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Logistics

* Project proposal is due on Oct 24 (1 page on
Gradescope)

— Project Title
— Problem Description
— Dataset
— Approach
* Final project
— Presentation: Monday, Dec 3
— Report: Friday, Dec 7

* Final exam
— Tuesday, Dec 11



Review

e Maximum margin classifier
— Classifier of maximum margin
— For linearly separable data
— An “optimized” perceptron

e Support vector classifier

— Allows some slack and sets a total error budget
(hyper-parameter)

— Final classifier on a point is a linear combination of
inner product of point with support vectors

— Efficient to evaluate



Outline

e Support vector classifier
— Review

— Hinge loss

* SVM

— Non-linear decision boundaries
— Kernels
— Polynomial and Radial SVM

* Density estimators
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Separating hyperplane

For all training

y®D (8, + 9195?) 5. dec(zi)) >0 data x®,y®),
i €{1,..,n}

h(x, 6) = sign(6"x)



Maximum Margin

Class 1
Class -1

X

6
l

f - yest

f(x, 8) =sign(6" x)

The maximum margin
linear classifier is the
linear classifier with
the maximum margin!



Classifier margin

0 1 2

X,
Support vectors are “closest” to hyperplane
At least 2 support vectors (1 positive, 1 negative)
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Finding the maximum margin classifier

| | T
» Training data x™@), ..., x(™ with x(® = (xil)’ ""x‘(ll))

* Labels are from 2 classes: y; € {—1,1}

max M
y () (60 + Hlxii) + - dec(li)) > M Vi
lol], = 1

|

N , Each point is on the
Normalization constraint

right side of hyper-
plane at distance > M



Support vector classifier

e Allow for small number of mistakes on training
data

e Obtain a more robust model

max M
yO (6 + 616" + - 04x) = M(1 - & )vi
16|, = 1 |
€; > OJZiEi —C Slack
|

l

Error Budget (Hyper-parameter)




Equivalent formulation

h(x(l)) =0, + le() + - de(l)

Min HHI‘Z + C )€

y® (60 + 0127 + - 03x) 2 1 - € vi
€; >0

When i is correctly classified, y(i)h(x(i)) =1
When i is not correctly classified
1—yWh(x®) < ¢

max (0,1 — y(i)h(x(i))) <€



Hinge Loss
h(x(")) =0, + Hlx() + - de(")

J(8) = Y™ max (0 1— y(‘)h(x(‘))) + A9, 67
\
v

| Hinge loss |

Total Error Budget Regularization Term

n
d
J&) =¢C z max (0,1 — y<i>h(x<i>)) + 2 07
i=0 J=1

1
C=3
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Error Budget and Margin

Larger C
Low variance

Smaller C
Over-fitting

Find best hyper-parameter C by cross-validation
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Non-linear decision
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FIGURE 9.8. Left: The observations fall into two classes, with a non-linear
boundary between them. Right: The support vector classifier seeks a linear bound-
ary, and consequently performs very poorly.



More examples




Kernels

e Support vector classifier
—h(2) =0+ Yicca; <z,xP >=
=0y + Lies 2j=1ijj(l)
— S is set of support vectors
— Replace with h(z) = 6y + X;cc ;K (2, xV)
 Whatis a kernel?

— Function that characterizes similarity between 2
observations

— K(a,b) =< a,b > = };a;b; linear kernel!
— The “closest” the points, the larger the kernel
* |Intuition

— The closest support vectors to the point play larger role in
classification

16



The Kernel Trick

“Given an algorithm which is formulated
in terms of a positive definite kernel K,
one can construct an alternative
algorithm by replacing K, with another
positive definite kernel K, "

» SVMs can use the kernel trick

* Enlarge feature space
e Shape of the kernel changes the decision boundary

17



Kernels

Linear kernels

—K(a,b) =< a,b >=);a;b,
Polynomial kernel of degree m
— K(Cl, b) = (1 —+ Zld=0 aibi )m

Radial Basis Function (RBF) kernel (or
Gaussian)

- K(a,b) = exp(—y XiLo(a;—b;)?)
Support vector machine classifier
—h(2) = 0y + Yjes @K (2, xV)

18



General SVM classifier

e S =set of support vectors
e SVM with polynomial kernel

~h(2) = 0 + Ties @i (1 + Do zx” )
— Hyper-parameter m (degree of polynomial)
 SVM with radial kernel

—h(z) = 6o + Lijes aieXp( y Lj=o(zj— (‘))2)
— Hyper-parameter y (increase for non-linear data)

— As testing point z is closer to support vector, kernel is
closeto 1

— Local behavior: points far away have negligible impact
on prediction



Kernel Example

FIGURE 9.9. Left: An SVM unth a polynomial kernel of degree 3 s applied to
the non-lhinear data from Fugure 9.8, resulling in a far more appropriate decision
rule. Right: An SVM unth a radial kernel is applied. In this ezample. either kernel
is capable of capturing the decision boundary.
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Advantages of Kernels

Generate non-linear features
More flexibility in decision boundary
Generate a family of SVM classifiers

Testing is computationally efficient

— Cost depends only on support vectors and kernel
operation

Disadvantages

— Kernels need to be tuned (additional hyper-
parameters)



When to use different kernels?

f data is (close to) linearly separable, use
Inear SVM

Radial or polynomial kernels preferred for
non-linear data

Training radial or polynomial kernels takes
longer than linear SVM

Other kernels

— Sigmoid

— Hyperbolic Tangent



Comparing SVM with other classifiers

SVM is resilient to outliers

— Similar to Logistic Regression
— LDA or kNN are not

SVM can be trained with Gradient Descent
— Hinge loss cost function
Supports regularization

— Can add penalty term (ridge or Lasso) to cost
function

Linear SVM is most similar to Logistic
Regression



Connection to Logistic Regression

« J(O) =)= 0maX(Ol y(‘)h(x(l)))+/12] , 67

Loss

Y
Hinge loss h(x®) =6, + 6,2 + - 6,2

o -

- 4 -2 o 2

y®(8y + 012 + -+ 0,x{’)
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SVM for Multiple Classes

* Many SVM packages already have multi-class
classification built in

 Otherwise, use one-vs-rest

— Train £ SVMs, each picks out one class from rest,
yielding 1) o)

— Predict class 7 with largest (9(1))5{

ooooo
s o

25



x[,2]

Lab — Linear SVM

dat=data.frame (x=x, yv=as.factor(y))
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Lab — Linear SVM

-

> library(elO71l)
> svmfit=svm(y~.,

data=dat, kernel="linear™,

» plot(svmfit, dat)

¥.1

SVM classification plot

co=st=10,=s2cale=FALSE)

X2
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Lab — Linear SVM

summary (svmfit)

Call:

svm(formala = yv ~ ., data = dat, kernel = "linear", cost = 10, scale = FALSE)

Parameters:
SWVM-Type: C-classification
SVM-Eernel: linear
cost: 10
ganmma: 0.5

HNumber of Support Vectors: 49

( 24 25 )

Humber of Classes: 2

Lewvels:
-1 1

» svmfit=svmiv~., data=dat, kernel="linear"™, cost=0.0l1,scale=FLLSE

Call:
svm({formula = y ~ ., data = dat, kernel = "linear", cost = 0.01, scale = FALSE)

Parameters:
SVM-Type: C-classification
S5VM-Kernel: linear
cost: 0.01
gamma: 0.5

(=]
[&5]

HNumber of Support Vectors:

( 44 44 )

Humber of Classes: 2

Levels:
-11

28
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Lab — Radial SVM

set.zseed(l)
x=matrix{rnorm{200%2), ncol=2)

x[1:100, ]=x[1:100,]+2

x[101:150, ]==x[101:150,]-
v=cl{rep(l,1l50) ,rep(2,50)
dat=data.frame [x=x,v=as.

plot (x, col=y)
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train==sample |

symfit=svm(v-~.

plot (zvmfit,

¥.1

Lab — Radial SVM

200, 100)
r data=dat[train,], kernel="radial"™, gamma=1,
dat[train,])

SVM classification plot
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b — Multiple Classes

set.seed(l)
x=rbhind(x, matrix(rnorm(S0*2), ncol=2))
yv=cly, rep(0,350))
x [y==0,2]=x[y==0,

dat=data.frame (x=x, v=as.factor(v))
par (mfrow=c(l,1))

Ia

-
L7
rr

plot (®x,col=(v+1l))
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Lab — Multiple Classes

> svmfit=svm|(vy~., data=dat, kernel="radial", cost=10, gamma=l)
2lot (svmfit, dat)

SVM classification plot
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Review SVM

SVMs find optimal linear separator

The kernel trick makes SVMs learn non-linear
decision surfaces

Strength of SVMs:

— Good theoretical and empirical performance
— Supports many types of kernels

Disadvantages of SVMs:

— “Slow” to train/predict for huge data sets (but relatively fast!)
— Need to choose the kernel (and tune its parameters)



Outline

e Support vector classifier
— Review

— Hinge loss

* SVM

— Non-linear decision boundaries
— Kernels
— Polynomial and Radial SVM

* Density estimators



Essential probability concepts

* Marginalization: P(B) = Z P(BANA =)

vevalues(A)

P(ANB)
P(B)

* Conditional Probability: P(A | B) =

P(B| A) x P(A)
P(B)

* Bayes'Rule: P(A|B) =

* Independence:
ALlB + P(AANB)=P(A)x P(B)
< P(A|B)=P(A)
ALB|C <« PAANB|C)=PA|C)xP(B|C)

35



Prior and Joint Probabilities

* Prior probability: degree of belief without any other
evidence

* Joint probability: matrix of combined probabilities of
a set of variables

Russell & Norvig’s Alarm Domain: (boolean Rvs)

* A world has a specific instantiation of variables:
(alarm A burglary A —earthquake)

* The joint probability is given by:

alarm —alarm

P(Alarm, Burglary) = | burglary 0.09 0.01

—burglary |[0.1 0.8

36



The Joint Distribution

e.g., Boolean variables A, B, (

Recipe for making a joint A B c Prob
distribution of dvariables: 0 0 0 0.30
0 0 1 0.05
1. Make a truth table listing all 0 1 0 0.10
combinations of values of 0 ! ! 0.05
your variables (if there are d i z ? ETZ
Boolean variables then the " " 5 .
table will have 29rows). 1 1 1 0.10

2. For each combination of
values, say how probable it is.

3. If you subscribe to the axioms
of probability, those numbers
must sum to 1.

Jlide © Andrew Moore




Computing Prior Probabilities

alarm

—alarm

burglary

—burglary

earthquake

—earthquake

earthquake

—earthquake

38



Learning Joint Distributions

Step 1: Step 2:

Build a JD table for your Then, fill in each row with:
attributes in which the }5 records ma‘[chﬁ]grow
probabilities are unspecified (row) = total number of records
A B C Prob A B C Prob

0 0 0 ? 0 0 0 0.30

0 0 1 ? 0 0 1 0.05

0 al 0 ? 0 1 0 0.10

0 1 1 ? 0 1 1 0.05

1 0 0 ? 1 0 0 0.05

1 0 1 ? 1 0 1 0.10

1 1 i ? 1 1 1 0.10

Fraction of all records in which
A and B are true but C is false

39



Example — Learning Joint Probability
Distribution

This Joint PD was obtained by learning from three
attributes in the UCI “Adult” Census Database [Kohavi 1995]

gender hours_worked wealth
Female v0:40.5- poor 0253122 |
rich  0.0245895 |
v1:40.5+ poor 0.0421768
rich  0.0116293 |

Male  v0:40.5- poor 0.331313 |GG
rich  0.0971295 |
v1:40.5+ poor 0.134106 [|NEGNN
rich  0.105933 [N




Density Estimation

* Qur joint distribution learner is an example of
something called Density Estimation

* A Density Estimator learns a mapping from a set of
attributes to a probability

Input
Attributes

Density
Estimator

» Probability

YYYYY




Density Estimation

Compare it against the two other major kinds of models:

Input
Attributes

Input
Attributes

Input
Attributes

YYVYYY

Classifier

Prediction of

YYYYY

Density
Estimator

> categorical
output

YYYYY

Regressor

» Probability

Prediction of

» real-valued
output

42



Evaluating Density Estimators

Input
Attributes

Input
Attributes

Input
Attributes

Test-set criterion for

estimating performance

> Prediction of
> Classifier — categorical
> output

> Densit

p “CIIY > Probability
$ Estimator

> Prediction of
> Regressor — real-valued
> output

on future data

Test set
Accuracy

Test set
Accuracy

43



Evaluating Density Estimators

* Given arecord x, a density estimator M can tell you
how likely the record is:

P(x | M)

* The density estimator can also tell you how likely the
dataset is:

— Under the assumption that all records were independently
generated from the Density Estimator’s JD (that is, i.i.d.)

P(xi AxaA...AX, | M) = HP(X@, | M)
‘ i=1

\

|
dataset

44



Example

From the UCI repository (thanks to

* 192 records in the training set

mpg

bad
bad
bad
bad
bad
bad
bad

bad
good
bad
good
bad
good

good
bad

good
bad

e by Andrew Moore

modelyear maker

75to78
70tof4
75to78
70tof4
70to74
70to74
70tof4
75to78

70torf4
79to83
75to78
79t083
75to78
79toB3
79t083
70to74
75to78
75to78

asia
amernca
europe
amernca
america
asia
asia
amerca

amernca
amerca
america
america
amernca
amernca
america
america
europe

europe

Ross Quinlan)

mpy modelyear maker
bad 7Oto74 america
asia
europe
75to?? america
asia
europe
76tad3 america
asis
europe
good 7Otord america
asia
europe
T5to77 america
asia
europe
76to83 america
asis

eLrope

o27ss1 [
0.0255102 [}

0.0153081 ]

0153081 |
0.0255102 |}

0.0357143

0.0561224 N

Mever

Mever

0.0102041 ]

0.0308122

0.0459184 [
0.0306122 i}

0.0408163 [N

0.0357143 [

0112245 |
0.0714286 N
0.0357143 |}
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Example

From the UCI repository (thanks to Ross Quinlan)

* 192 records in the training set

mpg  modelyear maker

good
bad

et

75torf8
70tor4

asia
america

P(dataset | M

mpg  modelyear maker

bad 70to74  america 027551 |

asia 00255102

eurape  0.0153061 [

) =] P(xi| M)
1=1

— 3.4 x 107293

bad
good
good
bad
good
bad

Slide by Andrew Moore

75to78
79t083
79t083
70to74
75to78
75to78

america
america
america
america
europe
europe

ooy oameca noe 2l
asia 0.0408163 [N
europe  0.0357143 [}

76t083  america 0.112245 [
asia 0.0714286 |

europe 00357143 [l

(in this case)

46



Log Probabilities

* For decent sized data sets, this product will underflow

Y

T

Fa

P(dataset | M) = | | P(x; | M)

-

1

1

* Therefore, since probabilities of datasets get so small,
we usually use log probabilities

Fat

log P(dataset

M) =log [] P(x; | M) =Y log P(x; | M)
1=1 1=1

47



Example

From the UCI repository (thanks to Ross Quinlan)

* 192 records in the training set

mpg  modelyear maker

bad 70to74 america 027551 [N

asia 00255102 [

mpg | modelyear maker

good 75tof8 asia
bad 70to74 america

europe  0.0153061 [

log P(dataset | M) Z log P(x; | M)
i=1

—466.19 (in this case)

Totorr omenca tne

bad 75to78 america

good 79t083 america asia 0.0408163 [N

good 7Y9toB3 america 0.0357143

bad |70to7f4 amerca FUroRe ) -

ggod T5to78 europe 76to83 america 0.112245 _
bad | 75to78  europe el 0.0714255 [

ewope 00357143 [

Slide by Andrew Moore



Evaluation on Test Set

Set Size Log likelihood
Training Set 196 -466.1905
Test Set 196 -614.6157

* An independent test set with 196 cars has a much
worse log-likelihood

— Actually it’s a billion quintillion quintillion quintillion
quintillion times less likely

* Density estimators can overfit...

...and the full joint density estimator is the
overfittiest of them all!

49



Overfitting

mpy  modelyear
bad 70to74
If this ever happens, the
joint PDE learns there are -

certain combinations that
are impossible

76to83

maker

america 027551 [ KK
asia 00255102 ||}

europe  0.0153061 [

america 0153061 |GGG

asia 0.0255102 |

europe  0.0357143 [}

america 0.0561224 [

asia Mever

good 70to74

europe  Mever
america 00102041 [

asia e ubeel |

log P(dataset | M) = Z log P

de hv Andrew Maora
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Curse of Dimensionality

$2“

:I‘g‘

&1 3

X

51



Pros and Cons of Density Estimators

* Pros

— Density Estimators can learn distribution of
training data

— Can compute probability for a record
— Can do inference (predict likelihood of record)
* Cons

— Can overfit to the training data and not generalize
to test data

— Curse of dimensionality

Naive Bayes classifier fixes these cons!
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