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1 Source Language: DCC

This section describes the terminating portion of DCC [1], with slightly altered semantics as described by
Tse and Zdancewic [3].

1.1 Syntax and Dynamic Semantics

DCC is a call-by-name, simply-typed A-calculus, extended with a lattice of monads which allow dependencies
to be expressed in a program. Except for the monadic operations, the language is completely standard.
Figure 1 defines the syntax and dynamic semantics for DCC.

Types s = 1l|sixsy|si+sa|si—s2|Tes
Values v = x| ()] (e1,e2) | injje | Ax:s.e | n,e
Terms e = v | prje| caseeofinj, xi.e1|injyx2.€ | bindx=eiines | e1 e
Eval. Contexts E = []s | caseEofinj; x1.€1|injyx2.€2 | bindx=Eine | Ee
Lattice L == (L, L)
Lattice Labels Ly = | Lyl
Lattice Ordering Lc == | Lg, LiC 4
e — €
prji {e1,€2) > e
case (inj,e) of inj; x1. €1 |injy x2. €2 —>  e;[e/x]
(MAx:s.e1)e2 —> ei[ea/x]
bindx=mn,e1ine; +—— esfe1/x]
e — ¢

Ele] — E[e]

Figure 1: DCC: Syntax and Dynamic Semantics



1.2 Static Semantics

{ is at or below ¢ in the lattice £

¢ <s| (type s is protected at £)

0= 0= 0=
(P-Unit) —— (P-Pair) —— L =% (P-Fun) —— 2
<1 ? < s1 X s { <s1—s
(A l=<s eC Y
(P-Labell) —————— (P-Label2) ————
Z j Tg/ S £ j Tgl S

Figure 2: DCC: Protection Semantics

Term Environment T == -|T,x:s
lFei:s Nex:s Fe:si xs
(DT-Unit) ——— (DT-Pair) S 21 (DT-Prj) — 2
FE():1 I (e1,e) :s1 X s Ik oprje:s;
Fe:s 'Fe:si+s I)x; :sitei:s
(DT-Sum) —— (DT-Case) — —
lFinje:si+s2 'k caseeofinj; x1.e1 |injyxo. €2 :'s
x:s)erl Mx:s1 Fe:s Fej:s1—s NFex:s
(Dq;‘%l)£444)447 (DT-Fun) : 2 (DT-App) Lo 22
Ne=x:s ' Ax:si.e:s1 — s Neier:s
Fe:s NFel:Tys Nx:s1hex:s {<s
(DT-Prot) —————— (DT-Bind) MMM —
'Ene:Tys 'Fbindx=-ejines : s

Figure 3: DCC: Typing Rules



1.3 DCC Logical Relation

Figure 4 presents the logical relation for DCC. We define a relation, V' [s]., which relates closed values
at type s, a relation & [s] ¢» which relates closed expressions, and finally extend it to open terms (written
' e~ € :s). Note that each relation is parameterized by an observer (.

Atom[s] = {(ei,e2)| Fei:s A Fer:s}
Atom™[s] = {(vi,v2)| Fvi:s A Fva:s}
Vi, = {().0) € Atom™ 1]}

VI sxs], = {((er,e1),(e2,2)) € Atom™™ [s x §'] |
(e1,e2) €E[s], A (e1,€2) € E[5'] .}

VI s+s1, = A{(inje1,inj; e2) € Atom* [s +5'] | (e1,e2) €& fs].}
U {(inj,e1,inj, &) € Atom™ [s +5'] | (e1,e2) € & [s'l:}
V['=s]. = {(&:s.e, x5 e2) € Atom™ [s' — 5] |
V(e1,e3) € E[s'], - (erler/x], ezler/x]) € £ [s] .}
V(T S]]C = {(nen,n,e) € Atom™™ [Tys] | LC ¢ = (e,e2) €& [[s]]c}
Efsl, = {(er,e2) € Atom[s] | Fvi,va. &1 —"vi A e2—"va A (vi,v2) € V5] }
gll, = @0
glhx:sle = {tnkx—=eal,nkeel)| (v1,7) €GN A ((e1,e2) € E[s])}

N-e1~¢cex:s def 'ter:s ANThHex:s A
Y(71,72) € G, - (va(er)sva(e2)) € E 5],

Figure 4: DCC: Logical Relation



2 Target Language: F,

In this section we present the target language F,, the higher-order polymorphic lambda calculus with unit,
pairs, and sums. The language is completely standard (see Pierce [2], Chapter 30).

2.1 Syntax and Dynamic Semantics

Kinds K = x|K—K

Types t = 1|tiXta|ti+t2]|t1i—=t2]| | Vauk.t | Aaik.t | t1t2
Values u == x| ()| (mi,m2) |inj; m | Ax:t.m | Aa::k.m

Terms m == u]|prjm]|casemofinj; x1.my |inj, X2. mz | m; mo | m|t]
Ewval. Contexts E []t | prj; E | caseE of inj; x1.m; |inj, x2. mz | Em | E [t]

m — m’

prj; (my,msz) +—— m;

case (inj; m) of inj, y;.ma |inj, v ma +— mifm/y]
(Ax:t.mi) me  —  mj[m2/x]
(Aac:km) [t] — mlt/a]

m — m’

Figure 5: F,: Syntax and Dynamic Semantics



2.2 Static Semantics

AFt:k
a: k€A k ARt x AFty o *
(FK-Var) —— (FK-Unit) ——— (FK-Pair)
AFa:k AF1:: AFt; X to:x
At x AFty o x ARty * AFty:x Aa:kbEt:
(FK-Sum) (FK-Arrow) (FK-Abs) —————
Aty + to:*x AFt — to*x AFVoa:k.t::
A, Fto AFti: — AFto::
(FK-Fun) e 2 (FK-App) Lot T e 2im
AFAai:k.t:: k1 — K2 AFtits ke
Figure 6: F,: Kinding
t=t'
tl = tz = t2 tZ = t3
FE-Refl) —— FE-S FE-Tr
( © )tEt ( ym) tzEtl ( anS) t1£t3
t =t to = t- t1 =t to = t
(FE-Pair) — > — (FE-Sum) — 2=
t1 X ta=1t] X ty ti+ta=t] 4+ to
t1 =t ty = t- t1 =t
(FE-Arrow) = ,2 2, (FE-Al =
t1 > ta=t; — ty Vo:k.t1=Va::k. ts
ti=t t, =t to =t
(FE-Abs) = (FE-App) — 2=~ (FE-Beta)

Ac::k.t1 = Aa:k.to

t1te =t th

(?\a::n.tl) tQ = t1[t2/a]

Figure 7: F,,: Type Equivalence



Type Environment A == -|Aa:k

Term Environment T == - |IL,x:t (Note: Vt € rng(I").t :: *)
:tel AT 1t AT+ 0t
(FT-Unit) — (FT-Var) —— =~ (FT-Pair) T T Mt
A;TE():1 A;TEx:t A;TF (my,mz) :t1 X to
A;TFm:t) X te
(FT-Prj) R
A;TFprj,m:t;
A;T'HFm:t;
(FT-Sum) —
A;TFinj, m:t; + t2
A;T'Fm:t t AT, x:t1 - :t AT ) x:ta b it
(FT-Case) miti b X - S - kA
A;T + casemofinj, x.m;|inj, x. ma : t
AT, x:t;Fm:t AFty:* A;TFmy:t; >t A;TFmo:t
(FT-Fun) Xt 2 1 (FT-App) 1:t 2 2:t
A;Fl‘)\XZthltq—)tQ A;Fl—m1 ms : to
Aa:r;'Fm:t A;T'Fm:Va:k. t; AFtyk
(FT-Abs) (FT-Inst)
A;THAa:km :Va:k. t A;T Fm[to] : tite/a]

A;I‘l—m:t1 tlEtQ A"tz::*

FT-E
(FT-Eqv) ATFm:t

Figure 8: F,: Typing



2.3 F, Logical Relation

In this subsection we present an open logical relation for F,.

Atom [t17 tQ]D;G
Atom [t]E‘G
RelPi©

D;G
Relml — K2

{(ml,m2)| D"tl A D"tg N D;Gl—m1:t1 A\ D;Gl_mzttz}
Atom [py(t), Pz(t)]D;G

{ (t1,t2, R) | R C Atom [t1, 2]}
{(tla t2, R) |
(Vr € RelRiC. (t1 71, to 72, (R )) € Rl A
(Vr' € Rel2i€. m =Ri¢ 7/ =
Rr=R°R '}

p=2i¢ p ©f Va i k € dom(p).p(a) =€ p/(a)
7 =DiC def T =7 A ma=7h A Tr =2C 7R
R =Di¢ R/ def Vmi, mz. (m1,mz2) € R <= (mi,mz) € R’
R=DC%, ,R ¥ vrcRaD® Rn=RCR =
D;G D;G
Tt *]p = V[[t]]p
T o k1 — nz]]pD‘G = pr(a)
T [Aakrt k1 — Kz]]pD;G = Arm AT [t = Kzﬂzf:anﬂ]}
T[[t1 to o h‘,z]]pD;G = (T[[tl LR — h‘,zﬂpD;G

(py t2,pg to, T [t £a])°F))

Figure 9: F,,: Logical Relations (Higher-Order)



Atomval[thtz]D;G = {(ul,uz)| DFti ADFts A D;GFup:t; A D;Gl‘llg:tg}

Atom ™ [2S = Atom™ [py (t), pa (£))>
VIel2® = {(m1,m2) € pp(a)}
VIS = {(0,0) € Atom™ 12}

VIt x 612¢ = {((mymh), (mzomb)) € Atom™ 6 x ]2 |
(mi,mz) € E[]2C A (mf,m}) € €[]}
VIe+ 1S = {(inj, maing, ma) € Atom™ [t + €] | (ma,ma) € E[¢])
U {(inj, m1,inj, mz) € Atom™ [t + ] ¢ | (m1,mz) € £ [t'])}
VIt = t])¢ = {(Axp,(t).mi, Ax:p,(t).m2) € Atom™ [t — ] |
¥(mi, mp) € € [t'],°F . (ma[m) /x], ma[mb/x]) € € [t]°F}
v [[Va::n.t]]?;c = {(Ai/;;n,rlz,l%%:n.mz) € Atom™™ [Va::n.t]pD;G |
7w € Rel,.’™.
(mu[my/a], me[ma/a)) € €[]0 m}
v [[t1 tQHE;G = T[[t1 tg B *HPD;G
E [[t]]F]?;G = {(mi1,m2) € Atom [t]E;G |
Im), m5. m; —* m) A me—*m)H A
irred(m}) A irred(m5) A
(my,m3) € V[t]°}
DI”C = 0
DA, a: k)¢ = {pla:k—n]| peD[A]”C Arm e ReIDC}
g [H]E‘G = (0,0
GIDx:6])¢ = {(va x> mu], vy [x — ma]) |
(Y1, ¥2) € GITI)C A (m1,m2) € €[]}
ATFmieme:t ¥ ATFmi:t A A;TFma:t A

VD, G, p, V1, Yz dom(D)#dom(A) A dom(G)#dom(T') A
peD [[A]]D;G AN(Y1:Y2) €G [[FHD;G =

(P11 (m1), pyva(ma) € € [()5C

Figure 10: F,: Logical Relation



3 Translation: DCC to F,

In this section, we present the type-directed translation from DCC to F,.

Ly =
Lt =

where £ st

+

1
+

+

(51 X Sp
(s1+s2
(51 — S2

(Te S

+

+

)
)
)
)

{agx | e Ly} U {ax s — % — %}
{C[/[:Otg/—>az|€;£,€£g}

%

= 1

= Si XS%
= s + s,
= s —sf

= VB ((ax ar B) x (st = B)) = 8

ON

(T,x:s)" It x:st

Figure 11: DCC to F: Lattice, Type, and Context Translation

We will often simply write (Tyt)* to mean V3::x. (o< oy 3) X (t — 3)) — 3. Of course, (Tyt)* doesn’t
make sense since t is already a target type, so read this as a macro for V3::x. ((ae< o ) X (t — 3)) — 3.
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proof constructors

p1 : VB (ax B, 1),

Py : VB,ux.Vai:x. Voo,
(< By 01) X (ax B, az)) = (ax B, (ou X az)),
P, : VB, Vai:x Voag:k.

(ax By az) = (ax B, (o1 — a2)),
P, @ VBp*.VBuux Vauix.
(ax B, a) —
(ax B, (VB:x.((ax By B) X (a — B)) = B))
P, @ VBp*.VBuux Vouik.
(Ber = By) —
(ax By (VB:x.((ax By B) X (a — B)) — P)),

‘ pfl <s]:(ax ar st) ‘ proof-term construction

pfl{ 1] = p;lad]
pf[l 2s1xs] = py o] [s7] s3] (PF ¢ = s1] .pF[¢ = 2]
Pl <si—os] = p, [ [s7][sT] pEY < s
pfll < Tos] = pp, [ [aw][sT]pEIE < o] if ¢ <sand ¢/

P, [cer] [ou] [sT] cors ifec e

Figure 12: F,: Protection Proofs

We use the name 3, to allude to the globally quantified ay | ¢ € L, as this type should always be
instantiated with some a,. We will enforce this property via parametricity later.
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where £ £5, <\ T F m s s*

. . Ferisi~my 'Fex:sp~ mo . I'Fe:si Xxsp;~m
(DF-Unit) —————— (DF-Pair) (DF-Prj) - -
TE():1~ () I'E (e1,e2) : s1 X 5o~ (my,mz) I'E prje:si~ prj; m
Ne:si~m
(DF-Sum) — —
['Finje:sy + s~ inj; m
(DF-C )Fl—e:s1+52w>m I'x:s1kFe:s~my x:soFex:s~ mo
ase I'F caseeof inj; x. e1|injy x. €2 : s~ casemof inj; x.m; |inj, x. m2
:s) e T [x:ske:sp~m
(DF-Var) L (DF-Fun) 2 T
EXx:s~x 'FAx:si.e:sp —sp~ Axis] .m
Nke1:s1t— sy~ mq I'ker:sy~ mo
(DF-App)
lFeier:s;~ mymg
Fe:s~m
(DF-Prot) = . :
F'Enye:Tys~ ABusAx:((ax o B) X (s7 — 3)).((prj, x) m)
(DFB' d) FFelzTgslvml r,X151F62252’\/>1’n2 ijQ
-Bin

'k bind x =e1iney : 5o~ my [(s2)T] (pf[¢ < s2] ,(Ax:si.m2))

Figure 13: DCC to F,,: Term Translation
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3.1 Definition of open contexts

D, = {agu*| €Ly} U {ad<:%— % — %}
Gy = {Xe:ae | LeLy}
Gz = {py: VB (ds B, 1),
Dy 1 VB ik Vagx Vag:*. (o< B, a1) X (o< B, az)) — (d<x B, (a1 X a2)),
P, :VB,ux Vaix. Vaz:*. (< B, az2) — (< B, (a1 — az2)),
Pr, (VB VB (dx By t) = (dx de (VBux. ((a<x By B) X (t = B)) — B))
Pr, : VByix. VB k. V. By — B,) = (c=z B, (VB:x.((a<x By B) X (a — B)) — B)),
Y = DgGy,Ge
p = Dy
Sc¢ = GGz

Figure 14: Definition of open context
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[[EE]] = {cw s Axdeke | £ Clele)

Figure 15: Interpretation of Coercions

ai) X (az B, a2))Py [B,] [aa] [a2] x

a2).p_, [B,] [aa] [@2] %,

a).p ‘P, (Be] [Be] x

p1 — ABgxpy [B] [1],
Py — ABpik Aok Aok Ax:((a< 3,
o B
o< By

p_ﬂ—)Aﬁl oAk Aok AX: (A

=] -
T, P ABpik Ay ik Aacix Ax: (o
Pr, = ABpix ABy ik Aasx Ax:(By — B,).D Pr, [Be] [Be] [] x

Figure 16: Interpretation of Proof Constructors
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3.2 Observer-sensitive F, relation

[ﬁ;]]? = { Oy i % —> (dg,dz,Atom [d[,d[]z) }
U
Q< ik —> ok —> k>
(AB#ABux. (i B, B), ABykABux.(dz B, B),
Ar(t1,t2, Re) AR (t], th, Rg).
{(ml, mz) € Atom [(dj t1 tll), (O[j to té)]z ‘ t1=ar A te = ayA
IsFti=st AL =<5 A
Istth =si AL <sp A
(( L ¢ = Rp = Atom [t), t5])}

Figure 17: F,,: Relation Interpretation of Lattice and ¢ <'s

LhHLE, <t T Fmy meme st € L L8, <F M Fmy st oA £FLE, 2 T Fma st A
Yo, v Yo ¥a e p = [EF]T A ve = [eE] A va = [51] A
(Y1,72) €G] =
(P1YCY<Y1(m1), Py Y < Va(m2)) € € [s7]

Figure 18: F,: Observer-sensitive Logical Relation

3.3 DCC to F, Logical Relation

In this subsection we define an open, cross-language logical relation, relating DCC to F,.
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nes Ayt ABuxAx: (o< ar B) X (57 = 8)).((pri, x) ¥)
Atom*s] = {(e,m)| -Fe:s A IpF&(st) A Zp; e Fm:s(st)}
Atom™? [s]7 = {(v,u)| -Fv:is A Epk&(sT) A Ep;Sehu:s(st)}
VERLT = {(0,0) € Atom™ [1]7}

Vg'[[sxs’]]? {({e, ), (m,m")) € Atom™*"?! [s><s’]52 |
(e,m) € EF[s]Y A (¢,m') € EF[STE}
{(injy e, inj, m) € Atom™ s + 17 | (e,m) € £1[s]7}
{(inj, e,inj, m) € Atom™ [s+ 5|3 | (e,m) € £/[s]}}
{(Ax:s". e, Ax:8((s")T).m) € Atom™**™ [s' — 5|7 |
ve',m’.(e/,m’) € EZL[[S']]? = (ele//x],m[m’/x]) € Szr[[s]]éz}
Vz [Te s]]g: = {(n,e, AB:x.m) € Atom™ [T, s]g: |
Let p= [[ﬁ}']]z: .
Im' . Zp;Xg Fm': 8(st) A
(m[(Tes)* /8] (Pf [¢ < Tes) m®),me* m') € E[(Tes)* ] A
(e,m’) € 52’ [s*]]f}
52[[5]]? = {(e,m) € Atomﬂs]sE |
v,uer— v A m—"u A (v,u) € V?[[s]]?}

GHIIT = {00}
GIlrx:sl? = {(lem eyl m) [ (17) € GEIME A (e,m) € €117 )

MIZtexrm:s|s & The:s A Ip;Ba, It Fm:s(st) A

(v(e), 8(v(m))) € EF[s]Y)
def

FFex~m:s = The:s A LHLE 2P, TTEm:st A

62{014'—>02e | EELE}U{ajI—)dj} A\

Vils+5Ty

c

VZ [s" — s]]éE

Figure 19: Logical Relation between DCC and F,
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4 Back-translation

In this section, we present a back-translation relation between target terms of translation type and source
terms. We need this back-translation when proving that the translation is equivalence preserving.

4.1 Context typing

\A;FFE;tF»tQ\

LA THEE :t=(t1 X t2)
(FTE-Hole) — (FTE-Prj) :
AT E []r:t=t A;T F prj; E : t=t;

A;TFE :t=(t1 + t2) A;T,x1:t1Fmy : t/ A;T,xz:to Fmo: t/

(FTE-Case) — = :
A;T F caseE of inj; x1.mj |inj, Xx2. ma : t=t
A;THE :t=(t1 — t2) A;TFmy:ty A;THE : t1=(Vaik. ta) Akt ok
(FTE-App) (FTE-Inst) v
A;I‘I—Emlzt:>t2 A;Fl‘E[t]:t1:>t2

Figure 20: F,: Context Typing

INEE:s=(s1 X s2)

(DTE-Hole) — (DTE-Prj) :

Mk []s:s=s It prj, E: s=s;

FFE:s=(s1+s IMxi:sibe:s Ixo:spFep:s
(DTE-Case) (s1+s2) - .Xl 1 -1. le 2 e
'k case Eof inj; x1. €1 |inj, x2. €2 : s=>s
'FE:s=(s1 —s kei:s 'FE:s1=(Tes 'x:ske:s ?=<s
(DTE-App) (512 52) L (DTE-Bind) 1= (T2 s) : 2 -
'HEe;:s=s I'bindx=Eine:si=s,

Figure 21: DCC: Context Typing

4.2 Back-translation

(To's)+ = VBux. (d< dr B) x (sT = B)) = B

Figure 22: Back-translation types
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Pf Environment Gk == | Gg,k: (sjr — (Te s)%)

Figure 23: F,,: Back Translation Context Grammar

pE[f < s] = (v (v<(PE[£ < s]))) | where & = {aw = & | £€ Lo} U {ax — di<}
Ye = LE
Y< = <t

Figure 24: Back-translation proof constructor
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F,, One-layer context F

prj; [Jr | [Jrm | [z [t] |
case[-]rof inj; y. mi |inj, y. mo
pri []s | []s e | bindx=[]sine |
case[]sof inj; y.e1|inj,y. e

DCC One-layer context F

E* = Fo[F1[..Fa]] | where Sp; Sa, Gi, I+ Fo : tis*

Vi €[0,n].2p; Sa, Gi, TT F Fy @ tip=t,
Vi € [0,n+1]. Asi.t; = sj

t + } I } T .T = .
Gk TT Fm:stf e|where I = - | TT x:sT (r+)T ()+ o .
®p; g, Gi, M Fm:st (M,x:sT) = (M)l,x:s
(F%)Tke:s

S Gl Fm:site

3 Gy T Finj, m:sf + s inje

X (FD-Sum)
(FD-Unit) 3; Gi; TT F () : 17 ()

G Fmyisite GG Fma:site (x:styert
. - - (FD-Var) - -
3G T (ma,m2) :sT X sTT (er,e) GG T Ex:sTF x

(FD-Pair)

E;Gk;l“';',x:s":}—m:sj'f e

E;Gk;]"jr F }\x:sf'.m : sf’ — sj’T AX:si.e

(FD-Fun)

2 Gk (5T = (Tes)T )T Fm[(Tes)T /8] (pF[¢ < Tes] k) : TesTf e
3G T AB+m : TysTt e

(FD-Return)

k:(sT — (Tes)™) € Gy

(FD-K) . . -
3G TTFk:sT — TpsT1 Ax:s.yx

;G T mp : (o< oy sjr) X (s'jr — sjr)
G M Fm: (Tps) e 3G Tt Fprj,mp st — sT1 ¢

3 G T Fm[s%] mp sT4 bindx=eine x

(FD-Bind)

S Gl FF:sT=si1F 3Gl Fm:site
3 G T F Flm] : s§ 1 F'le]

(FD-Subterm)

E’F[u}Hm1 E;Gk;r'i'l—mlzsg'Te

3; Gy; rt E"‘[u] : sj’T e

(FD-Val)

3 Gy; I casemof inj; x1.m; |inj, x2. m2 : t where /Hs'.t ="

3; Gi; T F casemof inj, vy, E¥ [muly, /xi]]|inj, y5- B [maly,/xal :s71 e (freshyl,yh)
(FD-Stuck)

ED;Grk;]"jr - E%[casemofinj1 X1.m1 | inj, x2. mo] : s*f e

Figure 25: F,, to DCC Back-translation:
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;G TT FF ist=s71 F' |where Sp;Sa, Gy, T FF:sf=s)

M EF  si=s

E;Gk;l"jr Fms: sfrT e

(FD-Prj) ; (FD-App)

55 G T F prj; [ s (57 X st)=s1 pri; []s G T F [Jrma: (sT — sh)=s1 [Jse

3G ;F;L,x:sjrl—m sThe 3G ;F;,x:sjr}—m sThe
(FD-Case) K ! ! fe K 2 2 f e

3; Gy; I - case []T of inj, x1.m;y |inj, X2. m3 : (sfr + sj)és*f
case [-]s of inj; x1. e1 | injy X2. €2

Figure 26: Back-translation of F' contexts
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\%%

Wi

Wr
WO W

Atom [1:]6E

RelT =

RelT El — K2

def
def

def

(Gl T'F)

Gi | W = (GiT%)

MW = (Gig )

Wi 2 Wi AWr 2 Wt

{((Gi;TF),m) | Ep; B, Gie, TT - m: 8(t) }

- ~12
{*,R) | R C Atom! [s"’] L A V(W,m) e R YW 2 W.
(W m) e RAIIp; g, Wi, Wrkm: sTh e}

{t,R) | R C Atom[[t]Z A Ast=s"A
VY (W,m) eR, W D W.(W,m)eR A
v E* t.
(Bp; Sa, Wi, Wr F EF 1 t=s't A
VW, u (W2DW A Ip; e, Wi, Wrku:t) = Je. 3; Wi; Wi FEf[u]: st e) =
3. By Wiy Wr - Ef[m] : 571 ¢’}
{(t1> Rl) |
V(t2, Rz) € Rell Z ((t1t2), Ry (t2, R2)) € Rell A
V(th, Rb) € Rell = .
(t2,R2) =, (t2,R2) = (Ra (t2,R2)) =%, (Ra (t2,R2))}

5=>¢ = Va:k €dom(8).5(a) =2 &' (a)

(t,R1) =2 (t2,R2) = ti=ts A Ri =2 Re

R: =X R» = VYW,m;. (W,my) € Ry <= (W,m;) € R»

R =2 ,,..R: & vt ,R)eRelZ. (R, (t',R))=Z (R: (t,R))

Tt = )7 = elp]®

'TT[[a t K1 = Ka]p = &r(a)

71 Mazkit ke — k2]l = Ar(ts, Rl).{TT[[t i “2]]52[a;;n1._>(tl,al)]}
Tt t 2 2] T = (TM[tr: k1 = Ka]®

(8(t2), TT[t2 = 61]7))

Figure 27: Back-translation: Logical Relations (Higher-Order)
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AtomT[H]F = {((Gi;T),u) | Bp; Ba, Gi, T - u 8(t) }

AtomTCtX[t,s*]E = {((G;T"),E¥)| =p;Bq, Gi,TT FEF : 5(t)=>sT }
- . )
OT[[S+]]5 - {(w,m)|3e.(w,m)eAtomf[s+]6/\z;wk;wmm;swe}
elf#], = of[];
V7 = sn(e)

{ (W, (m1,m5)) € Atom ™[t x ¢ | (W,m1) € EI[t]Z A (W, m2) € ET[t]7}
{(W,inj, m) € Atom!™[t + t1% | (W, m) € £T[t]}
U {(W,inj, m) € Atom [t 4¢3 | (W, m) € £T[¢]7}
{(W,Ax:t'.m) € Atomfval[t' — ]} |
YW’ D W, (W', m') € ET[t']Z (W', m[m'/x]) € £1[t]7}

vie x ¢12
VIt + ¢17

Vi — ¢

VT[[Va::n.t]]f = {(W,Aa::k.m) € AtomT"al[‘v“ozz:ka.t]é2 |
YW’ 2 W, (t,R) € Rell Z.(W/,m[t'/a]) € ET[t1Z,., 0.y}
VIEEY = (Tt w = 1Y (6, T = #10))
ENa] = sr(a)
ENEY = {(W,m) € Atom ! [¢]7| 3 )
YW’ O W, (W', E*) e it [[t,s*]] (W, E*[m)) € ol [[54]]8 }
el Ht,sﬂ]j = {(W,E*) € Atom e[t |
~ =
YW’ D W, (W', m) € VI[t]® (W, E#[m]) € O [[s+]] R
gy = {0}
gHrx:t]7 = {(W,ylxmm) | (W,y) e G [T]7 A (W,m) e £T[t]7}
Di[)® = {0}
DA, a=k]® = {slam t,R)]|6eDIA]"AGR) € Rl EASpFt k)
Dy, A; Gy, G<, G, T TE m:t = vrf,rf, 69,7
rfwrf =rtas e Di[A]® A
- ~1 DGy, G
(G, egtri]

DGy, G<

(
((Gx; r'%),y) c gT[[F]]B
(Gis ), 8(y(v(m))) € T g <=

Figure 28: Back-translation: Logical Relations
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5 Theorems

5.1 Noninterference

Theorem 5.1 (Noninterference)
IfTFe:sthenThe~ce:s

Proof

By induction on ' F e : s. The case for bind is the only interesting case, which has two cases: if ¢ C (,
then the result follows by induction, otherwise the result follows from Lemma 5.2. O

Lemma 5.2
If ¢ 2's and £ T ¢ then V(e1,e2) € Atoms].(e1,e2) € €[],

Proof

By induction on ¢ <'s. There are two interesting cases; the others follow easily by induction.
Show for arbitrary e, e, (e1,€2) € Atom [Ty s] implies (e1,e2) € € [T 51]]4'

Since our language is terminating, we know e; —* 0, ] and e; —* 7, €, so it suffices to show
/ / /
0T (= (ef,)€ [s1],-

Case P-Labell
We must show (e}, e;) € € [s1].. By assumption, ¢ [ (, and by P-Labell, we know ¢ <'s;. By
induction we know V(e1,e2) € Atom [s1].(e1,e2) € & [s1]

Case P-Label2
By assumption ¢ 7 ¢, therefore ¢ I (. This immediately implies that (e1,e>) € V[T¢s],.

5.2 Transitivity and Symmetry

For technical reasons, we need to know the target relation is symmetric and transitive. Normally this is
proved by showing the logical relation respects contextual equivalence. However, leaving the relation open
with respect to D; G makes proving this difficult or impossible.
Instead, we define functions sym() and trans(,) that compute symmetric and transitive versions of given
. . . - 1S .
relations, then extend these functions to ps. We then prove the symmetric-transitive result of [[Cé ]] ¢ I8

itself [[KZ]] >

o yielding restricted, but strong enough, symmetry and transitivity lemmas.

5.2.1 Target Symmetry

{(ml,mz) ‘ (m27 ml) € R}
AR(tl,tQ,R,)-Sym(R(t27t17 Sym(Rl)))
—

= sym(p) [a — (t2,t1,sym(R))]

sym(R :: %

sym(R 1 k1 — Ko

)
)

sym(0)
sym(p [oc = (t1, t2, R)])
Figure 29: F,: Symmetric Relations

Lemma 5.3 (sym Identity)
sym(sym(R)) = R.
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Lemma 5.4 (General Target Relation Symmetry)

IfAFt::

Proof

k and p € D[A]YC then sym(T [t = m]]D Gy =DiC T [t = k]2

yn(e)

By induction on the derivation A Ft :: k

Case

(FK-Unit) ————
AF1:x

We must show sym(7 [1 : *]]E;G) =2C T ]]g;nG(p).

It suffices to show sym(V ﬂlﬂD;G) =DCy [[1]]Sym(p

By definition, it suffices to show, for all (ms,my) € V[[l]]DG that (my,my) € V1]
which follows by definition of V [[1]]‘{])D G

ym(p)

astkEA

(FK-Var) —— ——

Case Fa:k
We must show sym(7 [ :: m]]pD;G) =Di¢ T [ = ]}SDyf(p).

By definition it suffices to show sym(p(a)) = 5ym(p)(a), which follows by definition of sym().
Aty * Aty %

(FK-Pair)

Case AFt) Xty *

Follows from the IH.

AbFtyo* Al ty:*
(FK-Sum)

Case AFt; 4+ ty %

Follows from the IH.

Aty * Aty %
(FK-Arrow)

Case AFty— ty:*

Case

It suffices to show sym(V [t; — tz]],?; )= DGy, [t1 — tg]]sym ()"

We show only one direction, since the other is exactly symmetric.

For arbitrary (Ax:t;ms, Ax:t;my) € V[t; — t2]]pD;G, we must show (Ax:t;mq,Ax:t;.ms) €
V[t1 — tz]]sym ()"

For arbitrary (m,m’) € £ [[tl]]sym (o)’ that (my[x/m], ma[x/m’]) € € [[tg]]bym(p)

By the IH applied to A | ts :: %, it suffices to show (ma[x/m’], m;[x/m]) € € [[tg]]D G

By the IH applied to A F t; 1 %, we know sym(& [[tﬂ]? Gy =D6 ¢ [[tl]]sym(p) and therefore
(m',m) € £ [t,]°.

Instantiating (Ax:t;.mo, Ax:t1.mq) € V [t; — tg]]?;G with (m’, m), we conclude (mz[x/m’], m;[x/m]) €
£ [t2] €.

Aokt

AFVa:k.t:*

It suffices to show sym(V [Vau::k. tﬂ?;G) =DC VY [Va:k. t]]sym(p

We show only one direction, since the other is exactly symmetric.

(FK-Abs)

For arbitrary (Aa::m.mz, Aa::kmy) € V[Va:k. t]]l[,);G, we must show (Aa:k.my, Aacik.my) €
V [Vau:k. ]2

sym p)

For arbitrary m € Rel2'¢| we must show (m[a/7], ma[a/ms]) € € [[t]]sym (0[]
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Let 7w’ = (7o, w1, sym(mwRr)).
Instantiating (Aac:k.mg, Aak.my) € V [Va:k. t]],]?;G with 77’ we know (msz[a/m2], mq [a/71]) €

€ [t],;
Therefore, it suffices to show sym(& [[t]]

p[a'—>7r’]

a,_m/]) A 1 sym( p)[ars]» Which follows from the
IH applied to A, o :: k F t 2 %, with p [a — (2, wl,sym(ﬂ'R))]

Ak Ht: ke

(FK-Fun)
AFAa:kt K1 — Ko

Case

We must show sym(7 [Aa:k.t k1 — mz}]pD;G) =Pi¢,  TAoakt:ky — "52]]byncl;p)

By definition, it suffices to show

D;G _D: D;G
)\R(tl, tQ, R/)sym('T [[t o Kz]]p[ai—)(tg,tl,sym(R’))]) :51’G_> Ko )\R(tla t27 R/)T[[t o K’zﬂsym(p)[aw(tl,tz,R’)]'
For arbitrary 7 € Rel2C | it suffices to show

sym(T [t = K200 e ey symrn) =mie T It 2 B2t (e trsym(r )
By the IH apphed to A, ik Ft: nz, we know
D;G
sym(7 [t :: k2] [a»—)(t27t1,aym(R/))]) Tt Kz]]sym(p[aH(tz,thsym(R’))])
By definition and Lemma 5.3, we know Sym(p (o (b2, 1, sym(R))]) = sym(p) [ — (t1, t2, R')],
therefore

SYM(T [t = K250 (s symimr)) Zoac T L6 5 Rl ol (62,1 sym® )
e (FK-App) Aty KIA:):; ; Al ty kg
We must show sym(7 [t; to :: liz]] ) =DiC T [ty to = ,{2]]Sym o)
Let 7 = (01 2z £, T [t2 2 L) and w7 = (pp b2, oy sym(T [ saI,"))
By definition of T [[t; t :: f-cz]] , it suffices to show

sym(T [ti:: k1 — Kz]]p m) =RC Tt k1 — K',g]]qym(p) (1,72, T [tz = nl]]sym(p))

By the IH applied to A F ty 2 k1, it suffices to show sym(7 [ti: k1 — H2]]p m) =Di¢
Tﬂtl K1 — Kz]]sym () .

By the IH applied to A - t; :: nl — Ko we know

sym(T Htl LR — KZQ]]D; ) inl Ty ko T[[tl K1 — ;4,2]]

Sym(P)
By definition of 751(; ol ,@, we know
sym(7T [ty:: k1 — Féz]]p Sy ! =pi¢, Ttk — Kzﬂsym o) T

By definition, we know sym(7 [t; :: k1 — I<.:2]] SY = Ap(t), th, R ).sym(T [ty kq — l{z]]pD;G (th,t}, sym(R")))

Therefore, sym(7 [ti:: k1 — /@]]EG ™) =0iC T [t1:: k1 — Hz]]sym (o) T

Lemma 5.5 (Lattice Interp. Self-Symmetric)

Let p = [[EZ]]?- sym(p) = p

Lemma 5.6 (Target Expression Relation Symmetry)
If (mqy,my) € € [[t]]D ‘G then (my,mq) € E [[t]]sym(p)
Proof
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D;G

We must show (mg,m;) € € [[t]]sym(p)

By Lemma 5.7 (General Target Relation Symmetry), we know sym(&€ [[t]]?;G) =2 £[t]

D;G
sym(p)"

By definition of =27 it suffices to show (ms, m;) € sym(€ [[t}],]?;G)

By definition of sym(R :: %), (mz, m;) € sym(R) if (my, m5) € R.

Take R to be € [[t]]fl?;G

It suffices to show (mq,ms) € € [[t]]pllc;7 which follows by assumption.

Lemma 5.7 (Target Relation Symmetric under Lattice Interp.)

Let p = [[Eﬂ]?

If (m1,my) € E[t]} then (mz,my) € £ [t]”

5.2.2 Target Transitivity

fstr(R)«
fstrR(R)ky — rs
sndr (R)«

sndr (R)k; — xq
1.

1'11 — K2

trans(R1,R2)« = {(ma1,ms) | (mu,

trans(R1, R2)k; — rs

{(m1, () | (m1, m2) € R}
ArT fstr (R 7).k,
{(();m2) | (m1, m2) € R}
Ar7m.sndr (R )k,

1

Ak 1.,

mz) cR1 A (mz, m3) € Rz}
AR(tla tg, R).trans((R1 (tl, 1;¢1 5 fStR(R)nl ))7 (RZ (1n1 ) t27 SndR(R)l‘il )))NZ

trans(0,0) = 0
trans(p [a it k > (t1, 62, R1)], p [ it k= (2,13, R2)]) = (trans(p, p')) [a — (t1, t3, trans(R1, R2).)]

Figure 30: F,: Transitive Relations

Lemma 5.8 (trans Identity)
trans(fstg (R),,sndr (R)x ) = R

Lemma 5.9 (fst Identity)
fStR(tI'aHS(Rl, Rg)n),{ = R1

Lemma 5.10 (snd Identity)
sndR(trans(Rl, Rg)n)n = R2

Lemma 5.11 (General Target Relation Transitivity)
IfAFt:k, peD[A]YC, p e D[A]YC, and p, = p), then

trans(7 [t :: HHE;G,T[[t = k]29) . =26 Tt = K]

o’

Proof

By induction on the derivation A F t :: k.

(FK-Unit)
Case A1

D;G
trans(p,p’) -

It suffices to show trans(V [[1]]pD;G ,V ﬂl]]pD,;G)* =D:G y e

For arbitrary (mj, mg) € trans(V [[1]],])39G Y [[IHPD,;G)*, we must show (mj, mg) € V [1]

trans(p,p’)
D;G
trans(p,p’)
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By definition, (m;, m3) € trans(V [[1]],]?;G ,V [[1]]pD,;G)* implies (my, ms) € V [[1]]pD;G and (mg, m3) €
D;G
V], .
Therefore (my,m3) = ((), {)), thus (m;,m3) € V ﬂl]]trans (o)
atkEA
AFa:k
It suffices to show trans(pg (@), pig (@) =23 trans(p, p'). r (), which follows by definition of
trans(p, p') .
Aty * AFty:*
(FK-Pair)
Case AFt) Xty *
D;G DGy _
It suffices to show trans(V [t1 x to] 77, V[t X t2] ;7). =DC V[t x tQ]]trans(p o)

FK-V:
Case ( ar)

For arbitrary (mj,ms3) € trans(V [t; X tg]]E;G LV [t % tg]]p, )«, we must show (mj;, m3) €
v [[tl X tQ]]trans(p p/)
By definition of trans(V [t; X tg]]pD;G,V [t1 X tg]]pD,;G)*, we know (mjp,mz) € V[t X tg]]pD;G
and (1’1’1271’1'13) S V |It1 X tQ]]pD/;G
Therefore, m; = (m},mf), ms = (m4),mf), and mz = (mj,m%).
So it suffices to show (m), mj) € £ [[tl]]gz;ifl;s(p,p’) and (m],m%) € € [[tg]]tmns(p o)
We know (m/, m}) € € [[tl]]pD;G and (mh, mj) € € [[tl]]?,;G. By definition, therefore, (m}, mj) €
trans(€ [t € [t ).

. 17 17 D;G D;G
Similarly we know (m7, mj) € trans(€ [t2] )77, € [t2] ;7).
By IH applied to At t;:: %, we know (m),mj) € £ [[tl]]trans(p o)
By IH applied to A F to :: %, we know (m%,m%) € € [[tQ]]trans(p o)

Aty x AFty:*
(FK-Sum)
Case ARty 4+ tg %
Follows by IH, similar to the previous case.
A"tlil* A"tg::*
(FK-Arrow)
Case ARty — ty %

It suffices to show trans(V [t; — tQ]]E;G V[t — tg]]‘]))/; e =2 GV [t1 — tZ]]trans(p -

For arbitrary (mj,m3) € trans(V [t; — tg]]pD;G V[t — tg]]p,’ )«, we must show (my,m3) €
V[t — tg]]ﬁ;fs(p’p,).

By definition of trans(V [t; — tg]]?G SV [t — tg]]B;G)*, we know (mj,mg) € V[t; — tg]]E;G
and (mgz, m3) € V [t; — tgﬂB’G

Therefore, m; = Ax:t;.m}, my = Ax:t.mb, and ms = Ax:t,.mj.

For arbitrary (m,m") € £ [[tl]]trans(p o 1t suffices to show (mj [m/x], ms[m" /x]) € € [[tQ]]trans(p o)
By IH applied to A F to :: *, it suffices to show (m/ [m/x], m5[m” /x]) € trans(€ [[tg]]D’G ,E [[tg]}?, Gr),k.
By IH applied to A F t;:: %, we know trans(€ [[tl]];])3 G £ [[tﬂ],?,;G) =D¢¢g [[tl]]trans(p o)
Therefore, (m, m”) € trans(€ [[tl]]?;G ,E [[tl]]B;G).

By definition of trans(€ [[tl]]pD;G ,E [[tﬂ]:?fc)7 (m,m’) € £ [[tl]]pD;G and (m’,m”) € € [[tl]]pDﬁG.
Therefore, (m [m/x], mj[m’/x]) € V [t2]’C and (mj[m’/x], mj[m" /x]) € V [t2],)C.
Therefore, by definition, (m/ [m/x], mj5[m” /x]) € trans(€ [[tg]]pD;G ,E [[tg]]pD,;G)*.
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Akt
Case AFVauk.t:*
It suffices to show trans(V [Vou:k. t]]‘]?;G VY [Vauk. t]]?,;G)* =%V [Va:k. t]]trans(p o)

(FK-Abs)

For arbitrary (mj,ms) € trans(V [[‘v’a::n.t]]l?;G ,V [[‘v’a::n.t]]p,’ )«, we must show (mq,ms) €
V[Va::k. t]]trans (op')"

By definition of trans(V [[Va::n.t]]pD;G ,V [Va:k. t]]l]?,;G)*, we know (m, my) € V [[VOLZ:K,.t]]pD G

and (mg, m3) € V [Va::k. t]]I]JD,;G.

Therefore, m; = Aa::k.m), mo = Aa:k.m)y, and ms = Aac:k.mj.

For arbitrary m € Rel2:¢, we must show (m/ [y /a], mj[ms/al) € € [[t]]trans(p ) o]

Let ' = (71, 1., fstr (7R )x) and 77"/ = (1., w2, sndr (7R ) s )-

Note that, by Lemma 5.8, trans(p [oc — 7'], p [ — 7r”]) = trans(p, p’) [oe — ﬂ-]

By IH applied to A, o :: & F t :: %, we know trans(€ [t]"7 [a,_m,] ,E [[t]] [w_m,,])* =DC ¢ [[t]}trans(p o) foesm]-

Therefore, to show (m} [71'1/04] mj [71'2/(1]) €& [[t]]trans(p o) it suffices to show

o]
(mf [ /a], my[rz/a]) € trans(€ [¢], )%
By definition, it suffices to show

(mi[m1/a], my[le/a]) € € [[tz]]p[wm/ and

(my[1./a], ms[ma/al]) € € [ta] iy s

which follow from instantiating (mj, ms) € V [Va::k. t]]i);G with 7" and (mo, m3) € V [Va::k. t]]pD,;G
with 7"/,

p[a»—)ﬂ" 8 [[p [a gy ]]] * e

Aa:kiHFtak
AFAa:kt K1 — Ko
We must show
trans(7 [Aazk.t k1 — mg]]pD;G T [Aazkt kg — ng]]pD,; ks = r2 S, s
T [Aazkt i k1 — ”2ﬂg;§s(p,p’)'
By definition, it suffices to show
Ar(ty, ts, R).trans(7 [t :: n ]] plo ke = (b, 1, StR(R) k. )],

Tt K‘,zﬂ Sp [a ik (L, to,sndr (R) e, )] ks

_D;G

D;G
= o ke T Aokt Ry = K2, 00

(FK-Fun)
Case

For arbitrary 7 € RelP%k;, it suffices to show

trans(7 [t :: R2]][ K Tt = w2 [

) —D;G
] T K1 — K2

asky= (71,1 fStR(TR) ky ) azki (L, ,m2,sndr (TR )k, )

Tﬂt - Rzﬂtrans(p,p’)[a::mp—)ﬂ]’
which follows by IH applied to A, « :: k1 F t :: kKo, and Lemma 5.8.

Atk — Ko AFty kg
(FK-App)
Case AFtty::
We must show trans(7 [t; to : Kz]] T[[t1 to o nz]] ) —D G T [ty ts K’z]]trans(p o)

Let 7w = (trans(p, p’) 1 ta, trans(p, p ) 2 to, T [to = ”2Htrans(pp)) 7' = (pq ta, py to, T [ta K',g]],?;G),

and 7w/’ = (pi t27p/2 t27T[[t2 = Rz]]p’ )

By definition, it suffices to show trans(7 [t :: k1 — ’42]],)D;G 7T [61: k1 — KL2]]PD’;G ™2 Zri
T[[t] R — Kz]]ﬁ;fs(p,p’) ™

By the IH applied to A + t1 K1 — K2 we know

trans(7 [t1:: k1 — Kz]] T[[t1 K1 — 52]] )m — k2 Srr oy ey T [b111 K1 — Rzﬂgﬁs(ﬂvp')
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—D;G

=", ., we know

By definition of
trans(7 [ty :: k1 — f@ﬂ?G,T[tl KL — l@g]]p]:),;G),@1 S ke T=RC T [ty k1 — ’{2]]3;51;5(@;)/) m
By definition, we know
trans(7 [ty :: k1 — f@ﬂ?G,T[tl LK — l-eg]]F]‘?,;G),@1 Ly g =
Ar(t, ', R) trans(T [t1 k1 — k2] 'S (8, Loy, S5tr(R)), T [t1 52 51 — k2] )'C (Liy, t/,50dR (R))),
Therefore,
trans(7 [ty :: k1 — Kzﬂ?;G (71, iy, IStR(7R)), T [t1:: K1 — nz]]pD,;G (Ley, w2, sndR(TR)) )k =i
T [t1:: k1 — "2]]2;?5(,),,;/) T
It suffices to show
trans(7 [ty k1 — f@ﬂ?G (71, Ly, Istr(7R)), T [t1:: k1 — /-;2]]pD,;G (1ey, m2,s0dR(TR)) )k =i
trans(7 [ty k1 — &2]]5;(; ' T [t k1 — Iiz]][]?,;G 7" s -
By IH applied to A Ity :: k2, we know trans(7 [tz : nz]]pD;G VT [te lﬁz]]prG)nz =Pi¢ T [ts “2]}2;(35(,;’,3')‘
Therefore, by Lemma 5.9, we know fstr(mr) = T [t2 = f@z]]pD;G, and by Lemma 5.10 we know
sndr(mr) =T [to = m2]}pD,;G.
Since trans ignores the positions 1,,, 75, and 77, it follows that
trans(T [ty k1 — k2]D'C (w1, Ly, T [to = k2] D),
Tt k1 — Hzﬂp,;G 1y, w2, T [to 1452]}10,@)),(~2 =P

trans(7 [t1:: k1 — nﬂ?c 7 T [t1:: k1 — m2]]pD,;G EL P

Lemma 5.12 (Lattice Interp. Self-Trans)
Let p = [[Eﬂ]? trans(p, p) = p

Lemma 5.13 (Target Relation Transitivity under Lattice Interp.)
Let p = [[EZ']]?
If (mq,my) € Et]” and (mz,ms) € £ [t]} then (m1,ms) € £ [t]7 .
Proof
By Lemma 5.11, we know trans(€ [[t]]ﬁ]?;c' € [[t]]f)* =DCG¢ [[t]}tzrans(p’p).
By Lemma 5.12, we know trans(p, p) = p, therefore trans(€ [t]]f € ﬂt]]f)* =x¢ [[t]]f.
The result follows by definition of trans(£ [t] , £ [t]).. O

5.3 Parametricity

Theorem 5.14 (Fundamental Property)
IfA;TFm:t then A;TFmam:t

Proof

The structure of proof is similar to (but less complex than) Lemma 5.34 (Fundamental Property of

Back-translation), and the work of Vytiniotis and Weirich [4].

We omit the statement of key lemmas as they are already well explained by Vytiniotis and Weirich [4].
O

Lemma 5.15 (Preservation)
IfA;TFm:t and m —* m’ then A;THm' :t
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Lemma 5.16 (Canonical Forms)
Let A;TFm:t.

e Ift=a€ A, m—*m’ and irred(m’).
e Ift=1, mr—"* ().
e Ift=1t; X t3, m+—"* (my,mo).
o Ift =11 + to, m+—"* inj; m’.
o I[ft=1t; — ty, m—"* Ax:t1.m’.
o Ift=Va:k.t', mr—* Aa:x.m’.
Proof
Follows by Theorem 5.14 (Fundamental Property) and the definition of V [[t]]pD;G.

Lemma 5.17 (Free Theorem: Parametric Condition)
D,o % pi(ti) i, DF py(tg) it %, DF py(ty) o %,
D;GFm: p;(Vaz:*. (t; X (t2 = o)) = a),
D;GFmy:t; = ty, D;GFmg:ty — tg,

D;G
(mmm:z) €& ”:tl]]p[aH(tg,tf,R)]’ then

(m; (m [tg] (mq,my)), m [t;] (m},,my o my)) € € [t

Lemma 5.18 (Free Theorem: nf;’s shuffling)
Let p = [£}]} .
IfSF AB:smy : TysT then (AB:xmy, my [(Tys)T /8] (pf [€ < Tys] ne®)) € £[T s"‘]]f

Proof

Must show: (AB::%.my, m[(T;s)* /8] (pf[¢ < Tus] me)) € €T sﬂ]f

Have: my [(Tys)™ /8] (pf[¢ < Ty s ,’r;ﬁ‘s) —* AB:x.my by Lemma 5.16 (Canonical Forms).

Must show: (ASB:x.my, AB:x.my) € V[T, s*]]f

Consider arbitrary ti,t2,Rg such that (t;,t2, Rg) € RelZ.

Let p' = p[B — (t1,t2, Rg)].
Must show: (my[t/3], mz[t2/3]) € € [[((aj ay B) X (st = B) — Bﬂj
Have: my[t1/8] —* Ax:((a<x dp t1) X (s'i' — t1)).my1 by Lemma 5.16 (Canonical Forms).
Have: ma[to/B] —* Ax:((ax dy t2) X (sq' — t2)).ma2 by Lemma 5.16 (Canonical Forms).
Must show: (Ax:((cix ¢ t1) X (st — t1)).myq, Ax:((lx dip t2) X (5T — t2)).mas)
eVilaz ar B) x (s — ) — AL,
(1) Consider arbitrary m/,m}5 such that (m},m}) € € [(a< oy B) X (sT — ,B)ﬂf/.

Must show: (mq1[m//x], mas[mb/x]) € € [[ﬁ]]pz,
Assume that ¢ Z (:
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Have: (myqq[m] /x], ma2[m)/x]) € Atom [,B]E, by assumption.

Have: my;[m}/x] —* my; and irred(my;,) by Lemma 5.16 (Canonical Forms).
Have: mos[m) /x| —* mg;, and irred(mey;,) by Lemma 5.16 (Canonical Forms).
Must show: (myg., mao;.) € V [[,8]]5,.

Must show: (my;,, my;,.) € Rg

Have: (prj; my,prj; m5) € €[(a<x ay ,@)]]f from 1.

Have: £ I ( = Rg = Atom [ty, tQ]E by definition of p on a< and previous fact.
Have: Rg = Atom [ty 1:2]2 by assumption ¢ [ ¢ and previous fact.

Have: (mjy;,, my;,) € Atom [B]E/ by Lemma 5.15 (Preservation).

Have: (my;,, ma;,.) € Atom [tl,tg]z by definition of p'.

Therefore: (my;,, mg;r) € Rg.

Assume that ¢ C (:

(2) Have: (AB:+x.mq, AB:x.mq) € V[T, sﬂ]f by Theorem 5.14. (Fundamental Property)

!
Let R = ¢ (mj,m5) € Atom [tl, T, sﬂ |

(C ¢ = dmmy —* AB:+.mA (mg, m[t;] m5) € Rg

1
Observe that: p on ax requires that if ¢ IZ ¢, then R = Atom {tl, T, s+} , hence the ¢ C ¢
condition.

Let p" = p [ﬁ = (b, T s*,R)]
Instantiating 2 with (t;, T, s™, R):
(ma[t:/8], ma[Tes¥/8]) € E[((ax ar B) x (s — B) = Bl

Now we will show: (mj, (pf [¢ < Tes] %)) € E[(ax ar B) x (s — B2

Recall: (m},m}) € E(a< ay B) X (sT — ﬁ)]]zf

Therefore: (prj; m),prj; m)) € £(a<x oy ﬁ)ﬂp/.

. >
Observe that: (prj, my,pf[¢ < T;s]) € Atom [t, T, sﬂ

Have: (prj; m},pf[¢ X Tys]) € EJ(a<x ay 5)]]5,, by previous fact, definition of R, and
definition of p on ax.

Must show: (prj, m},7.%) € € [st — 6]]5://
=
Assume that (ms;, ms2) € € [s7] )
Must show: ((prj, m}) msl,nff mg) € R Have: ¢ C ¢ by assumption.
Must show: Hm.nﬁ’s mgo —* AB:x.m A ((prj, m)) mgp, m[tz]ms) € Rg
Observe that: T)f;’s mge —* ABuxAx:((a< a; B) X st — B).((prj, x) mg2).

Therefore: Im = (Ax:((dix dp B) x s — B).((prj, x) maz)).
nf;’s mgo —* AB:x.m.
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Must show: ((prj, m}) mg;, m[ts]m}) € Rg

Observe that: (Ax:((ax ap B) X st — 8).((prj, x) mg2)) [t2] mb —* (prj, mb) mgo.
Must show: ((prj, m}) mgy, (prj, m5) mgo) € Rg

Recall: (m},m}) € £[(e< or B) x (s* — B,

Therefore: (prj, m}, prj, m)) € € [st — B]]f/.

Have: ((prj, m}) mgq,prj, mj mgy) € Rg by assumption that (mgq, mgs) € € [[sﬂ]f,,.

Therefore: (my[t;/B] mj, mq[T, SJ}/,B] (pf¢ < Ts] J}ﬁ’s)) ee& H,B]]f,,.

Recall: my [T, sT/8] (pf [¢ < Ty s] %) —* AB:%.my and my [t,/8] m) —* my;[m) /x].
Have: (my4[m} /x|, ms [to] m5) € Rz by definition of R.

Recall: my [to] m) —* mos[mb /x].

Therefore: (mj;[m} /x|, mas[m}/x]) € € [[ﬂﬂff

O

5.4 Translation
Lemma 5.19 R X
If € <s then L L5, <" Fpf [0 X s]: (ax oy sT) and Dy; Gy, G Fpf [0 < s : (ax cy sT)
Lemma 5.20 (Translation is Complete)
IfTHe:s then dIm.I'Fe:s~m
Theorem 5.21 (Translation Preserves Well-Typedness)
IfThe:sandTHe:s~m then £ L5, <Y TTFm: st
Proof

Proof by induction on the translation derivation, I' - e : s~» m. O

Lemma 5.22 (Cross Lang. Relation Respects Target Relation)
Let p = [[52']]? and & = p; (since p; = py).

1. If (e,m) € EL[s]} and (m,m’) € E[s*])) then (e,m’) € EL[S]
2. If (v,u) € V?[[s]]gJ and (u,u’) €V [[sﬂ]iJ then (v,u’) € 1/2L[[s]]§J

Proof

We prove 1 and 2 simultaneously. Proof by induction on the structure of the type s.
We give the cases for s; — s, and Ty s;.
Case I

Must show: (e,m’) € Ezr[[s]]sz.

By definition, it suffices to show e —* v, m’ —* u and (v,u) € VZ [[s]]?.

Have: e —* v from (e, m) € £F [s]Z.

. / * oo/ / e D>
Have: m’ —* u’ from (m,m’) € £[s7] .

Have: (v,u’) € Vzr[[s]]g by 2.
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Case 2,51 —sp
Must show: (Ax:s;. e, Ax:s{.mb) € Vz' [s1 — sﬂ]?
Consider arbitrary e, m} such that (e, m}) € Szr [[51]]?
Must show: (ep[e} /x], mj[mf /x]) € Ef[sa]
Instantiating (Ax:s;. ep, Ax:sT .mz) € VE[s; — o]y with (ef, m}) € £f [sa]; -
Therefore: (ex[e] /%], ma[m’ /x]) € 52‘ [[SQ]]?.
Instantiating (Ax:s;. e, Ax:s{.ms) € VZ' [s1 — szﬂf with (ef,m]) € 52‘ [[51]]?:
Therefore: (ez[e] /%], ma[m; /x]) € 5? [[52]]?.
Have: (mj,m}) €& [[s;]]f by Theorem 5.14 (Fundamental Property).
Instantiating (Ax:s{.my, Ax:sf.mb) € V [s{ — sj]]f with (m},m}) € € [[sﬂ]f:
Therefore: (mg[m /x|, m4[m} /x]) € € [[s;]]f
Observe that: (ey[e]/x], ma[m] /x]) € 5?[[52]]?, and (mz[m] /x|, m5H[m] /x]) € € [[s;]]f
Have: (ex[e}/x], m5[m) /x]) € 52‘ [[52]]? by induction via part I.
Case 2, Tysy
Have: (n,e1,AB:x.myq) € € [T, sﬂ]f.
Have: (AB:%.myy, ABuxmyy) € € [Ty sﬂ]f.
Must show: (n,e;, AB3::x.mj},) € 52'[[Tg sﬂ]?
Must show: 3mi.(m},[(Tes))*/8] (pF [¢ = Tesi] ™), m® my) € £ [(Tes1)*], and
(e1,m}) € EX[si]§
Have: 3my.(my1[(Tes1) /8] (F[¢ = Tesi] ™), ne® ma) € € [(Tys1) ] and
(e1,my) € Ef[s1]; from (nger, ABixmys) € VE[Tysiy -
Now we will show: Im/.(m;,m}) € € ﬂsl]]iJ and (m}, [Tost /8] (PE[C = Tesi] o), ne m)) €
sl
Take m) to be mj.
Therefore: (m;,my) € € [[sl]]f.
Must show: (m/y;[Te sy /8] (DE[¢ = Tosi] ey, e my) € € [T sﬂ]f
Let p/ = (Test, Test, €T, sﬂ]f).
Instantiating (AB::x.myq, AB:x.mf;) € E[Ty sﬂ]f with (T, s*, Ty st E[Ty sﬂ]f):
(m11[T sf /8], m1, [Tosf /8]) € E[((e< aw B) x st — B) — A,
Therefore: (my1[T; sy /8] (Pf [¢ < Ty 1] m*), mi [Te sy /B1(E [ = Tesall ) € € [BT
Therefore: (mus [Ty 5§ /B)(BE [¢ < To sull i), mis [Te st/BIBE [ = Tesi] ")) € € [Te 7]

Have: (miy, [Tes{ /8] (P[0 X Tesi] mc),mua [Te sf /8] (PE[C < Tesa] ™)) € €[Te ¢+,
by Lemma 5.7 (Symmetry).

Have: (m,[Tys7/8] (f[¢ < Tesi] ™), ne° my) € [T, EJF]]FX,J by Lemma 5.13 (Transitiv-
ity).

- . >
Have: 3m/.(m;,m}) € &€ [[sl]]f and (m, [Tesy /8] (P < Tysi] ™), me° m)) € € [Ty sﬂ]p.

>
0"

Have: (e;,m}) € 5? [[sﬂ]? from the induction hypothesis (1) applied to s;.
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Theorem 5.23 (Translation Preserves Semantics)
IfTFe:sandTkFe:s~mthenTkFe~m:s

Proof

By induction on the typing derivation, I' - e : s. There are two interesting cases. Other cases follow
easily by induction.

By the definition of the cross language logical relation, all cases require us to prove I' - e : s
and £; L5, =T T+ = m : st. We omit these below, since I' - e : s follows by assumption and

L EE, <, Tt m : st follows by Theorem 5.21, Translation Preserves Well-Typedness.

Case DT-Prot

Have: TFnye: Tys.
Have: TEn e: ABuxAx:((a< ap B) X (s — 3)).((prj, x) m)~ Tys.
Must show: T'F n,eAB:xAx:((a< ap B) X (st — B)).((prj, x) m)Tys~:
Consider arbitrary 8,7,v,yc, V< such that & = {ay > ap | £ € Lo}U{a< = o<}, v = [[EE]],
v< = [=*], and (v,v) € GI[TT; -
Let e; = 7(e).
Let mz = 8(yc(v<(v(m)))).
Must show: (1, e1, AB:xAx:((6x @y B) x st — B).((prj, x) my)) € 52'[[Tg s]]?
Must show: (1, e1, AB:xAx:((6ix dy B) X st — B).((prj, x) my)) € VZL[[Tg s]];fj
Let tyr = (i< dy (Tes)") x (s7 = (Tes)*).
b
Let p = [[,Cﬂ]g :
Must show: 3mb.(Ax:t,.((prj, x) ma) (pf [¢ < T ] ,me®), 7 mb) € €[, sﬂ]f and (e1, mb) €
VDY
Take m) to be ms.

Observe that: . R
Ax:tyr.((prj, x) ma) (pf[¢ < Ty s] ,nf{”s) —* prj, (pf ¢ X Ty 9] 77]£’5)m2 —* 7]£"s my.

Therefore: (Ax:tp.((prj, x) ma) (pf [¢ < Ty 5] ,nﬁ’s),ni‘s my) € E[T, sﬂ]f.
Must show: (e;,ms) € Szr [s]>
Have: ' e ~ m : s by applying the induction hypothesis to s.

B
B

Instantiating ' e ~ m : s with 8,7,y,yr, and y<: (v(e), sycy<y(m)) € SZF [[s]]?.

Recall the definition of e; and ma: (e1, ms) € Ezr [[sﬂ?.

Case DT-Bind

Have: T'F bindx=eine’:s'.

Have: THbindx=eine :s'~ m[(s')T] (pf[¢ < ¢],(Ax:st.m’)).

Must show: 'k bindx=eine’ ~m|[(s')T] (pf[¢ < ¢'],(Ax:ist.m’)) : ¢

Consider arbitrary 6,7,y,yc, and y< such that & = {oy = ay | £ € L} U{a< = o<},
ve = |££] v = [2*], and (3,7) € GZTTD

Let e = 7(e).

Let ep = ().

Let my = 8(yc(v<(v(m)))).
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Let ma = 8(yc(v<(v(m))).

Must show: (bind x = e; in ez, my [(s')7] (pf[¢ < §'].(Ax:st.ms,))) € 52[[52]]?

Let my = Ay:(Ty $)Ty [$FH] (pE[¢ = 8] AxisTomy) s TysT — /T

Let my = Ay:sTAB:xAx: (o< dp B) X st — B).((prjax) y):sT — Tyst.
. R )

Observe that: m, = 7%, and (m; o mgy, Ax:st.my) € £ Hs+ — s’+]]

p
Have: T'He~m : T;s from induction hypothesis applied to 'Fe: Ty s.

Instantiating I' - e ~m: Ty s with 8,7,y,yc, and y<:

Have: (e;,my) € 52'[[1'@ sﬂ?.

Therefore: e; —* 1, €}, my —* ABuxmyq, (€], AB:xmq) € Vzr[[T( s]]?..

Let p = [£f]7

Therefore: 3m). such that (my [(Te s)*/B1(pf [¢ = Tes] ), i °my) € £ [(Tes)*] and (), m}) €
ELSly

Have: (mq [(T, s)‘F] (pf ¢ < Tus] mg), mgym}) € € [(T, s)"‘]]f by definition of m, and reduction.
Therefore: (my (mq [(Tys)™] (pf[¢ < Tys] ,my)), my (m, m})).

Have: (mjy (mg m}), my (mq [(T, )T (pE ¢ < Tos] ,mg))) by Lemma 5.7 (Symmetry).

Now we will show: (bindx=ejiney,m; (m, m})) € 82“[[5’]]?

Have: bind x = e; in e; —* bind x =1, €] in ey —! ez[e] /x].

Have: m; (m, m}) —* Ax:sT.my m) —! my[m) /x].

Must show: (ez[e} /x|, mz[m} /x]) € L[5

Have: I',x:sF e ~ m’:s from induction hypothesis applied to I',x : st ¢’ : s’
Instantiating I',x : st e’ ~m’ : s with &,y [x = e}],y [x = m}],yr, and y:
Recall definition of e; and mjy.

Have: (ej[e]/x], m;[m) /x]) € 52‘ [[s’]]? by Compositionality.

Have: (bindx=ejiney;, my (mgym))) € Szr[[s’]]?

Have: (bind x =eq in ey, my (myq [(Ty $)T] (pf[¢ < Ty 9] mg))) € 52‘ [[s']]? by Lemma 5.22 (Cross
Lang. Relation Respects Target Relation).

Have: (my (my [(T; s)*] ( [¢ < Te's] ,my)), (ma [(Tes)*] (pE[¢ < Tes] ,myomy))) € £[s+],,
by Parametric Condition.

Have: (bind x = ey in e, (my [(Ty s)¥] (pf [¢ < §'] ,ms om,))) € 52“[[5’]]? by Lemma 5.22 (Cross
Lang. Relation Respects Target Relation).

O
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5.5 Back-translation

Lemma 5.24 X
IfSFm: (ad< a; st) then { <s.

Lemma 5.25 (Monotonicity)
If (W,m) € R, (t,R) € Rell =

* )

and W' O W, then (W', m) € R.
Proof
Follows by definition of Rell Z. O
Lemma 5.26 (Monotonicity of ET[[t]]E)
If (W,m) € ET[[t]]E:, and W' O W then (W', m) € ET[[t]}é2
Proof

Case Js.t =sT.
> >
For arbitrary (W, m) € et [[s+]]®, W’ O W, we must show that (W', m) € et Hs+ﬂ® and
3.3 Wi WhEm:stie
> .
By definition of (W', m) € el [[s*]] 50 Ve know Je.X; Wi ; WrkFm:stf e.

The extra variables of W’ make no difference in back-translation since they are not used in m.
Since m is back-translatable under W, it is also back-translatable under W’.

That is, the same back-translation derivation gives us 3; Wi; Wi Fm :s"7 e.
Case As.t = st
For arbitrary W’ O W, we must show (W', m) € el [tz
For arbitrary W; O W’ and (W;,E*) € xct [[t,s‘i]]j, it suffices to show that (W1, E* [m]) €

>
ol [[s*]] , which follows from instantiating (W', m) € Sf[[t]]? with W1 O W and (W, E*) €
5

=
it [[t7 s+]]
O
" >
Lemma 5.27 (Monotonicity of /C Ht,s"’]‘ )
e st 6 e st
If (W,Ef) e K [[t,s*]]é, and W' D W, then (W', E*) € K |[t,s+]]6 .
Proof
!
For arbitrary W' 2 W, we must show (W', E%) € ICT [[t, s*]] .
>
For arbitrary W; D W', (W, m) € Vﬁ[t]]?, it suffices to show (W, E¥ [m]) € ol Hs*]‘ g
>
Clearly W; D W, so we instantiate the hypothesis (W,E%) exct [[t,s"’ﬂ ) with (W, m) € VT[[t]]?.
>
Thus (W1, E*[m]) € O [[ﬁﬂ . O
5

Lemma 5.28 (Monotonicity of QT[[I‘]]E)
IF(W,y) € GT[T)Z, and W 2 W then (W', y) € GT[I]Z
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Proof

Follows simply from Lemma 5.26 (Monotonicity of el [[t]]?) O
Lemma 5.29
IFAFt:k, 6eDIA]%, Bp;Se, Wi, Wr F E : 8(t)=s'F, and (Y u, W.W’ 2 W A Sp: ¢, W, Wh
u:s(t) = Je. ;Wi Wi E*[u] : 1 e) then (W,E*) e K1 [[t,sjr]]j

Proof

>
To show (W, E7T) € .l [[t,s“‘]] s it suffices to show for arbitrary W' 2 W, (W', m) € VT[t]]E, that
b>

(W, E#*[m]) ¢ o1 [[sjr]] .

> .

By the definition of ol [[s*]] , it suffices to show Je.3; Wi ; Wi - EZ[m] : s'*1 e, which follows by
5 ~

instantiating (Y u, W.W’' D W A p; Zq, Wi, Wi Fu:6(t) = Je. ;W ;Wi FEf[u]:s' "1 e)

with W’ D W, and m. O

Lemma 5.30 (Relation equivalence is transitive)
Let (t,R1) € Rell . (t,R) € Rell =, and (t,R) € Rell =.

IfR; =2 R and R == Ry then Ry =2¢ Ro,.
Proof
By induction on k.

Case k = * We must show R E*E X3.
e For arbitrary (W1, my) € Ry, we must show (Wq,m;) € Ro.
From R; =2 R, we know (W, m) € R.
From R =Z R, we know (W, m;) € Ra.
e For arbitrary (W1, m;) € Rz, we must show (Wy,m;) € R;.
This case is exactly symmetric to the previous case
Case kK = K1 — Ka.
For arbitrary (t/,R') € Rell ., we must show Ry (t',R') =% R, (t',R').

From Ry =2 _, .. R, we know Ry (t',R') =% R (t',R/).
From R =2 R, we know R (t/,R) =Z R, (t',R').

The result follows by IH applied to xo.

Lemma 5.31 (Back-translation type interpretation is well-formed)
IFAFt:k andseDI[A]S then

1 (8t), Tt = k]%) € Retl 2
2. If §' € ’DT[[A]]2 such that & == &', then 7t [t :: n]]? == ol [t :: n]]?
Proof

By induction on the derivation A Ft :: k.

ak €A
(FK-Var) ————
Fa:k
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1. We must show dgr(a) € Rell =
Follows by assumption that & € pl PN

2. We must show 8g(a) =2 6 ().
Follows by assumption that § => &'.

(FK-Unit) ————
AF1:x

1. We must show ET[[l]}? € Rell =
1
Follows by definition of et [[s*‘]] .

2. We must show £ T[[1]]? =x¢ T[[1]}52,, which follows trivially since back-translation does not
rely on 6.

Aty x A bty *
Aty X tg:*

(FK-Pair)

_ F _ ot
Case dJsq,s0.t1 =57, and t, =s3.

X j>
1. We must show &1 [[51+ X s;]] . € Rell =
=

Follows by definition of et [[S—P]] .

. > X >
2. We must show &1 [[ST X sé"]‘ =x¢ f I[si" X sy ]] , which follows trivially since back-
5 s
translation does not rely on §.

This subcase follows by exactly the same reasoning in all kind * cases of proof, but it is
repeated in detail anyway for completeness.

Case Js;.t; = sf“, but Asy.ty =s5.
1. We must show &1 [[51+ X tg]]j € Rell =
e For arbitrary (W', m) € el [[ST X tg]]?, W, O W/, we must show that (W5, m) €
el [[sl+ X tg]] j, which follows from Lemma 5.26 (Monotonicity of £ i [[t]]?), and

e For arbitrary E*, t, suppose (Zp; Xa, Gy, r+, (Wi, Wir F E* : é(sfr X tg):>s"i‘7

and
VW;, uwlz B Wll A3Yp; Xa, Gk, F*, (W/z)k; (W;)r Fu:t = .Je.3; (le)k; (W;)r F
E%[u} :s'tt e

We must show 3e’.3; (W) )i; (W))r F EF [m] : 571 ¢’

=
Instantiating (W’ , m) € el [[sf X tg]] . with W) D W, it suffices to show (W), E*) e

) !
it [[sf X to, s*]] , which follows from Lemma 5.29.
5

This subcase follows by exactly the same reasoning in all kind * cases of proof, but it is
repeated in detail anyway for completeness.

2 et €1 i o] = €1 [ o

L > T >
o If( Wy,m)eé& [[sf X tg]]é then (Wi, m) € € [[sf X tg]] o

. > >

For arbitrary (W1, E*) € it [[sf X t275+]] Lo we must show (W1, Ef [m]) € of Hs*ﬂ "
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A4 b TR
By (Wy,m) € € [[sf X [tg]]]6 and the definition of O [[S+]]5’ it suffices to show
. >
(W1, E*) e k1 [[s{“ X tg,s+]]6 )
. b
For arbitrary Wo D Wy, (Wo,m’) € yi [[Sl+ X tz]] , we must show (Wo, BE7[m’]) €
1 s
ol [[s+]l :
® =
Since &' is irrelevant to back-translation, it suffices to show (W4, E* [m']) € ol [[sjr]] .
6/

. >

By Lemma 5.27 applied to (W, E*) € .l [[sf X tg,s+]] o Ve conclude (W, E*) €
- >

’CT HST X t2,5+:|:| o

- > . b
By (W4, E*) € it [[sl+ X t27s+]] o it suffices to show (W, m’) € yi [[Sf X tg]] .

~ st ® ™ == gt
Since (W3, m’) € V Hsl X tgﬂé, it suffices to show & Hslﬂé =r £ [[51]]6, and
{;'T[[tg]]? == 8T[[t2ﬂ§/, which follow from the IH part 2 applied to A sf‘ o and
AF tg k.

by . by
o If (Wy,m) € el [[sf X tg]] then (Wq,m) € el [[sl+ X tg]] .
Y s
This direction is exactly symmetric to the previous direction.
Case dsy.ty = sj, but As;.t; = sfr.
This case is symmetric to the previous case.
Case JBs;.t;=s; and Asy.ty =s;.
This case is identical to the non-translation subcases of the previous two cases.
AFtyox Aty

FK-S
( um) A"tl—i-tgil*

Case dsy,sp.t; = si", and to = s;

T ~ ~ 2

1. We must show & [[sir + s;]] € Rell =,
5

=

Follows by definition of € 1 [[sjr]] .

R S R >
2. We must show &1 [[sl+ + s;]l S =X £ f I[s{r + sﬂ] o which follows trivially since back-
translation does not rely on 8.

Case ds;.t; = sf, but Asy.ty = s;r.

. =
1. We must show ST [[51+ + tg]] . S RelT *2

. b
e For arbitrary (W), m) € el [[sl+ + tz]] o’ W5, O W/, we must show that (W5, m) €
. b
el [[sf + tgﬂ . which follows from Lemma 5.26 (Monotonicity of el [[t]]?), and

e For arbitrary E¥ | t, suppose (2p; 2, G, I, (W), (W) F E* - é(siTr + to)=s'T,

and
VW/Z, uW/z 2 Wll A\ ED; E(;, Gk, F*, (W/z)k; (W;)r Fu:t — .36.2; (le)ka (le)r F
Ef[u] : 51 e.

We must show Je’.33; (W )i; (W)r I—EE%[m] Ak

Instantiating (W), m) € el [[sf + tg]] . with W/, D W/, it suffices to show (W, E*) e
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it [[ + to, s+]] which follows from Lemma 5.29.
s’

2. We must show ST [[sf + tg]] —2 ST[[ + tg]]

’

o If (W1, )egT[[ —|—t2]]6then(W1, )esfﬂ +t2ﬂ

’

>
For arbitrary (W, E*) € .l [[ + t2,5+]] , we must show (W, E [m]) € ol |[s+]]

s’

By (Wi,m) € el [[s{r + tg]]s and the definition of O [[S+]]5’ it suffices to show
. 5
(W1, EF) e il [{sf + tz,s+]]
s

. b
For arbitrary Wo D Wy, (Wo,m’) € yi [[sl+ + tz]] o0 e must show (W, Ef [m']) €

)
ol s+~
=],
/ il = A 1 1 i b))
From (W3, m') € V |[s1 +t2]]6,we know m’ = inj; m” and (W3, m") € £'[t;]5

>
Since &' is irrelevant to back-translation, it suffices to show (W, E* [m']) € ol [[s"’]]

I
By Lemma 5.27 applied to (W1, ET) e it [[ + t2,5+]] , e conclude (Wo, E*) €
ctst + ¢, s+]]

6/

i 3 s+ =
By (W3, Ef) e K [[sir + tg,s+]] it suffices to show (W3, m’) € V [[s1 + tg]]

’

Since (Wa,m’) € VT|[ + tg]] , it suffices to show el [[sﬂ]s == 8T|[ ]] or

6/
£T[[t2]]§ == ST[[tgﬂ?,, which follow from the TH part 2 applied to A F s :: % and
AFty %
i by A1 by
o If (W17m) c& [[S-li_ + tg]] then (Wl,m) cé& [[ST + tg]]
Y s
This direction is exactly symmetric to the previous direction.
Case Jsy.to =si, but As;.t; =s].
This case is symmetric to the previous case.
Case As;.t1= sf and Aspy.to = s;
This case is identical to the non-translation subcases of the previous two cases.
Aokt
AFVa:k.t:*
Case dsVa:k.t =T, st.

>
1. We must show &1 [[Tg s+]]6 € Rell =,

(FK-Abs)

N
Follows by definition of £ [[s"’]] .

2. We must show £ 1 [[Tg sﬂ] =g f I[Tg s*]] , which follows trivially since back-translation
does not rely on &.
Case AsVa:k.t=T, st
1. We must show ST[[Va::n.t]]E € Rell =,
e For arbitrary (W', m) € ST[[Vt::a.]]]f, W, 2 W/, we must show that (W5, m) €
£T[[Vazzl<.:. t]]?7 which follows from Lemma 5.26 (Monotonicity of el [[t]]?), and
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e For arbitrary E* | t, suppose (Zp; B¢, Gi, T, (W) )i, (W))r F EF : §(Vaik. t)=s'T,

and
YW, u W), 2 W) AZp; Bg, Gi, I, (W), (Wh)rFu:t = .3e.3; (Wh)i; (Wa)r -
E*[u]:s't7 e

We must show 3e’.3; (W) )i; (W))r F Ef[m] : s'F1 ¢'.

Instantiating (W, m) € el [Va::k. t]]gJ with W/, D W, it suffices to show (W', E*) €
>

it [[‘v’a::f@. t, s*]] o’ which follows from Lemma 5.29.

2. We must show ST[[Va::n.t]]? == 5T[[‘v’a::n.t]]§,.
o If (W1, m) € €1 [Vouik. t] then (W, m) € ENvaus. 1],
12
For arbitrary (W1, E*) e .l [[Va K.t s+]] o e must show (W1, E* [m]) € ol [[s“‘]]

5"

By (Wy,m) € <S'T[[‘v’04::n.t]}52 and the definition of O HSJFH , it suffices to show
f s 5

(W1, Ef) e K [[Va::&.t,s*]] e

For arbitrary Wy D W1, (Wo, m') € VT[[VQZZH.t]]§7 we must show (Wy, E* [m']) €
1
otls+
& 2
Since &' is irrelevant to back-translation, it suffices to show (W, Ef [m’]) € of HS‘PH o
3 1
By Lemma 5.27 applied to (Wl,E%) e |[‘v’a::n.t,s+]] o e conclude (WZ,E%) €
12
it [[‘v’a::n. t,s‘*‘]] )
6/
>
By (W, E*) € .l [[‘v’a::m.t s+]l . it suffices to show (Wa, m’) € VT[[Va'n t]]?
For arbitrary (t',R) € RelT =it suffices to show el [[t]]6 (s (8, R)] == Al [[t]]é[ar—)(t’ R)|
which follows from the TH part 2 applied to A, :: K F t:: %,
o If (Wy,m) € ST[[V(IZZFL.t]]B &' then (W, m) € 8T[[Va::/{.t]]62.
This direction is exactly symmetric to the previous direction.
Aty x AFtg o *
AFt]— tg

(FK-Arrow)

Case dsj,sp.t; — to = sfr — s;r.
. )
1. We must show &1 [[sf’ — S;]] € Rell =
5

TR
Follows by definition of £ [[s"’]] s

. ) =
2. We must show &1 [[s;r — s;]] =2 £ f |[ — 52]] , which follows trivially since back-
5 s
translation does not rely on 8.
Case sy, sp.t; — to = sfr — sg'.
1. We must show ST[[tl — tg]]? € Rell =,

e For arbitrary (W}, m) € f,'T[tl — tg]]?, W, O W/, we must show that (W5, m) €
é'T[Itl — tﬂ]?, which follows from Lemma 5.26 (Monotonicity of el [[t]]?)7 and

e For arbitrary E* | t, suppose (2p; Za, Gi, I, (W), (Wi)r F EF : 8(t; — t2)=s'T,
and
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E*f[u]:s'"f e
We must show 3e’.3; (W )i; (Wy)r F Ef [m] : 51 ¢’
Instantiating (W', m) € el [t: — to]7 with W) D WY, it suffices to show (W}, E) e

=
K:T [[tl — to, s+]] , which follows from Lemma 5.29.
s

2. We must show 8T[[t1 — tz]]? => ST[[tl — t2]]§'~
o If (Wy,m) € ST[[tl — to] then (Wy,m) € ST[[tl — ta] 5.

" > Pl
For arbitrary (W, E*) € I [[tl — to, s"‘ﬂ o e must show (W1, E*[m]) € © [[s"’]]

6/
>
By (Wy,m) € ST[[tl — tg]]? and the definition of O [[SJ'_]] , it suffices to show
1 i 6
(Wl,E%) e [[tl — t2,5+]:|6 .

For arbitrary Wy D W1, (Wa,m') € VT[[tl — tg]]g, we must show (Wo, E* [m']) €
1
ol [[s+]l .

5
>

Since &’ is irrelevant to back-translation, it suffices to show (Wo, E*[m’]) € of Hsjrﬂ

5
3 s>

By Lemma 5.27 applied to (W1, ET) € K [[tl — t2,5+]] o e conclude (W, ET) e

>
K:T [[tl — tQ,S+H &

>

By (WZ,E%) ext [[tl — t2,5+]] . it suffices to show (Wq, m’) € VT[[tl — tg]]f,.
Since (Wo, m’) € VT[[tl — tg]]?, it suffices to show 8T[[t1]]§ == gf[[tﬂ]?/ and ST[[Q]]? ==
f,'T[[tQ]]?,, which follow from the IH part 2 applied to A F tq:: % and A F to 1 %,

o If (Wy,m) € E1[t; — t2] then (W1, m) € £ [t; + to]~.
This direction is exactly symmetric to the previous direction.
A,k Fti kg

(FK-Fun)
AFAa:kt K1 — Ko

1. We must show (5(7\04::;{.t),7'T Akt ke — Iiz]]?) € Rell =

K1 — K2°

For arbitrary (t;,R1) € Rell 2, we must show

(a) (t[tl/a],’TT [t : Hzﬂ?[ar—)(tl,Rl)]) € Rell > which follows from IH part 1 applied to
A, k1 Ft: ke, and

(b) For arbitrary (t},R}) € Rell 2 Lif (6, Rq) =2, (t}, R}) then 71 [t : K’Z}]?[ar—)(tl,Rl)] =2
TT [t :: mz]]sz[aH(t,l’R,l)}, which follows from IH part 2 applied to A, :: k1 Ft i Ko
2. We must show 71 Aokt = kg — Koy =2 L r ol Aokt k1 — Koo
This follows from IH part 2 applied to A, v :: k1 F t 12 Ko.
ARtk — Ko AFty: ke
FK-A
( pp) A+ tl t2 LR
1. We must show (8(t; tg),TT[[tl ty Ky — K2]y) € Rell =,
By IH part 1 applied to A F t1:: kK1 — k2 we know 7'T [ti: k1 — f@]]? € Rell El s ko By

definition of Rell 2. s ., it suffices to show (8(t2), 7t [to :: nl]]éz) € Rell », which follows
by TH part 1 applied to A F ts i k1.

42



2. We must show 7 [t1 62 :: k1 — Iiz]]? == 71 [t1 62 k1 — mz]]sz,
It suffices to show
(T w1 = malT (8(62), T 6o = w1l D)) ==, (T 615 51— 2l D (8'(62), T b2 2 k1] 5)).
By IH part 2 we know 7'T [ti: k1 — nz]]? EEI s s 7"T [ti: k1 — nﬂ? and
7t [to :: k1 — mz]}? =2 7t [te :: k1 — nz]}?,
By IH part 1 we know TT[[tl R — nﬂ]? € Rell = and TT[[tl TR — K,z]]? €

K1 — K2
Ral®

Instantiating ’7'T [ti: k1 — Fiz]]? EEI s ke TT [t1: k1 — ng]]éz, with 7'T [te :: k1 — h‘q]]?

we know

(T k1 = k2] (85(62), T [to 12 0] 2)) =2, (T [t1 1 k1 — w2l D (8(t2), T to = k1]2)).
Instantiating 71 [ti1: k1 — 112]]? € Rell 2k, With ol [te :: k1 — nz]]? =2 71 [te :: k1 — nz]]?,,
we know

(T ey k1 — Rl D (8(t2), TTts 1 6a]2)) =, (T [tr 1t k1 — w2l D (8 (b2), T [t = 61]5)).

The result follows by Lemma 5.30 (Relation equivalence is transitive).

O
Lemma 5.32 (Back-translation compositionality)
If A,a R2 F tl K2, A+ tQ K2, and R2 = TT[[tg leiz]]?, then TTHt122K1H§[aH(t27R2)] EEI
T e /to] = ma]T.
Theorem 5.33 (Coherence for back-translation relation)
IfAFti:k, Abtok, t1 =1, and 8§ € DT[[A]]E, then TT [ty :: I{]]? == '7'T [to : n]]?.
Lemma 5.34 (Fundamental Property of Back-translation Logical Relation)
If Dy, A; Gy, G2, G, TT, G, T Fm s t then Dy, A; Gy, G2, G, TH, G, TET m : ¢

Proof idea: Proof by induction on the typing derivation Dy, A; Gy, G, G, FQ, G, I' F m : t. Most
cases will have subcases for either 3s.t = st or not.

For brevity, W for (Gy;T”’ ‘P) unless the world requries particular attention.
Proof

Case FT-Unit
We know

(FT-Unit) -
D[7A;Gg,Gj,Gk,r+,F |_ <> . 1

We must show Dy, A; Gy, G, Gy, r+r T ()1
For arbitrary Ff,Fj,&,w,y. such that & € DT[[A]]Z, ((Gk;r;})ﬂ) € gT [[I"ﬂ]j, ((Gk;r;r)’Y) €
g t [[I‘]}?, we must show
(G TH), () € ET[1]7, which follows by FD-Unit.
Case FT-Var

We know .
x:te Gg,Gj,Gk,r+,Gk,F

Dy, A;Gy, G, G, TT Thx:t

We must show Dy, A; Gy, G, Gy, F‘I‘,I‘ T x ot
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A - > -
For arbitrary I'T, T4, 8,7, v. such that & € ’DT[[A]]X, (Gx;T3),7) € gl [[Ff]]é, (Gx;T),v) €
gl [[I‘]}sz7 we must show
5(1(v(x))) € €[5
For brevity, let m’ = §(v(y(x))).
Case x:tel' )
Then we know As.t = s*, and x is in the domain of y. Let y(x) = m. We must show
(GisTE).m) € ETHIT A A
By definition ofgt [[I‘]]? and by assumption that ((Gy;T3),v) € gl [[l"]}?7 we know ((Gy;T3), m) €
Frep=
eE
Case x:t €T
Then we know Js.t = s* and x is in the domain of 7. Let y(x) = m. We must show
s+
(W, m) € € [[s]]é . .
By definition of gl [[I"'f]] and by assumption that (W,v) € gl [[Ff]] , we know (W, m) €
s 5
el [[s:*]] E.
s
Case x:t € Gy

Then we know x =k, t =s™ — (T;s)* and x is not in the domain of y or ~.
- . >
We must show ((Gy;T4), k) € el [[s+ — (T, s)*]] . which follows from FD-K.

Case x:t € Fj
Then we know x : t € F;, and t = s™ and x is not in the domain of y or 7.
. )
(Gy;T3),x) € el [[s“‘]] follows by FD-Var.
5
Case x:t € Gy
Then we know 3¢.t = dy and x is not in the domain of y or 7. We must show (W,x) €
>

ENa]E. .
For arbitrary W/ D W, (W' ,E*) ¢ .l [[dg,s%]] , it suffices to show (W',Ef[x]) e

> s
ol [[s"’]] )

5
There is only one E* in which a x : ¢y can appear: []r. However, the result type cannot
be sT. So, since there is no well-typed context of type (c;)=>sT, the statement V(W’, E%) S
D> I >)
-l [[024, s"‘]] (W', E*[x]) € ol [[s*‘]] holds vacuously. Therefore (W', x) € 5T[[dgﬂ§
5 5

Note the implication here is that x can appear in a term, but never in evaluation position.
It can be, for instance, passed as an argument to a function that never its argument other
than by passing it to another function that behaves similarly. The back-translation reduction
will cause such a term to be discarded. So x exists only as a proof object to allow terms
corresponding to protected source terms to be well-typed.

Case x:t € G
The argument for this case is similar to the previous case. We know x is one of the proof

constructors Py, Py, Py, Pr,, OF D, -
Formally, we know As.t = st and x is not in the domain of 'y or y. We must show (W, x) €

A
; e st B0 s+ ]
For arbitrary W' 2 W, (W', E*) € K [[t,s*]] ,» e must show (W E7[x]) € O [[s*]] .

However, by inspecting the types of x and of each E*, we know no such E* exists.

44



Consider for instance x = p,,. We know:

t = VB ux. Vagux. Vag:x. ((cdx B, ai1) X (d<x B, az)) = (@< B, (a1 X a2))

A term of this type can appear in an evaluation context such as [-]1 [d] [t1] [t2] m’. However,
the result of this evaluation context is not of translation type, and cannot appear in any other
E* in evaluation position. For every possible x : t € G, the same is true of all E* in which
X can appear.

Since there is no E* that results in a translation type, (W', x) € £ f [[t]]? is vacuously true.

Case FT-Pair
We know

Dy, A;Gp, G2, G, T, TFmy ity Dy, A;Gy, G, Gy, TH T Fmy : ty
Dy, A; Gy, G<, Gy, TH T F (my,my) : t; X t

We must show Dy, A; Gy, G<, Gy, TH T ET (my my) ¢ X to.
A )
For arbitrary 7, T4, 8,v,v. such that & € ’DT[[A]]E, (W,7) e QT [[Fﬂ] . (W,vy) e QT[[I"]}E7 we
must show
(W, 8(+(v((m1,m2))))) € E1[t2 x &[5
For brevity, let m(, = (y(y(ms))), and m = (y(y(ms))).

Case Jsi,s0.t; X to =s X si

R A
We must show (W, (m,m5)) € el [[sf X s;]] .
By the IH applied to Dy, A; Gy, G<, Gy, TT, T F my : t, and Dy, A; Gy, G<, Gy, TH T F
ms : to, we know:
T L2 T i >
(W,m}) €€ [[sf]] ) and (W, mj) € £ [[52 H E

>
By FD-Pair, we know (W, (m},m})) € el [[ST X S;H .
s
Case ds;.t; = sf, but Asy.ty = s;

=
We must show (W, (m},m5)) € el [[sf X tg]] )

) >
For arbitrary W' O W, (W', E*) € .l [[SIr X t2,5+]] ,» We must show (W', E* [(m, ,m})]) €
of HS;HE'

&

. > - b
By the definition of .l [[sl+ X to, s*]] . it suffices to show (W', (m;,m5)) € vl [[Sf X tg]] .
b P>

By the definition of i I[si" X tg]] . it suffices to show (W', m}) € el [[sf]] . and (W', m)) €

£1[t,])Z, which follow by the IH applied to Sp; B¢, Gy, I - m; : t; and Lemma 5.26.
Case dJsy.ty = sj, but As;.t; = sfr.
The proof is analogous to the previous case.
Case As;.t;= sf’ and Asy.to = s;
The proof is analogous to the two previous cases. We repeat it since both types are non-
translation types and it is not obviously symmetric.

We must show (W, (m,m5)) € ST[[tl % tQ]]?
=
For arbitrary W' 2 W, (W/7E7F) € it [[tl X t2,s+]] . it suffices to show (W’,E%[(m’l,mg)]) c
1=
ol HSJF]] )

&
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1
By definition of it |[t1 X ta, s+]l 5 it suffices to show (W', (m/ m})) € VT[[tl X tg]}?.
By definition of VT[[tl X tg]}sz it suffices to show (W', m!) € ET[[ti]]?, which follows by the
IH applied to ¥p; g, Gk, '™ - m; : t; and Lemma 5.26.

Case FT-Prj

We know .
Dg,A;Gg,Gj,Gk, F*,I‘ Fm:t; X ty

Dy, A; Gy, G<, Gy, TT, T F prj;m : t;

We must show D¢, A; Gy, G<, Gy, F‘W‘,I‘ T prj;m:t;.

For arbitrary Fi Fj, 8,7,7v. such that & € ’DT[[A]]E, (W,7) e QT [[Fﬂ]% (W,vy) € QT[[I"]}?7 we
must show °

(W, 8(7(v(prj; m)))) € ET[e]5

For brevity, let m’ = §(y(y(m))).

We consider only the case when i = 1 and t; = t;, as the other case follows symmetrically.

Case Jsi,s0.t; X to =s X sj

>
We must show (W, prj; m’) € el [[sf]] .

.
By FD-Subterm and FD-Prj, it suffices to show (W, m’) € et Hs;r X s;]] o which follows by
the IH applied to Dy, A; Gy, G<, Gy, F'ﬂl" Fm:t; X to.
Case ds;.t; = sf, but Asy.ty = sj.

1
We must show (W, prj, m’) € el [[sf]] .
b

By the IH applied to Dy, A; G¢, G<, Gy, M TFm:t; X ts, we know (W,m') € el [[sf X tg]]
- 5

= p)

By definition of el [[ST X tg]] , it suffices to show (W, prj, []T) € i [[sf X to, 6]] .
s 5
=

For arbitrary W' 2 W, (W', (m),m})) € yi [[sf X tz]l 5 it suffices to show (W', prj, (m},m))) €

D>
ol HSJF]] :

5

Note that prj, (m},m},) = E*[u].

By FD-Val and the definition of £ f |[sjr

= 1
5 it suffices to show (W', m}) € el [[sﬂ] 5 which
- b
follows by assumption that (W', (m},m})) € yi [[Sl+ X tg]] .
Case dsy.ty = sj, but As;.t; = sf.
We must show (W, prj; m') € 8T[[t1]]§2.
1
For arbitrary W; 2 W, (Wl,E%) € it [[tl, s+]] , we must show (Wl,E%[prjl m']) €
) ®
of [[s*]] :
5 ~
By the IH applied to Dy, A; Gy, G<, G, TT, ' F m : t; X to, we know (Wy,m’) €
1
ST [[tl X S;_]l .
® 1 b
By (Wi, m’) € el |[t1 X s;]] . to show (W, E* [prj, m']) € ol [[s+]] . it suffices to show

(W, B [pri; [Jr)) € KT o x of 5]
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Note that prj; [-]T : (t; X sgr):>t1, so E*[prj, []1] = E7.
s>
For arbitrary Wo O W1, (Wo, (m m})) € yi [[tl X sg]] , we must show (W, EF [prj, (m/, .m5)]) €
) ®
ol [[s*]] :
s
Note that Ef [prj, (m} m})] = Ef [u], so by FD-Val, it suffices to show (W, E*[m}]) €
et [{s;]] E.
® =
From (W3, (m},mb)) € yi [[tl X s;]] we know (Wq,mj) € ST[[tl]]? Instantiating the
8

>
latter with E*, we conclude (W, E* [m}]) € of [[s*]] .

Case As;.t1= sf‘ and Asy.to = sj‘.

This case is analogous to the previous case. Note in the previous case, the fact that to = s

+

had no effect, since the type of the pair t; X s and the type of the projection t; are not

translation types.

Case FT-Sum
We know .
DZ7 A; Ge, Gj, Gk, F+,1" Fm: ti
Dy, A; Gy, G<, G, TT T Finj, m: 6 + ty
- T rE frar® ™ trop®
For arbitrary I'7,T'5, 8,7, V. such that 6 € D' [A]™, (W,v) € g [[Fl ]] . (W,v) e G'[I']5, we
must show

(W, 8(3(y(inj; m)))) € £1[t1 + ta3
For brevity, let m’ = §(y(y(m))).
Case dsj,sp.t1 4+ to = sf + s;r.

. >
We must show (W, inj; m’) € et [[ST + sﬂ]

.
>
By FD-Sum, it suffices to show (W, m’) € et [[sj‘]] . which follows by the IH applied to
Dy, A; Gy, G<, Gy, TH T HFm: t.
Case Js;.t; = s1, but Asy.to = so.
. by
We must show (W, inj; m’) € et [[sl+ + tg]] s
For arbitrary W' 2 W, (W', E*) € it [{sf + tg,sj“]] , we must show (W', E* [inj; m']) €
5!
ol [[s*]] .
® by
By (W, E*) e .l [[SIr + tg,si‘]] . it suffices to show (W', inj; m’) € yi [[sl+ + tg]]
. p>
By definition of yi [[ST + tg]] , it suffices to show (W', m’) € el [[t,;]]?, which follows by IH
6 ~
applied to Dy, A; Gy, G<, Gy, TH,I'F m : t; and Lemma 5.26.
Case Jsp.to = sy, but Asy.t; = s1.
This case is exactly identical to the previous case. Note that in the previous case, we never
use the fact that t; may be a translation type.

>
8

>
S

Case As;.t;=s1, and Asy.to = so.
This case is exactly identical to the previous two cases. Note that in the previous cases, we
never use the fact that t; may be a translation type.
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Case FT-Case
We know

DeaA;Gé7Gj7Gka F'V',I‘ Fm: ty + to
Dg, A; Gg, Gj, Gk, r+,X1 . tl,I‘ F mj:t Dg, A; Gg,Gj,Gk, r+,X2 . tQ,I‘ F ms:t

Dy, A; Gy, G<, Gy, T, T+ casemof inj; x;.my |inj, xo. my : t

We must show Dy, A; Gy, Gz, Gy, F'ﬂl" T casemof inj; x1.m1 |inj, X3. mo : t
R >
For arbitrary '}, T3, 8,7, v. such that & € pl [A]Z, (W,~) € gl [[Ff]] ,
5

(W,vy) € QT[[I‘]]?, we must show
(W, 8(v(y(casemof inj; x1.m; |inj, x2. m2)))) € ST[[t]]?-
For brevity, m’ = 8(7(y(m))), mj = 8(+(y(m1))), and mj = §(y(y(m2))).
Case Js.t =s+
Case 3s,s5.t; + to =sf + sT
We must show (W, case m’ of inj; x1.m] |inj, xa. x5) € el [[S‘PH
By the IH applied to Dy, A; Gy, G<, Gy, T, T F m : t; + ty, we know (W, m’) €
- >
el [[sf + s;]] E
Let W = (G TS, x : s7).

>
By Lemma 5.28 (Monotonicity of gl [[I‘]]?), we know (W', v) € gt [[Ff]] . and (W',y) €
=
M. o
By the IH applied to Dy, A; Gy, G2, Gy, T, x s/, T F my : t, we know (W',m}) €
e s+ 2.
" 1s -
By the IH applied to Dy, A; Gy, G2, Gy, T, x s, T - ma : t, we know (W', m}) €
el st )
- Is
By FD- z:ubterm and FD-Case, we conclude (W, casem’ of inj; x;.mj |inj, x2. mb) €
eMsH]
5

Case Elsf.tl = sf‘, but ﬁsj.tg = sg'.
We must show (W, case m’ of inj; x1.m] |inj, x5. x5) € et [[S‘PH
) s
By the IH applied to Dy, A; Gy, G<, Gy, TT, T - m : t; + t, we know (W, m’) €
- =
At o]
. =
By (W, m’) € el [[sir + tg]] , it suffices to show (W, case [-]r of inj; x1.m] |inj, x5. m}) €
s
il +]*
IC [[s1 + to,s ]]5
Note that case [/|T of inj; x1.m) |inj, x2. m} : sf + to=st is an ET.
5 p)
For arbitrary W' O W, (W' inj; m") € i [[sf + tg]] , we must show
5
>
(W', caseinj; m” of inj; x;.m] |inj, x2. mb) € ol [[s“‘]] .
8
> >
By FD-Val and definition of el [[s*’]] , it suffices to show (W', m/[m” /x;]) € el I[s+]l
5 5
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Case i=1 . .
From (W', inj; m"”) € yi [[sf + tz]] we know (W', m") € gl [[sﬂ]
) s
By the TH applied to Dg,A GZ,G<,Gk, r+ , X1 sf,l‘ Fm; :sT, we know
Dy, A; Gy, G<, G, TH xq 157, T El my : %,
Recall that W' O W. By Lemma 5.28 (Monotonicity of gl [T]2), we know (W', ) €
> 5
gtri] ana (W',v) e oML}
We instantiate Dy, A; Gy, G=, Gy, T+, x5 057, T FT my : st. with 5 € DI[A]®
. >
(W', [x1 — m"]) e ¢ [[F'f,xl : sﬂ] L (Woy)e G1[r] and conclude:
>
(W', 8(7 [x1 = m”] (v(ma))) € €1 [s+]
b>
Note that this is the same as (W', m}[m” /x;]) € el [[s"’]] .
Case i =2
From (W', inj; m”) € VT[[ + tz]] we know (W', m") € €T[[t2]]§.
By the IH applied to Dy, A; Gy, G<, Gy, F‘P,I‘,Xz it Fmy 54‘, we know
Dy, A; Gy, G2, G, TF T x5t 6o F1 my s
1S
We instantiate this with & € D1 [A]Z, (W',4) € gl [[Fﬂ] 5
(W' v [x2 =~ m"]) € gT[[F,Xz : tg]]? and conclude:
>
(W', 8(+(y [x2 = m"] (ma)))) € £1 [s+]
>
Note that this is exactly (W', m5[m” /xz]) € el [[SJ'_]] .
Case E'Sj.tg = s;r, but /Hsf.tl = sf.

The proof of this case is symmetric to the previous case. The primary difference is the

cases for i= 1 and 1= 2 are switched.

+
Case /Hs1 ,s5.t1=s] or ty =sj

This case is analogous to the previous cases. We repeat it since both types are non-
translation types and it is not obviously symmetric.

We must show (W, case m’ of inj; x;.m] |inj, x3. mj) € el [[s%]]
5

By the IH applied to DZ,A;GZ,Gj,Gk,FJ},F Fm:t + ty, we know (W, m’) €
ENty + ] %,
By (W, m’) € ST[[tl + tg]]?, it suffices to show (W, case []T of inj; x1.m] |inj, x3. m}) €
it [[tl + tQ,sﬂ]j
For arbitrary W' D W, (W', inj; m") € VT[[tl + t5]7, we must show
(W', caseinj; m” of inj; x;.m] |inj, x2. m}) € ot [[sﬂ]j
By FD-Val and the definition of el |[sjr]] j, it suffices to show (W', m{[m” /x;]) € el [[S%]] j
Recall W' O W, so by Lemma 5.26 (Monotonicity of £ T[[t}]?), and the TH applied to
Dy, A; Gy, G, G, I, 0,x 0t Fm; : t, we know (W', v [xi = m”] (m})) € et [[s;]]j
Note that this is exactly (W', m![m" /x;]) € el [[sjr]]?

Case As.t = st
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We must show (W, case m’ of inj; x;.m] |inj, x5. m}) € £T[[t]]§.
1
For arbitrary W1 D W, (W, E%) € it [[t,s*‘]] o we must show
>
(W1, E* [case m’ of inj;, x1.m) |inj, x5. m}]) € of [[s"’ﬂ
s
Case dsy,s1.t; + to = sf + sj
Note that in this case E*[case []1 of inj, x1.m] |inj, x5. mj] # Ef, since
case []r of inj, x;.m) |inj, x5. m) : s + s§=t. Therefore FD-Val cannot apply.
By FD-Stuck, it suffices to show (W, casem’of inj, x;. E¥ [m}]|inj, xo. E¥[m}]) €
S
el [[s*’]] . (We ignore alpha-renaming w.l.0.g.)
By the IH applied to Dg,A;Gg,Gj,Gk,FQ,I‘ Fm:t; + to, we know (Wy,m') €
) !
et [[sf + s;]] .
Let Wy = (W1, x5 : t;)
>
By Lemma 5.28 (Monotonicity of gl [[I‘]]?), we know (Ws,7) € gl [[F‘f]l s and (Wa,v) €
gryy. A
By the IH applied to Dy, A; Gy, G, Gy, T, T, x; @ t; = my ¢ t, we know (Wy,m!) €
ety

> >
By Lemma 5.27 (Monotonicity of it [[t, s+]l ), we know (Wy, EF) € it [[t, s+]]
5

5
Instantiating (W2, m!) € 8T[[t]]§ with (W, E*), we know (Wo, E*[m]]) € el [[S;]] s

By FD-Subterm and FD-Case, (W1, casem’ of inj, x;.E*[m}]|inj, xo. Ef[m}]) €

et [[sjr]] 2.

~ 6 ~ ~ ~

Case 3s/.t; =s], but Asi .ty =s].

>

We must show (W1, E [case m’ of inj, x;.m) |inj, x5. mp)]) € el [[54‘]]?

By the IH applied to Dg,A;Gg,Gj,Gk,F'},I‘ Fm':t + to, we know (W1, m’) €
K

By (Wqy,m') € el [[ST + tgﬂ j, it suffices to show (W1, E [case []1 of inj; x1.m) | inj, x5. mj]) €
l [[ST + tQ,S—;]]Z.

Note that E*[casg [T of inj, x1.m) | inj, xz. mj] = E¥ since case []1 of inj; x;.m) |inj, x3. m) :
sT + ta=t.

For arbitrary Wo 2 Wy, (Wy,inj; m”) € i [[sl+ + tz]] j, we must show

(W3, E* [case inj; m” of inj; x1.m) |inj, x2. mj]) € el [[S‘V‘]] .

By FD-Val, it suffices to show (Wy, E* [m)[m” /x;]]) € el [[sjr]l j.
Case i=1
Note that (Wz,m") € et [[sﬂ]? and t = sf‘.
By the IH applied to Dy, A; G4, G<, Gy, I"‘P,xl : sfr,l" Fm, :t, we know
Dy, A; Gy, G2, G, TF x1 57, TE my : t.
Recall that Wy O W. So by Lemma 5.28 (Monotonicity of QT[[I‘]]E), we know
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(W2.v) € GIIZ, (Wan b o )y € 61 [rf ]

We instantiate Dy, A; Gy, G=, G, T, %1 157, T El my : t. with 6 € DI[A]%,
(Way) € GTEIZ, (Waoy bra oo ) € 6F [ o]

Therefore we know (Wa,7[x1 — m”](m])) € 8T[[t]]§. Note that this is exactly
(Wa,mj /1)) € £T]5.

Instantiating (Wz, m}[m” /x4]) € el [t]Y with E* | we conclude (W, B* [m [m” /x4]]) €

et [[s:*]]j.
Case i =2

Note that (Ws, m”) € ST[[tg]]?
By the IH applied to Dy, A; Gy, G<, Gy, [T, T, x5 : to - my : t, we know ¥p; B, Gy, I, %2
t2 ':T mso : t.
We instantiate this with 5 € D1 [A]Z, (Wa, v [x2 = m"]) € G [[, x5 : t2]Z, (Wa,7) €
)
gtri] "
5
Therefore we know (Wa, v [x2 — m”](m})) € 8T[[t]]§. Note that this is exactly
(W, mj[m"/x2]) € ET 7.
Instantiating (Wo, m5[m” /x5]) € el [[t]]? with E* | we conclude (W, E* [m),[m” /x5]]) €
e1[+]”
s
Case Jsj .ty =sj, but Asf.t; =s].
The proof of this case is symmetric to the previous case. The primary difference is the
cases for i =1 and i = 2 are switched.
Case Asf,si.t;=s] orty=s7
This case is analogous to the previous cases. We repeat it since both types are non-
translation types and it is not obviously symmetric.

>

We must show (W1, E* [case m’ of inj, x1.m) |inj, x5. mj)]) € et [[s*]] :
5
By the IH applied to D, A; Gy, G<, Gy, TH,I' F m : t; + to, we know (W, m’) €
ENty + 2]
By (W1,m’) € ST[[tl + tﬂ]?, it suffices to show (W, E¥ [case []1 of inj, x1.m) |inj, x5. mb]) €
el [[sjr]]z.
5

For arbitrary Wy D Wy, (Wo,inj; m”) € VT[[tl + tﬂ]?, we must show

>
(W3, E* [case inj; m” of inj; x1.m) |inj, x2. mj]) € gl [[s“‘]] .

=
By FD-Val, it suffices to show (W, E¥ [m;[m” /x;]]) € el [[s*]l .
By the IH applied to D¢, A; Gy, G<, G, Fjr,xi 2t;, I'F mj : t, we know (Wa, v [x; — m”] (m!)) €
el [[tﬂsz. Note that this is exactly (Ws, m{[m" /x;]) € ST[[t]]?.
Instantiating (Wo, m{[m" /x;]) € el [[t]]? with E*, we conclude (W, Ef [m![m" /x;]]) €
1
et|sH]”.
1.
Case FT-Fun
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Dg,A;Gz,Gj,GkJ‘—P,XZtl,F'—m:tg Dg7A|—t1::*
Dy, A; Gy, G2, G, TT, T F Axctim s t — 6y

We must show Dy, A; Gy, G<, Gy, TH T ET Axitym : £ — .
For arbitrary Ff, Fj, 8,7,7v. such that & € ’DT[A]]E, (W,~) € QT [[rﬂ]j, (W,vy) € QT[[F]}?, we
must show
(W, 8(v(y(Ax:tim)))) € ETt1 — 5]
For brevity, let m’ = §(y(y(m))), and t} = &(t;).
Case ds;.t; = sy, and dsy.to = sp
We must show (W, Ax:tj.m’) € et [[sf' — sﬂ]j

By the IH applied to Dy, A; Gy, G<, G, F'P,X ct, I'Fm : ty we know: (W, x: s{t),m) €
s
sT[[ +]] .
s2 )
By FD-Fun, we know (W, Ax:t}.m’) € el [[sl+ — sﬂ] .
Case Js;.t; = s1, but Asy.to =)

- b
We must show (W, Ax:t\.m’) € el [[sf — tg]] s

. )
For arbitrary W1 2 W, (W, E%) € ICT [[sl+ — tg,s+]l , we must show (W, E*[?\x:t’l.m’]) €
5

ol [+]" E

- > -
By the definition of k1 I[s;r — to, s"‘]] . it suffices to show (W, Ax:t}.m’) € yi [[sf — t2:|:| .
5 b
By the definition of VT [[sf — tgﬂ o’ it suffices to show, for arbitrary W, D Wy, (W2, m4) €
>
et [[sﬂ] i that (Wa, m’'[x/m]) € el [[tﬂ]?, which follows by the IH applied to

R . . )
Dy, A; Gy, G, G, T x :sf, T Fm: to, with (Wa,y[x = my]) € QT |[IT7X : s+]] .
Case Jsp.to = sy, but As;.t;=s1
)
We must show (W, Ax:ti.m’) € el [[tl — sﬂ] .
5

>
For arbitrary Wy, O W, (W, E*) € il [[tl — sj,s*‘]] oo e must show (W1, E7 [Ax:t/.m’]) €
of Hsjr]] E.
5

- 3 S Rl 3 11

By the definition of IC [[tl — sq, s+]] . it suffices to show (W, Ax:t|.m’) € V [[tl — S5 ]] .
>
By the definition of VT [[tl — s;]] 5’ it suffices to show, for arbitrary Wy D Wy, (W3, m4) €
1S

£T[t], that (W, m'[x/m,]) € £1 [[sﬂ] _ » which follows by the [H applied to

Dy, A; Gy, G, Gy, TH T x 157 Fm s t, with (Wa, y [x = my]) € T[T, x : t] %,
Case As;.ty=s;1, and Asy.to =s)
This case is exactly analogous to the previous cases.

Case FT-App

Dy, A;Gp, G2, G, T T Fmy ity — t, Dy, A; Gy, G<, Gy, TH, T Fmy : £
Dfﬁ A7 G€7 Gj7 Gka r—i_)]-‘ F m; my : to
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We must show D¢, A; Gy, G<, Gy, F‘V‘,I‘ T mip ms : to.
For arbitrary Ff, Fj, 8,7,7v. such that & € ’DT[[A]]E, (W,~) € QT [[Fﬂ] , (W,vy) € QT[[I‘HE, we

must show
(W, 8(y(y(m; m2)))) € £ [t2]%.
For brevity, let m = 8(y(y(my))), and m}, = 8(y(y(m2))).

b
5

Case ds,.ty = s;

Case ds;.t; = sf‘.
‘We must show

T ~ 2
(W, m), m)) € € [[s;]] R
- s>
By FD-Subterm and FD-App, it suffices to show (W, m)) € et [[sf — s;]] and (W, mj}) €
5

L .
et [[sﬂ] _+ which follow by the IH applied to Dy, A; Gy, G, Gie, I, T - my < 61— o
and Dy, A; Gg, G<, Gy, TH, T Fmy : t
Case As;.t;= sf.
We must show .
(W, m), mj) € &1 [[s;]]é
By the IH applied to Dy, A; Gy, G<, Gy, TF,T' F my : t; — s, we know (W, m}) €
2
ST [[tl — S;]]
T X T o L
By definition of &€ I[tl — s;r]l 5 it suffices to show (W, [-]r m}) € K [[tl — 57, s+]] S

) b
For arbitrary W' D W, (W', Ax:t).m) € yi [[sf — tg]] , it suffices to show (W', (Ax:t).m)m),) €

5
i S
(@) [[s ]]5'
Note that (Ax:t}.m) m) = E[u].

By the IH applied to Dy, A; Gy, G, Gy, T+, T my : t1, we know (W, m}) € £1[t,]%.
! >
By FD-Val and the definition of el |[s+]] . it suffices to show (W', m[m}/x]) € el [[s;]] .

5

P
which follows by instantiating (W', Ax:t].m) € VI [¢, — sf]  with (W/,m}) € e

Case Asy.to = s;r
‘We must show -
(W, m}, mj) € £T[t] %

. >
For arbitrary W; D W, (W, E*) ¢ .l [[tg,er]] , it suffice to show (W, E¥ [m} m}]) €
) ®
ol [[s*]] :
s R ~
By the TH applied to Dy, A; Gy, G<, Gy, TT, T = my @ t; — sf, we know (W, m}) €
13
ST [[tl — S;]] .
s P> R b
By definition of el I[tl — s;]] . it suffices to show (W1, E* [[]r mj]) € al [[tl — sJ,s*]] .
. =
For arbitrary Wo 2 W, (W, Ax:t).m) € yi [[sl+ — tg]] . it suffices to show (W, EX [(Ax:t}.m)m})]) €

>

ofs+] .
T

Note that E*[(Ax:t}.m) mj] = Ef [u].
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By the IH applied to Dy, A; Gy, G<, Gy, T+, T my : t1, we know (W, mj) € €1 [t]>.

By FD-Val and the definition ot &1 [[S‘V‘]] j, it suffices to show (W, E¥ [m[m), /x]]) € ol |[s‘i‘]] j.

By Lemma 5.27 applied to (W1, E%) S it [[tg, S;H j, we conclude (W, E%) € it Htg, 54‘]]?
By (W2, E*) € .l [[tg,sjr]]j, it suffices to show (Wy, m[m5/x]) € STﬂtQ]]f, which follows
by instantiating (Wz, Ax:t}.m) € yi [[tl — sﬂ]j with (Wa, mj) € gT[[tI]]?

Case FT-Abs

Dy, ik, A; Gy, G<, G, TH T Em: t
Dy, A; Gy, G, G, TH T F Aaikm : Vaiik. t

We must show D¢, A; Gy, G<, Gy, F*,I‘ El Aacikm : Vauis. t
S >
For arbitrary '}, T3, 8,7, v. such that & € ’DT[[A]]E, (W,~) € QT [[Fﬂ] . (W,vy) e QT[[I‘]E7 we
must show
(W, 8(y(y(Acuik.m)))) € €7 [Vouk. t]Z.
For brevity, let m’ = 8(y(y(m))).
Case dTysVa:k.t = (T s)‘V‘.
>
We must show (W, Aa::k.m) € el [[(Tg s)+]] .
By FD-Return, it suffices to show (Wi, k : s7 — (Tys) ™ Wr), m/[(Te s) T /o] (pf [¢ < Ty s] k) €
T o+ >
etms) ]]éh
Let m'[(T;s)™/a] = m”.
Lo >
Let &' = & {a = (Tys)t, € [[(Te s)+]]5 )].
By the IH applied to Dy, v :: %, A; Gy, G<, Gy, TH T Fm: (o= dy ) X (st — a)) — a,
- b
we conclude (W, m") € el H((o[j a; a) X (st = a)) > a]]é 8.
By Lemma 5.26 (Monotonicity of el [[t]]?), we know
- - . =
(Wi k:st — (T;s)F; Wr),m”) e & |[((ozj G a) x (st = a) = a]]é 5.
Therefore, it suffices to show
- - . ) b
(Wi, k : st — (Tos)F; W), [Je(pE[¢ < Ty s] k) e i1 [[((ozj Gy a) X (st = ) = a, 5']]5
For arbitrary Wy D (W, k : s — (T;s)™: W),
- b
(Wi, Ax:(...)my) € V] [[((o;j Ge a) x (st = a) — a]]é &
show (W1, (Ax:(...)my) (pf[¢ < Ty s] k)) € £T[a] 8.
By definition of € f [[a]]?, it suffices to show
. >
(W1, (Ax:(...)my) (pE[¢ < Tes] k) e €T [[(Tg s)+]]6

. >
By FD-Val, it suffices to show (W, mq[(pf [¢ < T, 5] .k)/x]) € el [[(Tg s)*]] .
5

- =
From (W1, Ax:(...).m) € yi [[((ofj a; a) X (st — a)) — a]] s &' and definition ofﬁ'T[[a]]?,
it suffices to show .

(W, (pE[¢ < Tes] k) e €1 H(ag Gy a) x (st — a)]]6 5.
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- b
For arbitrary Wy D Wy, (W5, EF) € el [[(0[5 dy a) X (st = a), 6/]] o0 e must show
~ =
(W2, E¥[(pf [¢ < Tes) K)]) e 0T [8'] . i
By assumption that (Wo, E*) e -l [[(025 dy a) x (st — a),é/]]é, it suffices to show

(W, (I;f [ < T;s] k) € vT [[(o[j ap; a) X (54 — a)]]? s

The proof that (Wa,k) € el I[s‘i‘ — a]]? &' is similar to the the FT-Var case for x :

st — (Tys)*. A )

Recall that the type of pf [¢ < T;s] is (o’ i (Tys)T), which cannot appear in evaluation

position. Therefore, (Wo, pf [¢ < T;s]) € ST[[(dj ay oz)]]? &' is vacuously true.

Therefore, (Wo, (pf [¢ < T;s] k) € yi [[(o[j dp a) x (st — a)]]? &', completing this

case of the proof.

Case ATysVa:k.t=T,sT.

We must show (W, Aa::k.m’) € ET[[Va::n.tﬂf.

For arbitrary Wy, D W, (W, E*) € i [[‘v’a::n.t,sjr]] ?, we must show (W1, Ef[Aa::k.m’]) €
>

ol [[s*]] .

By definition of (Wq,E*) e -l |[‘v’a::r<a.t,s:*]]j, it suffices to show (Wq, Aa:k.m’) €

VT[[Va::k;.t]]?.

To show (Wi, Aa::k.m’) € VT[[Va::n.t]]?, it suffices to show, for arbitrary Wy O Wy,

(t, R) € Rell Z (Wa,m'[ti/a]) € el [[t[tl/a]]]? 8 |a — (t',R)], which follows by IH applied

to Dy, it k, A; Gy, G, Gy, TT, T Fm’ : t.
Case FT-Inst We know

Dy, A;Gy,G<, G, T, TFm:Vaik.t; DyAFtyok
Dy, A; Gy, G, Gy, TH, T F m[ty] : t]ta/al]

S 1
For arbitrary ', T3, 8,v,v. such that & € ’DT[[A]]E, (W,~) € gl [[Fﬂ] . (W,v) € gﬂ[r]}?, we
must show

(W, 8(v(v(m [ta])))) € €T [talt2/a]E.
For brevity, let m’ = §(y(y(m))).

Case Js.ty[ty/a] =sT.
>
We must show (W, m [t2]) € el [[s*]] .
Note then that As.Va::k.t = (Tys)*.
By the IH applied to Dy, A; Gy, G<, Gy, T+, T F m : Vauik. t, we know (W, m’) € £ [Vouk. t] .
>
By (W,m’) € é'T[[‘v’a::n. t]]?, it suffices to show (W, [-]1 [t2]) € l I[‘v’a::n. t,s*]] .
For arbitrary W' 2 W, (W', Aa::k.m”) € yi [Vou:k. t]]?, we must show (W', (Aa::k.m”) [to]) €
ol [[sj“]] E.
s
Note that []r[ta] = E*. Therefore, by FD-Val, it suffices to show (W', m’[ty/a]) €

et H&r.

8
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By Lemma 5.31 (back-translation type interpretation is well-formed) applied to A F to :: K
we know (‘52,’7'T [te :: k1 — fez]]?) € Rell z

Instantiating (W', Ac::k.m”’) € VTHVC\{::K,. t]}? with (to, ol [te :: k1 — l@g]]?), we conclude
(W', m"[tz/a]) € ET[t] =6 [a — (ta, T [t2 = 6] F)].

1
By Lemma 5.32 (Compositionality), we conclude (W', m”[t,/a]) € el |[s+]] .

Case Bs.tifty/a] =sT.
We must show (W, m’ [t2]) € &1 [ta[t>/]] .

1=
For arbitrary W; D W, (W, E*) ¢ .l [[t,s*]lé, we must show (Wq, E7[m’[t5]]) €
)

of[s+] .

1.
Case Fs.Va:x.t;= (T;s)™.

Then E* must equal []pm” where $p; B, Gy, TT Fm” : (< @y (Tis)T) x (st — (Tys)™).

1=

By FD-Bind, it suffices to show (W1, m’) € ol I[s+]] 5 which follows by IH applied to

=

Dy, A; Gy, G<, Gy, T+, T F m : Yok, ty, and (W4, prj, mp,) € OF [[sﬂ] .

> - - .
By (W,,E*) € it [[t,s“‘]] . it suffices to show (W1, Ax:(ai<x @y (Tes)™) X (sT — (Tys)™).prj,x) €
O] )
For arbitrary Wy D Wi, (W2, my) € ef[[(ag G (Tos)h) x (s7 = (T, 5)4)]]5, we
) >
must show (Wa, prj, my) € el [[s+ — (T, s)*]] e

- o
It suffices to show (Wa, prj, []T) € el |[s+ — (T, s)"‘,s"’]‘ .
>

For arbitrary W' D Wa, (W', ms) € V! |[(ofj Gr (Tos)h) x (st = (T, s)*)]]é, we

>
must show (W', prj, ms) € (’)T [[s*]l 5 which follows from FD-Val and assumption that
. . >
(Wma) e V(e @ (Te9)") x (57— (Ts)H)]
Case AsNoux.t,=(T;s)".
Note that B[] [t2]] = Ef.
By the IH applied to Dy, A; Gy, G<, Gy, [T, T F m : Va:k. ty, we know (W, m’) €
ST[[Va::Fa.tﬂ]?.
>
Therefore, it suffices to show (W, E* [[]r [t2]]) € Kt [[Va::m.t],s"’]] .

For arbitrary W' O W, (W', Aa::k.m”’) € VT[[V(XZZI{.tQ]]?, we must show (W', E¥[(Aa::k.m”) [to]]) €
!
ol [[s+]] :

s
>
By FD-Val, it suffices to show (W', E* [m"[t,/a]]) € ol [[SJF]] s’ which follows by (W', Aa::k.m”’) €

yi [Va::k. tl]])sj, Lemma 5.32 (back-translation compositionality), and Lemma 5.31 (back-
translation type interpretation is well-formed) applied to A F ts :: k.

Case FT-Eqv
We know
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Dy, A;Gy, G, G, TT, TFm:ty  ti=t, Dy Akty:x*
Dy, A; Gy, G2, G, TT T Fm : to

L !
For arbitrary I'f, T3, 8,7, v. such that & € ’DT[[A]]Z, (W,v) € gT [[Fﬂ] . (W,vy) € QT[[I"]K:7 we
must show

(W, 5(+(y(m)))) € £T el
For brevity, let m’ = §(y(y(m))).

We must show (W, m’) € 5T[[t2]]?.
By TH applied to Dy, A; Gy, G, Gy, T+, T m : t1, we know (W, m') € £1[t,]>.
By Theorem 5.33 (Coherence for back-translation relation), we conclude (W, m’) € £ 1 [[tg]]?.

O
Theorem 5.35 (Back-translation exists)
IFYp:Yc, G, Tt Fm:st then Je. ;G THFm:stie.
Proof
Follows from Lemma 5.34 O

Lemma 5.36 (Back-translation preserves semantics (generalized))
Let 8 ={oy = dy | L€ L} U{azm d}, vy = {k: st (Tes)t =l [ kst — (Trs)t e Gyl
If$p;3q, G, TP Fm:st and $p; B, G, TTFm:stf e then T | Ske~ vy, (m):s|s

Proof

By induction on the structure of ¥p; ¥ q, Gy, MEm: S*A‘T e.

Case (FD-Unit) ;G; T F () : 17 ()
For arbitrary ¢, (v,v) € GF [T, must show ((), () € E[1]5.
Since () and () are values, it suffices to show ((), ()) € V?[[l}]?7 which follows by definition.
(x:s )E r+
(FD-Var)
Case 3 Gy; M Ex: S+T X
For arbitrary ¢, (v,v) € gz'[[r]]?, must show (v(x),v(x)) € 82‘ ﬂsﬂ?, which follows immediately
from (v, )€g< [[I"]]5
k: T eG
o) (" > () € G
Case E;Gk;FJrFk:s —)TgS+T AX:S. 1, X
For arbitrary ¢, (v,v) € gg [[F]]?, must show (Ax:s.7,x, ni’s) € 82’ [s— Te s]]?.

It suffices to show (Ax:s.n,x, nf;’s) € Vzr [s— T s]]?.

For arbitrary (¢/,m’) € 52“ [[s]]?, we must show (1, ¢/, AB:x Ax:((a< ay B) x (st — 3)).((prj,x) m’

=
52_[[1—@ SH{S .
It suffices to show (, €/, AB:x Ax:((a<x oy B) X (st — B)).(prj, x) m’)) € Vzr[[Tg s]]?.
Let p = [[Eﬂ]?
By Vzr[[Tg s]]?, it suffices to show Im”.Xp; X, Gy, '™ Fm” : s7) such that
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o (A:((ax v (FTus)) x s — (FTus)).((priy x) m)) (pf [¢ < Tos] %), m° m") €
b
EN(Tes)*],
By evaluation we see that (Ax:((a< ay (FTys)) x sT — (FTys)).((pri,x)m/))(pf [ < Tes] %), nt*m”)
is equivalent to (n:° m’, 5 m”).
So, let m” = m’. By Theorem 5.14, we know (70° m’,71° m’) € £ [(T, s)ﬂ]f.
o (¢,m") € L [sH]y
Since m” = m’, this hold by assumption.
E;Gk;r'i' }—m:SjT e
(FD-Sum) - - -
Case 3G Tt Finj; m : sf + S;T inj; e
For arbitrary ¢, (v,v) € er[[l"]];:‘, we must show (inj; v(e), inj; y(yx(m))) € 5? [s1 + Szﬂ?.
Since inj; y(e) and inj; 8(y(vi(m))) are values, it suffices to show (inj; v(e), inj; 8(v(vi(m)))) €
Vz_ [[51 + 52]]?.
By definition of V? [s1 + sﬂ]?, it suffices to show (y(e), 8(y(yx(m)))) € Ezr [[sﬂ]?, which follows by
IH applied to Xp; Xq, Gy, M +m: sj‘.
(FD-Pair) 3G T - m} :st e E;AGk; FA* Fmsg:sit e
Case 3G T (my,ma) :sf x s;T (e1,€2)
This case is analogous to the previous case.
Z];Gk;rjr,x:sjr I—m:sz e
(FD-Fun) = = = =
Case 3G T F ?\x:sf.m csh — sg'T AX:si.e
For arbitrary ¢, (v,7v) € gj [[F]]?, we must show (Ax:s;. y(e), Ax:sf’.é(y(yk(m)))) € 52’ [s1 — szﬂf.
Let & = () and mj = 8( (¥, (m)).
It suffices to show (Ax:s;. e, )\x:sf.m2) c V&" [s1 — sz]]?

For arbitrary (e;,m;) € 5? [[sl]]?7 we must show (ez[er/x], ma[my /x]) € 5? [[sﬂ]?, which follows
by IH applied to Xp; X¢q, Gy, F‘P,x : sf Fm: s{r — sj.
% G ket (55— (Te)"): T Fm{(Te9)*/8) (PF[£ X Tes] k) : Tes* 1 e
(FD-Return) = ~
Case 3G TTHFAB:«m: Tystfe
For arbitrary ¢, (v,v) € er[[r]]il7 we must show (y(e), 8(y(vx(AB:x.m)))) € 5? [Te s‘*‘]]?.
Let ¢ = v(e) and m’ = §(y(yy(m))).
It suffices to show (¢/, ()AB::x.m’) € 52‘ [Te sﬂ]?.
By IH applied to ; Gy, k : (st — (Tys)T); T - m[(T,s) /8] (pf [¢ < Tes] k) : TrsT1 e we know
(¢/,mu[(Tes)F /8] (PE[C < Tes] 1)) € EL[Tes]y-
By Lemma 5.22 (Cross Lang. Relation Respects Target Relation), it suffices to show
(my[(Te ) /B8] (PE[€ = Tos] ), ABmy) € € [Test]
By Lemma 5.18 (Free Theorem: ’r]ﬁ"s shuffling), we know (AB::x.my, m[(T;s) ¥ /B](pf [¢ < Ty 5] ,’r}ﬁ‘s)) €
E [[Tg S+]]§:.
By Lemma 5.7 (Target Relation Symmetric under Lattice Interp.), we know
(ma[(Te s) /B8] (BF[€ X Tes] "), ABwmy) € E[Tes*]5
SGi T T Fmy : (ax ap sT) x (87— sT)
(FD-Bind) 3G T Fm: (T, ?’)JFT e 3 ij I Fprj,my : s’ — st e
Case 3G T Fm[sT]my :stf bindx=eine x
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For arbitrary ¢, (v,v) € sz[m]éz, we must show (y(bind x = e in € x), 8(y(yy(m [s7] mpe)))) €
p)

5? [s]s -

Note that since Sp; Xq, Gi, I F prj; mpr : (o< oy sgL), by Lemma 5.24 we know ¢ < 's.

Let bind x = ey in ey x = y(bind x = e in ¢’ x) and m; [s"] m e = 8(y(vi(m [s*] mpyr)))

By IH applied to ¥; Gi;TH F m : (T, s') 71 e, we know e; —* 1,¢}, and my —* AB:x.m),

and (€}, AB:xm)) € V[T, ST -

Therefore, 3mY.(m}[(FT;s')/8] (pf [¢ < Tos'] me),ne* my) € E[(TT, s’)]]f and (ej,mf) €

ELSTy

By Lemma 5.22 (Cross Lang. Relation Respects Target Relation) and Lemma 5.18 (Free Theorem:

77][(’5 shuffling), we know (7, €], nf;’s mfy) € VZF [T, s’]]?.

By Lemma 5.18 (Free Theorem: nfi"s shuffling) and Lemma 5.13 (Target Relation Transitivity) we
know

l,s 7 7 b))
((n® my) [sT]mpe, my [s¥] mi,) € E[s7],
Note that bind x =e; in ey x —* e €, and (nf(’s m/) [st] mp . —" (prj, mpe) my.
Therefore, to show (bindx=ejine;x, m; [sjr]rn;)f) € 52’ [[s]]?, it suffices to show (ezeq, prj,m/ m7) €

b
5? [s]s"
Since (e}, mY) € 8?[[5’]]?, it sufﬁcesAto ShOAW (e2,prj, mp;) € 5? [s" — s]]?7 which follows by IH
applied to ; Gi; Tt F prj, mpe : 87 — sT% €.
S GTH FF st=s]1 F Gl Fm:sife
(FD-Subterm) £ ! QT K it
Case 3G T - Flm] : sf 1 F'le]

By inlining the possible cases for X; Gy; rrr: sf:>s;r $ F, this case requires 3 subcases. Each
follows simply by the IH.

E*u] —s 3Gt Emy isite
(FD-Val) W —m 7P s f
Case 3G TTFE [u]:s5t e

Follows by IH applied to ¥; Gy; M Fm: sz e and evaluation.

3; G; T F casemof inj; x;.my |inj, X2. my : t where As'.t =s'"

3 Gi; T - casemoof inj; y,. ¥ [my [y, /x1]] |inj, y,. EF [may,/x2]] 1571 e
h !/ , /
(FD-Stuck) . (fresh y1,¥2) .
Case % Gi; Tt F Ef[case mof inj, x;.my |inj, X3. my] :s7F e

Follows simply by IH applied to
¥ Gy; T+ casemof inj, y,. Ef [my [y, /x1]]|inj, yo. E¥[ma[y,/x2]] : sT1 e and evaluation.

O
Theorem 5.37 (Back-translation preserves semantics)
Let 6 = {Oég — Qy | le ﬁ[} U {0{5 = ij}.
IfXbFm:st, then $;m:stt e and V¢.(e,m) € L]} .
Proof
Follows from Lemma 5.36 and Theorem 5.35. O
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5.6 Equivalence Preservation

Lemma 5.38 (Preservation and Reflection of Closed Terms)

Let p =

[[c;]]f, (e, my) € ELS]Y.. and (e2,mz) € EF[S . Then:

la If (e1,€2) € E[s], then (my,my) € €[]

1b If (my,my) € E[s*]}), then (e1,e2) € E[s]...

2a If (v1,v2) € V[s]., then (ui,uz) € V [[s'*‘]]f.

2b If (u1,us) € V[s*], then (vi,v2) € V[s],.

Proof

Part 1 follows easily from part 2.

Proof by induction on the structure of the type s.. There are two interesting cases.

Case 2a s1 — s

(1) Have: (Ax:si.ex,Ax:si.e5) € V[s1 — o]

(2) Have: (Ax:sj.ep, Axisi.my) € Ezr [s1 — 52]]51 .

(3) Have: (Ax:sy.eh, Axisf.mb) € Ezr [s1 — 52]][2):2 .

Must show: (Ax:s{.mg,Ax:s{.m}) € € [sf — s;‘]]f

4) Consider arbitrary mq, m/ such that (m;, m}) € & [s{ >
1 1 1 p

(5)
(6)
(7)

Must show: (mg[my /x|, mb)[m}/x]) € € [[s;]]j
Have: Je;.(e;,mq) € 52’ [[sl]]f1 from Theorem 5.37. (Back-translation preserves semantics)
Have: Je}.(e},m}) € 52‘ [[sll]f2 from Theorem 5.37 (Back-translation preserves semantics).

Have: (e1,e1) € € [s1], by IH (1b) apply to s1.
Instantiating 1 with 7: (e2[e1/x], e5[e]/x]) € &€ [s2]

Instantiating 2 with 5: (ez[e1/x], ma[my /x]) € 52“ [[52]]51
Instantiating 3 with 6: (e5[e] /x|, m5[m] /x]) € 52‘ [[52]]52

Proceed by induction (1a): (mz[m; /x|, ms[m] /x]) € € [[s;ﬂf

Case 2a Ty s

(1)
(2)
(3)

Have: (n,e2,my€3) € € [Tes1],.
Have: (n,ep, AB::x.my) € 52'[[Tg Sl]]i'
Have: (n,e), AB:%.m)) € EZ‘[[Tg sl]]i.

Must show: (AB:#.my, ABxm)y) € V[(Tes) ],
To show this, there are two cases.

£ € ¢ This case is indirect, i.e., doesn’t use the induction hypothesis.
Have: (e, e;) € € [s1] from 1.

Have: 3ma.(my[(Tes1)™/8] (P [¢ = Tos] ™), 1° ma) € E[(Tes)*], and (ep,my) €
Ezf[[sl]]fl from 2.
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Have: Jmj.(md[(Tys1)* /8] (DE 6 = Tos] ), mh) € £[(Tosa)*] and (e, m}) €
Szrﬂsl]]i from 3.

Therefore: (mg,mb) € € [[sﬂ]f

Have: (AB:x.my,n° my) € (T, sl)+]]§ by Transitivity (Lemma 5.13) and 75° shuffling
(Lemma 5.18).

Have: (AB:x.m), 70 mb) € £[(T, sl)+]]f by Transitivity (Lemma 5.13) and 7° shuffling
(Lemma 5.18).

Have: (7]£’s77]k €& [[s1 (Tesy)™ ]] by Fundamental Property (Theorem 5.14).
Therefore: (nk’ m2,77k’ mb) € E[(T, 51)"']]5.
Have: (AB:x.mq, AB:x.m) € E(Ty 51)+]]§) by Transitivity (Lemma 5.13) and Symmetry
(Lemma 5.7).

¢ 7 ¢ Consider arbitrary 7 such that 7 € RelZ.
Must show: (my [m1/8], m}[m2/8]) € € [((az ar B) x (5f — B)) = 6],
Have: my[mq /8] —* Ax:(a<x ap m1) X (sf — m1).may.
Have: m)[ma/B] —* Ax:(ax ap m2) X (sf — m2).mb.
Let p/ = plav:: k= 7).

ploc:ki—]

Consider arbitrary m, m’ such that (m,m’) € € [(a< oy B) X (sf — ,8)]]?,
Must show: (ma[m/x], m5)[m’/x]) € € [[,8]]12,:,
By definition of p, namely the relation on a<, we know 7w = Atom [mq, 71'2]ZJ
Therefore: (mg[m/x], m4[m’/x]) € € [[ﬁ]]f,
Case 2b Ty s
(1) Have: (AB:x.my, AB:xamy) € V[(Tesy)t]
(2) Have: (n,ez, AB:kamy) € 52'[[Tg 51]]5:1
(3) Have: (€5, ABixm}) € EF[Trs1]
Must show: (1, e2,7,3) € V[T s1],
Assume that ¢ C (:
Must show: (e2,e3) € &€ [s1],
Let R = {(m1, mz) € Atom [(T, sl>+]§ |
(C¢ = (Ym',m’ ((ml,nk m') € £[(Tes)*] A
(mg, 7" m") € £[(Te sl)ﬂ] ) =
(m’,m") € € [sf ]]
Let m = (p1((Tes1)™), po((Tesy)* )»R)'
Instantiating 1 with =:
Have: mq[p;((Tes1)h)/B] —* Axi(a<x ay (Tes1)T) X (st — (Tesy)T).mo.
Have: m)[p, ((Tes1)1)/B] —* Ax:(a< ay (Tps))h) X (sT — (Tesy)™).mb.
Let p' = p[B+— 7.
(4) Have: (Ax:(a< o (Tes1)T) X (st — (Tys1)™).ma, Ax:(a< oy (Tysp)™) X (st — (Tesp)t).mb) €
Elllax ar B) x (s* = B) — Bl
Let m = (pf[[¢ =< Ty si] ,7]£"s).
Note that if £ Z ¢, R = Atom [(T, sl)+]§
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(5) Therefore: (m,m) € € [(a<x a; B) X (st — ﬁ)]}f.
Have: (mz[m/x], m5)[m/x]) € € [[,6']}?, from 4 and 5.
(6) Have: Vm’, m” such that If(m2[m/x],nﬁ’sm’) e E(Te sl)+]]§ and (m5[m/x], nﬁ’sm”) € E(Te sl)+]]§,
then (m’,m"”) € & [[sﬂ]f by definition of R and by assumption ¢ C (.
Have: 3. (my[(Ty s1)" /8] m, nt® miy) € £[(Te sl)+]]§ and (ep,niy) € Szr[[sl]]fl by 2.
Have: Imi.(m} [(Tys1)* /B8] m, 1" mb) € £ [(Ty1)*])) and (e, mb) € Ef[s1]), by 3
Instantiating 6 with my and mj: (nig, m}) € € [[sﬂ}f
Proceed by induction (1b): (e, e3) € & [s1],

O
Lemma 5.39 (Equivalence of Substitutions)
p)
Let P = [[ﬁzr]]g ) (717“/1) € gz [[S]]f17 and (’72u‘Y2) € gzr[[s]]fz) then:
D;G
1. If (v1,72) € G 8], then (v1,v2) € G[s*],
D;G
2. If (y1,v2) €6 [s+ﬂp ; then (v1,72) € G [s],
Proof
Follows from Part 1 of Lemma 5.38. O

The following final theorem requires a few uninteresting extensions:

F~v: T~ vy |where llj;ﬁg,j*}—y:l"7L

‘Fe:s~m Fy:T~vy

Frylx—el:T,x:s~ y[x— m]

FO:-~0

Figure 31: DCC to F,: Subst. Translation

Corollary 5.40 (Translation of Substitions)
Let 6 ={aymay | £€ Ly} U{ax— <}, ve = [[EE]], and y< = [=*].
Ifby:T then =~ :T~ vy and (v, vc(v<(v))) € gg[[r]]sz

E;Gk;r%l—yzlﬂ"f’y where -~ : T

5G| Fm:sTie

2GRy Tt A

E;Gk;FJ}Fﬂ):-T(Z) E;Gk;r%ky[)u—ﬂrn]:Fﬂx:sﬁrffy[x»—)e]

Figure 32: Back-translation: F,, substitutions
Corollary 5.41 (Back-translation of Substitutions)

LetSZ{Oégl—)dg | fGﬁe}U{Oéj#—)aAj}
If Sy :TT then Iy. B;Gi; TT vy : TT1 v and (v,v) € g?[[]“]]?
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Theorem 5.42 (~; Preservation and Reflection)
LetTHe;:s~mq and 'Fe3 : s~ ms.
1. IfTHes ~¢ep:s, then E?;ﬁg,jﬂlﬂr Fmg & mo:st.
2. Ifﬂj;EE, <t I Fmy & mo:st, then T e & e :s.
Proof

Part 1 follows from Lemma 5.23 (Correctness of Translation), Lemma 5.41 (Back-translation of Sub-
stitutions) and part la of Lemma 5.38 (Preservation and Reflection of Closed Terms).

Part 2 follows from Lemma 5.23 (Correctness of Translation), Lemma 5.40 (Translation of Substitu-
tions), and part 1b of Lemma 5.38 (Preservation and Reflection of Closed Terms). O

Theorem 5.43 (Noninterference: Indirect Proof)
IfTFe:sthenThFe~ce:s

Proof

By correctness of the translation:
Nre:s~m,TFe~m:s and £/; £, <T, Tt Fm:st.

By parametricity, £;; 5, <7, T* Fm~m:s*

Since EZ; £E, =T, Tt F m ~ m : sT quantifies over all D, G, p, v, Y2, the particular implementations
we use in the observer-sensitive definition work, so: £; L5, =T, TT Fm ~c m:s*

By reflection, 'Fe~¢e:s. O
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