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Abstract—We presentthe MBRAM model for static evaluation
of the performance of memory-bound programs. The MBRAM
model predicts the actual running time of a memory-bound
program directly from pseudo-code.This meansthat the nal
running time can be predicted even before the program has been
developed and benchmarked.

In contrast to the “Big Oh” complexity model, which mea-
sures the time solely by counting the number of instructions
executed,the MBRAM model predicts running times basedon
memory accesses;acheparameters, RAM bandwidth, and other
important architectural parameters. As a result, the MBRAM
model correctly ranks orders the actual running times for
implementations of seven differ ent sorting algorithms.
In our suite of benchmarks, the MBRAM model consistently
underestimates the actual running times, with errors ranging
from 10% to 44%.

[. Intr oduction

We describea model for static evaluation of the perfor
manceof memory-boundprograms.Sucha model implicitly
assumeshat the CPU is operatingin parallelwith the RAM.
Furthermorepnehaslimited dataparallelism,in thatall of the
bytesof acachdine arereador writtenin parallel. A memory-
boundprogramis a programin which mostof thetimeis spent
waiting for memoryoperationgo complete.By concentrating
on memory-boundprograms,we are able to demonstratea
surprisingly accurate yet simple model of the running time.
The modelhasthe addedadvantageof staticallypredictingthe
runningtimes.

By static prediction,we meanevaluation basedsolely on
the code and knowledge of architecturalparametersof the
targetcomputer This assumeshatthe structureof the program
is sufciently transparentso that for a given datainput, the
numberof timesthataninstructionis executedcanbe directly
estimatedwithout recourseto running the program.This is
true for mary commonsubroutinesThis is demonstratedor
permutationmultiplication, matrix multiplication and sorting.
Note also that in this situation, the running time can be
estimateddirectly from pseudo-codeprior to implementing
an algorithm.

1This work was partially supportedby the National ScienceFoundation
under Grant CCR-0204113,and by the Institute for Complex Scienti c
Software (ICSS, http://www.icss.neu.edu/ ).

An evaluation model that is both simple and static is
importantin:
compiler optimization through program transformation;
and
algorithmtuning by implementors.

The modelis alsoimportantfor diagnosingperformancebugs,
by noting when the time for an implementationdiffers too
muchfrom the predictedtime.

The new MBRAM model(MemoryBoundRealisticAnalyt-
ical Mode) determinesa lower boundon the runningtime of
implementationsof memory-boundprograms.The MBRAM
modelcanbe understoodn a roughway ascountingthe total
numberof memory cycles over the life of the process.This
is in contrastto the traditional “big Oh” or “RAM model
of computation”(not to be confusedwith RAM memory)as
taughtto undegraduatesin which one countsthe numberof
dynamic instructions executed.More precisely the primary
architecturalparameter®f the MBRAM modelare

the sequentiabandwidthof RAM ( );

the random accessbandwidthof RAM ( : the band-
width, assuminghat a cacheblock is loadedfrom RAM
with eachsuccessie cacheblock comingfrom arandom
locationin RAM);

thecachesize( ) andcacheblocksize( ) for thelargest
level of cache;and

the branchmispredictionpipeline.

For the suite of memory-boundapplicationson which the
modelwastestedthe experimentakunningtimeswerealways
within 44% of predictionsand usually much closer Since
the predictionis always a lower bound, this error rangeis
equialent to %. For some cases,such as permutation
multiplication on newer Pentiums the model was accurateto
within 5%. Thetestsuitecoversa broadvariety of dataaccess
patternsThey include permutatiomrmultiplication (for random
permutations)matrix multiplication, and seven variations of
sorting. This suite coversrandomword accessstride access,
a heapdatastructure,merging of multiple streamsof sorted
data,and otheracces9atterns.

Theissuecanbe seenstarklyin the comparisorin Figurel,
belon. A novel, faster two-passalgorithm for permutation



multiplication is comparedwith the traditional algorithm. An
analysisusingthe RAM model(unit time peroperationwould
predict the running time of the two-passmodel to be twice
as long as the standardone-passmplementation While this
is roughly true on the Pentiumlll, the oppositeis true on
the Pentium4. The RAM modelfails to accountfor the high
bandwidthand longerlateng of DDR-RAM.

Therestof this paperis organizedto: describehe MBRAM
model in Sectionll; apply the MBRAM modelto permuta-
tion multiplication in Sectionlll; apply the modelto matrix
multiplication in SectionlV; and apply the MBRAM model
to sortingof integersV. Eachof thesethreeapplicationsshav
excellentagreemenbetweenexperimentalrunning times and
the MBRAM model. This indicatesthat each of them are
memory-bound.

A. Related Work

There are several examplesof newer compleity models
more accuratelytaking into accountarchitectural features.
Theseinclude the LogP model of Culler et al. [1], the BSP
model of Valiant[2], andthe disk latengy modelfor parallel
disks by Vitter [3]. Like the MBRAM model, Thesemodels
areusedasa guidetoward algorithmdesignin their domains,
but they are not usually usedto predictactualrunningtimes.

LaMarca and Ladner [4], [5] moved a step closerto an
analyticalmodel by quantifying the numberof cachemisses
for a variety of sorting algorithms, and comparing those
numbersto experimentallyacquireddata. They also present
experimentaldatafor the numberof instructionsandfor CPU
time for eachalgorithm.Althoughthey canpredictthe number
of cachemissesand correlateit to runningtimes, they do not
predictthe runningtime itself.

The conceptof a “memory wall” was introducedby Wulf
and McKee [6]. The algorithm for faster permutationmul-
tiplication of Section lll is describedin a researchnote
by Coopermanand Ma [7]. The work of Coopermanand
Robinson[8] usesthe idea of fast disk-basedpermutation
multiplication to develop a disk-basednembershipalgorithm
for mathematicafroups.The work of this paperis motivated
by the prior resultsof CoopermarandGrinbeig [9], who found
the parallelsharedmemoryperformanceof cosetenumeration
to be strongly dependenbn memory speedratherthan CPU
speed.

[I. De nition of MBRAM Model

We groupthe parameter®f the MBRAM modelaccording
to memoryaccessgcache,and branchmisprediction.We then
presentthe Model Rulesfor calculatingthe runningtimes.

a) Memory access.

Firstwe de ne a sequentiabtreamasa sequentiapatternof
readsfrom or writesto main memory(eitherin the forward or
backward direction). The sequencenustbe of lengthat least
twice the size of cacheblock.

(bytes/second)memorybandwidthfor oneof at most
concurrentstreamsn a region of code,with no other

concurrentmemoryaccesses.
(bytes/second)memorybandwidthfor all othermem-
ory accesses.
(typically
streamsallowed.
On current memory architectures, is experimentally
foundto be the samefor bothreadandwrite accessed-urther
developmentsin memory chip designmay createa situation
requiring separatesaluesfor and .
Themotivationfor  is thatmostRAM chipshave multiple
independentmemory banks. Current PC-133 and DDR-266
RAM have four memorybanks.Hence,an extendedburst of
consecutre readsor writeswill access singlepageof RAM.
Accessto a new pageof RAM not currently associatedvith
somememory bank incurs a delay Since the memory bank
addresseare mappedn adwance,it is dif cult to predicthow
the applicationdatawill be mappedo distinctmemorybanks.
Hence,we consenratively suggest asanaveragevalue.

b) Cache.

Next, we introduce three cache-relatedparameters.The
three parametersare important for the restrictionsthey add
to the model.

: cachesize
: cacheline (or cacheblock) size
: the maximumnumberof cachebuffers

In applying branch mispredictionto the model, we will
assumehebestpossiblebranchpredictionbasedn thehistory
all previous branch sites in the code. For example, in a
comparison-basesbrt, onewould expecta branchmispredic-
tion after a comparisonexactly half of the time. In that case,
if thereare comparisonsthenthe modelwould chage

dueto branchmisprediction.

): numberof concurrentsequential

¢) Branch misprediction.

Finally, we add one more parameter

(seconds):penalty chaiged for a branchmispredic-
tion.

Strictly speaking, branch misprediction is not a major
componentof the time of memory-boundprograms,since
it doesnot involve waiting on accessto main memory We
take the branchmispredictionas a parameterbut ignore the
CPU clock ratesand the numberof CPU instructionsfor two
reasonsi(1) in somecomparison-intense applicationssuch
as comparison-basedorts, the branchmispredictionpenalty
accountsfor a large part of the running time of the CPU;
and (2) the numberof branchesan be easily estimatedfrom
pseudo-code.

d) Model Rules.

1) A readfrom memoryto cacheor a write from cacheto
memory (whetherassociatedvith  or ) is chaged
for readingor writing datain multiples of the cache
block size . If lessdatais accessedpne roundsup to
thenext multiple. In particular areadof asinglerandom



CPU/RAM New, Two-PassAlgorithm | Traditional Algorithm

2.66 GHz Pentium4 / DDR-266 RAM 0.042s 0.159s

0.6 GHz Pentiumlll / PC-100RAM 0.131s 0.097s

Fig. 1. Two-PassPermutationMultiplication versusTraditional Algorithm: for  (i=0;  i<1048576; i++) Z[i]=Y[X[i]];

word in main memoryis chaged . An accesgo
cacheblocksis chaged or .

2) Onemayapply to aregion of codefor with at most

sequentialstreamsand no other memory accesses.

(This rule is subjectto revision, as the architectures
evolve both for hardware prefetch of streamsby the
CPU, and for the ability to maintain separatememory
bankswith fastsequentiabccessy the DRAM.)
For eachbranchinstruction, one predicts whetherthe
branchis taken, basedon the static program,and also
basedon the dynamichistory for all branchinstructions
of taking a branch.(This is the samedecisionmadeby
the CPU's branchpredictor) From this, one determines
the probability  that the prediction will be wrong.
Eachexecutionof the branchis thenchaged . (This
predictionis often very simple. For example,if a loop
containsmary iterations, one predictsthat the branch
thattestscontinuationof the loop is alwaystaken. Then
the probability of error is . So, one is chaged
. In asecondexample,supposea branchis taken
1/10 of the time. If the programprovidesno clues,then
the branchpredictorwill predictthatthe branchis never
taken, for lack of otherknowledge.Then and
one is chaged . Note that one is never
chagedmorethan J)
The cacheinitially holdsno data.
Eachreadcausedhe associatedlatato be broughtinto
cache.
Datain the cachemay not grow beyond . If datadoes
grow beyond , somedatais ejectedfrom the cache
on anLRU (LeastRecentlyUsed)basis.(In fact, cache
associatiity could modify this rule, but for the sale of
simplicity of the model,we ignore suchissues.)
7) Any write to main memoryrequiresthe corresponding
addressto be previously loadedto cache.(This rule
re ects current hardware implementationsbut future
implementationgnay relax this rule.)
One may not have more than cache buffers. If
the programis accessingmemory in a pattern with
more than  concurrentstreamsthen eachaccessto
memory is considereda random access.Each access
to memory is then chaged . For example, if
the numberof concurrentstreamsis smaller or equal
to , the costfor accessing 4-byte integers will
be or (accordingto whetherthe stream
is supportedby hardware-prefetchor not). But if the
numberof concurrentstreamsexceeds , thenthe cost
for accessing 4-byteintegerswill

3)

4)
5)

6)

8)

[ll. Permutation Multiplication

The traditional permutationmultiplication is expressedby
the simple formula below, with the X andY arraysasinput,
andthe Z array asoutput.

int  X[N], Y[N], Z[NJ;
for (i =0, i <N; i++) Z[i] =
YIX[il;

A. Memory-Aware Permutation Multiplication

Themodelof Sectionll leadsnaturallyto thefollowing new,
two-passalgorithm,describedn [7], [8]. The constraintis that
eachblock of the D array ts in half the cache.Furthermore,
the numberof blocks of the D array must be less than the
numberof cacheblocks (lessthan ). A later remark of
this sectiondescribeshow to extend the algorithm by using
more passesvhentheseconstraintscannotbe met.

The key to the algorithm is that if each block of the
D arraycontains entries,thenthe rst block of the D array
will ultimately containthe rst  entriesof the Y array but
permutedaccordingto the orderin which they will be written
into Z. Theseconcblock of Dwill similarly containthenext S
entriesof Y, and so on. Phasel determineshow to permute
each block. Phasell locally permutesthe data from each
segmentof Y to thecorrespondindplock of D (andthe sggment
of Y andblock of D both t in cache).Phaselll copiesthe
permuteddatafrom the different blocks of D to Z, meging

the blocks accordingto the desiredpermutation.

#define BLOCK_LENGTH
(CACHE_SIZE/2/sizeof(int))

#define NUMBER_OF_BLOCKS
(ARRAY_LENGTH/ BLOCK_LENGTH)

int  X[ARRAY_LENGTH], Y[ARRAY_LENGTH],
Z[ARRAY_LENGTH];

int  D[ARRAY_LENGTH];

int  *D_ptrfINUMBER_OF_BLOCKS];

/I Phase . distribute value, X]a],

I into block given by D_ptr[block_num]

int  block_num, i, |

for (block_num= 0; block_num <

NUMBER_OF_BLOCKSbhlock_num-++)
D_ptr[block_num] =
‘& Dlblock_num * BLOCK_LENGTH];

for (i = 0; i < ARRAY_LENGTH;i++){
block num = X[i] / BLOCK_LENGTH;
*(D_ptr[block_num]) = X][i];
D_ptr[block_num]++;

}

/I Phase Il: for D[] == X[a],

I replace the value X[a] by Y[X[all

for (i =0 i < ARRAY_LENGTH;i++)
Dl = Y[ DIl I



/I Phase Il copy value Y[X[a]]
I from D_ptr[block_num] to Z[a]
for (block_num = 0; block_ nhum <

NUMBER_OF_BLOCKSbhlock_num-++)
D_ptr[block_num] =
& Dlblock_num * BLOCK_LENGTH];

for (i = 0; i < ARRAY_LENGTH:i++) {
block_ num = X[ / BLOCK_LENGTH;
Z[i] = *(D_ptr[block_num]);

D_ptr[block_num]++;
}

Figure 2 shavs the experimental results acrossPentium
generations.Note the close agreementof experiment and
predictionacrossCPU generations.

With each new generationof the Pentium and memory
the new algorithm has becomeprogressiely fasterrelative
to straightforvard permutationmultiplication. This is due to
the growing CPU/memorylateng gap of newer generations
of the Pentium CPU/memorysubsystem,The accurag of
the MBRAM model risesto within 5% on later generations,
correspondingdo therise in the CPU-memorygap.

The dataof Figure 2 for the new algorithm representan
optimizedversionof the straightforward code.Memory layout
of the D blockswasalteredto avoid cache-aliasingand zero-
mappedpagesof the operatingsystemwere rst instantiated.
The unoptimizedversionwas about20% longet

B. Analysis and Experimental Results

In Figure 2, we have seenthe experimentaland predicted
results.The implementatiorusesoptimizationsto avoid cache
aliasing and to instantiate zero-mappedpagesin adwance.
Without thoseoptimizations the experimentaltimesare about
20% highet

We analyzethe traditional permutationmultiplication. We
assumed byte integersandthat X arrayis a randompermu-
tation. Since X is read consecutiely, it costs — to read X.
By Model Rule 1 of Sectionll, the randomaccesseso the
Y arraycost— . By Model Rule 7,theZ arraymustberead
into cache(costing —) before being written (costing —),

totally costing —. So, the predictedtotal costis

For the new permutationalgorithm, Phasel is chaged
—. (X is a read stream,and each stream correspond-
ing to a D_ptr[block_num] is a write streamrequir
ing a read-modify-write operation.) Note that we require
NUMBER_OF_BLOCKS by Model Rule 8 of Sec-
tion Il. Phasell is chaged — for readingD and Y and
writing to D. Phasdll is chaiged — for readingX andD
and executinga read-modify-writeon Z. Thus, the total cost
is

IV. Matrix Multiplication

Matrix multiplication is demonstrateds an example with
stride access,and with the more CPU-intenste operation

of matrix multiplication. Such issuesare commonin mary
numericalanalysisprograms.The straightforward row major
integer matrix multiplication algorithm is implementedwith
the resultsshavn in Figure 3. (Blocked matrix multiplication
routinesare more ef cient, but they also tend further toward
the CPU-bounddomain,and hencefurther away from appli-
cability for the MBRAM model.)

The Pentiumll andPentiumlll casesvereomittedbecause
our Pentiumlll did not have enoughmemory for the large
matrix multiplication, and the shorter cache block size of
PentiumIl and lll imply that the formula (2) in Figure 3
would not be valid for thosecases.

After doubling the numberof scalarmultiplicationsin the
innerloop onthe 1.7 GHz Pentium4, the CPUtime wasfound
to increaseby 20% for . Hence,the programis only
partially CPU-bound.The remaininginaccurag is accounted
for by the frequentaccessedo L2 cacheand by the TLB
misses.The MBRAM modelchagesnothingfor eithercase.

We next derive the MBRAM formulas for the time to
execute for matrices and storedin row major order,
of dimension , and with eachentry of size  bytes. We
analyzeonly the terms. Consider rst the casewhen a
matrix row is larger than a cache block ( ), and
one matrix row andtwo matrix columns t inside the cache
( ), but the entire matrix doesnot t inside
the cache( ). (Note that for row major order, each
entry of a matrix columnlies in a separatecacheblock, and
so a column requires space.)After multiplying by the
rst column,the secondcolumnwill be containedn the same
cacheblocksasthe rst column,andsoon. Eachentry of
andthereforeeachcacheblock correspondindo , is loaded
into cache times,andthereare  entriesor cache
blocks.So, the MBRAM formulais .

Next, considerthe casewhena matrix columnis largerthan
the entire cache( ). In this case,eachinner product
of a row and column requiresone to load both the row and
the column. This costs secondsA matrix
multiplication computes  inner products.So, the MBRAM
formulais

V. Sorting Algorithms

In Figure 4, we compareseveral well-known sorting al-
gorithmsto shav agreemenbf theory and experiment.The
MBRAM predictionstend to be about 2/3 of the measured
running times, and always senes as a lower bound. Further
more, the ordering of the times of the MBRAM formulas
re ects the orderingof the measuredunningtimes. Thus,the
MBRAM model senes as an excellent guide for improved
sortingimplementations.

The MBRAM formulas are basedon estimatesof the
numberof accesse® mainmemoryandthe numberof branch
mispredictions While thereis not room for the derivation in
this note, the full derivation can be found in Appendix A.
For memgesortand quicksort,the times are dominatedby the
branch mispredictions,while the data accessdominatesthe



CPU/RAM Time (new Fastalg., s) | Time (traditionalalg., s)
Experiment| Predicted|| Experiment] Predicted
2.66 GHz Pentium4 / DDR-266 RAM 0.042 0.042 0.159 0.147
1.7 GHz Pentium4 / PC-133RAM 0.060 0.047 0.176 0.158
0.6 GHz Pentiumlll / PC-100RAM 0.131 0.087 0.097 0.083
0.35GHz Pentiumll / PC-66RAM 0.222 0.151 0.148 0.143
Fig. 2. Fastmultiplication of two randompermutationson 1,048,576points (4 MB per permutation)
for (i=0; i<1048576; i++) Z[i|=Y[X[]];
CPU/RAM Time (Mat. Dim. ) || Time (Mat. Dim. )
Experiment] Predicted|| Experiment] Predicted
2.66 GHz Pentium4 / DDR-266 RAM 1.67 0.53(1) 11,241.23 8,743.91(2)
1.7 GHz Pentium4 / PC-133RAM 1.47 0.59(1) 11,306.00 9,879.16(2)
Fig. 3. Matrix Multiplication over Integers(word size ); Predictionsaccordingto
MBRAM formula (1) (when )); or (2) (when )
Computationis CPU-bound
| Sorting Algorithm | Exper (s) | Pred.(s) | MBRAM formula
Quicksort 2.40 1.51 —_— —
Mergesort 3.14 1.75 _ —
Heapsort 24.88 16.83 —
[Input data uniformly distributed betweern0 and 8 Meg]
Simple Bucket Sort
( ) 0.62 0.47 —
Distribution-countBucket Sort —_—
( ) 0.92 0.57 —
Simple Radix Sort
( ) 0.77 0.47 —_—
Distribution-countRadix Sort
( ) 1.01 0.60 _ —

Fig. 4. Predictionand Experimentfor VariousSorting Algorithms;

arraysizeN = 8 Meg (Nw = 32 MB); cachesize C = 256 KB; integer word size

time for heapsort.The non-comparison-basesbrts eliminate
the costof branchmispredictionentirely.

As always,the MBRAM predictionis a lower bound.The
predictedtimes are approximately2/3 of the experimental
times. We hypothesizethat the additional experimentaltime
is dueto intensive useof the L2 cacheat the lower levels of
therecursion(for whichthe MBRAM modelchagesnothing),
alongwith the factthat no attemptwas madeto optimize the
code over the straightforvard implementations.This points
up the opportunity for further optimizationsby overlapping
the CPU-intensie lower recursionlevels with the memory-
intensize upperrecursionlevels.

The resultsare shavn in Figure 4. The derivationsof the
MBRAM formulas are containedin Appendix A. The non-
comparison-basedorts (bucket sort and radix sort) diverge
further from the predictionshecause portionis CPU-bound,
andit is not overlappedby branchmispredictionsor by mem-
ory accessesSpeci cally, they usethe L2 cacheintensiely,

1.7 MHz Pentium4 with PC-133RAM,; input datais uniformly distributed

bytes

andtendto have mary TLB misses(Thereareonly 64 TLB
entrieson the Pentium4.)

Quicksort is of special interest. One can split the total
time of 1.51 = 0.38 + 1.13, wherethe rst term accounts
for datamovement,and the secondterm accountsfor branch
mispredictiongcomparisons)The givenformulaassumeshat
the input array is partitionedin half at eachlevel. As shovn
in the appendixthetime is alower boundfor
thetime dueto branchmispredictionsand

is an upper bound. For the  in the table, the
upperboundis only 1.4% larger thanthe lower bound.

Hence, the MBRAM formula predicts that the cost of
branchmispredictions(or comparisons)s highly insensitve
to good or bad pivots. This leaves only the small time for
datamovement(0.38) to be improved by a better choice of
pivots.

The above analysisimplies that the well-known median-
of-three optimizationfor choosingpivots will have very little



effect for implementationson the 1.7 MHz Pentium4 with
PC-133RAM. (The pivot is chosenasthe medianof the array
valuesatthemiddle of thearrayandatthetwo extremes.)This
is borne out by our tests. The median-of-threeoptimization
resultedin atime of 2.38s, or only 1% improvement.

VI.
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APPENDIX

a) Quicksort.

ConsidersortingN integers( byteseach)usingquicksort.
We analyzethe time asif the input arrayis alwayspartitioned
exactly in half. This is justi ed in the following paragraphs.

We will recurse times. Eachtime of recursionwill
read through all N elementsand perform the partitioning
process.The cost for reading/writingthroughN elementsin
one passof partition is —. In eachpass,therewill be

comparisondo be performedon average.The probability
that the branch-predictionis correct for those comparisons
is a half (since the valuesto be comparedare completely
randomand have no patternto predict). So therewill be —
times of branch-mispredictiomnd the total costfor it in one
passis — . We have totally passes, (
is the cachesize) passesof which are performedin cache.
The cost of partitioning in cachedoesnot include the cost
for reading/writingdatabut the branchmispredictioncost. So
we need —— for onepassin RAM and — for one
passin cache.Therefore the total costfor sortingN integers

accordingto our modelis

We next analyzetheerrorin this approximatiorby consider
ing thetime whenthe pivot doesnot partitiontheinput arrayin
half. Thetotal predictedtime splitsas1.51= 0.38+ 1.13,with
0.38sfor datamovementand1.13sfor branchmispredictions.
We will shaw thatthe seconderm,1.13s, changeslmostnot
atall underthe assumptiorthatthe partition doesnot split the
input array in half. Thereforeary changein the rst term,
0.38s, will make a small contribution to the overall time.

In analyzingthe seconderm, recallthat Model Rule 3 says
to counta branchmispredictiononly to the extentthatit differs
from the bestpredictionbasedon the history. If the partition
splits the array into fractions and for ,
thenbranchpredictionwill always predictthat datais sentto
the larger half. So, an array of length  will have branch
mispredictionsnsteadof

Let be the numberof branchmispredictionsfor an
array of length . We shov that the MBRAM term for
branchmispredictionss boundedby

, Where . To seethis, we apply
the recurrencedor branchmispredictions

We prove that

is an upper bound for the previous recurrence.Note that

. We shaw that
, to provethat is anupperboundfor therecurrence.
Note that
f , then
We notethat is minimized
when , and by plugging in , we deduce
that . So,
For large ,
. Since is also a lower bound for
, we can take , with very small
error.

b) Mergesort.

Unlike the caseof quicksort, the data array in meigesort
is always divided into two equal small arrays. Therefore,
meigesortastotally passes, passesf which
are performedin cache.The cost for one passin RAM is
, andfor onepassin cacheis — . Hence,

the total costis



¢) Heapsort.

A more detailed analysis of HeapSortis provided by
LaMarcaand Ladner[10]. In the spirit of a simple estimate,
we make somesimplifying approximationsA completebinary
treewith  verticeshasa depthof at most . Assume
that proceduredownheaprequires steps. Since the
numberof nodesof abinarytreeperlevel grows exponentially
this is likely to be a reasonablestimate.

As a further simplifying approximation,assumethat the
cacheholds only the nodesclosestto the root. We wish to
nd the largestlevel for which mary nodesare held in
cache.Speci cally, if a nodeis at level , thenthereare
nodesat that level. Whena stepof downheapouchesa node
at level , it will alsotouch nodesfrom lower
levels, bringing theminto cache.Further thereare
nodesabove level . So, we require that

, for  the size of a nodein bytes.
This vyields

. Hence,
of the stepsof downheapwill accessodesfrom cache.

Each stepwill comparethe left child, right child and the
parentnodeto determinethe largestnode,and swap nodesif
necessaryOn average,eachstep of downheaprequirestwo
comparisonswith probability 50% of mispredictionfor each
one,andprobability 50% for nodeswapping.The costof each
stepis either  (for the rst  stepsin cache)or -—
(for the remainingsteps).

Procedurebuildheap builds a heap of size  from the
bottom up. Hence, it calls proceduredownheap times,
with later callsto downheagpcontainingmorestepsthanearlier
calls. The total numberof stepswill be

. Of thosesteps,at most  stepswill involve the
nodesclosestto the root, and henceaccessto cache.Since
, We assumeno accesseto cache.

Procedureheapsort calls proceduredownheap  times.
Due to the exponentialgrowth in the numberof nodesper
level, we again assume stepsper call to downheap
with stepsoccuring from cache.We neglect the cost
of buildheapand copying to the destinationarray sinceboth
areproportionalto , andaresmallcomparedo the
terms.Hence,the total costof heapsorting integersis

d) Bucket sort (uniformly distributed data).

Consider a simple version of non-comparisonsorting:
bucket sort for uniformly distributed data. We distribute el-
ementvaluesin the original arraysinto buckets accordingto
their high bits, and then recursvely sort them again using
bucket sort and the next lower eld of bits. Finally, we
concatenatdhe buckets to get the results.Bucket sort is in
somesensethe oppositeof radix sort, which begins with the
low bits.

Supposeave use bucketsfor eachpassthenwe needtotally

passesOf these, passesreperformed
in cacheand passesrein memory
(The in passesn cachecan be seen

becausehe sizeof aninput arraymust t in half the cachein
orderfor thereto beroomin cachefor the destinatiorbuckets.
The" " is neededsinceno matterhow smalltheinputarray
one passis neededo copy the array from RAM to cache.)
In eachpasswe readsequentiallyfrom the sourcearrayand
distribute values(read-and-modify)nto buckets.Accordingto
the discussionin Model Rules8 in Sectionll, if is smaller
thanthe maximumnumberof concurrenstreams, , thenthe
costfor one passwill be — with  the integer word size,
andthe total costfor bucket sorting integerswill be

We demonstrateon an array of length using
buckets. At the end of the secondpass,eachbucket
is 8 KB. So, we concatenateeach 8 KB bucket into the
destinationarray after rst sorting it by bucket sort inside
cache.
For the distribution countversionof this, we add

to the previous formula for the countingphase.
e) Radix Sort (uniformly distrib uted data).

The analysisis similar to that of bucket sort. The primary
differenceis that none of the passesoperatein cache.So,
is replaceby



