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ABSTRACT

What is easy and where does it get hard? We give a sharp answer to this
question for a natural class F {p,q) of satisfiability problems by determining
algebraic numbers 7, ,(0 < 7,, < 1) which separate NP-complete from
polynomial problems. Namely it is shown that the fraction 7,, of the
clauses of a formula in F(p,q) can be satisfied in polynomial time. How-
ever, the set of formulas in F (p,g) which have an assignment satisfying
the fraction 7'(z">17, o7’ rational) of the clauses is NP-complete. We show
a similar result for the exact satisfiability problem.
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1. Introduction

We continue our study of the (generalized) satisfiability problem [Lieberherr/Specker
(1981), Lieberherr (1982)].

The paper os organized as follows. In section 2 we prove an auxiliary result which simplifies
the problem of computing 7, for a given set ¢ of relations. In sections 3 and 4 we com-
pute 7, for some sets of relations. In section 5 we partially solve a problem which was left

open in [Lieberherr/Specker (1981)].

2. Reduction to a continuous min-max-problem

In the following we assume that the reader is familiar with [Lieberherr (1982)]. Let
¢ =(R,R, ..., R,] bea finite set of relations. Let S be a y-formula containing rela-
tion R,(1 € i € m) for the fraction g of the clauses. It follows from the methods

given in [Lieberherr/Specker (1981)] that (assuming that f 1 =1, tg, 200<i<m)

i=1

r,= limr, .,
n~oo

min max
Ten = 4 (<1< m) 0SkSn mean[(S)
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is the number of satisfying rows in the truth table of R which contain s ones
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tr is the fraction of clauses containing relation R
r(R) is the rank of R
q,(R)
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Let ¢ be a finite set of relations and let S be a y-formula.

(1) For any positive integers n',n,n' > n: 7, 2 1.,
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(5) For any positive integer j 2 1:

max

0 < x < 19ppmean (5) € 0 <n;(m:(< in mean*(S)
real integer

Proof
)

Assume that in any ¢-formula with n' variables the fraction 7,/ of the clauses can be
satisfied. By adding dummy variables we can transform any y-formula with n variables
(n < n") into a y-formula with n' variables. O

2

"We have to show that

G, G-k, _ (k][ %]
Gn, U

Jee

This foliows from

UK Gk=1-Gh=s+1) k)’
j—oo Gn)Gn=1)---(n—s+1)

and
o G (=D Gl=k) sl )k i
j—oo Gn-s)(Gn=s-1)  (n=r+1) n )
O
3)
Follows from
lim —L'—n-d- -x
j--ow Jn
and (2). O
“

Let xp,, be defined by

0 <S;lp < | appmeany (§) = appmean,ul(s ).
real



Then by (3)
. max n . in
jl_Lm o< ka< in mean/"(S) 2 jl_l_t.l;meanrjumx] (s)
integer
- appmean,u‘(S )
D

On the other hand by (2)

lim o Sn;‘axg jn mean{($) € lim o gu;(axé jn mean]”
J integer real

- 0 Smxaxg 1 appmean, (S).
real
O
&)
It follows from the proof of (1) that
0 éu;caxs jn mean!"(S) 2 g <n;1‘a)£\< jn mean/"(S)
integer integer

if j < j'. Now the claim follows from 4). D

Proof of Theorem

Lemmal(S) implies that 'r"' < 7, and Lemmal(4) implies that "r' 7,0

3. Exact Satisfiability

Let R; be the relation of rank r which holds if exactly j of the r wvariables are true.



Theorem 2

Let Y - (Ro,R‘, ce ,R,}. Then

(i) In any y-formula the fraction -r—_-:_-l— of the clauses can be satisfied.

(i) There is a polynomial algorithm MAXMEAN which finds an assignment satisfying at

least the fraction -’—_-:_—1- of the clauses in a y-formula.
(iii) For any rational 7' > 7—_—}_—1— the set of y-formulas having an assignment satisfying at
least the fraction 7' of the clauses is NP-complete.

Proof of (i).
Since g, (R))=10if s# j and g;(R) = [;] we have
appmean, (S) = 2' tj (ﬁxf(l—-x)"‘j .
j=0

By Theorem 1 it is sufficient to show that

min

1 : max
— - 1,0 < JIS oo <x<1 appmean, (S).
, rea real
=1
j=0

¢ has the property that it is not necessary to choose the maximal x in order to satisfy 7 .

Therefore we perform an averaging process in the following lemma.

Lemma 2
f x/(=x)Jdx = S -~
0 (}i (r+1)
Proof
Let

firm= f x! (1=x)"~/dx

0

We show the Lemma by induction.
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- oV = e (e ) [ = L
So, _{(1 x) dx g -+ | —

For the induction step we use partial integration

u - X'I+l

j+1
u'=x’

yom (l=x)/f

p' = — (=) (1=x)/!

Siv= fu'v dx = u-vl} - J.uv’ dx

0 0
= _;—E{ij*'l.r
Hence,
Siv1e ™= %f,,,(o £j<r)

and therefore inductively

Fip, = I, - 4+l j-G=1--1 A S B
j+lr r—j Jr r—j r(r—l)"'(r-'j‘\"l) r+1 Lil\\}

Lemma 3
Let
_r' - (to,t,,...,t,)(z' t=1)
j=0
and let

3 o) a-0

appmean,{ tl -
J=0

Then there is x0(0 € xo € 1) such that

- 1
appmean,ol I] =T



Proof

Consider

fappmean,[ r]dx

0

- iz,[;)foxf(l—x)'-fdx

j=0
-jzf,or,[;] [5] (:+1) ) "1“1

The claim follows from the mean value theorem of calculus.

Lemma 4
. =) - 1
min max appmean,[ r] - max min appmean,[ 1] - —
, 0<x<1 ’0<x<1 r+1
Proof
Let
- 1 1 1 . ,
b {r-H ST T (r+1 dimensional).
Then

- AT WP
appmean,[b] -1 EOUXJ(I x)r—J

- 1
r+1
Therefore
u_’_',n max appmean, | t| < 1 .
0<x<1 r+1

t

since for ¢ = b only the fraction -’-—_:-’-1- can be satisfied (independent of x).



Also
m:x min appmean; 7 2z 1 s
x r+l
t
since for = b the minimal x satisfies the fraction _r—-_:'_l— . On the other hand for any !
there is an xg such that
appmean,’ —1‘ - 1
PP o r+1
Therefore
"_l_i,n max appmean, —; 2 1
EERS r+1
and
m_z:x min appmean, 7 < 1 .0
0<x<1 r+l

t

Proof of (ii) and (iiD).

Algorithm MAXMEAN in [Lieberherr (1982)] guarantees to satisfy the fraction -;—% in

polynomial time. It follows from a general result in [Schaefer (1978)] that the y-
satisfiability problem is NP-complete (for the ¢ under discussion). Then (iii) follows from
Theorem 1.2 in [Lieberherr (1982)). O

4. Satisfiability

Let F(p,q) be the following class of propositional formulas in conjunctive normal form:

Each clause in a formula in F{p,q) contains at least p positive or ¢ negative literals
(g 2 D.

Let « be the solution of (1-x)? = x? in (0,1) andlet7, = 1—af.
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Theorem 3
(i) In any formulain F(p,q) the fraction 7, ., of the clauses can be satisfied.

(i) There is 2 polynomial algorithm MAXMEAN which finds an assignment satisfying at
least the fraction 7,, of the clauses in a formula in F(p.,q).

(i) For any rational 7">7, ; the set of formulas in F (p,q) having an assignment satisfy-
ing &t least the fraction 7’ of the clauses is NP-complete.

This theorem and its proof extend the results and methods given in [Lieberherr/Specker

(1981)]. The proof of Theorem 3() is given by a sequence of simplifying reductions. The

result of each reduction is given as a Proposition j . The corresponding Lemma j claims

that Proposition j implies the previous proposition (in the first step: Theorem 3G)

Theorem 3(ii) is a special case of a general result proven in [Lieberherr (1981)]. The proof

of Theorem 3(ii) is based on a result by [Schaefer (1978)] and the technique given in

[Lieberherr/Specker (1981)].

Simplifying Reductions

Proposition 1
For all integers n > min(p,q) and for all positive integers 1,1, there is an integer k

(0 £ k< ﬂ) such that ggx,,cr(n,k,t,,t;) -

4
(n),

§)
(n— k), + ), (k),

H+t

€l-7,,

Lemma 5.1
Proposition 1 ==> Theorem 3 (i)
Proof:

Using the techniques given in [Lieberherr/Specker (1981)] it is easy to show that the class
F(p,q) can be reduced to F'(p,q) = { formulas having only clauses containing either
exactly p positive literals or exactly q negative literals). Furthermore, it is sufficient to
consider only symmetric formulas in F "(p,q).

Let S be a symmetric formula in F'(p,g) which contains r; clauses of the form

A\vA,v..vA, and 1, clauses of the form lA ,le 2v...leq. Then the fraction of unsatisfied

clauses if k variables are set to 1 is given by gexscr (n,k,1y,15). O
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Note that the numerator of geyscr(n,k,t;,13) is the expected number of unsatisfied
clauses among all assignments which set k variables to 1. It is denoted by mean, (S§) for

a given formula S.

First we give an outline of the proof for Proposition 1.

Outline:
Let x = -S and substitute r® for any expression of the form (r); in gexacr (n k,1y,17).
The resulting expression for the fraction of unsatisfied clauses is

“(I*X)p + t;x"
H+t

EaPPROX (x,1y,1) =

Since for all positive integers r,k,n (k < n)
k>, A
AP g JLS
(), |n} °
the inequality

k
gexact (K 11,13) < gapproOX (‘;"1,'2)

holds. Therefore it is sufficient to show that for all n and all positive integers 1), there

is an integer k such that
(—,1,,1 )< 1~
84pPPROX n’ 127 = Tpa-

W.lo.g. we set 1, = 1, since gpprox is homogeneous in ry,7;.
Take the derivative of g,pprox With respect to x , set it to zero and solve for 1.

{ xq“l
Wop o (-x)r!

Substitute for #; in gepprox :

x?1(1=x)? + p-x? (1-x)?"!

x) =4
garr (x) g-x"! + p(l-x)r~!

h, has the following intuitive meaning. Consider a formula S in F'(p,q) with n vari-

ables and assume that

min _ mean,(S) = mean;_ (S) .

0€£k€n
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km
n

in) of the clauses can be unsatisfied.

In any such a formula S at most the fraction gapp (

This holds since the second derivative of h; with respect to x is positive for any x,
0<x<1,if p>1org>1and ;70 and 1,#0. Therefore it is sufficient to show that for all

positive integers and ali real x O@<x<
g,,pp(x) £1- Tpaq-

Compute the exiremal points of g4pp With respect to x in (0,1). There is only one
which is given by the solution of (1-x)? = x9.

Substituting x9 for (1—x)? in gexscy Yields

gexacr = 1— x9.

Therefore the fraction 7, , = 1 — a? can be satisfied in any formula in F'(p.q).

The following simple heuristic method, which was also observed by John Scranton, gives the

correct result.

Choose x such that the fraction of satisfied clauses is independent of f,,7;. The resulting

condition for x is
(1= x)r = x9.

For such an x, the fraction of satisfied clauses is independent (in the limit) of the formula

we consider and itis 7, -

Now we continue with the proof of Proposition 1.

Proposition 2

For all integers n>min(p,q) and all positive integers 1,,1; there is an integer
k(0 € k € n) such that

I)(l“’X)p + fzxq
| Y Y £

gapprox (X, 11,12) = l-71,,

Lemma 5.2
Proposition 2 ==> Proposition 1
Proof:

Note that for all positive integers r,k,n (k € n) since

(k), k|
(n), < [;]
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a-bHa-Hea-=hca-ba-2y.a-=h.
k k n n n

k
(n—k)
If we let x = X and replace L by (1 - x)? and ), by x9 we increase
n (n), (n),

grxacy- Therefore gexacr < &approxy Which proves Lemma 2. D

Proposition 3

Forallreal x (0 < x< 1)

-1 -1
x 1 1-x)" e O=x) + px] o o
g-x9 '+ p(1—x)r~!

E4pr ™
Lemma 5.3
Proposition 3 ==> Proposition 2
Proof

W.log. we set f,=1 since gqpprox iS homogeneous in 1,1, Take the derivative of

g4pprox Wilh respect to x, set it to zero and solve for ;.

x9-!

[o- L ———
' p (1=x)r!

If we substitute for 7, in gspprox W€ BEl E4pp- Note that the second derivative of

g4prrox With respect to x is
1 (=1 U-x)"2 4 1yq-(g—1x772,

which is positive for any x(0 < x € 1),if p> 1 or ¢ > 1 and ¢, # Oand 1, = 0.

Proof of Proposition 3
We show first that the derivative of g4pp(x) is zero in (0,1) iff x satisfies (1-x)? = x7.

Let A = x9 B = (1-x)?. Then

A'B — AB'

gAPP(X)‘ A'— B’

The numerator of the derivative of g,pp (x) is
(A"B'— A'B") (4 — B)
The first factor

A"Bl_A'B"
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= — pg(g—1)x9"2(1-x)*"1— gq-p (p—-1Dx9"1(l—x)r2
- x4 2(1=x)?"2(~- (g-1)(1-x) = (p—1)x)

has no zeros in (0,1).

Since (1-x)? = x? has only one solution a in (0,1) the rational function gpp (x) has
one extremal point in (0,1) with value g4pp(a) = a%. Since g¢pp (0) = g, pp(1) = 0 the

function g,pp(x) is maximal for x = a. O

The proof of Proposition 3 uses differentiation. We give now a different proof which does

not use differentiation and which provides further insight into the problem.

Proposition 4

Forallreal x,8 0 < x8< 1)

g,(x,8) = x"[(l-x)” (px—gx+g) + (l-—ﬁ)"q(x—l)] - (Q-x)PB9px £ 0

Lemma 5.4
Proposition 4 ==> Proposition 3
Proof

Multiply both sides of g4pp (x) € @ by the denominator of gpp (x) and shift all terms to
the left of the inequality sign. The resulting inequality is g:(x,8) < 0 if we make liberal

use of (1—a)” = a? (a crucial point) and if we substitute g for a.
Proof of Proposition 4
So far a proof of Proposition 4 was obtained only for special cases.

D p=lg 21
Note that

g8 = =B)? T x1(img)pi]

i1

Hence g,(x,8) is non-positive for 0 £ x,8 < 1.

Example: (p=1)

g,(x,B) is proportional to (the deleted factor has a positive sign)
—(x—B)*or g=2.

—(x—B)*(2x+pB) for g=3.

—(x—B)2(3x42xa+a?) for g=3.
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1) p=2.
g,(x,8) is proportional to (the deleted factor has a positive sign)
(x—B)2(x (x—4) + 28(x—1)) for g=3.
(x-B)2(x2(x-3) + 28x (x—1) + B1(x—1)) for g=4.
(x—B)2(x*(3x—8) + 68x?(x—1) + 482x (x—1) + 283(x—1)) for g=3.
Unfortunately this technique does not generalise for p 23 But it is conjectured that

Proposition 5 holds in general.

The formulas obtained by the alternate proof method have interesting applications.

Theorem 4:

Let S be a formulain F'(1,g)(g>1) for which

max  mean, (§) = meany(S).
0<k<n

Then assignment J,; o, Which assigns false to all variables satisfies all clauses. In general,
if max mean, (S) = mean,.(S) then the assignment which assigns true to k' vari-

0K k<n
ables satisfies at least the fraction

' -1 '
(K (i—gra(Eye

=@ ]

1-a?
..E.a—‘
q(n) +1

of the clauses.
Proof
Consider g,pp (x) — a? for p=1 (after multiplying with g-x* '+ 1):

-1
gx*1(1-x) + x? — a’ - (g-x9"41) = (x-—a)’t x9=i~1(ji=—g)a" 1
=1

Let
—1
G-a)? § xt1(i—g)a’
h - jo ]
&) g x971+1
Now,

h(0) = a2(—1-q% %) = —af .
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Proof of Theorem 3(ii)

Algorithm MAXMEAN in [Lieberherr (1981)] guarantees to satisfy the fraction 7, in
polynomial time. O

Proof of Theorem 3 (iii)

The fact that the satisfiability problem for formulas in F(p,q) is NP-complete follows
from a general result of [Schaefer (1978)]. Then the proof can be adapted from
[Lieberherr/Specker (1981)].

Extensions

The technique used to prove Thegrem 3(i) is suitable to determine 7 for other sets y
which contain only two relations. The fraction of satisfied clauses in a symmetric formula
which contains r, clauses with the first relation and 1, clauses with the second relation is
given by (in approximated form)

llRl(X) + I)Rz(X)
N + 13

hl(x,fl,'z) L

Y

where R, and R, are polynomials which depend on the two relations.
W.lo.g. 1;= 1. If we take the derivative of h, with respect to x and solve for 1, we
get

¢ ""R 2'(X)
! R ]'(X) )
Substituting in h; we get

VG0 R,'(x)-R,(x) — Ry (x)R,'(x)
2X)= TR ) - Ry (x)

The numerator of the derivative of h,(x) is given by
(R ](X) - Rz(X)) (.R |"(X)R 2'.(X) - R l'(X)R 2"(.X)) .

If the second factor has no zeros in (0,1) then the fraction R (a) can always be satisfied,

where a is the solution of R,(x) = R,(x) in (0,1) which is the global minimum of h,.

§. Partial Solution of the 3-Satisfiability Problem
In [Lieberherr/Specker (1981)] the following problem was left open. A formula S of the

propositional calculus in conjunctive normal form is said to be 3-sarisfiable, if any triple of

clauses is satisfiable. Determine the fraction 73 of the clauses which can always be satisfied
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in a 3-satisfiable formula. We show in the following that 7, > 2/3. The problem with 3-
satisfiable formulas is that they are not closed under symmetrization. If we take a 3-
satisfiable formula S and symmetrize it with the full permutation group then the sym-
metrized formula is in general not 3-satisfiable.

To show that 73 > 2/3 we construct a class RED, of formulas so that

1. RED, contains all 3-satisfiable formulas (but some are not 3-satisfiable)

2. in any formula in RED, at least the fraction 2/3 of the clauses can be satisfied.

©

Consider any 3-satisfiable formula S. Without loss of generality we assume that clauses of
length 1 only contain positive literals (this can be enforced by renamings). Now we parti-
tion the variables into two classes. The first class contains only variables which occur in
clauses of .length 1. The second class contains all other variables. A clause is said to be
type T§ ifits j variables are in class q and i of them are positive. A clause is said to be

of type T7 i, if it contains j, variables of class q and J, variables of class r and if

of the j, variables are positive and i, of the j, variables are positive.

Definition

RED, is the following subset of cnfs: The variables are partitioned into 2 classes and only

the following clause types occur:
T, T T8 T Te. THh.Th -

This definition is of interest since for proving that 73 > 2/3 it is sufficient to minimize

among the formulas in RED,.

Theorem 5:

G) In any 3-satisfiable cnf at least the fraction 2/3 of the clauses can be satisfied. Gi)

There is a polynomial algorithm to find such an‘assignmem.

Proposition 2.1

In any cnf in RED1 at least the fraction 2/3 of the clauses can be satisfied.

Lemma 2.1
Proposition 2.1 ==> Theorem 2(i)

Proof:
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Any 3-satisfiable cnf is easily reduced to a formula in RED, by deleting literals. Deleting

literals makes a formula harder for satisfying many clauses. O

Definition:
Let RED, be the subset of cnfs of RED, which do not contain clauses with types

Té,T# and T

Proposition 2.2

In any cnf in RED2 at least the fraction 2/3 of the clauses can be satisfied.

Lemmas 2.2
Proposition 2.2 ==> Proposition 2.1
Proof:
In a cnf containing clauses of exactly length 2 at least the fraction 3/4 of the clauses can

be satisfied (a random assignment satisfies 3/4). Therefore deleting clauses of the above

three types does not make it easier to satisfy many clauses. O

We prove now Proposition 2.2 by a sequence of further reductions. Let S be a formula in
RED, which contains 1, clauses of type T}, ,t, clauses of type Tgfy .73 clauses of type
Td; and 1, clauses of type Td? 1. The worst-case formulas (regarding the fraction of
satisfiable clauses) in RED, are those which are symmetric in the A-variables and B-
variables. Among those formulas the formulas with 7, = 1, are hardest. In a formula in

RED, with 1, = t, the fraction

t t t
L=k + 2k + 7> (§]
A ¢

1~

Hh+ 2,413 ;

of the clauses are satisfied if k of the n A-variables are set to 1. Therefore, we have 1o

show

Proposition 2.3

For all integers n and for all positive integers 1;,12,13 there is an integer k (0 < k < n)
such that

{ 1
—r%k + (ns) (k)
2 <

l]+212+f3 -5

t
L (n—k) +
n
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Lemma 2.3
Proposition 2.3 ==> Proposition 2.2
Proof:

Given above. D

Proposition 2.4

For all integers n and for all positive integers fy,15,73 there is an integer k(0 < k < n)

such that
t t t
Dn—k) + 2k + K3
Wy, = n n n < l
! 1+ 20+ 13 3
Lemma 2.4
Proposition 2.4 ==> Proposition 23
Proof:
k), k.
Observe that —— £ — if k < n. D
(n), . n’
Proposition 2.5
Forall x (0 € x< 1) and all positive integers I3
1— 2153 1
Wy - < =
2% 34 1,(0-6x) 3

Lemma 2.5
Proposition 2.5 ==> Proposition 2.4

Proof:
W.lo.g. let f;=1 and substitute x for -!:; in w,. Take the derivative of w,; with

respect to x , set it to zero and solve for ;.
'2 o l - 3l3x2.

By substituting 1 — 3r;x? for f; in w; weget wy. D

Proposition 2.5 is easily proven directly by case analysis. O
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6. Conclusions and open problems

The analysis of algorithm y—MAXMEAN reduces to a minimax problem of the following
form: Let

— m
= (oo 1), 0K 1, < 1, freal, Y t; = 1.
. im0

Let 0 = (0,(x),..,0,(x)) be a vector of m polynomials with integer coefficients. The
minimax problem consists of computing

Tx = min  max mti (x) .
0 0< 240

—

t \xgli—]

It appears that there exist no efficient methods for computing 75, given 0. Methods of
classical game theory [von Neumann/Morgenstern (1947)] and their extensions [Fan

(1953)) help only in special cases.

In the area of robust estimation, where related minimax problems are analyzed, no efficient
methods for solving them have been developed either (see [Vastola/Poor (1981)]). All
these facts suggest the conjecture that the following problem MINIMAX is NP-complete:

Input: A vector O of polynomials with integer coefficients and a rational number
’.

Question: 75 < r
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