t2: V[a].(T) — 7.
Let W € H[V], p € D[A], and (W,v) € G[T]p.
We need to show that

(W, pr(m(A[e] (X77).t1)), p2(r2(A[e] (X77).-t2)))
= (W, A[@] (X77) .t1, A[@] (X77) .t2) € EV[E].(F) = 7']p.

By Lemma 8.9, it suffices to show that

(W, Ala] (xz7) .t1, A[a] (x:7).t2) € V[V[a].(T) = 7']p.

Let W J W, VR € CValRel, and (W, vy, va) € V[7]p[a — VR]. For convenience, let 7 = VR.7;
and 72 = VR.75 We need to show that

(W, Ala] (x77)-ta [71] Vi, A[o] (X57) b2 [T2] V2) € E[7]p[oc = VR].

By Lemma 8.15, it suffices to show that

(Wi ta[ri/a]lvi/x], ta[r2/a]lva/x]) € E[r]pla = VR].

By definition, W' € H[¥], ‘[ — VR] € D[], and (W', [x — (v1,V2)]) € G[X:T]plae — VR]. Ap-
plying our assumption gives the result. O

Lemma 10.24 (C Application) B B
IFU ATt mte:V[].(T)— 7/ and U; A;T F ) ~ th 7, then W AT -t [[t] = to [Jth: 7.

Proof

First note that U; A;T Fty [Jt]: 77 and U; A;T F to [] th: 7.
Let W € H[¥], p € D[A], and (W, ) € G[I']p. We need to show that

(W, pr(n (b1 [1£1)), p2(72(t2 [ £2))) = (W pr(m1(t1)) [] o1 (71 (£))); p2(12(t2)) [] p2(12(t5))) € E[7']p.
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Let Wo Jpup W and (W, v1, va) € V[V[].(F) = 7']p. By Lemma 8.20, it suffices to show that

(Wo,va [ pr(m(t)), vz [l p2(12(t5))) € E[7']p-

Let W; Jpup Wit and (W5, v4;, vh,) € V[7]p. By further applications of 8.20, it suffices to show that

(W, v [1 V4, v2 [ v3) € E[']p.

Since W,, I Wy and (W,,, v, v5) € V[1]p, we can instantiate our assumption that
(Wo,v1,v2) € V[V[].(T) = 7']p
to get exactly the needed result. O

Lemma 10.25 (C Type Application)
If ;AT Hty =t2:V[3,a].(F) = 7/ and A 7, then

U AT F 61 [F] = to[7]:V]a].(7[7/8]) = 7'[7/8].

Proof

First note that U; A; T+ t;[7]:V[a].(7[7/8]) — 7'[7/8] for i € {1,2}.
Let W € H[V], p € D[A], and (W, v) € G[I']p. We need to show that

W, p1 (71 (62[71)), p2(72(t2[7])))

= W, p1(n(t2))[p2 (7)), p2(12(t2)) [p2(7)]) € E[V(a].([7/B]) — 7'[7/Bl]]p.

By our assumption, (W, p1(y1(t1)), p2(12(t2))) € E[V[B, @].(F) — 7']p. Let W I W and
(W', vi,v2) € V[V[B,a].(T) = T']p.
By Lemma 8.20, it suffices to show that
(W' vilp1(F)], valp2(F)]) € E[V[a].(r[7/B]) — ='[7/Bl]p.
Let VR = (p1(7), p2(7), V[#]p, V[7¢*]p). By Lemma 8.9 and Lemma 10.5, it suffices to show that
(W' vilpr(7)], valp2(7)]) € VIVIa].(r[7/8]) — 7'[7/Bllp = VIV[a].(T) = ']p[8 — VR].

We can reach this easily from our hypothesis that (W', vy, va) € V[V[8,a].(T) — 7']p. O

Lemma 10.26 (CF Boundary)
IFU;A;T e ~ep:7, then U; A;T FCF eg ~ CF ey: 7).

Proof
Note that W; A;T F CF7e1: 7€ and U; A;T F CF7ep: 7€),
Let W € H[¥], p € D[A], and (W, ) € G[T']p. By our assumption,
(W, p1(71(e1)), p2(72(e2))) € E[7]p.

By the bridge lemma,
(W,CFPT) py(1(e1)), CFPT) pa(y2(e2))) = (W, p1 (11 (CFT e1)), p2(72(CFT €2))) € E[]p,
as desired. O
Lemma 10.27 (CA Boundary)
If W: AT ey ~ex: 7 then W; A;TF"CAe; =~ CAey: .
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Proof
Note that U; A;T'F"CAey: 7 and U; A;T'H"CAey: 7.
Let W € H[V], p € D[A], and (W,~) € G[I']p. By our assumption,

(W, p1(1(e1)), p2(2(e2))) € E[T]p.

By the bridge lemma,

(W, P TCA pr(m(e1)), 2 TICA pa(r2(e2))) = (W, pr(11(TCAe1)), pa(r2(TCAe2))) € E[T]p,
as desired. O

We omit proofs of the remaining compatibility lemmas for C, as they are identical to the proofs of the
corresponding F' compatibility lemmas.

Lemma 10.28 (C Variable)
Ifx:7 €T, then V;A;T Fx~x:7T.

Lemma 10.29 (C Unit)
o U;A;TH () = ():unit

o U; AT F () &y (): unit.

Lemma 10.30 (C Int)
e U:A;T'Fn=n:int

e U:A;:I'Fn =, n:int.

Lemma 10.31 (C Primitive)
If ;AT -ty = tyrint and U; AT t) = t):int, then U; AT Hty p t] =ty p t):int.

Lemma 10.32 (C If0)
U AT Ft =toint, ;AT Ht) = th:7, and O AT Ft) =t : 7, then

U, AT Hif0ty t] t) = if0ty t] th 7.
Lemma 10.33 (C Pack)
o If U A;T F ty & ty: 7[7’ /], then ¥; A;T F pack(7’,t1) as Ja.T = pack(7’,t2) as Ja.7: .7
o If U: A;T'F vy =y va:7[7" /], then U; A;T + pack(7’,v1) as Ja.T =~ pack(7’,v3) as Ja.7: Ja.7.

Lemma 10.34 (C Unpack)
U, AT Fty = ty:3a.r and U3 (A, a); (T, x:7) F t] = t}: 7/, then

U; A;T' - unpack (o, x) = t; in t] =~ unpack (a, x) = t2 in t}: 7’
Lemma 10.35 (C Fold)
o If U A;T Fty = to:7[pa.7/a], then ¥; A;T I fold,,q. t1 ~ fold,q.r t2: po.T
o If ;AT vy =, va:7T[pa.T/al, then ¥; A;T F fold,a.» vi =y folda.r vo:pa.T.

Lemma 10.36 (C Unfold)
If U; A;TFty = to: pa.T, then U; A; T F unfold t1 ~ unfold to: T[pa.7/a].

Lemma 10.37 (C Tuple)
o If U; A;TFty ~to:7, then U;A; T F (t1) =~ (t2): (7)

o If AT F vy &y va:7, then U; AT - (V1) =y (V2): (T).
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Lemma 10.38 (C Projection)
If O; ATty = to: (T), then U; AT F i (t1) = mi(t2): 7.

Lemma 10.39 (A Heap Fragment)
If (U, £:2%); A;T k= (t1, Hy) = (t2, Hp) : 7 and for any W € H[¥], (W, hq,hy) € HV[+]0, then

\IJ;A;F [ (tl, (Hl,E — hl)) ~ (tz, (H2,£ — hz))ZT.
Proof
Note that U; A; T+ (t1, (H1, £ — hy)):7 and U; A; T F (t2, (Ho, £ — hy)): 7.
Let W € H[¥], p € D[A], and (W, ) € G[I']p. We need to show that
(W, pr(71((t1; (H1, £ = h1)))), pa(72((t2; (H2, £ = h2)))))
= (W, (p1(n(t1)), (H1, £ = 1)), (p2(r2(t2)), (H2, £ = h2))) € E[7]p.

By Lemma 8.14, it suffices to show that

(WB (£ hy, € — ha), p1(71((t1, H1))), p2(r2((t2, H2)))) € E[T]p.

We can apply our first assumption to get exactly this as long as WH(£ +— hy, £ — hy) € H[P, £: Po%)].
But this follows from our second assumption. O

Lemma 10.40 (A Ref)
If £:7¢"4) € U, then

e WA T'HL~L:ref ¢
o UW:A:T'H L=, L:ref .
Proof
Note that W; A; T F £:ref 1.
Let W € H[¥], p € D[A], and (W,~) € G[T']p. By definition of W € H[¥],
(W, p1(11.(£)), p2(12(£))) = (W, £,€) € V[ref 4]0 = V[ref 4] p,
so we are done. O

Lemma 10.41 (A Box)
If £:5°%) € U, then

e U:A;T'H /2= /:box
o U:A:T'H £ =, £:box1.
Proof
Note that W; A;T'F £: box ).
Let W € H[¥], p € D[A], and (W,v) € G[I']p. By definition of W € H[¥],
(W, p1(1(0), p2(12(6))) = (W, ,6) € Vbox 4]0 = Vlbox ],
so we are done. O

Lemma 10.42 (A Application) B B
U ATt =ta:boxV[[.(T) = 77 and ¥; AT Ht] = th:7, then ;AT Hy [[t] =t [ th: 7.

Proof
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First note that W; A;T Fty [[t): 7" and U; A;T =ty [ th: 7.
Let W € H[¥], p € D[A], and (W, ) € G[I']p. We need to show that

(W, p1(m(t1 [1£9)), p2(r2(t2 [1 £))) = (W, p1(71.(81)) [] o1 (1 (1)), p2(h2(t2)) [] p2(72(t5))) € E[7'Dp-

Let Wy dpup W and (W, vi,v2) € V[box V[|.(T) — 7']p. By Lemma 8.20, it suffices to show that

(Wo,vi [] pr(v1(t])), va [] p2(12(t5))) € E[7']p.

Let W; Jpub Wi—1 and (W, v, v%,) € V[7]p. By further applications of 8.20, it suffices to show that

(Wa,vi [ v, v2 [ v3) € E[7']p.

By definition of V[box V[|.(7) — 7']p, we know vq = £1[71], vo = £2[72], and for any (M;, My): Wy,

My (£1) = Aloa] (71)-t1,  71[F1/ca] = p1(7),
My(62) = Aa] (T2) t2,  7o[f2/c] = pa(7),

and (W, A[| (x: p1(7)).t1[71/ca], Al (x: p2(7)).t2[T2/2]) € HV[A[](F).7']p. By Lemma 8.15, it
suffices to show that

(Wa, t1[71/ ca][vi/x], ta[ T2/ 2] vy /x]) € E[7"]p.

Since W,, 3 Wy and (W,,,v],v5) € V[7]p, we can instantiate HV[A[] (7).7']p to get exactly the needed
result. O

Lemma 10.43 (A Type Application)
If ;A;TFtp = ty:boxV[3,a].(7) — 7" and A F 7, then

U AT F ty[7] = t2[F]:box V[a].(7[7/0]) — 7'[7/8].

Proof

First note that ¥; A; T F t;[7]: box V[a].(7[7/8]) — 7'[7/B3] for i € {1,2}.
Let W € H[¥], p € D[A], and (W, ) € G[I']p. We need to show that

W, pr(m(t1[7])), p2(12(t2[71)))
= (W, p1(n(t2))[p1 ()], p2(12(t2)) [p2(7)]) € E[box V[a].(7[7/B]) — 7'[7/B]]p-
By our assumption, (W, p1(71(t1)), p2(y2(t2))) € E[box V3, &].(7) — 7']p. Let W' Jpup W and
(W' v1,v2) € V[box V[3,a].(T) — 7']p.

By Lemma 8.20, it suffices to show that

(W', valp1(F)], vapa(7)]) € E[box V[a].(r[7/B]) — 7'[7/B]]p.
Let VR = (p1(7), p2(7), V[7]p). By Lemma 8.9 and Lemma 10.5, it suffices to show that

(W' vilpa ()], valpa(7)]) € VIbox V[a].(r[7/B8]) = 7'[#/B]lp = V[V[a].(T) — 7']p[B — VR].

We can reach this easily from our hypothesis that (W’ vy, v2) € V[box V|3, @].(F) — 7']p. O

Lemma 10.44 (A Allocate Ref)

If O; A;T Fty = ty: 7, then U; A; T = ralloc (t1) ~ ralloc (ty) : ref (7).

Proof
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Note that U; A;T' |- ralloc (t;) :ref (7) and ¥; A;T' | ralloc (ty) : ref (7).
Let Wy € H[¥], p € D[A], and (Wy,v) € G[T]p. We need to show that

(Wo, p1(m(ralloc (t1))), p2(r2(ralloc (t2))))
= (Wo, ralloc (p1(11(t1))), ralloc (p1(11(t1)))) € E[ref (7)]p.

Let W; Jpup Wi—1 and (Wj,vi,v2) € V[7]p. By repeated application of Lemma 8.20, it suffices to
show that
(W, ralloc (v1), ralloc (V7)) € E[ref (T)]p.

Let (M;, Ms): W,,. Note that
(M | ralloc (V1)) — (M7,£41 — (v1) | £1) and (M> |ralloc (v2)) — (Ma, £y — (V) | £2).
Thus, by Lemma 8.14 and Lemma 8.9, it suffices to find some W’ J W,, such that
(M, 01— (V1), Mo, by — (v2)): W' and (W' £y,£5) € V[ref (7)]p.

We can do this by constructing an island that satisfies the requirements of V[ref (7)]p and adding it
to W,. In particular, let

W' = (W .k, (W, W), £ : (7)), (W Wa), £y : (7)), (W,,.0),0)),
where
0= (.a {.}7 {}7 {}7 )‘S{(Wv {el = hl}v {62 — hZ}) | (Wa hy, h2) € IHV[K?)]][J}, )‘5{(£l7g2)})

From here it suffices to show that (W', (v1), (V2)) € HV[(T)]p. But this follows from monotonicity
and our assumption that (W;, vi,v2) € V[7]p. O

Lemma 10.45 (A Allocate Box)
If O;A;TFty = ty: 7, then U; A; T balloc (t1) ~ balloc (t2) : box (7).

Proof

Note that U; A; T+ balloc (t1) : box (7) and ¥; A;T F balloc (t3) : box (7).
Let Wy € H[T], p € P[A], and (W, ) € G[I']p. We need to show that

(Wo, p1(y1(balloc (t1))), pa(ye(balloc (t2))))
= (Wo, balloc (p1(v1(t1))), balloc (p1(71(t1)))) € E[box (T)]p.

Let W; Jpub Wizt and (W;,vi,v2) € V[7]p. By repeated application of Lemma 8.20, it suffices to
show that
(W, balloc {(v1), balloc (v2)) € E[box ()] p.

Let (M1, Ms): W,,. Note that
(M | balloc (vi)) — (M7, 41 — (v1) | £1) and (Ms | balloc (v3)) — (M, €5 — (V2) | £2).
Thus, by Lemma 8.14 and Lemma 8.9, it suffices to show that
(M, 83— (V3), Ma, & — (73)): Wa B (€1 > (V1), £ > (V3))

and
(Wn B (€1 — (1), £2 — (V2)), £1,£2) € V[box (T)]p.

This amounts to showing that (W, B (€1 — (v1), £ — (V2)), (V1), (V2)) € HV[(7)]p. But this follows
from monotonicity and our assumption that (W;,vi,v2) € V[7]p. O
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Lemma 10.46 (A Read from Ref)
If O;A;TFtg & ty:ref (7), then U; A; T F read[i] t; ~ read[i] to: 7.

Proof

Note that U; A; T+ read[i] t1: 73 and W; A; T F read[i] to: 7.
Let W € H[¥], p € D[A], and (W, ) € G[I']p. We need to show that

(W, pr(m(read[i] t1)), p2(va(read|i] t2))) = (W, read[i] p1(1(t1)), read[i] p2(12(t2))) € E[7]p.
By our hypothesis, (W, p1(71(t1)), p2(12(t2))) € Eref (F)]p. Let W I W and
(W', vi,va) € Vref (7)]p.
By Lemma 8.20, it suffices to show that

(W', read[i] v, read[i] v2) € E[r]p.

By definition of V[ref (7)]p and HV[(7)]p, we know that vi = ¢; and v, = £», where for any
(M, My): W, My(£1) = (U1), Ma(€s) = (U2), and (W', ¥1,72) € V[7]p. By the operational semantics
and by Lemma 8.15, it suffices to show that

(W', 015, U21) € E[m]p.
But this follows from Lemma 8.9. O

Lemma 10.47 (A Read from Box)
If U; A;TFtg = to:box (7), then U; A; T+ read(i] t; ~ read|i] tp: 7.

Proof

Note that U; A;T' - read[i] t1: 73 and W; A; T F read[i] to: 7.
Let W € H[V], p € D[A], and (W, 7) € G[I']p. We need to show that

(W, p1(7a(read(i] t1)), p2(v2(readli] t2))) = (W, read[i] p1(71(t1)), read[i] p2(72(t2))) € E[nlp.
By our hypothesis, (W, p1(71(t1)), p2(72(t2))) € E[box (7)]p. Let W’ I W and
(W' vi,v2) € V[box (7)]p.
By Lemma 8.20, it suffices to show that

(W', read[i] v, read[i] v2) € E[r]p-

By definition of V[box (7)]p and HV[(7)]p, we know that v; = ¢; and v, = £, where for any
(My, Ms): W, My(£1) = (1), Ma(l2) = (V2), and (W’,71,U2) € V[7]p. By the operational semantics
and by Lemma 8.15, it suffices to show that

(W', 015, 02:) € E[n]p.
But this follows from Lemma 8.9. ]

Lemma 10.48 (A Write to Ref)
WA T F ity = ty:ref (7) and U; AT - t] = t): 7, then

U AT - write tg [i] < t] = writety [i] < t}: unit.

Proof
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Note that U; A;T - write ty [i] <— t]:unit and U; A;T - write ty [i] < t): unit.
Let W € H[¥], p € D[A], and (W,v) € G[I']p. We need to show that

(W, p1 (n (write t [i] 4 t))), pa(y(write 2 [i]  t5)))
— (W, write py (71(t2)) [i] <= p1(n(8])), write pa(y2(t2)) [i] = p2(12(85)) € E[O]p.

By our hypothesis, (W, p1(71(t1)), pa(12(t2))) € E[ref (T)]p and (W, p1(71(t])), p2(12(t3))) € E[7i]p-
Let W’ Jpup W and (W', vi,v2) € V[ref (T)]p. By Lemma 8.20, it suffices to show that

(W', write vy [i] <= p1(71(t])), write vy [i] <— pa(72(t}))) € E[unit]p.

Let W” Jpup W and (W, vi,v5) € V[7i]p. By another application of Lemma 8.20, it suffices to show
that
(W, write vy [i] <— vi,write v, [i] < vj}) € E[unit]p.

Let (M, Ms): W". By definition of V[ref (7)]p and HV[(T)]p, we know that vi = ¢; and vy = ¥y,
where Ml(ﬁl) = (\711, ceey \71i, ceey \71n>, Mg(ﬁz) = (\721, ceey ‘72i7 ceey \72n>, and (W/,\';l,\';z) c V[[T]]p.
Note that

(M | writevy [i] <= vi) = (M1[€1 = (V115 ..,V -5 010)] | ()

and
(My | write vy [i] <= v5) — (Ma[la — (V215 .., V5, ..oy U20)] | ().

To apply Lemma 8.15, we need to show that
(My[f1 — (G115 -+ Vs oo r s O1n)], Moo — (G21y v v vy Vo ooy G20)]) s W
But this follows from the definition of V[ref (7)]p and from
(W U1y e ooV e ooy Un), (Uo1y e ooy Vo, oo, U0n)) € HV[(T) ] p,

so we can indeed apply Lemma 8.15, by which it suffices to show that (W”, (), ()) € EJunit]p. This
follows from Lemma 8.9. O

Lemma 10.49 (AC Boundary)
If ;A;T ey ~ey:7, then W; A;T - ACT ey =~ ACT eq: 7).

Proof
Note that U; A;T' - ACT eq: 7 and U; AT+ ACT eg: 74,
Let W € H[¥], p € D[A], and (W,v) € G[I']p. By our assumption,

(W, pr(ra(e1)), p2(2(e2))) € E[7]p.

By the bridge lemma,

(W, ACP™) py (1 (€1)), AC (T py(3(€2))) = (W, pr (1 (ACT €1)). pa(12(ACT e2))) € E[H]p,
as desired. O

The next two compatibility lemmas have a slightly different shape, as they cover the two type rules for
heap values.

Lemma 10.50 (A Function)
If O;a;x:7 Fty & ty: 7/, then U A[a] (X2 7).t1 &y A[@] (x:7).t2:V[a].(F) — 7.

Proof
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Note that ¥ F A[a](x:7).t:V[a].(T) = 7/ and ¥ - A[a] (x:7).t2: V[a].(T) — 7.

Let W € H[¥]. We need to show that (W, A[a] (x:7).t1, A[a] (x:7).t2) € HV[V[a].(7) — 7']0.
Let W/ 3 W, VR € AValRel, and (W', vy, vs) € V[7]p[ec — VR].

We need to show that

(W' t1[VR.71 /] [vi /%], t2[VR.72 /a][va /x]) € E[7']0]cx — VR].

We have W’ € H[V], Olae — VR] € D[a], and (W', [x — (v1,v2)]) € G[x: 70| — VR]. Applying
our assumption gives the result. O

Lemma 10.51 (A Tuple)
If O F vy &y vo:7, then U F (V1) mp, (Vo) : (7).

Proof

Note that Uk (vi): (7) and ¥ F (V) : (7).
Let W € H[¥]. By our assumption, (W, vy,vs) € V[7]0, which is exactly what we need. O

The remaining compatibility lemmas for A are identical to cases from F and C, so we omit their proofs.

Lemma 10.52 (A Variable)
If x:7 €T, then V; A;T Fx=~x:T.

Lemma 10.53 (A Unit)
o U, AT H ()~ ():unit

o U;A;TH () &y (): unit.

Lemma 10.54 (A Int)
e A:TFn=n:int

e U:A:I'Fn=, n:int.

Lemma 10.55 (A Primitive)
IfU; ATty = torint and U3 AT Ft] = thint, then W AT Hty p t] =ty p th:int.

Lemma 10.56 (A If0)
IfFU; ATt & tprint, ;AT HE] & th:7, and U; AT Ht) ~ t): 7, then

U AT Hif0t t] t = if0ty t) t: 7.
Lemma 10.57 (A Pack)
e f U AsT ity ~ty:7[7' /], then ¥; A;T' F pack(7’,t;) as Ja.T = pack(7’,t2) as Ja.7: Jav.T
o If U; AT F vy =y vo:7[7’ /], then ¥; A; T+ pack(7’,v1) as Ja.T =, pack(7’,v2) as Ja.7: Ja.T.

Lemma 10.58 (A Unpack)
U, AT Ft =ty ot and U3 (A, a); (T, x: 7) Ft] = th: 7/, then

U; A;T + unpack (o, x) = t; in t] = unpack (a,x) =ty in t): 7.
Lemma 10.59 (A Fold)
o If ;AT Fiy = ty:7[pa.7/a], then ¥; A; T+ fold,,o . t1 = fold o~ t2: po.T
o If U; AT F vy =y vo:7[paet/a], then U; A;T F fold 0.+ vi =y fold o - Vo por.T.

Lemma 10.60 (A Unfold)
IfU; AT Ftg =~ to: paeT, then U; AT F unfold t; = unfold ty: 7[pa.7/al.
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10.4 Fundamental Property and Soundness

Lemma 10.61 (Fundamental Property)
e If U:A;TFe:7, then U; A;THeme:T

e If U:A;THuou:r, then V;A;THo~, v:iT
o If UF h:, then U F h =y, h: .
Proof

We prove all three claims simultaneously, by induction on the typing derivations, using the compatibility
lemmas. O

Lemma 10.62 (Weakening)
VA ThFe; ~ey:Ttand W C U/ ACA, T CIY, then V; ATV e ~ey:T.

Proof

Let W € H[V'], p’ € D[A'], and (W,+") € G[I']p.

Let p = p'|a and v = +'|r. Note that W € H[¥] and p € D[A] immediately. By our hypothesis, it
suffices to show that (W,v) € G[[']p. Clearly, (W,~) € G[I']p’. Since the free type variables of I" are
all in A, G[T']p’ = G[T']p, so we are done. O

Lemma 10.63 (Congruence)
IO, ATHe~ex:Tand FC: (U, AT F 1) ~ (U5 ALT F 7)), then U ATV F Cley] = Cleg]: 7.

Proof

By induction on the type derivation for C, using Lemma 10.62 for the cases where C is empty, and the
compatibility lemmas for all other cases. O

Lemma 10.64 (Canonical World)
If - M: ¥, then for any k, IW. Wk=k N W e H[V] A (M,M) : W.

Proof
Say that W = W’ £;:"Mpq, ... £,:""),, where boxheap(W’). Let
0i = (o, {0}, {}, {}, As{(W', My, M) € MemAtomy, | (W', My (6:), Ma(4:)) € HV [0}, As.{ (4, 4)})
for 1 < i < n. We construct

W = (k’, \I/, \I/, (islandbox(k, M|dom(ll!’))’ 91, ey an))

We need to show the following;:

e For each £:°¢ € W’ (W, ¢,¢) € V[box ]0,
e For each i, (W, 4, 4) € V[ref ¢5]0,
o (M,M):W.

The first two conditions follow directly from the definitions. The last condition amounts to showing
that (>W, M (4), M(£4)) € HV[5]0. This follows from the Fundamental Property for heap values. [

Lemma 10.65 (Adequacy)
If ;- Fe~ey:r, - M: U, then (M | ey) | if and only if (M | e3) .

Proof
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We show that (M | e1) | implies (M | es) |, and the converse holds by an identical argument.

Suppose (M | e;) {*¥. By Lemma 10.64, there is some W € H[V¥] such that (M, M): W and W.k > k.
So by our assumption, (W, e1,e2) € E[7]0. We claim that (W, E, E) € K[r]0, where

[] T=1T
E= <[] T=1T
([],5) 7=

If the claim holds, then (W, Ele1], E[es]) = (W, e1,e2) € O. Since running(W.k, (M | e1)) contradicts
our assumption, we must have (M | e2) |, as desired.

To prove the claim, let W’ J,u, W and (W, v1,v2) € V[7]0. But then
(W’,E[UlL E[’Ug]) = (W/, ’U1,’U2) cO
trivially, so we are done. O

Lemma 10.66 (Logical Equivalence Implies Contextual Equivalence)
If ;AT e ~ey:T, then U; AT F ey =€ eyt 7.

Proof
Let H C: (U; AT F 1) ~» (U5 F 7') and = M : 0. By congruence, ¥'; ;- F Cle1] = Clea]: 7'. By
adequacy, (M | Cle1]) | if and only if (M | Cles]) |, as desired. O

10.5 Completeness

Lemma 10.67 (Contextual Equivalence Implies CIU Equivalence)
If U AT F ey = ey:7, then U; AT I eg =% eyt 7.

Proof
We have that U; A;T Fep:7, U; AT Feq: 7, and
VO, M, V' 7/ C: (AT E 1)~ (W55 7)) A M
= ((M | Cler]) | <= (M | Cle2]) 1)
We need to show that

Vo, v, E,M, Vg, 1. - F0:A AN Vg Fv:0(0) A FE:(U;5-F7)~ (Pp;-Frmr) AN FM:¥g
= (M | E[6(v(e1))]) <= (M | E[6(7(e2))]) 1)

Assume all of the premises in that implication. It suffices to find some C' such that co-termination of
(M | Cles]) and (M | Clez]) is equivalent to co-termination of (M | E[0(y(e1))]) and (M | E[5(y(e2))])-
We will need a C such that

FC: (AT ET)~ (Ug;e - F7R).

Let
T TE=T € g = A rp =1
e = ¢ L(7) TE=T TE =4 T TE=T e = 7 TE=T
LL(T)) me=T L(r) mg=T1 T TTE =T,

A=AANT=TTT 6=6p A, and 67 =45|p.
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Now choose C' as follows:
= (£[5(A)] 6(y(dom(T))), £ > A[A](S(T)).Cy)
C. = AC®" (™) ((A[A](7C(T)).C) [6(A)] 67C (7(dom(T))))

]
C = CF ) (A[A](7(1)).C) [5(A)] 67 (v(dom(T))))
E E=E
C={"FCE E=E
TTFC™CAE FE=E

By inspection of the operational semantics,
(M | Cles]) =" (M, £ A[D](5(T)).Ce | ACTE) (CFCE) (C[5(y(e:))])))-

Since this is just a fixed sequence of boundary terms around E[§((e;))], we can see that this configu-
ration co-terminates with (M | E[d(v(e;))]), as desired. O

Lemma 10.68 (CIU Equivalence Implies Logical Equivalence)
If U: AT Fep =% ey:7, then U; A;T ey ~ep:T.

Proof
We have that U; A;TFep:7, U;A;T Feg: 7, and
V0,7, B, M, Vg, 7. -+ 6:A A Wi by:0(0) A FE: (WA b 1)~ (Ui bFrp) A FM:Up
= (M [E[5(v(e)]) L <= (M| E[6(v(e2))]) 1)-
We need to show that
YW, p,v. W e H[Y] A peD[A] A (W,7) € G[T]p = (W, p1(11(e1)), p2(12(e2))) € E[7]p.

Assume all the premises of this implication.
Let (W, E1, E2) € K[7]p. We need to show that (W, E1[p1(71(e1))], Ea[p2(12(e2))]) € O.
Let (M7, M) : W. Tt suffices to show that

(M | Ex[pr(ma(en)]) 4 <= (Ma | Ealpa(ya(e2))]) |-

By the Fundamental Property, ¥; A;T'F ey & ey : 7. Therefore

(W, p1(71(e1)), pa(raler))) € ElT]p

and thus
(My | Ex[pr(71(e))]) 4 <= (Ma | Ealpa(y2(er))]) -

It remains to show that

(Ma | Ex[pa(v2(e1))]) § <= (Ma | Ealpa(y2(e2))]) |-

But this follows from our hypothesis that ¥; A;T - e; ~¢* ey: 7. O
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11 Proofs: Compiler Correctness
Lemma 11.1

o f U; A;T He:7, then W;A;TFexT"FCCF  e:T.

o If U; A;TFe:7% then W;A;TFer CF "FCe: 79,

o f U:A;THe:7, then U; A;THe~"CAACT e: 1.

o If U;A;THe: 7 then W; A;T Fer ACT "CAe: 7.
Proof

We prove the first claim; the others can be proven analogously.
First, note that U; A;T' = "FCCF  e: 7.

Let W € H[Y], p € D[A], and (W,7) € G[I']p. By the fundamental property, ¥; A;T' Fe = e: 7, so
(W, p1(71(e)), p2(y2(e))) € &[] p. By boundary cancellation,

(W, p1(m1(e)), 2 DFCCFP pa(y2(e))) € Elr]p,
as desired. O
Lemma 11.2
o U:A;T'+e; ~ Cley): 7 if and only if U; A;T ey ~ C[TFCCF™ e): 7.
o U:A;T e ~ Cleg]: 7 if and only if U;A;T ey ~ C[CF™ T FCes): 7.
e U;A;T+ ey ~ Cley]: 7 if and only if U; A;T ey ~ C[TCAAC™ es]:7.
e U;A;TF ey ~Cley]:7if and only if U;A;T F ey ~ C[ACT TCAes]: 7.
Proof
We prove the first cl/aim; the/ others can be proven analogously. By Lemma 11.1 and congruence,
U: AT F Cleg] = C[TFCCF™ ep]: 7. The result follows by transitivity. O
11.1 Correctness of Closure Conversion

Lemma 11.3 (Variable)
Ifx:7 €T, then s A;T Fx="FC(CF x):7.

Proof
Follows immediately from Lemma 11.1. O

Lemma 11.4 (Unit)
S AT () & UMEC () : unit.

Proof
Follows from Lemmas 8.15 and 8.9. O

Lemma 11.5 (Int)
S AT EnaMFCn:int.

Proof
Follows from Lemmas 8.15 and 8.9. O

Lemma 11.6 (Primitive)
If sa;x:7 F t ~ ™FCt[[a]/a][CF™ x/x]:int and @ x: 7 F t' ~ MFCt'[[a]/a][CFT x/x]:int, then
sax:T Ftpt = ™FC (t p t')[[a]/a][CF x/x]:int.
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Proof

By Lemma 11.2, it suffices to show that

@Rk tp ¥ A EC (CFMEC (4Tl /alICF /X)) p (CF™FC (¢[a]/allCF™ x/x])):int.
Note that -;a;x: 7/ Ft p t':int and
sayx:r FMFC (CF™FC (t[[a]/a][CF™ x/x])) p (CF™FC (t'[[a]/a][CF™ x/x])):int.

Let W € World, p € D[a], and (W,v) € G[x:7]]p. We need to show that

(W, p1(n(tpt)),
p2(y2("FC (CF™FC (t[[a]/][CF™ x/x])) p (CF™FC (t'[[a]/a][CF x/x]))))
=W, p1(n (1) p pr(m(t)),
"FC pa (72 (CFMFC (t[[a] /a][CF x/x]))) P p2(72(CF™FC (t'[[a]/][CF™ x/x]))))
€ Efint]p.

By our hypotheses,

(W, p1(11(1)), p2(2("FC (t[[a]/a][CF™ x/x])))) € E[int]p

and

(W, pr(71(t), p2(y2("FC (t'[[a] /] [CF™ x/x])))) € Eint]p.
Let W/ 2 W, (W’',m,m) € V[int]p, and (W', n,n) € V[int]p. By Lemma 8.20, it suffices to show that
(W',m p n,™FC (CF™m p CF"n)) € E[int]p.

Since boundary translations at type int produce the same integers they are given, and since the seman-
tics of primitive operations are the same in F and C, from this point it is clear that we can complete
the proof using Lemma 8.15 and Lemma 8.9.
Lemma 11.7 (If0)
If s x: 7 Fta ™FCt[[a]/a][CFT x/x]:int,

sapxcT Rt = TFCH[[a] /a][CF x/x]:7, and s @x:7T Ft' =~ TFCt"[[a]/a][CF x/x]:T,

then @, x: 7/ Hif0t t' t" =~ "FC (if0t t' t")[[a] /] [C]-'T' x/x]:T.
Proof

By Lemma 11.2, it suffices to show that

sapx: ' Fif0t t' t” ~ TFC (if0 CF™FC (t[[«] /a][CFT x/x])
(t'[[a]/a][CF™ x/x])
(t"[Tal/a]lCF™ x/x])) ST

For brevity, let t = t[[a]/a][CF™ x/x], t' = t'[[a]/a][CFT x/x], and t" = t"[[a]/a][CF™ x/x].
Note that -;@;x: 7/ Fif0t t' t”:int and -;a; x: 7/ F "FC (if0 CF™FCt t/ t7): 7.
Let W € World, p € D[a], and (W,v) € G[x:7]]p. We need to show that

(W, p1(m1(ifot ' t)), po(y2("FC (if0 (CF™FCT) t t7))))
= (W,if0 p1(m (1) pr(m () pr(a(t”)), "FCif0 pa(v2(CF™FCH)) pa(r2(t))) p2(12(t))) € E[r]p.
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By our first hypothesis, (W, p1 (1 (t)), p2(y2("FCt))) € E[int]p. Let W’ I W and (W', n,n) € V[int]p.
By Lemma 8.20, it suffices to show that

(W",ifon p1(11(t) pr(n(t")),"FC (G0 (CF™ n) pa(2(t)) p2(12(t")))) € Elp.

We can complete the proof using a case split on whether n = 0, and then applying Lemma 8.15 and
the appropriate one of our hypotheses. O

Lemma 11.8 (Pack)
If sa;x: 7' Ft = TF/BFCt[[a] /a][CFT x/x]:7[7/B], then

s x: T b pack(7,t) as 3B.7 = PTFC (pack(7€,t) as 38.7€)[[a]/a][CFT x/x]:IB.T.
Proof
By Lemma 11.2, it suffices to show that

s x: 7 b pack(#,t) as 38.7 & P TFC (pack (7 [[a] /a],CFF/AFC (t[[a]/a][CF™ x/x]))):3B.7.
Note that - @&;x: 7/ F pack(#,t) as 33.7: 38.7 and
sax: 7 FPTFC (pack(7¢[[a]/al,CFTH/BIFC (t[[al/a][CFT x/x])) as 38.7¢) : 36.7.
Let W € World, p € D[a], and (W,~) € G[x77]p. We need to show that
(W p1(mi(pack(?,t)as36.7)), -
p2(72(F°TFC (pack(7¢[[a] /a] CFTH/AFC (t[[a]/][CF™ x/x])) as 38.7¢[[a]/a]))))

= (W, pack{p1(7),p1(71(t))) as p1 (36.7),
= GATIFC paack (pal(H©)) CF#FIDFC (ot Tal Ja]CF x/x])))) as pa(38.7)
€ E[3B-]p.

By our hypothesis, (W, py ('yl(t))7p2('yg(7[%/ﬁ]fc (t[[a]/a][CFT x/x])))) € E[7[#/B]]p. Let W I W
and (W' vy, va) € V[7[7/8]]p- By Lemma 8.20, it suffices to show that

(W', pack(py (#),v1) as p1 (3B.7), P2 CFTFC pack (po (7(),CFP>(TIF/B) vy as py (3.7(9)) € E[IB.7]p.

By Lemma 8.3, for any (My, M3): W', there are some vy and vj such that

Cy)

CEr2(T /8 (vy, My) = (v, My) and L(pa(r(7/5]¢ FC(va, My) = (v, My).

By the operational semantics,
(My | P2CATFC pack(ps (7(€)),CFP2(TIF/BD) vy as py(36.7))
=2 (Ma | pack(L{p2(7()).v3) as p2(38.7(%)).
Thus, by Lemma 8.15 and Lemma 8.9, it suffices to show that
(W', pack(p1(),v1) as p1(3B.7), pack(L{pa (7)) v3) as p2(38.7)) € V[IB.7]p.

To show this, we need to find some VR € FValRel such that VR.7; = p1(#), VR.72 = L{p2(#(©))), and
(W', v1,vh) € V[7]p[8 — VR]. We use

VR = opaqueR(p1(7), p2(%), V[#]p, V[#{9]p, V[ A]p).

That this VR € FValRel follows from Lemma 10.4 and Lemma 8.35. The types match by definition of
opaqueR. For the last condition, note that

(W v1,v2) € V[7]p[B = (p1(7), p2(£), VF]p, V[# ] p, V[#(©) A ]p)]

by Lemma 10.7. The result follows directly from boundary cancellation. O
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Lemma 11.9 (Unpack)
If sa;x: 7 Ft=~ 37 FCt[[a]/a][CF x/x]:3B.7 and

s, Bixe Ty T HY & f7-"Ct’[|’o[| /[[B1/BlCF™ x/X]|[CFy/y]:%,

then -;@;x: 7/ - unpack (8,y) =t in t’ = 7FC (unpack (3,y) = t in t')[[a]/a][CF™ x/x]:%.
Proof

For brevity, let t = t[[a]/a][CF™ x/x] and t’ = t'[[a]/a][CF™ x/x]. By Lemma 11.2, it suffices to
show that

s x: 7/ unpack (B,y) =t in t' = *FC (unpack (3,y) = (CF#7FCt) in t'[CF FCy/y]): 7.

Note that -;@;x: 7/ F unpack (3,y) =t in t': 7 and
sax: 1 FFC (unpack (8,y) = (CFPTFCt) in t/[CF FCy/y]): 7.
Let W € World, p € D[a], and (W,v) € G[x77]]p. We need to show that
(W, p1(71(unpack (8,y) =t in t')),
p2(72("FC (unpack (8,y) = (CFPTFCE) in ¥[CFTFCy/y])))
= (W, unpack (8,y) = p1(m(t)) in pr(m(t)),
P2(FC (unpack (B, y) = (CFP2IIFC pa(12(1))) in pa(r2(¥)[CF=TFCy/y]))
e E[7]p.
By our first hypothesis, (W, p1(71(t)), ?2GPTFC pa(12(t))) € E[3B.7]p. Let W I W and
(W', pack(ry,v1) as p1 (3B.7), pack(r2,v2) as p2 (3B.7)) € V[IB.7]p.
By Lemma 8.20, it suffices to show that
(W', unpack (8,y) = (pack(r1,v1) as p1(35.7)) in p1(m1(t')),
P2(NFC (unpack (B, y) = (CFP23°7 pack(rz,v2)) in pa(72(t))[CFPDFCy /y])) € E[F]p.
By Lemma 8.3, for any (M;, M3): W, there are some vy and v5 such that
CFP2/B) (vy, My) = (v, My) and  P2U2/B0RC(vy, My) = (Vh, My).
Note that
(My | unpack (8,y) = (pack(r1,v1) as p1(3B.7)) in p1(11(t')) — (My | pr(m(t))[m1/B]lv1/y])
and
(M, | »PFC (unpack (8,y) = (CFP27) pack(r2,v2)) in pa(12())[CFP2DFCy /y]))
2 (M3 | 2DFC (pa(r2(8)) [ /BI[CFP*TIFC va /y])).-
By Lemma 8.15, it suffices to show that
(W, pr (1 ())[11/B]va/y), 2 DFC (p2(12(F)) [ / BI[CF 2D FC v2 /y])) € E[F]p-
By Lemma 8.17, it suffices to show that
(W', pr (1 (V))[11/B][vi/y), 2 DFC (p2(12(E)) [ / BIICF 2D vy /1)) € E[7]p-

By definition of V[38.7]p, there is some VR € FValRel such that VR.:; = 7, VR.7» = 7, and
(W' vi,v2) € V[r]p[8 — VR]. By boundary cancellation, (W’ ,vy,v}) € V[7]p[8 — VR]. Therefore
p[B — VR] € D[a,B] and (W', [y — (v1,v5)]) € G[x:7/,y:7]p. Hence we can apply our second
hypothesis to get exactly this result. O
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Lemma 11.10 (Fold)
If sa;x: 7/ Ft = Ther/Arct[a] /a][CF™ x/x]: T[pa.T/a], then
sayx: 7 Ffold,q -t = HYTFC (fOIdMOz.TC t)[[a]/a][CF x/x]: pa.t.
Proof
By Lemma 11.2, it suffices to show that

sa;x: 7 = fold,s . t & HPTFC (foldﬂﬂﬂ_(c) CFWBT/BIFC (t[[a]/a][CF™ x/x])): uB.7.

Note that -;a;x: 7/ = fold,s., t: pB.7 and

sa;x: 7 = HPTEC (fold 1B.7E) CFmB/BIFC (t[[a]/a][CFT x/x])): uB.7.

Let W € World, p € D[a], and (W,v) € G[x7]]p. We need to show that

(W, p1 (1 (Fold5.5 1)), p2 (2 ("7 FC (Foldd g ey CFTI07/AFC (4[] [@][CF™ x/x])))))
= (Wifold, (.7 L)),
PUBDFCTOld (o ey CFROITIDEC (py(ra(tl[a] /a][CF x/x]))) € ElpB.rTp.

By our hypothesis, (W, p1(71(t)), p2(y2("7/PIFC (t[[a]/][CF x/x])))) € Elrlus.r/B]lp. Let
W' JIW and (W' vi,v2) € V[r|uB.7/5]]p. By Lemma 8.20, it suffices to show that

W, f°|dp1(uﬁ.7') vi, p2(uB.7) O fOldpz(uﬁ-T«:)) CFr2(rlnB.m/B]) v2) € E[uB.7]p.
By Lemma 8.3, for any (M;, Ms): W', there are some vo and v5 such that
2
Crr(The/B) (vy My) = (vo, Mp) and  P2reT/B0RC(vy, My) = (Vh, Msy).
By the operational semantics,
p2(pB.7) p2(7[pe.T/B]) 2 !
(M | FC fOIdPQ(Mﬁ.T) CFr> va) —2 (My | f0|dp2(uﬁ.7'(c>) Vh).
Thus, by Lemma 8.15 and Lemma 8.9, it suffices to show that
! !
(W ’fOIdm(Mﬁ-T) vi, f°|dp2(,uﬂ.7) vh) € V[uB.1]p.

This follows from our hypothesis that (W', vi,v2) € V[r[u8.7/8]], by monotonicity and boundary
cancellation. O

Lemma 11.11 (Unfold)
If sa;x: 7 Ft = tTFCt[[a]/a][CFT x/x]: pa.T, then

sa;x: 7 unfoldt & TR/ FC (unfold t) [[a] /a][CF™ x/x]: T[uc.T/a).
Proof

By Lemma 11.2, it suffices to show that
sa;x: 7 F unfold t &= "HAT/BIEC (unfold CFHTFC (t[[a] /a][CF™ x/x])): T[uB.7/B5].
Note that -;a;x: 7/ F unfold t: 7[uS.7/8] and

sayx: 7 F T T/BIEC (unfold CFHP-TFC (t[[a]/a][CF™ x/x])) : TuB.7/A).
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Let W € World, p € D[a], and (W,v) € G[x7]]p. We need to show that

(W, pr( (unfold ), pa(v2 ("I 7/PLFC (unfold CF1#7FC (t[[a] /a][CF™ x/x])))))
= (W, unfold p1 (71 (1)),
P2(rleB.7/B) FC unfold CFP2 BT FC (pa (v (t[[a] /] [CF™ x/x])))) € E[r|uB.7/B]]p-

By our hypothesis, (W, p1(71(t)), p2 (2 (" 7FC (t[[a]/a][CF™ x/x])))) € E[uB.T]p. Let W I W and
(W,vf‘)ldm(uﬂﬁ) Vl’f°|dp2(u5.7) va) € V[up.7]p. By Lemma 8.20, it suffices to show that

(W', unfold (foldp1 (uf.7) vy), P2 B-7/B) FC unfold CFP2 (8 -7) foldp2 (uB.7) v2) € E[[up.T/B]]p-

By Lemma 8.3, for any (M, Ms): W', there are some vy and vj such that
CFP2(HB.7) (vy, My) = (va, My) and  P2HOTIRC(vy, My) = (Vh, My).
By the operational semantics,

(My | 25T IADFC unfold CFP2 07 fold )\ g 1y va) == (M | V).

wp.T
The result follows by Lemma 8.15, Lemma 8.9, and boundary cancellation. O

Lemma 11.12 (Tuple)
If sa;x: 7' Ft = TFCt[[a]/a][CF™ x/x]:7, then -;a;x: 7/ b (¥) =~ TFC (t)[[a]/a][CFT x/x]: (7).

Proof

By Lemma 11.2, it suffices to show that

saat F (@) = OFC (CFFe (tal/allCF x/x1)): (7).

Note that -;a;x: 7/ (t): (F) and

saxir F OFC ((CFOFC (t[[al/al[CF x/x]))): (7).

Let W € World, p € D[a], and (W,v) € G[x7]]p.- We need to show that

(W, p1(m (D)), p2(2(TVFC ((CFFC (4[] /] [CF x/x])))))
= (W, (p1(m (1)), #TFC (CFr2OFC (pa(m2(t[[a] /] [CFT x/x])))) € E(T)]p-

By our hypothesis,

(W, p1(m (1)), p2(72(FC (t[[a] /] [CF x/x])))) € El7]p.

Let W/ J W and (W’,v1,v2) € V[7]p. By Lemma 8.20, it suffices to show that

(W', (), 2(TVFC (CFr2(D va)) € E[(T)]p.
We have this by Lemma 8.15, Lemma 8.9, and boundary cancellation. O

Lemma 11.13 (Projection)
If sa;x: 7 Ftx TFCt[[a]/a][CF x/x]: (7), then - a;x: 7/ F m(t) = "FCm;(t)[[a] /a][CF™ x/x]: .

Proof
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By Lemma 11.2, it suffices to show that

saxir b m(t) & FC (m(CFMFC (t[[a] /o] [CF™ x/x]))): 7.

Note that -;@;x: 7/ F mi(t): 7 and - a;x: 7/ F "FC (m (CF T FC (t[[a] /a][CF™ x/x]))): 7.
Let W € World, p € D[a], and (W,~) € G[x:7]p. We need to show that

(W, pr(11(mi(1))), p2(q2("FC (m: (CFTVFC (t[[a] /] [CF™ x/x]))))))
= (W, mi(p1(n (1)), *WFC i (CFPDFC (pa(ra(t[[a]/a][CF™ x/x]))))) € Elnlp.

By our hypothesis, (W, p1(71(t)), p2(2(TFC (t[[a]/a][CF™ x/x])))) € E[(T)]p. Let W' I W and
(W', (1), (v2)) € V[(T)]p- By Lemma 8.20, it suffices to show that

(W', mi(((v1))), 2 FC mi(CFP (™) (7)) € E[n]p.
We have this by Lemma 8.15, Lemma 8.9, and boundary cancellation. O

Lemma 11.14 (Function)
Let ¥ >k, m' >m, A=01,...,0,and T =y1:71, ..., Ym & T -
If fv(A\[@] (X77)-t) = Y1, -+ -y Yy SVOA[@] (7)) = B, -, Bi, Tenv = (1165« o, Tm€),

5 (8,@); (0,57) Bt "FCH[[B11/Ba] -+ - [T/ Bell[al /el

[CFry1/y1] < [CF™ ym /ym | [CFT x/%]: 7/,

Ve =A[B1s o5 By @] (Z: Tenvs W).t[ﬂ'l (z)/y1] - - [mm(2)/ym], and

v = pack(Tenv,(Ve[B1] -+ [Bk]s (¥15-++5>Ym))) as EIa’.((V[a].(a',ﬁ)—) 7€), a’),

then )
AT Aa] (7).t = YE-O= T Fev[B1]/B1] - - - [[ B ]/ Bir]
[CF ™y /y1] - [CF™ ym [Ym]: V[@].(XZT) = 7.
Proof
Let
Vi =A[B1s+ s By @) (2: Tonv, X: 7€) A [CFT FC w1 (2) /y1] - -+ [CF™ FC 7t (2) /ym][CF ™ FCx /%]
and

v/ = pack(Tenv,(V{[B1] - - [Bis (V1 - - -, ¥m))) as 3’ (V][] . (o, 7€) — 7€), ).

By Lemma 11.2, it suffices to show that

AT M@ (7).t = Y- = 7 Fe v [[61]/81] - - - [[ B 1/ Brr]
[CF™y1/ya] -+ [CF™ Yoy [yu]: V[a].(x7) = 7.

Note that - A; T+ @] (x77).t: V[@].(7) — 7/ and

S AT EYRO =" FCy [[81]/84] - - [[Be1/Bic]
[CF ™ y1/y1] - [CF™ ym' [¥ym]:V[@].(xiT)— 7.
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Let W € World, p € D[A], and (W,v) € G[I']p. We need to show that

(W, p1(mi(A[@] (X77).1)), po (72 ("D = T FC v [[1]/B1] - - - [ B 1/ Brer]
[CFy1/y1] -+ [CF™ Yy /ymr])))

= (W, A[@] (x77).p1 (71 (1)), Y- D= T FCV [p2(81) () /] -« - [p2(B) € / Brer]
[CFP2™) q5(y1) /ya] « + - [CFP2 ) 3o (yme) /yme])
e EV[@).(t)— T']p.
Note that

V1p2(B) /Bl -+ [p2(Bie) @)/ Brr ) [CFP2 ™) a(y1) [ya] - - [CFP2T) oy ) /Y]

= pack(Teny [p2(81) () /B1] - - - [p2(B) ) / Bic],
(vilp2(B1) T -+ [p2(Bie) O, (CFP2 ) ya(y1), - oo, CFP2) ya(ym)))).

Call this term t/. By Lemma 8.3, there are some v, ..., vy, and v}, ..., V. such that for each 1 <i < m
and any (M, Ms): W,

CF7 (y1(yi), Ma) = (vi, M) and TFC(vi, M) = (vi, Ma).
Let
¥ = pack(Tenv[p2(1)( /B1] - - [p2(B) ) Brer 1, (VElp2(B1) €] - - - [p2 (B ) DT, (Vi + o vy Vim))).

By Lemma 8.15 and Lemma 8.9, it suffices to show that

(W, A[@] (x:7).p1 (71 (1)), Ala] (ﬁ).(T/fC unpack (3’,z) = ¥/ in 71(z) [[«]] 72(z), CF7 x))
e V[V[a].(7)— ']p.

Let W J W, VR € FValRel, and (W’,91,02) € V[7]p[a — VR]. For convenience, let 73 = VR.7y and
7> = VR.7. We need to show that

(W', (\[@ (7)1 (1 (1)) [F1] 91, -
(A[a](x77).” FCunpack (8’,z) = V' in 71 (z) [[a]] 72(2), CF7 x) [f2]¥2) € E[7']p[a — VR].

By Lemma 8.15, it suffices to show that

W', prop ) T - -
TEIIEC (vi[02(81) @] -+ - [p2(5) @] 72 @] (Vi -, vin), CFTII 03) € £ ] pla s VE].

By Lemma 8.3, for any (M], M4): W', there are some v and ¥} such that

CFTH’Z/O‘] (\72,Mé) = ({fz,MQ) and TH—Q/MFC(\?Q,MQ) = (\7/2, Mg)

By Lemma 8.15, it suffices to show that

(W, pr(n (0) /T 2/, -
T TRIAIEC (Vipa(B)©)] - - - [02(50) @] 2@ (Vi - ., V), T2) € Elr']oler > VE].

Note that

(M3 | 7 TRINEC (ilpa(81) ] -+ - [p2(B) O] 2] (vis - vin) $2)
— (M} | T,[ﬁ/o‘]}'Ct[C]-'T1 FCmi({viyeeesvm))/y1] - [CF™ FCm({(Viyer s Vm))/Ym]
[CFTFCV2/x][p2(B1) " /B1] - - - [p2(Bi )@ / Bre 11724 /]
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By Lemma 8.15 and multiple uses of Lemma 8.17, it suffices to show
(W, pr(m(t)[71/][01/%],
TRIFCHCFN [yl - [CF™ Vi [ym] [CFT 9/x]
[02(81) ) /B1] - -+ [p2(Br) (D) / Bie][24€) /a]) € E7']pla = VR].

We have that p[a — VR] € D[A, @], and by monotonicity and boundary cancellation, that
(W', 0ly1 = (ya(yr), vl -~ [ym = (71 (Ym)s Vi)l Ymet1 = 7 (Ymt)] -+ [yme = v (Y] [x = (91, 95)])
€ G, x:7]pla — VR].
Therefore we can apply our hypothesis to get exactly the needed result. O

Lemma 11.15 (Application)
If 5 B;x: 7' b to = V- = mre o [[5]/B][CF™ x/x]:V[@].(7m) = 1, B F T, and

3 Byxet bt I elFC BT/ BIICF x/x]: malr/al,
then

3 Byxir! b to [7] T~ RT/OIFC (unpack (8, 2) = to in 1 (2) [1€] ma2(2), ) [[B1/BICF™ x/x]: nalr fal.

Proof

Let to = to[[8]/B][CF™ x/x] and t = t[[5]/B][CF™ x/x]. By Lemma 11.2, it suffices to show that

3 Bix:T b to [F]T = mIT/2FC (unpack (8, z) = CFYE-(M = Fci,
in 71(2) [7(©] w3 (2), CFRI/AI FC ) i o[ /.

Note that -; B;x: 7/ I to [7] t: 72 and

5 Byx: 7+ mIT/AFC (unpack (87, z) = CFYIA- M~ Fe i,
in 71(2) [(©)] ma(2), CFnI/el FC ) s molr/al.

Let W € World, p € D[], and (W,~) € G[x:7']p. We need to show that
(W, p1 (1 (to [719)), p2(72(1"/*IFC (unpack (8',z) = CF™- =7 FC g
in 71 (z) [1(©)] 73 (2), CFnlr/al FC1)))

= (W, p1(m(t0)) [7] p1 (1 (1)), 227/ 2D FC (unpaCki(ﬁ'a z) = pa((CF-(M = 2 FCiy))
in 7y (z) [7(©] 72 (2), p2 (2 (CF /2l FC1)))))
S 8[[7'2]]p_

Let W/ 3 W, (W/,v1,va) € V[V[@].(71) = 72]p, and (W', 91,%2) € V[r1[r/a]]p. By Lemma 8.20, it
suffices to show that

(W', vy [7] 31, P2(melr/e) FC (unpack (8, z) = CFr2(V@-(F) = 72) y,
in 7y (Z) [T(C)] 7T2(Z) CFp2(mi[r/a]) VZ))) c 5[[7.2[7_/&]1]’0.

By Lemma 8.3, for any (M, M,): W', there are some V5 and @ such that

CFP (/o)) (G, M) = (2, Mp) and  ,2(lL( () /a)RC (9, My) = (02, Ma).
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Let

v = A[@](z: unit, y : pa(71)€).CFr2(R}/e] (v, [L{a)] r2(m)IL{e) /[l FC y)
and note that

(My | P2(mlT/eDFC (unpack (3, z) = CFr2(VEl() = 72) v,
in 1 () [7(©)] w2 (2), CFr2(n7aD 0,))))
— (M | p2(nlr/a]) FC (unpack {(3,z) = (pack(unit,(v, ())) as po(¥[a].(77) = 7))
in 74 (z) [7(©] 7o (), CFr2(mlr/al) 3,))))

33 (M, | P2l TANEC v [0 (), CFPemr /o)) )

s My | 2D FCy [760)] (), Ta)

s (M | P27/l ]:ch:m(n)m( [L(r©)] pz(n)m}'ﬁ/z))
s (My | P2 TODFC CFrar) L O ol (yy (L €0y )

By Lemma 8.14, it suffices to show that
(W, vy [7] 35, 72D FC o)/ vy [L(r )] ) € Elmalr/allp.
From here, note that

Elra[r/allp = Elrlpla = (p1(7), p2(7), VIr]p, VIT©]p, V[ A p)]

by Lemma 10.7. Let

VR = opaqueR(p1 (), pa(7), VIrlo, VIr©p, VIr @ A)p).

Using VR and (W', 91,95) € V[ri]pla = VR] (which we have by Lemma 10.7 and boundary cancella-
tion), we can instantiate (W’ vy, vo) € V[V[a].(77) = m]p to get

(W' v [7] 1, v2 L] 5) € Elmalpla — VA,
The result follows by boundary cancellation. O

Theorem 11.16 (Closure Conversion is Semantics-Preserving)
Ifa;x: 7" Fe:7 ~ e, then

sayx:T Fex"FC (e[[a]/a] [CFT x/x]):T.
Proof

By induction on the compiler judgment, using the preceding lemmas. O

11.2 Correctness of Allocation

Lemma 11.17 (Variable)
Ifx:7 €T, then ;A; T Fx~"CA(ACT x): T

Proof
Follows immediately from Lemma 11.1. O

Lemma 11.18 (Unit)
S AT () = WitC A () : unit.

Proof
Follows from Lemmas 8.15 and 8.9. O
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Lemma 11.19 (Int)
AT Fn~"™CAn:int.

Proof
Follows from Lemmas 8.15 and 8.9. O

Lemma 11.20 (Primitive)
If -FH,H:W, sa;x: 7/ -t = ™MCA(t[[a]/a][ACT x/x],H):int, and

sapx: T Ht = CA (V][] /a][ACT x/x], H'): int,
then o;x: 7/ Ftpt/ ~™CA((tp t’)mm, (H,H’)):int.
Proof
By Lemma 11.2, it suffices to show that
sepx:T Ftpt =

intC A ((ACHCA (t[[ec] /a][ACT x/x])) p (ACWCA (t'[[a] /a][ACT x/x])), (H, H'))

:int.

Note that ;a;x: 7/t p t’:int and

sox: 7/ ECA((ACCA (2] /o] [ACT x/x])) p (ACTCA (Y'[[a] /] [ACT x/x])), (H, H"))

sint.
Let W € World, p € D[], and (W,~) € G[x:7]p. We need to show that
(W, pr(n(t p t')),
p2(n2(MCA ((ACTCA (t[[a] /] [ACT x/x])) p (ACMCA (Y[[e] /a][ACT x/x])), (H, H'))))

=W, p1(m(t)) p pr(m(t)),
MCA (p2(2(ACT™CA (t][a] /a][ACT x/X]))) p
p2(72(ACT™CA (V'[[] /o] [ACT x/x]))), (H, H'))) € E[int]p.

By Lemma 8.14, it suffices to show that
(W (-, (H,H)), p1(71(t) P pr(11(t")),

TCA (p2(12(ACTCA (t[[er] /o] [ACT x/x]))) p
p2(72(ACTCA (V[[e] /] [ACT x/x]))))) € E[int]p.

By our hypotheses, Lemma 8.18, and monotonicity, we have

(W B (-, (H,H), pr(1(£)), pa(r2(MCA (t[[ex] /o] [ACT x/x])))) € E[int]p

and

(WEB(, (H,H)), pr (1 (t)), p2(r2(MCA (V' [[e] /] [ACT x/x])))) € E[int]p.
Let W 3 WH (-, (H,H")), (W' ,m,m) € V[int]p, and (W',n,n) € V[int]p. By Lemma 8.20, it
suffices to show that )
(W',m p n,™CA(AC™ m p AC™ n)) € E[int]p.
Since boundary translations at type int produce the same integers they are given, and since the
semantics of primitive operations are the same in C and A, from this point it is clear that we can
complete the proof using Lemma 8.15 and Lemma 8.9. O
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Lemma 11.21 (If0)
If-FH,H H: W, @ x: 7 Ft~™CA(t[[a]/a][ACT x/x],H):int,

sa;x:T Ft' = TCA (Y [[a] /a][ACT x/x],H'): T,

and

sa;x: Tt = CA " [[a]/a][ACT x/x],H"): T,

then ;a;x: 7/ Fif0t t/ t” ~ CA((if0t t' t")[[a]/a][ACT x/x], (H,H',H")):T.
Proof
By Lemma 11.2, it suffices to show that

sapx: T Hifot t t” ~ "CA(if0 AC™CA (t[[a]/a][ACT x/x])

(t'[Te] /a][ACT" x/x])
(t"[Tal/a[ACT x/x]), (H, H',H")): T.

For brevity, let t = t[[a] /a][ACT x/x], V' = t/[[a]/a][ACT" x/x], and t"/ = t"[[a] /][ ACT" x/x].
Note that -;a;x: 7/ Fif0t t’ t”:int and -;a;x: 7/ - "CA (if0 (AC™CAL) © 7, (H,H/, H")): T.
Let W € World, p € D[a], and (W,~) € G[x:7]p. We need to show that

(W, pr(m (if0 t £ 7)), pa(72("CA (if0 (ACTCAT) ¥ £, (H, H', H")))))

= (W,if0 p1(1(t)) pr (i (1)) pr(n(t”)),
TCA(if0 pa (72 (ACTCAL)) p2(72()) p2(12(F)), (H, H', H))) € E[]p.

By Lemma 8.14, it suffices to show that

(. (t)),

(W ({-}, (H, H, H")),if0 pr (71(t)) pr((t)) p1
£) p2(02(t) p2(12()))) € Elr]p-

TCA (if0 pa(2(ACCA

By our first hypothesis and Lemma 8.18, (W H(
Let W/ JWH ({-},(H,H,H”)) and (W' ,n,n

(W',if0n p1 (1(t)) pr(y1(t")), "CA (0 (AC™ 1) pa(12(H)) p2(12(E")))) € El7]p.

We can complete the proof using a case split on whether n = 0, and then applying Lemma 8.15 and
the appropriate one of our hypotheses. O

{3 (H,H H)), pr(n(t)), pa(12(MCAR))) € Eint]p.
) € V[int]p. By Lemma 8.20, it suffices to show that

Lemma 11.22 (Function)
If £ ¢ dom(H) and - a; %7+t =~ TCA (t[[a]/a][ACT x/x], H): 7/, then

AT F A[@] (x7).6 & Y- M= Tc A (e, (H, £ — A[a](x: 74).1)): V][a].(F) — 7.
Proof

By Lemma 11.2, it suffices to show that

S AT FA[E] (XT7).t ~ VB = Te A (8, (H, £ — @] (x: 7A) A[ACT CAx/x])): V[@&].(F) = 7.

Note that - A;T F A[a] (x=:7).t:V[@].(F) — 7/ and

AT YR = Te A (0, (H, £ — Aa] (x: 74).t[ACTCAx/X])): V[a].(F) — 7.
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Let W € World, p € D[A], and (W,~) € G[I']p. We need to show that

(W, pr(m (@] (K7).t)), pa (2 ("= TCA (£, (H, £ 1 Al (x: 74) t[ACTCAx/X])))))
= (W, A[a (x77).t, "Bl = T'c A (£, (H, £ — A[a] (x: 74) .t[ACTCAx/x])))
€ EV[al.(7) = ']p.

By Lemma 8.14 and Lemma 8.9, it suffices to show that

(W8 ({}, (H, £ > Aa] (x: 74) L[ACTCAx/x])), A[a] (X77)-t, Aa] (%77).("CAL [@]] ACT X))
e V[Via].(7) — 7']p.

Let W' 3 W B ({-}, (H, £ — A[&] (x: 74).t[ACTCAx/x])), VR € CValRel, and

(W', vi,va) € V[7]plae — VR].

For convenience, let 71 = VR.7; and 75 = VR.75. We need to show that
(W, (A[ad] (x77)-t) [71] ¥, (A[@] (x77).7 [/ A (¢ [[ad]] ACTIm2/2] x)) [73] V)
e &V[a].(7) = 7'Jpla — VR] = E[V[a].(F) — 70 — VR].

By Lemma 8.15, it suffices to show that

(W' t[m1/a][vi/x], 7 [72/oC A (£ [1,0A] ACTI2/2 vy)) € E[7']0]e — VR].
By Lemma 8.3, for any (M, My): W', there are some v, and v/, such that
ACTIT2/ ) (vy My) = (vo, Mo W M3) and  "1™2/®ICA (vy, My W M) = (vi,, My W M)).

By Lemma 8.14, it suffices to show that

(W' B ({}, My), t[ri/a][va/x], 7 172/ *CA (€ [r2 (D] ¥2)) € E[r'0]a = VR].

By one more application of Lemma 8.15, it suffices to show

(W' 8 ({-}, M), t[r1 /a][v1/x], ™ 2/ L AL[ACT "CAx/x]|[12D /o] [v2/x])
= (W' B ({-}, M3), t[r1 /a][v1/x], ™ 2/ C At[ACT "CAvs /x| [12(A) Jar]) € E[7']0[cc — VR].

Finally, by Lemma 8.17, it suffices to show that

(W' B ({}, M3), t[r1/a][vi/x], "2/ *CAL[ACT v} /x][r2 A /o)) € E[7']0[c — VR],

which we have from our hypothesis and Lemma 8.18, since @[ — VR| € D[], and by boundary
cancellation, (W' 8 (0, M3),0[x — (v1,v5)]) € G[x:7]0[cx — VR]. O

Lemma 11.23 (Application)
If -+ Hp, H: W, sy x: 7/ F to = VI = 20 A (tg[[a] /] [AC™" x/x], Hp) : V[].(71) — T2, and

sayx: Tt = TCA (t[[a] /] [ACT x/x], H): T,

then ;a;x: 7/ Fto [|t = ™CA((to [| t)[[]/][ACT" x/x], (Ho, H)): 2.
Proof
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By Lemma 11.2, it suffices to show that

s x: T Fto [T] T = TCA ((ACYI-TD = =2 Aty [| ACTCAL) [[a] /] [ACT x/x], (Ho, H)): T2.

Note that ;@;x: 7/ F to [| t: 72 and

sapx: T F2CA((ACYD-GD = m2c Aty [| ACTi CAt) [[] /o] [ACT x/X], (Ho, H)) : 2.

Let W € World, p € D[@], and (W, ) € G[x: 7']p. We need to show that

(W, pr(1(to [1£)), p2(72(TCA ((ACYI-CD = T2 C At [| ACT CAY)[[er] /] [ACT x/x], (Ho, H))))

= (W, p1(71(t0)) [l p1(m1 (), *CA (p2(72(ACTD- D = T2 C A 1o [ [ o] /] [ACT x/x]))
[ p2(v2(ACT CAt[[] /a][ACT x/x])), (Ho, H)) € E[T2]p.

By Lemma 8.14, it suffices to show that
(W H (-, (Ho, H)), p1(m1(to)) [ pr (11 (t)),
T2CA (pa (2 (ACYL-D = 2 c Aty [[a] /] [ACT x/X]))
[ p2(72(ACTCAt[[a] /][ACT" x/x])), (Ho, H)) € E[2]p.

By our hypotheses, Lemma 8.18, and monotonicity, we have

(W B (-, (Ho, H)), pr(m(to)), p2(r2 ("0~ C A (to[[e] /@] [ACT x/x])))) € ENV[].(T2) — T2]p

and

(WH (-, (Ho, H)), p1(m(t)), p2(12(mCA (][] /a][ACT" x/x])))) € E[Ti]p-

Let W/ I WH (-, (Ho, H)), (W' ,vy,va) € V[V[].(71) — T2]p, and (W', ¥1,V2) € V[m1]p. By Lemma
8.20, it suffices to show that

(W', vy [] 91,7272 A (ACP>VI-(T) = 72) vy [ ACP2(T1) $3)) € E72]p.

By Lemma 8.3, for any (My, My): W', there are some U, and ff_’z such that

ACP2 () (g, My) = (Up, My M3)  and  ,2(T)CA (o, My & My) = (V2, My & M}).
Note that

(My | P2(m2)C A (ACP2(VI-(TD) = 72) vy [] ACP2(T0) $3))

(Ms, £ — (A[](y: pa(11)4) ACP2(72) vy [| 12(mXC A y) | P2(m2IC A (£ [] ACP2 () ¥5))
(M, £ — (A[[(y: pa(T1)A).AC?(72) vy [| 12(T2IC Ay), Mj | #2(T2ICA (€] 92))

(Ma, £ — (A[](y: pa(11)A)-ACP2(T2) vy [| P2(mXC Ay ), M | P2(72)C A ACP2(T) v [] 12(2IC A D)
" (My, £ = (A[[(y: p2(71)A) . ACP2 (™) vy [[ 12(2XC A ), My | 72(72IC A ACP2(72) vy [] 95).

111

\_/\_/\_/\_/

V2

Let W = W'B({-}, {£ — A[](y: pa(71)A). ACP>(72) vy [| P2(72)C Ay }wM])). By Lemma 8.14, it suffices
to show that o o
(W, v [ 92,72 (2IC A ACP(72) v [| 94) € E[m]p.

By monotonicity and boundary cancellation, (W",¥1,¥)}) € V[71]p, so we can instantiate our assump-
tion that (W', v1,v2) € V[V[].(71) = T=2]p to get

(W, vi [ 91, v2 [| 9%) € E[r2]p.

The result follows by another use of boundary cancellation. O
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Lemma 11.24 (TypeﬁApplication)
If sa;x: 7/ bt = VBB = me A (t[[a] /a][ACT x/x], H):V[B, B].(T1) = T2, and @ F T then

507 tfro] s VPl D = /e A (2[4 [Tl /o [ACT x/x], H):
¥[B]-(ra[ro/A']) = a0/ 8]

Proof
By Lemma 11.2, it suffices to show that

sopx: T t[To] &
VIBl-(ralro/B') = m2[70/BIc A (((ACYIB"+ Bl-CTD) = 2 C A t) [10A]) [[a] /] [ACT x/x], H):

V[B].(Tilr0/B']) = T2[T0/B'].

Note that - a;x: 7/ F t[mo]: V[B].(T1[T0/B']) = T2[70/3’] and
soux: 7 b YBL(mlro /B = alro/Ble A (ACYIB - Bl-(FD) = 72 C A t) [10A]) [[] /] [ACT x/x], H):

V[B].(1[r0/B']) = T2[T0/B].
Let W € World, p € D[a], and (W,~) € G[x:7]p. We need to show that

(W, p1(71(t[70])),

p2(72(v[5]~(f1[fo/ﬂ']) — 72[70/8'lc A (((AC\'/[ﬁ',B]-(rT)% T2 CAt) [104]) o] /a][ACT x/x], H))))
= (W, p1(m(t))[pr(70)]; -
p2(V[B].(T1[T0/B']) — Tz[fo/ﬁ'])CA (((Asz(V[B',ﬂ]-(TT)% 2)C A pQ(Wz(tW[AC"I X/x])))
[pa(10)]), H))

€ EV[B].(T1[T0/B']) — T2[T0/B']]p-
By Lemma 8.15, it suffices to show that
(W 8 ({-}.H). o1 (0 (6)) o2 (7o), )
p2(V[B].(T1[70/B']) = T2[70/B'1)C A ((ACPz(V[/Blvﬁ]-(Til)—* 2)C A p2(72(tW[ACT' x/x])))
[02(7'0<A>)])))

€ EV[B].(T1[T0/B']) — T2[T0/B']]p-
By Lemma 8.18 and our hypothesis,

(WE ({3, H), pr((6)), po (2 (A0 = e A (2T /a][ACT x/x))))) € EIVIB', B].(77) = T2p.
Let W 2 W& ({-},H) and (W', vy,v2) € V[V[3,3].(71) — T2]p. By Lemma 8.20, it suffices to
show that

(W', va[pi(70)], p2(V[B].(T1[m0/B']) = T2[70/B'])c A ((Acpz(v[ﬁ',ﬁ]-(ﬁ)% ™2) va) [p2(T0 )

€ E[VIB]-(1[r0/B']) = T2l70/B]lp-
By Lemma 8.14 and Lemma 8.9, it suffices to show that

(W' B ({-},{€ = A[B’, Bl (y: p2 (1) [/ [B11[8/[B1])-
ACP2(m) L) /BB /Bl v, [L(B'), L(B)] /(T I(B") /BIL(BY/BIC Ay }),

vi[p1(7o)],
ABI (v : pa(rilro/B7)) 272170/ BVC A (£]po (70 )] [[B]] ACP2(mi1m0/8D )

€ VIVIB]-(m1[ro/B']) = 72[0/B']]p.
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Let

W IW B ({},{€— AlB, Bl (y: p2(ma) A [B/[BT11[B/TB1])-

ACP2(m)IL(8) /BB /B] v, [L(3'), T(B)] P (I3 /B TEBY /AL Ay }),

VR € CValRel, and (W",¥1,¥2) € V[r1[70/8’]]p[B — VR]. For convenience, let 71 = VR.7; and
72 = VR.75. We need to show that

(W, (vilpr(70)]) [F1] V1,
(AIB] (v : p2(T1[10/B])) P22 Lm0/ BIC A (£]p3 (70 )]) [[B]] ACP2(Ta[r0/BD) y) [75] ¥2)
€ E[r2[m0/B']]p[B — VR].

Let
= p[B — VR][B" = (p1(70), p2(70), V[[To]][’vv[[‘f‘oM)]]P)]

and

p = p|3 — opaqueR VR][3’ ~ opaqueR(p1 (7o), p2(70), V[Tolp, V[0 ]p)]-

Note that V[ [m0/8']]p]B — VR] = V[11]p’ and E[m=2[70/8']]plB8 — VR] = E[m=2]p’, by Lemma 10.6.
By Lemma 8.3, for any (Mj, My): W”| there are some V3 and v_’2 such that

ACP2(T) (vy, My) = (vo, My W M}) and  72(T)CA (v, My & Mj) = (va, My & M}).

Note that

(Mz | (A[B] (v : p2(malr0/B7T)) 2210/ BNCA (€[pa (70 )]) [[BT] ACP2(Ta[mo/ B ) [75] T2)
— (Mg | P2THCA (E[ph (o)) [F2 (] AC (™) )
" (M Mj | #5(2ICA (L (10 ¢)]) [F2 4] G2)
—
—"

M & UM' | Po(T2)C A ACP2(T2) vy [L{p(10¢M)), L{#o (4] A2(T1)C A Uy)
" (M & M} | 2(TICAACP(2) vy [Lph (o)), L(24)] 95).

By Lemma 8.14, it suffices to show that

(W" B ({-}, M3), v1 [p1(70), 71] T2, 2 (2ICA ACP(T2) vy [L(p} (10 )), L(72¢4)] %) € E[m]p'.

Since (W B ({-}, M}), ¥1,¥%) € V[71]p by boundary cancellation and monotonicity, we can instantiate
our assumption that (W', vy, va) € V[V[3', B].(71) — T2]p to get

(W" B ({}, M3),v1 [p1(70), T1] 1, v2 [L{ph(10M)), L(#2 )] 95) € E[r2]p.
The result follows by another use of boundary cancellation. O

Lemma 11.25 (Pack)
If sapx: 7/t~ T/l A(t[[a]/a][ACT x/x], H): T[#/a], then

s x: 7/ F pack(#,t) as Ja.T =~ I*7CA ((pack(#4,t) as Ja.74) [[a] /a][ACT x/X], H) : Fa..T.
Proof

By Lemma 11.2, it suffices to show that

sa;x: 7/ - pack(#,t) as 3B.7 ~
3B-7C A (pack(#A[[a] /], ACTF/BICA (t[[a]/a][ACT x/x])) as 3B.74, H): 3B.T.
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Note that -;&; x: 7/ - pack(#,t) as 38.7: 8.7 and
sa;x: 7 F 3PTCA (pack(FA[a] /ol , ACTIF/BIC A (t[[a] /a][ACT x/x])) as IB.74, H): 38.7.
Let W € World, p € D[a], and (W, ~) € G[x:7]p. We need to show that
(W, p1(r1(pack(7,t) as3B.7)), - -
p2(12(3PTCA (pack(#4[[] /o, ACTF/PICA (t[[a] /] [ACT x/x])) as 3B.74[[a]/a], H))))

= (W, pack(pi(7),p1(11(t))) as p1(3B.7),
P2(3B-7IC A (pack (pa (7)), ACP2(TIF/BIC A (pa(ya(t[[ ] /o] [ACT x/x])))), H))

€ &E[3B.7]p.

By Lemma 8.15, it suffices to show that

(W B (-}, H). pack(p1 (), (1))) a3 p1 (36.7),
PHEATICA (pack pa(74)), ACPF/RICA (pa(a (¢l ] /@l LACT /X))

e E[3B.T]p.
By Lemma 8.18 and our hypothesis,

(W B ({-},H), o1 (11 (1)), p2(r2 (/P A (t[[] /@] [ACT x/x))))) € E[[7/B]]p-
Let W JWH ({-},H) and (W', vq,vs) € V[7[7/B]]p. By Lemma 8.20, it suffices to show that

(W', pack(py(7),v1) as p1(38.7),
P27 A pack pa(# ), ACP (T8 v3) as py(38.7 ) € E[3B.7]p.

By Lemma 8.3, for any (M, Ms): W, there are some v, and v/, such that

N A A
ACP T/ (vy, M) = (va, Mo MS) and  He2 /81 NG A (s, My w MJ) = (vl My w0 MS).

By the operational semantics,

(My | P2GPTIC Apack(pa(#(4),ACP2(T[7/BD v5) as pa(3B.7))
32 (My 0 M} | pack(L{py () v4) as pa(36.7)).

Thus, by Lemma 8.15 and Lemma 8.9, it suffices to show that
(W' B ({-}, M), pack(p1(7),v1) as p1(3B.7), pack(L(ps(F ), v}) as p2(38.7)) € V[3B.7]p.

To show this, we need to find some VR € CValRel such that VR.7; = p;(7), VR.75 = L{po(74)),
and (W' B ({-}, M3),v1,v5) € V[r]p[B8 — VR]. We use

VR = opaqueR(p1(7), p2(7), V[7]p, V[["“A)]]P)-

That this VR € CValRel follows from Lemma 10.4 and Lemma 8.35. The types match by definition of
opaqueR. For the last condition, note that

(W', v1,v2) € V[T]p[B = (p1(%), p2(7), VIF]p, VI# )]

by Lemma 10.6. The result follows directly from boundary cancellation. O
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Lemma 11.26 (Unpack)
If -FH,H: W, sa;x: 7 Ft~3CA(t[[a]/a][ACT x/x],H): 3.7 and

S0 Bix: T,y Tt & TCA (V[ /a[[B1/B][ACT x/X][ACT y /y], H') : 7,

then

a;x: 7/ Funpack (8,y) =t in t’ =~ "CA ((unpack (3,y) = tin t')[[a]/a][ACT x/x], (H,H’): 7.

Proof

For brevity, let £ = t[[a]/a][AC™ x/x| and t’ = t'[[a]/a][ACT" x/x|. By Lemma 11.2, it suffices to
show that

sa;x: T/ Funpack (B,y) = tint' =

"CA (unpack (83,y) = (ACFPTCAL) in '[ACTCAYy/y], (H,H")): 7.
Note that -;&;x: 7/ F unpack (3,y) = t in t': ¥ and
sa;x: 7' F7CA (unpack (B,y) = (ACTPTCAL) in T[ACTCAY/y], (H,H")): +.

Let W € World, p € D[a], and (W,~) € G[x:7]p. We need to show that
(W, p1(m (unpack (8, y) = t in t')),
p2(72("CA (unpack (3,y) = (ACP"CAL) in '[ACTCAy/y], (H,H")))))

= (W,unpack (83,y) = p1(71(t)) in p1(1:(t")),
P2(FIC A (unpack (B, y) = (ACP2EBTICA py(72(1))) in pa(ra(V))[ACP2(TICAY/y], (H, H')))
€ E[7]p.

By Lemma 8.14, it suffices to show that
(W B ({}7 (H7 H/))v

unpack (3,y) = p1(71(t)) in p1 (11 (t)),
#2(FICA (unpack (8,y) = (ACP2CPTICA pa(2(D))) in pa(ra(F)[AC(ICAY/Y])) € EF]p.

By Lemma 8.18 and our first hypothesis,
(W B ({-}, (H,H)), pr (0 (1)), 2P TICA pa(12(1))) € E[3B-7]p.
Let W/ J W 8 ({-}, (H, H")) and
(W', pack(r,v1) as p1 (38.7), pack(ra,v2) as p2(38.7)) € V[3B.7]p.

By Lemma 8.20, it suffices to show that

(W', unpack (3, y) = (pack(ri,v1) as p1(38.7)) in p1(n(t')),
P2(7IC A (unpack (8,y) = (ACPGPT) pack(rs,va)) in pa(ya(t)[ACP(TICAY/y])) € E[7]p.
By Lemma 8.3, for any (M, My): W, there are some v, and v, such that
ACP2(TI2/BD) (v My) = (vo, My W My) and  P2(T[72/BDCA (vy, Mo W Mb) = (vl My & M3).
Note that

(M, | unpack (8,y) = (pack(r1,v1) as p1(38.7)) in p1((t'))) —> (M1 | pr (72 (t))[71/B][v1/y])
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and
(My | 2F)C A (unpack (8,y) = (ACP23B-7) pack(Ta,va)) in pa(12(E)[AC>(TIC Ay /y]))
=2 (Mz & My | 72 TICA (pa(72(F)) [72 4 / BI [ACPTIC A v, /y])).
By Lemma 8.15, it suffices to show that

(W' B ({-}, M3), pr(m ()1 /Bl [v1/y], 2 TICA (p2 (2 () [r2 Y / BILACP2TIC A2 /y))) € EF]p-

By Lemma 8.17, it suffices to show that
(W' ({-}, M3), p1(m (")) [71/B][v1 /5], #TCA (p2 (12 (V) [72 4 / BILAC» D) v, /y])) € E[7]p.

By definition of V[33.7]p, there is some VR € CValRel such that VR.7y = 7, VR.72 = 73, and
(W', v1,v2) € V[7]p[B — VR]. By boundary cancellation, (W', v1,v5) € V[7]p[B — VR]. Therefore
p[B — VR] € D[a, 8] and (W', [y = (v1,V5)]) € G[x:7/,y:7]p. Hence we can apply our second
hypothesis to get exactly this result. O

Lemma 11.27 (Fold)
If sasxir b 6~ T /alc A (eTa] /ol [ACT x/x], H) i 7[uanT/a], then

sogx: 7/ Ffold,a.r t = #*¥TCA ((f"ldua.TA t)[[a]/a][ACT x/x],H): pa.T.
Proof

By Lemma 11.2, it suffices to show that

sa;x:T’ - fold,s.. t ~ HPTCA (fOlduI@.T(A) ACTIRB-T/Ble A (t[[a] /a][ACT x/X]), H): pB.T.

Note that -;a;x: 7/ F fold, 5. t: p3.7 and

QX ITCA (fold g - (ay ACTIETIPICA (e[ /@][ACT x/x]), H): pB.T-
Let W € World, p € D[a], and (W,~) € G[x:7]p. We need to show that

(W, p1(m(foldup.7 1)), p2(72(*7"CA (fold () ACTIETIPIC A (t[[ o] /o] [ACT x/x]), H))))

uB.T
= (W.fold, (,,5.7) PL(n(t)), S
p2(1B-T)C A (fOIdpz(uﬂ.T<A>) ACP2(TIB-T/BDC A (po(y2(t[[a] /] [ACT x/X]))), H))

€ E[pB.T]p.

By Lemma 8.15, it suffices to show that

(W B ({1, H), fold,, (3.7 p1(n(t)),
p2(uB.T)C A (fOIdpz(/L,@.T<‘A>)

ACPTIBT/BNC A (p2(12(t[[ ] /] [ACT x/x])))))
€ E[pB.T]p.
By Lemma 8.18 and our hypothesis,
(W B ({-}, H), ;1 (11(t)), p (r2 ("W T/PCA (e[ ] /] [ACT x/x))))) € E7[1B-7/B]]p.
Let W IJWH ({-},H) and (W', vq,ve) € V[r[uB.7/8]]p. By Lemma 8.20, it suffices to show that

W, fOIdpl(uﬁ.T) vy, P2(BB-T)C g fOIdpz(Nﬁ ) ACP2(TIB-T/B]) o) € E[uB.T]p.
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By Lemma 8.3, for any (M, Ms): W', there are some v, and v/, such that
ACP2(Tlet/B) (vy My) = (vo, My W My) and  P2(71ke7/BNCA (vy, My W My) = (v, My & M}).
By the operational semantics,
(My | 2B Afold ()3 7y ACP2 T D va) 32 (M & Mj | fold (4)) Va)-

uB.T 2(pB.T

Thus, by Lemma 8.15 and Lemma 8.9, it suffices to show that

(W' 8 ({-}, M), fOldpl(/J,,B.T) Vi, foldm(uﬂﬂ_) vy) € V[pB.7]p.

This follows from our hypothesis that (W', vy, va) € V[r[nB.7/8]], by monotonicity and boundary
cancellation. 0

Lemma 11.28 (Unfold)
If sapx: 7/ Ft =~ PCA(t[[a] /a][ACT x/x], H): pa.T, then

o x: 7 F unfold t & TIHeT/lc A (unfold t)[[a] /o] [ACT x/x], H): T[po.T/al.
Proof
By Lemma 11.2, it suffices to show that
e x: 7 F unfold t ~ TIHAT/Blc A (unfold ACHP-"CA (t[[a]/a][ACT x/x]), H): T[uB.7/3].
Note that -;a;x: 7/ - unfold t: 7[p3.7/3] and
sosx: ! F TIEBT/Ble A (unfold ACHA-TCA (t[[a] Ja][ACT x/X]), H): T[uB.7/8).

Let W € World, p € D[a], and (W,~) € G[x:7]p. We need to show that

(W, p1 (1 (unfold t)), pa(y2 ("1427/PiC A (unfold ACH?7C.A (t[Ta] /al[ACT x/x]), H))))

= (W, unfold p; (71 (t)), _—
p2(71uB-7/BIC A (unfold ACP*#B-TICA (po(v2(t[[a] /[ACT x/X]))), H))

€ E[r[pB.7/B]]p-
By Lemma 8.14, it suffices to show that

(W8 ({-}, H), unfold p; (71 (t)),
patr (B /B1)C A (unfold ACPTICA (pa(ra(t]a] /o] [ACT x/x])))))

€ E[r[uB.7/B]p-
By Lemma 8.18 and our hypothesis,

(W8 ({-},H), p1(11(t)), 2 (32 (*FTCA (t[[a] /] [ACT x/x])))) € E[pB.T]p.

/ . / .
Let W JWH{-},H) and (W ’fOIdpl(pﬂ.T) V1, foldp2(pﬂ.7_) va) € V[uB.7]p. By Lemma 8.20, it
suffices to show that

(W', unfold (fOIdpl(p,,@.T) v1),
p2(7[eB.7/B1c A unfold ACP?(#5-T) fold pa(uB.r) v2) € ElT[nB.T/Bllp.
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By Lemma 8.3, for any (M, Ms): W', there are some v, and v/, such that
ACP2HBT) (v M) = (vo, My W M3)  and  P2“FTICA (v, Mo W M}) = (vh, My W M}).
By the operational semantics,
(M, | P2 IHB-T/E0C A unfold ACP2(07) fold ()3 1y va) =" (Mo & My | V).

The result follows by Lemma 8.15, Lemma 8.9, and boundary cancellation.

Lemma 11.29 (Projection)
If s x: 7/t = TICA (t[[a] /a][ACT x/x], H): (F), then
sogx: T b omi(t) ~ TCA (read[i] t[[a] /a][ACT x/x], H): .
Proof
By Lemma 11.2, it suffices to show that

s x: T Fomi(t) = TCA (read[i] ACSTICA (t[[a]/a][ACT x/x]),H): 7.

Note that -;&;x: 7/ F mi(t): 73 and - a;x: 7/ - TCA (read[i] ACT'CA (t[[a]/a][ACT x/x]), H): T;.

Let W € World, p € D[a], and (W,~) € G[x:7]p. We need to show that

(W, pr(1(m(t))), p2 (72 ("CA (read[i] ACTICA (t[[er] /a][ACT x/x]), H))))

= (W, mi(p1(n(t))), *WICA (read[i] ACP2(TVCA (pa(r2(t[[@] /@] [ACT x/x]))), H)) € Eni]p.

By Lemma 8.14, it suffices to show that

(W B ({-}, H), mi(p1(n(t))), *CA (read[i] ACP2(TICA (pa(r2(t[[er] /@] [ACT x/X)))))) € Elmi]p-

By our hypothesis and Lemma 8.18,
(W B ({-},H), o1 (11 (1)), p2(r2((TCA (t[[ex] /2] [ACT x/x])))) € E[(T)]p-
Let W/ 2 W B ({-},H) and (W', (¥v1), (v2)) € V[(T)]p. By Lemma 8.20, it suffices to show that
(W, mi(((v1))), " ("C Aread[i] ACP2(T) (v2)) € E[mi]p.
We have this by Lemma 8.15, Lemma 8.9, and boundary cancellation.

Lemma 11.30 (Tuple)
If - FH:Wand ja;x: 7/ Ft~7CA(t[[a]/a][ACT x/x],H): T, then

sagx: T F (t) & TleA (balloc (t)[[a]/a][ACT x/x], H): (F).
Proof

By Lemma 11.2, it suffices to show that

sa;x: 7k (8) ~ TCA (balloc (ACTCA (t[[a] /a][ACT x/x])), R): (7).

Note that s a;x: 7/ F (t): (T) and

sa;x: 7 - TCA (balloc (ACTCA (t[[o] /o] [ACT x/x])), H): (F).
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Let W € World, p € D[], and (W,~) € G[x:7]p. We need to show that

(W, p1(m((8))), p2(r2(T/C A (balloc (ACTCA (t[[er] /] [ACT x/x])), H))))
= (W, (p1(n(t))), *7CA (balloc (AC=(TICA (p2(na2(t[[e]/][ACT x/x])))), H)) € E[(T)]p-

By Lemma 8.14, it suffices to show that

(W B ({:}, H), (p1 (. (1)), 7 )CA (balloc (ACP2(IICA (p2(r2(t[[ex] /] [ACT x/x])))))) € EL(T)]p:

By our hypothesis,

(WB {1 H),pr(n(t)), p2(r2(TCA (t[[e] /][ACT x/x])))) € E[7]p.
Let W JW B ({-},H) and (W’,v1,v2) € V[r]p. By Lemma 8.20, it suffices to show that

(W', (v1),”2CTc Aballoc (ACP2(T) vy)) € E[(T)]p.
We have this by Lemma 8.15, Lemma 8.9, and boundary cancellation.

Theorem 11.31 (Allocation is Semantics-Preserving)
Ifa;x:7'Fe:T~ (t,H: W), then

sax:T e~ "CA(t[[a]/a] [ACT x/x],H):T.
Proof

By induction on the compiler judgment, using the preceding lemmas.

11.3 Multi-Pass Correctness

Corollary 11.32 (FCA Compiler Correctness)
Ifa;x:7"Fe:7~+ e~ e, then

sa;x:T Fex TFCA (e[[a]/a][ACF™ x/x]):T.
Proof

Let e = (t, H). By Theorem 11.31, we have

s x:TC R e~ TCA (t[[a] /o] [ACTC x/x], H) : 7€,

By applying the substitutions of [[a]/a] and [CF™ x/x], we get

s b el[a]/al[CF x/x] = TCA (t[[a] /a] [ACT ' (CF™ %) /x], H) : 749,

Applying Lemma 10.22, we have

saxir b TFCe[[a] Jal[CF x/x] ~ TFCTCA (t[[a] /a] [ACT ) (CFT x) /x|, H): 7.

Finally, Theorem 11.16 tells us that - a;x: 7/ F e ~ "FC (e[[a]/a] [CF™ x/x]): T, so by transitivity

and soundness, we have the result.
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12 Examples
12.1 Example of Linking

We can use our compiler correctness theorem to make statements about linking with arbitrary A components,
as long as they have translation type. In this section, we present an example showing how our framework
allows linking with A components that both can and cannot be expressed in F.

Consider the component

e = (A[(g:V[].(unit) = int).(g [] () * (g ] 0)) 1 -

Clearly, we have -;+; (x:unit — int) F e:int. In F alone, only divergent or constant functions can have type
V[].(unit) — int, but if we are compiling to A before linking, g could be instantiated with something that
makes use of A’s mutable references.

If we compile e to language C by -;x: V[].(unit) — int - e:int ~> e, we get

e = unpack (3, z) = pack((),(A[](z: (), g: Fa.(V[].(c, unit) — int, a)).epody, ()))
as 38.(V[].(8, Ja.(V[] .(e, unit) — int, a)) — int, 8),
in 7y (2) [ 72(2),x
where
ebody = ((unpack (8,z) = g in m1(2) [| 72(2), ()) * (unpack (3,2z) = g in m1(2) [| 72(2), ()))-
If we compile e to language A by -;- - e: 3B.(V[].(8, Ja.(V[].(e, unit) — int, a)) — int, 8) ~ (t,H: W),
we get
t = unpack (3, z) = pack(box (),balloc (¢, balloc ()})
as 38.box (V[].(3, Ja.box (box V[ .(c¢, unit) — int, o)) — int, 3)
in m1(2) [| m1(2), x
H={¢+— \[](z:box (), g: Ja.box (box V[].(cx, unit) — int, a)).
((unpack (8,z) = g in (read[1l] z) [ read[2] z, ()) *
(unpack (3,2) = g in (read[1] 2) [| read[2] z, ()))}.
W = {£:V[].(box (), Ja.box (box V[].(cx, unit) — int, &)) — int}
e=(t,H).
By compiler correctness, we know that
55 (X unit — int) F e &= MEC A (e[ ACFUE 7 Nt /x]) zint.
Equivalently,
g (x:T) EACF™ (e[unt = intFC Ax /x]) =~ e:int,

where
7 = unit—=int{© Y = Ja.box (box (v, unit) — int, a).

Suppose we want to instantiate x with the following A component, which creates a function that uses a
mutable reference to return the number of times it has been called:

e’ = (pack(ref int,balloc (¢, ralloc (0))) as Ja.box (box V[].(c, unit) — int, o),
{€ — A[](x:refint,z: unit).lety = read[1] x in letz = writex[1] «+— y + 1iny + 1}),

where letx = t in t/ %' unpack (_, x) = pack(_,t) in t". We would then have

5o ACF™ (e[unit =~ MEC A e’ /x]) = e[e’ /x]:int.
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The right-hand side of this equivalence is exactly the pure-A program that we would ultimately run, and
the left-hand side is an FCA program that models it. Note that on either side of the equation, the function
exported by e’ will be applied to the unit value twice, and it will return 1 the first time and 2 the second
time. An F function could not exhibit this behavior. This demonstrates how our framework allows for
linking with components that are not expressible in the source language.

If we want instead to link with a different A component & that was compiled from an F component &, we
can still make the statement

5 ACF™ (e[t = IMFCA & /x]) =° e[é/x]:int.
But we can simplify this statement using our additional knowledge of &, as long as we know
v b ACJ—_-unit — int 8t g

If & was compiled to & with our compiler, this is exactly what we have from our compiler correctness theorem.
If & was compiled by some other compiler, we would need some other way to get a proof of this fact. From
the equivalence above, we can infer that

ey b ACF™ (e[UMEINEC A (ACFUn =it &) /x]) = e[ /] :int.
Applying boundary cancellation yields
N ACFnt (e[e/x]) gt e[é/x]:int.

Now we are essentially equating the pure-A program with a pure-F program, since the only multi-language
element in this statement is the integer boundary at the outermost level, which merely converts an n to n.
This demonstrates that when we do have source-language equivalents for all our target-level components,
our framework allows us to model target-level linking with source-level linking.

12.2 Example of Using the Logical Relation to Prove Contextual Equivalences

In this section, we give a simple example of how our FCA logical relation can be used to prove contextual
equivalences. Other than our notion of admissible relations, which are not generally hard to construct in
practice, these proofs proceed as similar proofs using a logical relations model normally would.

Lemma 12.1
Let
e1 = pack(int,(3, \[](x:int).x + 2)) as Ja.{a, V[].(a)) = int)
and
ey = pack(int,(5, A[] (x:int).x)) as Ja.{c, V[].(a) = int).
Then -5+ F e; &~ ey: Ja.{a, V[].(a) = int).
Proof

Let W € World. We need to show that (W,eq,e2) € E[FJa.{a,V[].(a)— int)]d. By Lemma 8.9, it
suffices to show that
(W,e1,e2) € V[Ta.{a,V]].(a) = int)]0.

Let of = {(W’,3,5) | W I W}, o ={(W',3,5) | W I W}, and @5 = {(W’,3,5) | W I W}. Let
VR = (int,int, ¢y, 07 03).
Note that VR € FValRel. By definition of V[Ja.{a, V[].(«) — int)]0, it suffices to show that
(W, (3, \[J(x:int).x + 2), (5, \[] (x: int).x)) € V[(a, V[].(a) = int)]0[cx — VR].
Clearly, (W, 3,5) € V[a]@[a — VR], so it remains to show that

(W, A (x:int).x + 2, A[J(x:int).x) € V[V[].(a) = int]@[a — VR].
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Let W/ 3 W and (W’,v1,v2) € V[a]@[a — VR]. By definition of VR.¢%, vi = 3 and v, = 5. We need
to show that
(W' (A (x:int).x + 2) [ 3, (A (x:int).x) [| 5) € E[int]0[c — VR].

But this follows easily from Lemma 8.15 and Lemma 8.9. O

As the example shows, building admissible relations for base types is easy. By extension, it is also easy to
build admissible relations for types where repeated translation produces a small number of values, including
tuple, existential, and recursive types. Since repeatedly translating function types adds more and more
layers of wrapping boundaries, it is more difficult to build relations that satisfy boundary cancellation and
bridge properties at types that involve functions. However, this can be done by explicitly closing the desired
relation over all translations of its values.

To close off a relation VR = (71, 72, 0, 05, ¢:}) over all translations, we would require that for any initial
value v desired to be in I (on either side), the desired I, ¢, and 2 in the final VR must also contain
all the values that result from sequences of translations that match the following regular expressions:

o In pl': (FC(CAAC)*CF)*(v)

v

e In o5 ((CAAC)*(CFFC)*)*CF(v)

e In ¢: (AC(CFFC)*CA)* AC(CFFC)*CF(v)

The necessary sets of translations can be constructed similarly for relations that need particular C' and A
values.
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