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Abstract

We introducea new notion of bisimulationfor shawing contectual
equivalenceof expressionsn anuntypedlambda-calculusvith an
explicit store,andin which all expressedralues,including higher
order values, are storable.Our notion of bisimulation leadsto
smallerandmoretractablerelationsthandoesthe methodof Sumii
andPierce[31]. In particular our methodallows oneto write dovn
a bisimulationrelation directly in caseswhere [31] requiresan
inductive speci cation,andwherethe principle of local invariants
[22] is inapplicable.Our methodcan also expressexampleswith
higherorder functions, in contrastwith the most widely knowvn
previous methods[4, 22, 32] which arelimited in their ability to
dealwith suchexamples.The bisimulationconditionsarederived
by manuallyextractingproof obligationsfrom a hypotheticallirect
proof of contextual equivalence.
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1. Intr oduction

In the classicnotion of contextual equivalence two expressionse
and e® are contectually equivalentif andonly if C[e] and C[e"]
producethe sameanswerfor ary programcontext C. Contextual
equialenceis the “gold standard’of equivalenceslf e ande® are
contetually equivalent,thenacompileror otherprogramoptimizer
can always safely replacee with €® or vice versa,wherever it
appearsn ary program.The ideaof contetual equivalencegoes
backto Morris [21], andis a key notionin much of denotational
semanticse.g.[2, 17, 19, 23, 24].

Proving the contextual equivalenceof expressionss generally
dif cult, sinceit involvesreasoningboutall possiblecontets.One
way of easingthis burdenis to nd away to cut down the setof
contets thatneedto be considerede.g.[16]).
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Anotherapproachs to useadenotationatemanticge.g., [18]).
In a denotationakemanticstwo programswith the samedenota-
tion are guaranteedo be contextually equivalent. Unfortunately
denotationalequality is a very strong property Two expressions
that manipulatethe storedifferently will generallyhave different
denotationsFor example,consider

class Cell {

private int y;
Cell (int x) {y =x}
public void set (int z) {y =z}
public int get () {return y;}
}
and
class Cell {
private int yl1, y2, p;
Cell (int x) {p =0; y1 =x; y2 =x;}
public void set (int z) {p =p+l; y1l =z, y2 =z}
public int get () {if (p %2) ==0)
{return y1;}
{return y2;}}

}

Herewe have two differentimplementationf a cell containing
an integer The rst keepsa single instancevariabley, but the
secondkeepsthreeinstancevariables:a counterp andtwo copies
of the cell, y1 andy2. It readsfrom eitheronecopy or the other
dependingon how mary timestheset methodhasbeenexecuted.

Thesefragmentsare indistinguishablgat leastin the absence
of re ection), but they will have differentdenotationdecausehey
allocatedifferentnumbersof locationsin thestore.Therearemore
complex denotationalapproacheghat attemptto deal with this
kind of situation (e.g., [29]), but this example demonstrateshat
a straightforvard denotationahpproachs insufcient for thekind
of exampleswe wishto handle.

A more promising techniqueis that of bisimulation In the
bisimulationapproachpne de nes a relationR betweenpairs of
con gurations,suchthat

1. If two con gurationsarerelatedby R, andeachtakesa step(or
perhapsa sequencef steps)thentheresultingcon gurations
areagainrelatedby R.

2. If two nal con gurationsarerelatedby R, thenthey represent
the sameanswer

For ary suchR, if two con gurationsarerelatedby R, thenthey
will producethesamenal answer

This approachseemamorein keepingwith hov programmers
think. In the example abore, we can imagine the sequenceof
methodcalls on a Cell object. At eachstep,we canimaginethe
contentsof the instancevariabley on one hand,andthe instance



variablesyl, y2, andp on the other It's clearthat corresponding
callsto get will alwaysreturnthe samevalue.TherelationR is a
kind of invariantthatconnectghetwo computations.

Bisimulation techniquesare widely usedfor processcalculi
[20]. They arealsoanimportanttechniquein analysis-basegro-
gramtransformatior{8, 34, 35].

Although bisimulationsseemto capturea programmes intu-
ition, they have two signi cant shortcomings:

1. First,asdescribedhbore, bisimulationsareformulatedin terms
of small-step(or rewriting) semanticsThis formulationmales
it dif cult toreasordirectly aboutproceduresgspeciallyrecur
sive proceduresfor which a big-step(or evaluation)semantics
is morenatural® In previouswork, we have shavn how to adapt
bisimulationideasto handleproceduresisingabig-stepseman-
tics[30, 35].

2. More importantly bisimulationis awhole-pogram property It
is concernedvith entireprogramcon gurations;it doesnottalk
directly aboutprogramfragmentsThekey step,thereforejsto
formulatebisimulationasa termrelationand shav thatit is a
congruenceTherearemary suchresultsfor procesgalculi[9].

In the sequentiatealm,Sumii andPierce[31] have shavn howv
to de ne bisimulationsfor a higherorderlanguagewith dynamic
sealing.Sealingis of interestbecausegeneratinga new sealis a
primitive effect. They replaceda single bisimulationwith a setof
partial bisimulations,eachrepresenting pieceof a bisimulation
underdifferent conditionsof knawledge. Similar ideashave also
beenusedin concurreng [6].

In this paper we extendandimprove the Sumii-Piercemethod.
Thiswork makesfour contrikbutions:

Weintroducea new notionof bisimulationthatleadsto smaller
and more tractablerelations.In particular our methodallows

oneto write down the bisimulationrelationsdirectly in cases
where[31] requiresan inductive speci cation, andwherethe

principleof localinvariants[22] is inapplicable.

We handlea calculuswith full- edged storethat may contain
ary expressedalue.

Our methodcanexpressexampleswith higherorderfunctions.
The mostwidely known previous methoddq4, 22, 32] arelim-
ited in their ability to dealwith examplescontaininghigher
orderfunctions.

Last, we derive our bisimulationby a more structuredmethod
than [31], which relied more on intuition for its deriation.
This methodallows us to identify wealer proof obligations,
and sugestshe possibility of systematicallyde ning notions
of bisimulationfor otherlanguages.

Theremaindenf thepaperis organizedasfollows: in Section2,
we presentthe syntaxand operationalsemanticof the language
we will use.In Section3, we de ne contetual equvalence.In
Section4 we considerhow onemight go aboutproving contextual
equivalencedirectly. Fromthis proof we extract proof obligations
thatseneto de ne therequirements$or abisimulation.ln Sections
we de ne our notion of bisimulation,andstateits correctnessThe
proofsaredeferredto AppendixA. In Section6 we presentsome
well-knowvn examplesusingthis method.In Section7 we compare
the proof obligationsgeneratedy our methodwith thoseof [31].
We concludewith a discussiorof relatedwork andconclusions.

2. Thelanguage

The term languages the untyped,call-by-value lambdacalculus
augmentedvith constantsprimitive operationsa conditionalcon-

1 For anexampleof the complicationscausecy this mismatch see[34].

struct,tuples,and storeoperationsThe syntaxof the languagds
shawvn in Figurel.

The meta-ariablec rangesover the setof naturalnumbersand
booleanspp rangesover the arithmeticandbooleanoperatorsTu-

and projectionof thei-th elementof a tuple by # (€). Constants,
abstractionstuplesof values,andlocationsarevalues.

The expression x: e createsa new locationin the store,and
bindsx to thatlocationinsidee; expressionde and(e:= €) return
andupdate respectiely, the contentsof alocationin the store.

The domain of locationsis an in nite countableset; meta-
variablesl, k rangeover this set. A store is a nite map from
locationsto closedvalues;s andt rangeover stores.The value
in locationl of stores is givenby s(1); s[l 7! v] placesthe value
v in locationl of stores, extendingthe domainof s, if necessary
D om(s) denoteshedomainof stores; Locs(e) denoteghe setof
locationsthatoccurinsidee. Lcl osed(s) is thepredicate:

812 Dom(s): (FV(s(l)) = ;)" (Locs(s(l)) Dom(s))

De nition 2.1. Acon gurationis a pair of a stores andexpression
e, writtenhs; ei.

De nition 2.2. A con guration hs; ei is called well-formediff it
satis esthefollowing properties:

Lcloseds) ™ (FV(e) = ;)" (Locs(e) Dom(s))

The big-stepoperationalsemanticof the languages de ned
for well-formed con gurations, and is shavn in Figure 2. Each
big-stepreductionhs; ei + ht; wi consistof aninitial well-formed
con guration that containsan expressione andthe stores, under
which e evaluates,anda nal con guration that containsthe re-
ducedvaluew andthe nal storet. If thederivationtreede ned by
abig-stepevaluationhs; ei +ht; vi hasheightlessthank thenwe
write hs; ei +< ht; vi.

Lemma?2.3. If hs; ei +ht; wi thenDom(s) Dom(t).
Proof. By straightforvard induction on the derivation of
hs; ei +ht; wi. |

Lemma 2.4. If hs;ei is a well-formed con guration and
hs; ei + ht; wi, thenht; wi is alsowell-formed.

Proof. By straightforvard induction on the deriation of
hs; ei +ht; wi, using Lemma 2.3, and the de nition of well-
formedcon guration. |

We saythatawell-formedcon gurationhs; ei terminatesand
we write hs; ei +, iff thereis a nite derivationtreefrom therules
in Figure2 thathashs; ei asinitial con guration,andsomeht; wi
as nal con guration.Corversely if thereis no suchderivation,we
saythaths; ei diverges andwe write hs; ei *.

In the following sectionswe will uselet x=e;in e and
(e1; e2) assyntacticsugarfor (( x: e2) e1), dependingpnwhether
x is freein e;.

We will also use an overbar as a syntactic meta-operatoto
denotea comma-separateskquencef syntaxfragments:

where is asyntaxfragmentand ; is the samefragmentwith i-
subscripton all meta-identi ersit contains.For examplewe will

paperthe sizeof a sequencén the overbarnotationis considered
arbitrary andleft implicit (see[15] for amorerigoroustreatment).
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Figure 1. SyntacticDomains

EvAL-CONST
hs; ci +hs; ci

EvAL-APP )
hs; e1i +hsy; x: ei

hsi; e2i +hsy; vi

EVAL-AB_STR ]
hs; x: ei +hs; x: ei

hsz; [v=x]ei +ht; wi

hs; (&1 &)i +ht; wi

EVAL-OP )

hs; eri +hsy: cii hsn 1;eni+ht i op®™ ™ (ci;iiiic) = ¢
hs; op(er;:::;en)i+ht; ci

EVAL-IF

hs;eri+hsy;wii  hsy; ei+ht; wi

(wq;i) 2 f(true ;2); (false ;3)g

hs; if e;then e; else esi +ht; wi

EVAL-TUPLE EVAL-PROJ
hs;eri+hsy; wii ::: hsy, 1;eni+ht; wni hs; ei +ht; (wy;:::;wp)i 1 0 n
hs; (e1;:::;en)i+ht; (Wa;:::;Wn)i hs; # (€)i +ht; w;i
EVAL-LoGC EVAL-NEW
- 1 01: [I=x]ei C Wi
hs: 1 +hs: 1i hs[l 7! 0]; [I=x]ei +ht, Wi I 62D om(s)
hs; x:ei+ht; wi
EVAL-DEREF EVAL-ASSIGN
hs;ei +ht; i t(l)=w hs; eri+hsy; li |2 Dom(sy) hsi; exi +ht; wi
hs; lei +ht; wi hs; (e1:= e)i+ht[I 7! w]; () i

Figure 2. OperationaSemantics

3. Contextual Equivalence

We begin with the standardhotion of contextual equivalence:

De nition 3.1 (Standard Contextual Equivalence). (e;e% 2
«d if andonlyif for all storess andexpressioncontexts C[] sudh

thaths; C[e]i andhs; C[e%]i are well-formedcon gurations,

hs; C[e]i + () hs; C[ei +

This de nition is dif cult to work with for severalreasons:

Sinceexpressioncontets canbind variables,contets are not
equalup to -renaming,which makes quanti cation over ex-
pressiorcontets hard.Furthermorea proof mustdealwith the
complicationof bindingin e ande®.



It dealswith expressionsn the samestore,but sinceclosures
arestorable ary inductive proof mustsomehav involve gener
alizationto programsoperatingn differentstores.

Following Sumii and Pierce,we eliminate the rst of these
complicationsby invoking the following theorem.

Theorem 3.2 (Value Restriction). For any expressions, €%, and
identi er x,

(e;€") 2
Proof. AppendixA.1. |

w() (xex )2

As aresult,insteadof reasoningaboutthe equivalenceof two
openexpressiong ande®, we canclosethemunderanappropriate
numberof abstractionsndreasonaboutthe equivalenceof those
closedvalues.If e ande® areclosed thenwe canreasoraboutthe
equivalenceof x: eand x: e° for someidenti er x.

We will thereforereasorprimarily aboutvaluerelations

De nition 3.3. AvaluerelationR is a setof pairs of closedvalues.

Restrictingthe equivalentexpressiongo closedvaluespermits
theuseof -substitutionv=x]C, insteadof the capturingsubstitu-
tion C[v], wherex is afreeidenti er in theholeof C. Thisallows
usto de ne the setof all instanceof expressiorcontets, with R-
relatedvaluesin theirholes:

De nition 3.4. If R isavaluerelation,thenR istheset:
R = f([u=x]d; [u%=x]d) j (u;u% 2 R; FV(d) fxg;
Locs(d) = ;g

The generalizatiorto contexts with multiple holesis needed
by theinductionprinciple we will introducelater It is alsouseful
to separatelyde ne the largestsubsetof R which containsonly
values:

De nition 3.5. If R is avaluerelation,thenR,, is theset:
Rea = f(v;Vv)j(v;v® 2 R , andv; v° arevalueg
Both() and()
Lemma 3.6. If R andS are valuerelations,then:

1.R Ry R.

2.1fR S, thenR S andR,; Sa-

3. (R ) =R a-nd(Rval)va| = Rval-

4.1f R S R ,thenS = R .IfR S
Sval = Rval-

areclosureoperations:

val

R,., then

Proof. The rst isimmediateby thede nitions of R andR,,. The
restfollow by elementanpropertiesof substitution. a

The next complicationis that of expressionsn different, but
equialent, stores.Therefore,we will reasonnot just aboutvalue
relations but states

De nition 3.7. A stateis a triple (s; s% R), whee s and s% are
stores,andR is a valuerelation.

A state(s; s% R) representpairsof valuesthatareintendedto
beequivalentin storess ands®, respectiely. We call these'states”
by analogywith the statesof a Kripke structure:they represent
possibleworldsin which expressionsnaybeevaluated Sincehere
R containspairsof presumablyequialentvalues,the expressions
to be evaluatedcannotsimply bethevaluesin R. Insteadthey are
expressionghat are R-relatedinstancesof a commonroot. This
leadsto thede nition of contextual equivalencewhichwe will use:

De nition 3.8. Contetual equivalence s the largest set of

states(s; s% R), sud that:

1. Lcloseds) andLcl oseds?),

2. if (u; u‘g) 2 R, thenLocs(u)
Dom(s"),

3.if(e;e%) 2 R ,thenhs;ei+ () hs® &% +

This de nition is similarto theonein [31].

The rst two conditionsof thede nition restrictto well-formed
con gurations;the third conditiondemandsequivalenceof termi-
nationunderrelated ratherthanequal,stores.

Therole of R in eachtupleof s twofold. It containspairs
of equivalent values,where all the left-hand sidesare evaluated
in contets with stores, andthe right-handsidesin contexts with
stores®. Furthermoreit is themeansf accessingxistinglocations
by the contets; ary locationl not mentionedn R is inaccessible
by elementf R |, sincethe contet d in De nition 3.4 may not
containary locations.

Weextend to openexpressiondy thefollowing de nition.

Dom(s), and Locs(u%

De nition 3.9. e  €° iff for all stores s, ther exists a value

relationR sud that:

((s;s;R)2 )~ (( xe; x: )2 R)
for somex sudithatFV(e) fxgandFV(e®) fxg.
Weshav that coincideswith thestandardhotionof contextual
equivalence:
Theorem3.10. e €°iffe ¢q €~
Proof. AppendixA.2. a

4. Deriving Obligations for an EquivalenceProof

Let X bea setof statesof theform (s;s% R). How would we go
aboutproving that X ( )? For eachstate(s;s% R) 2 X, we
mustshaw:

1. Lcloseds) andLcl oseds?),

2. for all (u; u® 2 R, Locs(u)
Dom(sY,

3.if (e;e) 2 R ,thenhs;ei+ () hs® % +

Dom(s), and Locs(u%

The rst two of theseare generallystraightforvard. The last
one, of course,is the dif cult one.In orderto have ary hopeof
carryingout aninduction,we will needto shav not merelythatif
hs; ei + thenhs® €% + (andvice versa) but alsothatthe terminal
con gurationsarerelatedin somestateof X . More precisely we
will wantto prove that

((s;3%R)2 X)~ ((e;€) 2 R )~ hs;ei +ht; wi (1)
=) (9t%w%Q : hs® &% +ht% woi

~(Q RN ((51%Q) 2 X)

N ((W, WO) 2 Qval))

The ohbvious way to do this is by induction on the size of the
derivationof hs; ei + ht; wi. This leadsto the following induction
hypothesis:

IH(K) = ((5;8%R) 2 X) " ((e;€) 2 R ) hs; ei +% ht; wi
=) (9t%w%Q : hs €% +ht% whi
~Q RN ((51%5Q) 2 X)
A ((W; WO) 2 Qval)) (2)

We cannow imaginea proof of (2) for all k by inductiononk.
The proof would proceedby caseon e. Most of the casegollow
directly from the inductionhypothesisThe onesthatdon't would
remainasproofobligationson X .



To demonstratehis we considerthe caseof application(e =
(e1 €)) in this proof: We assumé?2) for k andproveit for k + 1.
Let(s;s%R) 2 X, ((e1 e2);€%) 2 R , andhs; ei +< ** ht;
wi. We haveto shaw that
9t%w% Q : hs® €% +ht% wOi
QO R)M((51%Q) 2 X)
" ((W; WO) 2 Qval)
By the de nition of R , € = (&} €9), and(e; € 2 R , for
i = 1;2. Thebig-steprule for application(EvAL-APP) givesfor
(e1 e2):
hs; e1i + hsy; x: esi
hs1; i +™ hsy; vi
hso; [v=x]esi + ht; wi
. s, <k +1 . H (3)
hs; (e1 e)i+ ht; wi
By the rst premiseof (3), andtheinductionhypothesisate; and
(s;s%R) weget:
9s%:ed: Ry : hs® )i +hs?; wli
A (Ri R)” ((s1;88;R1) 2 X)
" (( X, €3, Wg) 2 R1va|)
By Lemma3.6(2) we getR R1 . Thus,by thesecondoremise
of (3), andtheinductionhypothesisate, and(s;;s}; R1):
9s9; V% Rz : hs?; €9i +hs); Vi
N (Rz Rl) N ((Sz;Sg; Rz) 2 X)
A ((V;VO) 2 F\)2val)
For thethird premiseof EvAL-APP we distinguishtwo cases:

Casel: x: e; andw? areR;-relatedcontets: i.e., thereexist
€3, d, and(u; u® 2 Ry suchthatFV(d) fx;yg, Locs(d) = :,
wl = x: €3, e = [u=y]d, €] = [u%=y]d. By the propertieof -
substitutionandbecausdr 1 Rz and(v;v%) 2 Rz,y R2
we have:

(Iv=x]es; [v’=x]€3) 2 R:

Thus, by the third premiseof (3) andthe induction hypothesisat
[v=x]es and(sz; s3; R2):
9t%w%Q : hsd; [v=x]edi +ht% wi
QR ™ ((5t%5Q) 2 X)
N ((W, WO) 2 Qval)

Case2: (x: es;w?) 2 Ry
To handlethis casewe needto shav thatw! is alsoanabstrac-
tion (otherwisethe applicationon the right-handside would not
succeed)Thereforeoneof the conditionson X mustbe:

if (s;s%R) 2 X, and(v;v% 2 R, thenv andv® havethe
sametop-level languaye constructor

Assumingthat X satis esthe above proof obligation,we have
w) = x: e’and( x: e3; x: €) 2 R1  Ry. Thethird premiseof
(3) is equivalentto:

hso; (X es V)i + " ht; wi
Thereforeto nish this caseof the proof, it is sufcient to shav
that
hsz; (x: e3 v)i +¥* ht; wi
=) 9t%w%Q : hsd; (x: €J v9)i+ht% woi
~(Q R2) M ((1t%Q) 2 X)
A ((W; WO) 2 Qval)
assumingheinductionhypothesidor derivationslessthank. This
leavesthefollowing conditionon X :

if (s;s%R) 2 X, and(x: es; x: €3) 2 R, andthe
inductionhypothesi$oldsfor derivationsof heightlessthan
k, thenfor all (v;v% 2 Ry,:

hsz; (x: es v)i +¥* ht; wi

=) 9t%w%Q : hsd; (x: €3 v9)i+ht% woi
QR M ((5t5Q) 2 X)
" ((W; WO) 2 Qval)

If X satis esthe above proof obligations thenwe getfor both
cases:
hs® €)i +hsd; x: €di
hs?; €3i +hs; Vi
hsy; [vP=x]edi + ht% wOi
hs% (e &9)i +ht% wii
andalsoQ R, (t;t%Q) 2 X, (w;w% 2 Q,,, andwe aredone.
By a similar treatmentof the restof the casedor e, we getall
the conditionson X, which are summarizedn the de nition of
bisimulationin thefollowing section.

5. Small Bisimulations

We now reformulatethe proof obligationsderived above into con-
ditionson X . We de ne a bisimulationto be ary setX of states
thatsatisfytheseclosureconditions.

De nition 5.1(k-approximation). Wewill write (s;s%R) “ x eV
e’tomean:
8t;w: (hs; ei +< ht; wi
=) 9t%w%Q : (hs% €% +ht% woi
A (6t%Q) 2 X
N (W; WO) 2 Qval
N R
We will alsowrite (s;s%R) *x ewy e’tomean:
8t%wP% (hs® €% + ht% wOi
=) 9t;w;Q : (bs; ei +ht; wi
A (1%Q) 2 X
n (W; Wo) 2 Qval
N R
We usetwo avorsof k-approximationpnethatcorrespond$o
theforwarddirectionof the proof(shavn in the precedingsection),
andonefor theoppositedirection.Notethatthesetwo relationsare
not corversesgsince(t; t% Q) 2 X, and(w; w® 2 Q,, appeain
both.
Thefull inductionhypothesiof the proof is givenby IH% (k)

andIH® (k), the rst for the forward directionandthe secondfor
theopposite:

De nition 5.2. Wewill write IH (k) to mean:
8(s;s%R)2 X:8(e;e) 2R :(s;s%R) "x evy €°
andIHE (k) to mean:
8(s;s>R)2 X:8(e;e) 2 R :(s;s%R) “x ewy €°
We now give thede nition of bisimulation.

De nition 5.3. AbisimulationX is a setof statessuc thatfor any
state(s; s% R) 2 X, thefollowing conditionsare satis ed:
1. Lcl osed(s) andLcl oseds?),

2.1f (v;v") 2 R, thenLocs(v)
Dom(s").

Dom(s) and Locs(v9)



3. If (v; v9 2 R, thenv andv® havethe sametop-level language
constructor

4.1f (c;c% 2 R, thenc = .

1 i n, there existsa valuerelation Q sud thatR Q,
(Vi; V) 2 Qua,and(s;s% Q) 2 X.

6. For any|, 1% with | 62Dom(s) and® 62Dom(sY, ther
existsa valuerelation Q sud that R Q,(1;19 2 Q,and
(s[17! 0];8YI°7! 0]; Q) 2 X.

7.15(1;1%9 2 R, then

(a) ther existsa valuerelationQ sudh thatR  Q,
(s(1); sY1%) 2 Quq, and(s;s% Q) 2 X,

(b) for all (v;v9) 2 R, wehave(s[l 7! v];sTI°7! v]; R) 2
X

8. Foreah ( x: e; x: €% 2 R, andfor anyvalues(v; v% 2 Ry,
wehave

IH% (k) =) (5;8%R) “x (x: ev) via (x: €”V9
IHR (k) =) (s;s%R) “x (x: ev) wisr (x: €2Vv9)

Eachof the conditionsof De nition 5.3 addressesne of the

proof obligationsof the direct proof discussedn Section4. The
rst two conditionsareidenticalto the rst two conditionsof
Condition3 allows usto concludethroughouthedirectproofthat,
if avaluev hasa speci ¢ top-level languageconstructorandit is
relatecto avaluev’, thenv® alsohasthesamdanguageonstructar
Thisis necessaryor example,in the caseof applicationwhenthe
operatoiis oneof therelatedvaluesiif the operatoiin theleft-hand
sideis an abstractionthenthe operatorof the right-handsideis
alsoan abstraction(otherwisethey would not necessariljhave the
sameterminatingbehaior).

Condition4 captureghe proof obligationfor the caseof apply-
ing a primitive operator Condition5 the proof obligationfor the
caseof projection,Condition6 the proof obligationfor the caseof
the -expressionandConditions7 (a), (b) capturethe proof obli-
gationsfor thecase®f dereferencingndassignmentespectiely.

Condition8 capturesthe proof obligationin the caseof appli-
cation.As shawvn in Section4, in this casethe only sub-casehat
doesnt go throughdirectly by the induction hypothesisis when
therearerelatedabstractionén operatoiposition.To prove thissub-
casawe mayassumeheinductionhypothesigor shorterderivation
treesThisinductionhypothesiss very usefulto have whenreason-
ing abouthigherorderproceduresaswe will seein theexamples.

Next we shaw that our bisimulationsare soundand complete
andthata maximalbisimulationexists.

Theorem 5.4 (Completeness).Contetual equivalences a bisim-
ulation.

Proof. AppendixA.3. a

Theorem 5.5 (Soundness). Any bisimulationis includedin con-
textual equivalence

Proof. The proof recapitulateshe derivation of the precedingsec-
tion, andis givenin AppendixA.4. |

Theorem 5.6. A maximalbisimulation, called bisimilarity ( ),
existsand coincideswith contetual equivalence

Proof. By De nition 3.8 and Theorems5.4 and 5.5 we get that
is the largestbisimulation. Thus ( ) exists and coincideswith
contetual equivalence. a

6. Examples

Thefollowing examplesillustrateour techniquesThe rst two are
dueto MeyerandSieber[17]. Therestof theexamplesin [17] can
be donein similar fashion.Theseexampleswill alsoillustratethe
addedpower givenby theinductionhypothese thelastcondition
of De nition 5.3.

6.1 Local Store

This example shaws that allocationof local storedoesnot affect
computation.

M= g: xg N = g:0
Proof. To shav M N, it will sufce to constructa bisimulation
X thatrelatesthe two expressionsat empty stores;Conditions6
and7 (b) of De nition 5.3 ensurethattherelationcoversall equal
storesWe de ne the parameterizedelation:

Q(k;k% = f(M;N); (k; k9g

andtheset:
X = (s;s%R) 9k;k%GT
: R= Q(k;k9
N fkg\ flg=;
A 9u;u

s = [k7Mu;1 71 0]
A %= [kO71 U9
A (U; UO) 2 Rval

Eachstate(s; s% R) of X relatesM andN in R, aswell asan
arbitrary setof locationsk andk®. The storess ands® consistof
therelatedlocationsk andk®, with relatedcontentfrom R, and
s hassomemorelocationsl, createdby callsto M , eachof which
containtheintegerzero.

We will shaw thatX satis esthe conditionsfor a bisimulation.
Conditionsl, 3 and7 aresatis edbecauséu; u% 2 R,,, andM ,
N areclosedabstractionsCondition2 is satis edbecaus® om(s)
andD om(s® containall therelatedlocationsin R. Condition6 is
obviously satis ed; Conditions4 and5 aretrivially satis ed.

Condition 8 appliesonly to (M; N). Let (s;s%R) 2 X.We
have to shaw thatfor all (v; v 2 R, thefollowing is true:

IH% (k) =) (5is%R) " x (M V) Vi (N V9
HX (k) =) (sis%R) “x (M V) Wit (N V)

For this examplewe will shaw directly that both hs; (M v)i
andhs® (N v%i alwaysterminateandthereexistt, t° w, w% S
suchthaths; (M v)i +ht; wi, hs®% (N v%i +ht% wo, (t; t%S) 2
X, (w;w® 2 S,,andR S,

It is easyto shaw thaths; (M V)i terminates:

hs; (M v)i+ht; wi
() bs;(g: x:g)vi+ht; wi
() bs; x:[v=g]gi +ht; wi
() 9lo 62Dom(s): hs[lp 7! O]; [lo=x]vi + ht; wi
() 9lp 62Dom(s): hs[lg 7! 0]; vi + ht; wi (sincev is closed)

Thereforet = s[lo 7! 0] for somelo, andw = v.
Similarly for hs% (N v9i:

hs®% (N v9i +ht® woi
() s’ (g:g)vi+htw
() hs® [v=glgi +ht% wOi
() hs VO +ht% wi




andt® = s w® = V% Moreover, by the de nition of X,
(s[lo 7! 0];s% R) 2 X, and(w; w9 2 R. O

6.2 Higher-Order Functions

The precedingexampledid notrely ontheinductionhypothesemn
Condition8 of De nition 5.3. Thenext exampleusegheinduction
hypothese$o reasorabouta call to anunknavn procedure.

M= g: x
let f=z:(x:=!x+2)
in ((gf);
if (!xmod = 0)then () else )
N=g9:((gx0)0)

Sincethe only operationg can performon the location bound
to x is to increasdt by two, invocationof g preserestheinvariant
thatthe contentof thelocationis even.

Proof. As we did in the previous example,we de ne a parameter
izedrelation:

Q(k; kST = f(M;N); (z :(I:=11+ 2); 2:() ); (k; k9g
andtheset
X = (s;s%R) 9k;k&T

AN
N

ts = [k7Tu; I 7! 2n]
A 0= [KOT7T 7]
n (U; u0)2 Rval

Here the statesof the bisimulationare of the form (s; s% R),
wherethe storess and s° consistof relatedlocationsk and k?,
containingrelatedvaluestr andu®, ands containssomeadditional
locationsl, allocatedby callsto M , eachof which containssome
evennumber TherelationR relatesthelocations(k; k% andeach
instantiationof z :(Ii:=!; + 2)to z :() .

Wewill shav thatX satis esthe conditionsfor a bisimulation.
As in the previous example, it is easyto checkthat Conditions1
through? aresatis ed by constructiorof X .

It remainsto prove that Condition 8 is satis ed. The related

abstractionsn R are(M; N) and( z :(li := !li + 2); 2 :() ), for
alll; 2 flg.
Firstwe prove Condition8for (z :(li:=!'; + 2); z :() ). Let

s = so[li 7! 2n;]. We have to shaw thatfor all (v; v®) 2 R, the
following is true:

IHx (k) =) (so[li 7! 2ni];s% R) * x
(z:(hi=1+2) V) via (2:0 VO

Equivalently we assume IH% (k), and hso[li 7! 2i];
(z:(li=" + 2) v)i +**! ht; wi, and shav that there exist
t% w® S, suchthaths® (z :() v®i+ht%wo, (;t%S) 2 X,
(w; w9 2 S, R S.Wehave:

hso[li 7! 2ni]; (z :(li:= i + 2) v)i +ht; wi
() bso[li 7! 2ni]; [v=Z](li := i + 2)i +ht; wi
() bsofli 7! 2ni]; (Ii:=1 + 2)i +ht; wi

and by the evaluation rule for assignmentwe get thatt =
so[li 7! 2(n; + 1)], andw = () . Obviously

hs% (z:() vOi+hs’; ()i
Furthermoreby thede nition of X, (so[l; 7! 2(n; + 1)];s%R) 2

X,and(() ;) 2 Ryy. Thesecondpartof Condition8 is analo-
gous.

Now we needto prove Condition8 for (M ; N ). Againwe have
to shaw thatfor all (v; v% 2 R,,:

IH% (K) =) (5;8%R) “x (M V) visr (N VY

or equialently, if IH% (k), andhs; (M V)i +¥** ht; () i, then
thereexist t° S, suchthaths® (N v9i+ht® () i, (t;t%S) 2 X,
R S.Wehave:

hs; (M )i+ ht; () i
=) 9w;lo: hs[lo7!0]; (v z :(lo:= o + 2))i +=% ht; wi
A (lo 62D om(s))

Let R = Q(k;k&%1) andP = Q(k;k%I;lp). We have that
R P. By the de nition of X, we get(s[lo 7! 0];s% P) 2 X.
Also, becausgv; v%) 2 R,y and(z:(lo:=!o+ 2); z:(0) 2
R,wehae (v z:(lo=!o+ 2));(v*z:0) 2 R P .
Thus, from IHY (k), we get that there exist t° w® S suchthat
hs® (v z :() )i +ht% wo, (;t%S) 2 X, (w;w® 2 S, and
P S. Thereforehs® (N v%i+ht% () i, (;t%S) 2 X, and
R S, asrequired. O

This examplewould be dif cult to prove usingthe technique
of Sumii andPiercefrom [31], sincethattechniquehasno corre-
spondinginduction hypothesisPitts and Stark's methodof Local
Invariants[22] doesnotapplyto this exampleeither?

6.3 Higher-Order Stored Valuesand Methods

Our techniquecanalsodealwith the structuresunderlyingobject-
oriented programs.For example, here is a model of the Cell
exampleon pagel. HereM andN eachreceve aninitial value
andreturna setteranda getter

M= x yi(z:y:=2);z:ly)

N = xi oy yzr pi(z :((p:='p+ 1);(y1:=2); (V2:= 2));
z :(if even(!p)then ly; else ly,))

M allocatesonelocation and exports a setterand a getter N
allocatestwo locations.The setterstoresa valuein both locations
and alsoincrementsa counter;the correspondingyetterretrieves
the value from one location when the counteris even and from
the otherwhenthe counteris odd. This exampleis slightly more
generakhanthe oneon pagel, sinceherethelocationcanbeused
for higherordervalues,notjustintegers.

In general,every applicationof M will allocatea locationl;.
For eachsuchlocation, the correspondingapplicationof N will
allocatethreelocationsl|?; ;19;; 15 . The locationsli, 19, 19; will
always containrelatedvalues.Theselocationsare not themseles
goingto berelatedin the eventualbisimulation(sincethey arenot
accessibleny the context), but their setterand getter procedures
will. In addition,the executionof the contets, with M andN in
their holes,will allocatesomelocationsk, kO, respectiely. Soas
beforewe de ne a parameterizedelation,from which we build a
bisimulation.

The constructionis shavn in Figure 3. As before,Q relates
the startingtermsM and N, the correspondindocations(k; k9
allocatedexternalto M andN, andthe correspondingsetterand
gettermethoddor eachobjectcreatecoy M or N (whichwe write
assety ; getw ; setn ; getn , parameterizedby the locationsthey
access)We turn this into a bisimulation by specifying that the
relatedlocationscontainrelatedvalues,and the locationsof the
correspondin@bjectscontainthe correctvaluesaswell.

Proof. As in the previous examples,Conditions1 through7 are
immediatelysatis ed. We have to shaw Condition 8 for eachof

2| ike the techniqueof [31], the Logical Relationof [22] is complete but
doesnot seento leadto a usefulproof.



QK KIS TS IZ) = f(M; N); (setw (1); setn (1513 13)); (getw (1); gety (19;19

X = (s;s%R) 9K Ko T1% 19,1,
: R= Q(kK&T1%;15;19

I

180 (ki k9g

A fkg\ flg= fKog\ 0109 = ;

N 9uo,u0,u,u,n

= [k7! up; 1 71 u]

0_ 1.0 0.0 0|0 0- |0 0
AN st= [KO7h ug; 12 70 UG 13 71 U9 13 7! nO)

N (Uo; Ug) 2 Ryal
A (U; UO) 2 Rval

Figure 3. Bisimulationfor Example6.3

(IVI N), (setw (Ii); setn (1%512515)), (getu (11); getn (1913
Ipi 8Y). It easyto seethatall of the relatedabstractlon:‘nermlnate
Moreover the nal statessatisfythe closurerequirement®f Con-
dition 8. |

7. Comparisonwith Sumii and Pierce

A direct adaptationof the operationalbisimulationof Sumii and
Pierce[31] to ourlanguagevould give ade nition of bisimulations
thatdiffersfrom De nition 5.3in thefollowing ways:

Condition 5: If (s s%R) 2 X, and((va;:::;vn); (vi;::;v0) 2
R, then(s;s% R[ f(vi;v .O)g) 2 X.

Condition 6: If (s;s%R) 2 X, and(l;19 2 R, then(s;s%R [
f(s(1);s%1%9)g) 2 X, andfor all (v;v% 2 Ry, (s[I7! V];
sTI°7I VO R f(v;v9g) 2 X.

Condition 8: For all (s;s%R) 2 X, andall (x: e; x: €% 2 R,
takeary I; 1% suchthatfIg\ Dom(s) = fI%\ Dom(s9 = ;
LetQ =R [ (I;19, and(u; u% 2 Q.q4, (v; V%) 2 Q,y. Then
(@ hs[I 7" u]; (x: ev)i+ht; wi ()

hsIO7T u0); (x: € v9i +ht% woi
(b) andif they terminatethen(t; t% Q[ f(w; w%g) 2 X

Therearethreeimportantdifferencesetweertheseconditions
andtheoneswe givein De nition 5.3:

We usea morerelaxed closureconditionin eachof the abore
threerules. For example,in Condition 5, insteadof requiring
that(s;s%R [ f(vi;v)g) 2 X, we requirethat thereexists
a value relation Q suchthat R Q, (vi;v) 2 Q. and
(s;s% Q) 2 X. Thisis essentiallyan up-to contet closureof
our bisimulations similar to the onein [25]. An up-to context
techniqueis not applicablein [31] becausehe valuesof that
calculusmay containanarbitrarynestingof sealsnot known to
the context.

In Condition 8 we do not requirethe amgumentsgiven to the
functionsto be from alargervaluerelationthanR; i.e. instead
of requiringtheamumentgv; v 2 Q,,, andQ = R[ (I;19),
for somefreshl; 1% we just requirethat (v; v9 2 R,,. This
simpli cation, along with the up-to contet closure,permits
direct constructionof bisimulations,whereasthe conditions
shavn herewouldrequireinductive constructionsn somecases
(e.g.for Example6.1).Of courseo restorehesoundnessf the
bisimulationwe have addedCondition 6 to ensuresoundness
underary possibleextensionof thestore.

We couldhave achieved atleastthe sameevel of simplicity
in constructingbisimulationsby addingan up-to store closure
of ourbisimulationsjnsteadf usingCondition6. We chosenot

to dothisbecauséa)it wouldrequiremoretechnicaimachinery
to de ne a unied up-to store and context operator which
would make ourtechniqugandespeciallyproving Condition8)
moreinvolved,and(b) the bene t from suchanadditionwould
betheeliminationof asmallandhighly stylizedpartfrom each
bisimulation(theexplicit mentionof ary extensionof thestore).

The last,and perhapghe mostimportant,differenceis alsoin
Condition8. As discussedh [32], theCondition8 shavn abore
is too strict to help reasonabouta classof higherorderfunc-
tions; thatis, the classof functionsthat apply their alguments
internally (like in Example6.2), andthustheir terminationde-
pendsontheterminationof theseapplications.

In order to prove that such higherorder functions co-
terminate,one must prove that the applicationsof their argu-
mentsto relatedvaluesco-terminateSincetheseargumentsare
provided by the context, the problemis reducedo proving co-
terminationof R-relatedcontexts, the very thing thatwe tried
to avoid by de ning a bisimulation.We solwe this problemby
introducingtheinductionhypothesiof Sectiord insideCondi-
tion 8, whichdirectlyimpliestheco-terminatiorof applications
of thearguments.

In Section? of [31] asimilar conditionis proposedbut not
studiedthoroughly asapossiblevay of reasoningbouthigher
orderfunctions.Thatconditionis alsobasedninductiononthe
heightof derivationtrees.

8. Other RelatedWork

A widevarietyof techniquefiave beenusedo prove thecontectual
equivalenceof higherorderexpressionsn the presencef astore.
Oneobvious approachis denotationalif two expressionhave
the samedenotationn an adequateompositionakemanticsthen
they are guaranteedo be contectually equivalent. The dif culty
is that most denotationaimodelsare not fully abstractthereare
contetually equivalentexpressionshathave differentdenotations.
Meyer and Sieber[17] give a setof suchexamplesWe have used
our systento verify the equivalenceof all of theexamplesin [17].
Anotherapproachs to attempto restrictthe setof contexts that
mustbe consideredn a directproof. In this approachpnede nes
a setC of contets suchthatif two expressionsare equialentin
all contets in C, thenthey areequivalentin every contet. Such
theoremstypically take the form of ciu theoems For example,
MasonandTalcott[16] prove suchatheorenfor alanguagesimilar
to ours.Similar resultswereobtainedby Felleisen7].
Yetanotherfamily of approachesseseitherimplicit or explicit
transformatiorto continuation-passingtyle. For example, Tiuryn
andWand[33] present continuation-passinmodelof anuntyped
lambda-calculusvith input-output,and prove that applicatve ap-



proximationcoincideswith contetual approximation.Wand and
Sullivan[36] give a denotatiorto a recursvely-typedhigherorder
languagewith sideeffectsby translatiorto a CPScalculusanduse
thetechniqueo provethecorrectnessf assignmenglimination,an
importantstepin the compilationof SchemeOur techniquedoes
notrequirecorversionto CPS.

Pitts and Stark in [22] presenta reasoningtechniquefor a
simply-typedfunctional languagewith a storethat containsonly
integers.Their methodis basedon consideringelationsover con-

gurations of whatis effectively acontinuation-passinmterpreter
They de ne an operationallogical relation betweenexpressions
thatis parameterizedver storerelations,andprove its soundness
and completenessvith respectto obserational equivalence.The
de nition of this logical relationis doneby inductionon types,us-
ing asetof conditionsthattake into accounthepossiblesvaluation
contets in which relatedexpressionsnay appearBecausehe set
of evaluationcontets is in nite, it is not possibleto directly con-
structthis relationanduseit in concreteexamples.Instead they
give a proof methodcalledthe principle of local invariants,which
canbe usedto prove thattwo expressionsareincludedin thelog-
ical relation. This methodis shavn to be soundbut not complete.
Our methodcanbe usedfor all their examples,including onesfor
which their methoddoesnot apply (Example6.2).

Honda,Berger, andYoshidain [12, 5] give acompositionapro-
gramlogic for alanguagevith effectsandhigherorderprocedures.
Their methodcan prove propertiesof programswritten asHoare
triples. They alsogive a connectionbetweentheir logic and con-
textual equivalence:two expressiondM , N areequialentif and
only if for all pre- and post-condition<C, C% M satis esC, C°
iff N satis esC, C°. Although the quanti cation on all pre- and
post-conditionsseemseasierthan a quanti cation over all possi-
ble programcontexts, it is still hardenoughto malke their method
impracticalfor proving contectual equivalence.

Bisimulationwasoriginally introducedasa methodof charac-
terizing the behaior of non-deterministicsystems[10, 11]; this
work alsoconsideredhe differencebetweerbisimulationandcon-
textual equivalence Abramsky [1] appliedthis ideato an untyped
lazy lambda-calculusand proved by domain-theoretionethods
thatthe bisimulationwasa congruenceHowe [13] later provided
adirectoperationaproof.

Up-to techniqueswere originally introducedin concurreng
[26, 27, 28]. Their purposewasto reducethe sizeof bisimulations
by closingthemautomaticallyup to context, -equialence,njec-
tive substitution bisimilarity etc.,hencemakingtheir construction
easier We incorporatean up-to contet techniquein the untyped
lambda calculusaugmentedwith higherorder proceduresand a
generalstore.As discussedn Section7 an up-to storetechnique
couldalsobeused but the addedvaluefrom sucha methodwould
belimited comparedo thetechnicalcomplicationthatit would in-
troduce.

9. Conclusionsand Futur e Work

We have presented methodfor reasoningabouthigherorderim-
peratve programdy usingbisimulations Our techniquealthough
inspiredby andsimilar to theonein [31], follows a moretechnical
pathandreaches betternotionof bisimulation.Usingour method
we were ableto overcomethe dif culties of previous approaches,
andsuccessfullydealwith higherorderfunctionsandstore.

Example6.3, with its setterand getterproceduresillustrates
how this techniquecan be usedto relate objectsor methodsthat
manipulateprivate state.This suggestghat our resultsshouldbe
applicableto imperatve object-orientedanguagesto prove, for
example thecorrectnessf refactoringtransformations.

We hopeto investigatewhetherour techniquesanimprove re-
sultsfor typedcalculi,suchas[32]. We alsohopeto applyourtech-

niguesto study contextual equivalencein aspect-orientedalculi,
in which adviceis typically keptin the store,asin [14]. Last,we
wouldlike to seewhethetthis Kripke-stylebisimilarity canhelpin-
vestigatecontextual equivalencein languagesvith control effects,
e.g.call/ccor exceptions.
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A. Proofs

De nition A.1. M N is the smallestcongruencecontaining
(e;(( x:e) X)), foralle.

Notethatif e e’thenFV (e) = FV (&%, andfor all C, C[e]

Cle’.

LemmaA.2. Lete €° letX beidentiers, andv;Vv® beclosed
values,such thatv_ V0 FV(e) fxg, andFV(e®)  fxg.
Thenfor all storess, s°, with Dom(s) = Dom(s?, and for all

I 2 Dom(s),s(l) sY19:

hs; [v=x]ei + ( ) hs® [vo=x]e"i +
Proof. Similarto theonein [32]. a

A.1 Proofof Theorem 3.2 (Value Restriction)

Proof. Theforwarddirectionis easylf somestores andexpression
context C[] distinguish X:e from x: e’ thenthe samestoreand
theexpressiorcontext C[ X: []] distinguishe from €°.

The oppositedirection follows from LemmaA.2 as follows.
For all storess and expressioncontets C[] we have C[e]
C[( x:eXx)], andtherefore:

hs; C[e]i +

() hs;C[( xeXx)]i+ (by LemmaA.2)
() hs;C[( x:€°%)]i + ( X:e s X:€)
() hs;C[ei+ (by LemmaA.2)

A.2 Proofof Theorem3.10(( ) = ( sw))
Proof. Let:
e su€
or equivalently, by Theorem3.2:
o9x:fxg FV(e)[ FV(eY:
X:e g X€
or equivalently, by thede nition of  gq:
ox:fxg FV(e)[ FV(eY:
8s;C: hs; C[ x:e]i;hs; C[ x:€%i
arewell-formedcon gurations
hs; C[ x:eli+ () hs;C[ x:e%i+
or equivalently by choosingthe appropriated, y, andl for the

forward direction (and by choosingC for the reversedirection),
suchthatC[yo] = [I=y]d:

ox:fxg FV(e)[ FV(eD:
8s;d:T:y : (Locs(d) = ;)
A (flg  Dom(s))
" (FV(d)  fyo;Y9):

hs; [ X:e=yo;1=yldi + () hs;[ X:e=y;I=y]di +
or equivalently, by De nition 3.8:
ox:fxg FV(e)[ FV(eD:
8s;d;T;y : (Locs(d) = ;)
A (flg  Dom(s))

N(FV(d)  fyo;yO):
9R : (( x:e; x:€) 2 R)

A2 R)
N(sissR)2 )

or equivalently by De nition 3.9:

e ¢



A.3 Completeness
We rst shav someusefulpropertiesof

LemmaA.3. For anystate(s;s® R) 2

1. 0f (u; uo) 2 Rand(v;v") 2 R, sudthaths; (u v)i +ht; wi
andhs® (u® v%i +ht®% wo, then(t; t% R [ f(w; w%g) 2

2.1 ((vasziiiv); (vE5 21 vi)) 2 Rthen(s;s% R f(vi; v)g)
2

3. If I, 1%are locationswith | 62D om(s) and!® 62D om(s?), then
(s[171 0];sTI°71 O, R [ f(I;19g[ (0;0)g) 2

4.1F(1;19 2 R then(s;s% R [ f(s(1);s%1%)g) 2

5.1 (1;19 2 Rand(v; v% 2 R, then(s[l 7! v];sq1°7! v°]; R[
f(v;v)g) 2

6. If (v;v% 2 R, then(s;s% R [ f(v;v9q) 2

Proof. Immediatefrom the de nition of contetual equivalence.
For casel, if therewasa context e that could distinguishvalue
w from w®, thenthe context let x= (y z) in e would distinguish
the valuesu, v from u® v° Similarly, for the other caseswe
considerthe contets let x=#(y)in e, x:e let x=!lyin e,
andlet x= ((y:=d)) in e. Thelastpartfollowsfrom Lemma3.6.

|

Proof of Theorem5.4 (Completeness)

Proof. We prove that is a bisimulationby shawving that it sat-
is es the conditionsfor a bisimulation. Conditions 1, 2 of the
bisimulationareimmediatelysatis ed by clausesl, 2 of the def-
inition of . Condition3 follows if we apply clause3 of the def-
inition of  to all contets that usethe relatedvaluesaccording
to theirkind (e.g.they applythemif they areabstractions)Condi-
tion 4 followsif we considethecontetif x = cthen () else ?.
Condition 5 follows from LemmaA.3 (2). Condition 6 follows
from LemmaA.3 (3). Condition 7 follows from LemmaA.3 (4,
5). Condition 8 follows from LemmaA.3 (6) for constructing
the aguments,and LemmaA.3 (1) and clause3 of the de ni-
tion of toget(s;s>R) " (x:ev) via (x €Vv% and
(5;%R) © (x: ev) Wk (x: €°VO). O

A.4 Soundness

Lemma A.4 (Pre-soundness).Let X bea bisimulation.Thenfor
any(s;s%R) 2 X wehave:

1. Forall (e;e®) 2 R ,hs;ei +ht; wi () hs® ei +ht® woi,
2. andif they bothterminate ther existsarelationQ R sud
that(t; t% Q) 2 X, and(w; w% 2 Q..

Proof. We prove theforwarddirectionfor the rst clauseby induc-
tion onthederivationof theleft-handsideof clausel; theopposite
directionfollows from symmetry Our inductionhypothesiss:

((s;3%R) 2 X) M ((e;€) 2 R )M hs;ei + ht; wi  (4)
=) (9t%w%Q : hs® % +ht% woi
~(Q RN ((51%Q) 2 X)
" ((W, WO) 2 Qval))

We assumethe induction hypothesidfor derivationsof height
lessthank, andwe will proveit for derivationslessthank + 1; we
proceedy casene:

e = w, wherew is avalue.By thede nition of R , e® must
alsobe a value. Thus (4) is immediatelysatis ed, sincet® = s°,
w’= €% andQ = R.

e = (er &). By the denition of R , €® = (& €2), and
(e;:€®) 2 R, wherei = 1;2. The big-steprule for application
(EvaL-APP) ontheleft-handsidegives:

hs; eri +< hsy; x: esi  hsi; ei + hsy; vi
hso; [v=x]esi + ht; wi
hs; (e1 )i+ "™ ht; wi
By the rst premiseof (5) andthe inductionhypothesisat e; and
(s;s%R) weget:
9s2:wl; Ry : hs% i +hsy; wli
A (R R)” ((s1:88:R1) 2 X)
N (( X e3;W§L)) 2 R1val)
By thesecondremiseof (5) andtheinductionhypothesiste, and
(s1;8Y; R1) weget:
9s3:v% R, : hs?; 3i +hsd; vOi
ARz R1)” ((s2;83;R2) 2 X)
A ((V; VO) 2 R2val)

For thethird premiseof EvAL-APP we distinguishtwo cases:

()

Casel: Thereexist €3, d, (u; u9 2 R3, suchthat FV(d)
fx; yg, Locs(d) = ;,wl = x: €3, es = [u=y]d, €3 = [u=y]d.
By the propertiesof -substitution,and becauseR 1 R2
and(v; v% 2 Rz, we have ([v=x]es; [V°=x]ed) 2 R, , andthus
we canapplytheinductionhypothesist[v=x]es and(sz;s3; R2):

9t%w? Q : hsd; [vP=x]edi + ht% wOi
" (Q R2)™ ((£1%Q) 2 X)
N ((W, WO) 2 Qval)

Case2: x: es = [x: eszyly;(x: es; w0 2 Ry
dition3wegetw? = x: €3 = [x: eJ=yly. We have:

R2. By Con-

hso; [v=x]esi + ht; wi () hsz; (x: €3 V)i + " ht; wi
(6)
Becausesz;s2;R2) 2 X, (x: e3; x: €3) 2 Ry, and(v;v% 2
R2,4, Wwe getby Condition8 of thede nition of bisimulation:

IH% (K) =) (s2;59;R2) “x (X €3 V) Vs (X €3 VO

IH% (k) is true by the induction hypothesisThereforeby (6) and
thede nition of k-approximationwve get:

9t%w%Q : hsd; (x: €] v)i+ht® woi
A(Q R M ((51%Q) 2 X)
" ((W;WO) 2 Qval)

Thusfor both of the abore casesthe EVAL-APP rule for the
right-handsidegives:
hs® e)i +hs?; x: di
hsg; [vo=x]egi +ht% w’i
hs% (e &9)i +ht% wii

andalsoQ Rq, (tt%Q) 2 X, (W; W% 2 Q.

hsi; i +hsg; Vi

and(e;€) 2 Ry, 1 i n. The big-steprule for primitive
operatorEVAL-OP) ontheleft-handsidegives:

hs; eri +< hsy; oy

op” ™ (c1;iiie) = ¢

hsn 1;€ni+™ hsn;cni

@)



By premisesof (7) and the induction hypothesisat e and
(si 1;8° 1;Ri 1)2 X foralll i nweget:

9s%R; : hs? ;; €l +hs? wi
A(Ri Ri 1) ((si;s%Ri) 2 X)
" ((CleIO) 2 Rival)

whereRo = R, sp = s, 89 = sC
By Conditions3, 4, wegetw; = ¢;,forall1 i
applyingEvAL-OP ontheright-handsidewe get:
hs® e2i +hs?; cyi hs® ,;eli+hsd;ci

op™ ™ (ci;:iiien) = ¢

n. Thusby

andRn R, (sn;sn;Rn) 2 X, (¢0) 2 Raya
e= if e;then e; else es. Thiscasefollowsfrom straightfor
wardapplicationsof theinductionhypothesiste;, e;, andes.

e = (e1;:::;€n). This casealsofollows from applicationsof
theinductionhypothesisaateachofthee; (1 i n).

e = # (eo). By thede nition of R we havee? = # () and
(e0; €3) 2 R . Thebig-steprule for projection(EvAL-PROJ) on
theleft-handsidegives:

hs; # (eo)i + ™1 ht; wii
By theinductionhypothesisatey and(s; s% R) we get:
9t%w% Q : hs® efi +nt% wli
~Q RN ((51%Q) 2 X)
A (Wt wa); W) 2 Qua)

Casel:w®= (w);:::;w9), andforalll | n, (w;w) 2
Q.a- By theevaluationrule EvAaL-ProJ, we getfor theright-hand
side:
hs® i +ht% (wd:iw?)i 1 i n
hs® # (€5)i + ht% wPi
andalsoQ R, (t;t%Q) 2 X, (wi; WD) 2 Qua-

AP QN (Wiiw) 2 Py
Againtheevaluationrule EvAL-ProJfor theright-handsidegives:
hs® i +ht% (wd::wd)i 1 i n

hs # (e9)i +ht® wii
Q R (tt5P) 2 X, (Wi;w)) 2 Py

andalsoP

e = x: . By thedenition of R we haee® = x: €l
and (eg; €3) 2 R . The evaluationrule for referenceallocation
(EvAaL-NEW), givesfor theleft-handside:

hs[1 7! 0]: [I=x]ei +< ht: wi | 62D om(s)
hs; x:epi+* ht; wi

We choosel® 62D om(s?. From Condition6 of the de nition of
bisimulationwe get:

9Q R f(I;1%g: (s[I 7! 0;s71°7! 0]; Q) 2 X

Fromtheinductionhypothesisat [I=x]ey and(s[l 7! 0]; sqI1°7! 0];
Q) 2 X weget:
9t%wo% P : hsI°7! 0]; [I%=x]edi +ht®% wOi

AP ((E5P) 2 X)
" ((W; WO) 2 |:’val)

Combiningtheseinto EVAL-NEw, we getfor theright-handside:

hsT1971 O] [1%=x]eli +ht® w® 19 62D om(s?)
hs%  x:edi +ht% whi
e = leg. By the de nition of R , we have: €® = 1€$ and

(e0;€d) 2 R . The EvaL-DEREF evaluationrule gives for the
left-handside:

hs; eoi + ht; 1i | 2 Dom(t)
hs: legi + ** ht: wi
Fromtheinductionhypothesisate, and(s; s% R) weget:
9t%wd: P : hs® &3i + ht® wi
AQ RN ((51%Q) 2 X) M (15 W) 2 Quap)
By the de nition of Q,,, and Conditions2, 3, and 7 (a) of the
de nition of bisimulationwe have (I; W8) 2 Q, andthereexists
1 suchthatwd = 1% 1° 2 Dom(t%, andthereexistsP  Q
suchthat ((t(1); t%(1%) 2 P,y) and(t; t%P) 2 X. Therefore by
EvAL-DEREF, we getfor theright-handside:
hs® 3i +ht% 1% 1°2 Dom(t9
hs’; tedi +ht% wi
Q R.(t%P)2 X, (w;wd) 2 Py
e = (e1:=e). By the denition of R we have e =
(=€), and (e;€) 2 R, andi = 1;2. From the
EvAL-ASSIGN evaluationrule we getfor theleft-handside:
hs; e1i + hsy;li |2 Dom(sy) hsi; e+ ht; wi
hs; (e1:= &)i +* ™ I 7! w]; () i
By theinductionhypothesisate; and(s;s% R) 2 X weget:
9sY:wl; Ry : hs% li +hsy; wli
A (R1 R)™ ((s1;8%;R1) 2 X)
" ((|, Wg) 2 Rlval)
By thede nition of R1,,, andConditions2, and3, of thede nition
of bisimulationwe get that (I; w?) 2 Ri, and there exists 1°

suchthatw? = 1° andI® 2 Dom(s?). Applying the induction
hypothesisagainate, and(s:;s3; R1) gives:

9t%w®%Q : hs?; €3i +ht% woi
AQ RN ((51%Q) 2 X) M (Wi wh) 2 Qua)
And by the EVAL-ASSIGN rule we get:
hs® €)i+hsd; 1% 1°2 Dom(s9) hsd; e3i +ht% woi
hs” (e7:= 0)i + 1’7t WO); () i
FromLemma2.3wehave:l 2 Dom(t), 1°2 Dom(t%. Moreover,

weknow that(;1%9 2 R; Q, (w;w% 2 Q, and(t; t% Q) 2
X . Thus,by Condition7(b) of thede nition of bisimulationwe get:

([ 7 wlt°7 w; Q) 2 X

()= w

t%1% = w°

andalsoP

a

Proof of Theorem5.5 (Soundness)

Proof. To prove soundnesswe needto shav that  satis esthe
conditionsof . The rst two conditionsaretrivially satis ed, be-
causehey arealsopartof thede nition of bisimulation.Condition
3 follows from LemmaA.4. |



