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Abstract
We introducea new notionof bisimulationfor showing contextual
equivalenceof expressionsin anuntypedlambda-calculuswith an
explicit store,andin which all expressedvalues,includinghigher-
order values,are storable.Our notion of bisimulation leads to
smallerandmoretractablerelationsthandoesthemethodof Sumii
andPierce[31]. In particular, ourmethodallowsoneto write down
a bisimulation relation directly in caseswhere [31] requiresan
inductive speci�cation,andwheretheprincipleof local invariants
[22] is inapplicable.Our methodcanalsoexpressexampleswith
higher-order functions, in contrastwith the most widely known
previous methods[4, 22, 32] which are limited in their ability to
dealwith suchexamples.Thebisimulationconditionsarederived
by manuallyextractingproofobligationsfrom ahypotheticaldirect
proof of contextual equivalence.

Categoriesand SubjectDescriptors F.3.2 [Logic and Meanings
of Programs]: Semanticsof ProgrammingLanguages—operational
semantics; D.3.3 [Programming Languages]: Language Con-
structsandFeatures—procedures,functionsandsubroutines; D.3.1
[Programming Languages]: Formal De�nitions and Theory—
semantics

GeneralTerms theory, languages

Keywords contextualequivalence,bisimulations,lambda-calculus,
higher-orderprocedures,imperative languages

1. Intr oduction
In theclassicnotion of contextual equivalence,two expressionse
and e0 are contextually equivalentif and only if C[e] and C[e0]
producethe sameanswerfor any programcontext C. Contextual
equivalenceis the“gold standard”of equivalences.If e ande0 are
contextually equivalent,thenacompileror otherprogramoptimizer
can always safely replacee with e0 or vice versa,wherever it
appearsin any program.The ideaof contextual equivalencegoes
backto Morris [21], andis a key notion in muchof denotational
semantics,e.g.[2, 17, 19, 23, 24].

Proving the contextual equivalenceof expressionsis generally
dif�cult, sinceit involvesreasoningaboutall possiblecontexts.One
way of easingthis burdenis to �nd a way to cut down the setof
contexts thatneedto beconsidered(e.g.[16]).
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Anotherapproachis to useadenotationalsemantics(e.g., [18]).
In a denotationalsemantics,two programswith the samedenota-
tion are guaranteedto be contextually equivalent. Unfortunately,
denotationalequality is a very strongproperty. Two expressions
that manipulatethe storedifferently will generallyhave different
denotations.For example,consider

class Cell {
private int y;
Cell (int x) {y = x;}
public void set (int z) {y = z;}
public int get () {return y;}

}

and

class Cell {
private int y1, y2, p;
Cell (int x) {p = 0; y1 = x; y2 = x;}
public void set (int z) {p = p+1; y1 = z; y2 = z;}
public int get () {if ((p % 2) == 0)

{return y1;}
{return y2;}}

}

Herewe have two different implementationsof a cell containing
an integer. The �rst keepsa single instancevariable y, but the
secondkeepsthreeinstancevariables:a counterp andtwo copies
of the cell, y1 andy2. It readsfrom eitheronecopy or the other,
dependingonhow many timestheset methodhasbeenexecuted.

Thesefragmentsare indistinguishable(at leastin the absence
of re�ection), but they will have differentdenotationsbecausethey
allocatedifferentnumbersof locationsin thestore.Therearemore
complex denotationalapproachesthat attempt to deal with this
kind of situation(e.g., [29]), but this exampledemonstratesthat
a straightforwarddenotationalapproachis insuf�cient for thekind
of exampleswe wish to handle.

A more promising techniqueis that of bisimulation. In the
bisimulationapproach,onede�nes a relationR betweenpairsof
con�gurations,suchthat

1. If two con�gurationsarerelatedby R, andeachtakesastep(or
perhapsa sequenceof steps),thenthe resultingcon�gurations
areagainrelatedby R.

2. If two �nal con�gurationsarerelatedby R, thenthey represent
thesameanswer.

For any suchR, if two con�gurationsarerelatedby R, thenthey
will producethesame�nal answer.

This approachseemsmorein keepingwith how programmers
think. In the example above, we can imagine the sequenceof
methodcalls on a Cell object.At eachstep,we canimaginethe
contentsof the instancevariabley on onehand,andthe instance



variablesy1, y2, andp on the other. It' s clear that corresponding
calls to get will alwaysreturnthesamevalue.TherelationR is a
kind of invariantthatconnectsthetwo computations.

Bisimulation techniquesare widely used for processcalculi
[20]. They arealsoan importanttechniquein analysis-basedpro-
gramtransformation[8, 34, 35].

Although bisimulationsseemto capturea programmer's intu-
ition, they have two signi�cant shortcomings:

1. First,asdescribedabove,bisimulationsareformulatedin terms
of small-step(or rewriting) semantics.This formulationmakes
it dif�cult to reasondirectlyaboutprocedures,especiallyrecur-
sive procedures,for which a big-step(or evaluation)semantics
is morenatural.1 In previouswork,wehaveshown how to adapt
bisimulationideasto handleproceduresusingabig-stepseman-
tics [30, 35].

2. More importantly, bisimulationis a whole-programproperty. It
is concernedwith entireprogramcon�gurations;it doesnottalk
directlyaboutprogramfragments.Thekey step,therefore,is to
formulatebisimulationasa term relationandshow that it is a
congruence.Therearemany suchresultsfor processcalculi [9].

In thesequentialrealm,Sumii andPierce[31] have shown how
to de�ne bisimulationsfor a higher-order languagewith dynamic
sealing.Sealingis of interestbecausegeneratinga new sealis a
primitive effect. They replaceda singlebisimulationwith a setof
partial bisimulations,eachrepresentinga pieceof a bisimulation
underdifferent conditionsof knowledge.Similar ideashave also
beenusedin concurrency [6].

In this paper, we extendandimprove theSumii-Piercemethod.
This work makesfour contributions:

� Weintroduceanew notionof bisimulationthatleadsto smaller
andmore tractablerelations.In particular, our methodallows
oneto write down the bisimulationrelationsdirectly in cases
where[31] requiresan inductive speci�cation, andwherethe
principleof local invariants[22] is inapplicable.

� We handlea calculuswith full-�edged storethat may contain
any expressedvalue.

� Ourmethodcanexpressexampleswith higher-orderfunctions.
Themostwidely known previous methods[4, 22, 32] arelim-
ited in their ability to deal with examplescontaininghigher-
orderfunctions.

� Last,we derive our bisimulationby a morestructuredmethod
than [31], which relied more on intuition for its derivation.
This methodallows us to identify weaker proof obligations,
and sugeststhe possibility of systematicallyde�ning notions
of bisimulationfor otherlanguages.

Theremainderof thepaperis organizedasfollows: in Section2,
we presentthe syntaxandoperationalsemanticsof the language
we will use. In Section3, we de�ne contextual equivalence.In
Section4 we considerhow onemight go aboutproving contextual
equivalencedirectly. From this proof we extractproof obligations
thatserveto de�ne therequirementsfor abisimulation.In Section5
we de�ne our notionof bisimulation,andstateits correctness.The
proofsaredeferredto AppendixA. In Section6 we presentsome
well-known examplesusingthis method.In Section7 we compare
theproof obligationsgeneratedby our methodwith thoseof [31].
Weconcludewith a discussionof relatedwork andconclusions.

2. The language
The term languageis the untyped,call-by-value lambdacalculus
augmentedwith constants,primitive operations,a conditionalcon-

1 For anexampleof thecomplicationscausedby this mismatch,see[34].

struct,tuples,andstoreoperations.The syntaxof the languageis
shown in Figure1.

Themeta-variablec rangesover thesetof naturalnumbersand
booleans;op rangesover thearithmeticandbooleanoperators.Tu-
ple constructionis doneby thelanguageconstructor(e1 ; : : : ; en ),
andprojectionof the i -th elementof a tuple by #i (e). Constants,
abstractions,tuplesof values,andlocationsarevalues.

The expression� x: e createsa new location in the store,and
bindsx to that locationinsidee; expressions!e and(e:= e) return
andupdate,respectively, thecontentsof a locationin thestore.

The domain of locations is an in�nite countableset; meta-
variablesl , k rangeover this set. A store is a �nite map from
locationsto closedvalues;s and t rangeover stores.The value
in locationl of stores is given by s(l ); s[l 7! v] placesthe value
v in locationl of stores, extendingthedomainof s, if necessary.
D om(s) denotesthedomainof stores; Locs(e) denotesthesetof
locationsthatoccurinsidee. Lcl osed(s) is thepredicate:

8l 2 D om(s) : (F V (s(l )) = ; ) ^ (Locs(s(l )) � D om(s))

De�nition 2.1. A con�gurationis a pair of a stores andexpression
e, writtenhs; ei .

De�nition 2.2. A con�guration hs; ei is called well-formediff it
satis�esthefollowingproperties:

Lcl osed(s) ^ (F V (e) = ; ) ^ (Locs(e) � D om(s))

The big-stepoperationalsemanticsof the languageis de�ned
for well-formed con�gurations,and is shown in Figure 2. Each
big-stepreductionhs; ei + ht; wi consistsof aninitial well-formed
con�guration that containsan expressione andthe stores, under
which e evaluates,anda �nal con�guration that containsthe re-
ducedvaluew andthe�nal storet. If thederivationtreede�ned by
a big-stepevaluationhs; ei + ht; vi hasheightlessthank thenwe
write hs; ei +<k ht; vi .

Lemma 2.3. If hs; ei + ht; wi thenD om(s) � D om(t).

Proof. By straightforward induction on the derivation of
hs; ei + ht; wi .

Lemma 2.4. If hs; ei is a well-formed con�guration and
hs; ei + ht; wi , thenht; wi is alsowell-formed.

Proof. By straightforward induction on the derivation of
hs; ei + ht; wi , using Lemma 2.3, and the de�nition of well-
formedcon�guration.

We saythata well-formedcon�gurationhs; ei terminates, and
we write hs; ei +, if f thereis a �nite derivation treefrom therules
in Figure2 thathashs; ei asinitial con�guration,andsomeht; wi
as�nal con�guration.Conversely, if thereis nosuchderivation,we
saythaths; ei diverges, andwe write hs; ei * .

In the following sectionswe will use let x = e1 in e2 and
(e1 ; e2) assyntacticsugarfor (( �x: e2) e1), dependingonwhether
x is freein e2 .

We will also use an overbar as a syntacticmeta-operatorto
denotea comma-separatedsequenceof syntaxfragments:

� = � 1 ; : : : ; � n

where� is a syntaxfragmentand� i is thesamefragmentwith i -
subscriptson all meta-identi�ersit contains.For examplewe will
write [u=x]e insteadof [u1=x1 ; : : : ; un =xn ]e, and (v; v0) 2 R
insteadof (v1 ; v0

1); : : : ; (vn ; v0
n ) 2 R. For the purposesof this

paperthe sizeof a sequencein theoverbarnotationis considered
arbitrary, andleft implicit (see[15] for amorerigoroustreatment).



EXPRESSIONS: d; e ::= x Identi�ers
j c Constants
j �x: e Abstraction
j (e e) Application
j op(e; : : : ; e) PrimitiveOperations
j if ethen eelse e Conditional
j (e; : : : ; e) TupleConstruction
j #i (e) Projection
j l Locations
j � x: e New Location
j !e Dereferencing
j (e:= e) Assignment

VALUES: u; v; w ::= c j �x: e j (v; : : : ; v) j l

LOCATIONS: l ; k

STORES: s; t 2 LOCATIONS
®n! VALUES

CONFIGURATIONS: hs; ei 2 STORES � EXPRESSIONS

Figure1. SyntacticDomains

EVAL-CONST
hs; ci + hs; ci

EVAL-ABSTR
hs; �x: ei + hs; �x: ei

EVAL-APP
hs; e1 i + hs1; �x: ei hs1 ; e2 i + hs2 ; vi hs2 ; [v=x]ei + ht; wi

hs; (e1 e2) i + ht; wi

EVAL-OP

hs; e1 i + hs1 ; c1 i : : : hsn � 1 ; en i + ht; cn i opar ith (c1 ; : : : ; cn ) = c
hs; op(e1 ; : : : ; en ) i + ht; ci

EVAL-IF
hs; e1 i + hs1 ; w1 i hs1; ei i + ht; wi (w1 ; i ) 2 f (true ; 2); (false ; 3)g

hs; if e1 then e2 else e3 i + ht; wi

EVAL-TUPLE
hs; e1 i + hs1 ; w1 i : : : hsn � 1 ; en i + ht; wn i

hs; (e1 ; : : : ; en ) i + ht; (w1 ; : : : ; wn ) i

EVAL-PROJ
hs; ei + ht; (w1 ; : : : ; wn ) i 1 � i � n

hs; #i (e) i + ht; wi i

EVAL-LOC
hs; l i + hs; l i

EVAL-NEW
hs[l 7! 0]; [l=x]ei + ht; wi l 62D om(s)

hs; � x: ei + ht; wi

EVAL-DEREF
hs; ei + ht; l i t (l ) = w

hs; !ei + ht; wi

EVAL-ASSIGN
hs; e1 i + hs1 ; l i l 2 D om(s1) hs1; e2 i + ht; wi

hs; (e1 := e2) i + ht[l 7! w]; () i

Figure2. OperationalSemantics

3. Contextual Equivalence
Webegin with thestandardnotionof contextual equivalence:

De�nition 3.1 (Standard Contextual Equivalence). (e; e0) 2
� std if andonly if for all storess andexpressioncontextsC[ ] such
thaths; C[e]i andhs; C[e0]i are well-formedcon�gurations,

hs; C[e]i + ( ) hs; C[e0]i +

This de�nition is dif�cult to work with for severalreasons:

� Sinceexpressioncontexts canbind variables,contexts arenot
equalup to � -renaming,which makesquanti�cation over ex-
pressioncontexts hard.Furthermorea proof mustdealwith the
complicationsof bindingin e ande0.



� It dealswith expressionsin the samestore,but sinceclosures
arestorable,any inductive proof mustsomehow involve gener-
alizationto programsoperatingin differentstores.

Following Sumii and Pierce,we eliminate the �rst of these
complicationsby invoking thefollowing theorem.

Theorem 3.2 (Value Restriction). For anyexpressionse, e0, and
identi�er x,

(e; e0) 2 � std ( ) (�x: e; �x: e0) 2 � std

Proof. AppendixA.1.

As a result,insteadof reasoningaboutthe equivalenceof two
openexpressionse ande0, we canclosethemunderanappropriate
numberof abstractionsandreasonabouttheequivalenceof those
closedvalues.If e ande0 areclosed,thenwe canreasonaboutthe
equivalenceof �x: e and�x: e0, for someidenti�er x.

Wewill thereforereasonprimarily aboutvaluerelations:

De�nition 3.3. A valuerelationR is a setof pairsof closedvalues.

Restrictingtheequivalentexpressionsto closedvaluespermits
theuseof � -substitution[v=x]C, insteadof thecapturingsubstitu-
tion C[v], wherex is a freeidenti�er in theholeof C. Thisallows
usto de�ne thesetof all instancesof expressioncontexts,with R-
relatedvaluesin theirholes:

De�nition 3.4. If R is a valuerelation,thenR � is theset:

R � = f ([u=x]d; [u0=x]d) j (u; u0) 2 R; F V (d) � f xg;
Locs(d) = ;g

The generalizationto contexts with multiple holes is needed
by the inductionprinciplewe will introducelater. It is alsouseful
to separatelyde�ne the largestsubsetof R � which containsonly
values:

De�nition 3.5. If R is a valuerelation,thenR �
val is theset:

R �
val = f (v; v0) j (v; v0) 2 R � , andv; v0 are valuesg

Both ( ) � and( ) �
val areclosureoperations:

Lemma 3.6. If R andS are valuerelations,then:

1. R � R �
val � R � .

2. If R � S, thenR � � S� andR �
val � S�

val.
3. (R � ) � = R � and(R �

val)
�
val = R �

val.
4. If R � S � R � , then S� = R � . If R � S � R �

val, then
S�

val = R �
val.

Proof. The�rst is immediateby thede�nitions of R � andR �
val. The

restfollow by elementarypropertiesof substitution.

The next complicationis that of expressionsin different, but
equivalent,stores.Therefore,we will reasonnot just aboutvalue
relations,but states:

De�nition 3.7. A stateis a triple (s; s0; R), where s and s0 are
stores,andR is a valuerelation.

A state(s; s0; R) representspairsof valuesthatareintendedto
beequivalentin storess ands0, respectively. Wecall these“states”
by analogywith the statesof a Kripke structure:they represent
possibleworldsin whichexpressionsmaybeevaluated.Sincehere
R containspairsof presumablyequivalentvalues,theexpressions
to beevaluatedcannotsimply bethevaluesin R. Instead,they are
expressionsthat are R-relatedinstancesof a commonroot. This
leadsto thede�nition of contextualequivalencewhichwewill use:

De�nition 3.8. Contextual equivalence� is the largest set of
states(s; s0; R), such that:

1. Lcl osed(s) andLcl osed(s0),
2. if (u; u0) 2 R, then Locs(u) � D om(s), and Locs(u0) �

D om(s0),
3. if (e; e0) 2 R � , thenhs; ei + ( ) hs0; e0i +

This de�nition is similar to theonein [31].
The�rst two conditionsof thede�nition restrictto well-formed

con�gurations;the third conditiondemandsequivalenceof termi-
nationunderrelated, ratherthanequal,stores.

The role of R in eachtuple of � is twofold. It containspairs
of equivalent values,whereall the left-handsidesare evaluated
in contexts with stores, andthe right-handsidesin contexts with
stores0. Furthermore,it is themeansof accessingexistinglocations
by thecontexts; any locationl not mentionedin R is inaccessible
by elementsof R � , sincethe context d in De�nition 3.4 may not
containany locations.

We extend� to openexpressionsby thefollowing de�nition.

De�nition 3.9. e � e0 iff for all stores s, there exists a value
relationR such that:

(( s; s; R) 2 � ) ^ (( � x:e; � x:e0) 2 R)

for somex such thatF V (e) � f xg andF V (e0) � f xg.

Weshow that� coincideswith thestandardnotionof contextual
equivalence:

Theorem3.10. e � e0 iff e � std e0.

Proof. AppendixA.2.

4. Deriving Obligations for an EquivalenceProof
Let X be a setof statesof the form (s; s0; R). How would we go
aboutproving that X � (� )? For eachstate(s; s0; R) 2 X , we
mustshow:

1. Lcl osed(s) andLcl osed(s0),
2. for all (u; u0) 2 R, Locs(u) � D om(s), andLocs(u0) �

D om(s0),
3. if (e; e0) 2 R � , thenhs; ei + ( ) hs0; e0i +

The �rst two of theseare generallystraightforward. The last
one,of course,is the dif�cult one. In order to have any hopeof
carryingout an induction,we will needto show not merelythat if
hs; ei + thenhs0; e0i + (andvice versa),but alsothat the terminal
con�gurationsarerelatedin somestateof X . More precisely, we
will wantto prove that

(( s; s0; R) 2 X ) ^ ((e; e0) 2 R � ) ^ hs; ei + ht; wi
=) ( 9t0; w0; Q : hs0; e0i + ht0; w0i

^ (Q � R) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val) )

(1)

The obvious way to do this is by inductionon the sizeof the
derivationof hs; ei + ht; wi . This leadsto thefollowing induction
hypothesis:

IH(k) = (( s; s0; R) 2 X ) ^ ((e; e0) 2 R � ) ^ hs; ei +<k ht; wi
=) ( 9t0; w0; Q : hs0; e0i + ht0; w0i

^ (Q � R) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val) )
(2)

We cannow imaginea proof of (2) for all k by inductionon k.
Theproof would proceedby caseson e. Most of thecasesfollow
directly from the inductionhypothesis.Theonesthatdon't would
remainasproofobligationsonX .



To demonstratethis we considerthe caseof application(e =
(e1 e2)) in this proof:We assume(2) for k andprove it for k + 1.

Let (s; s0; R) 2 X , ((e1 e2); e0) 2 R � , andhs; ei +<k +1 ht;
wi . Wehave to show that

9t0; w0; Q : hs0; e0i + ht0; w0i
^ (Q � R) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val)

By the de�nition of R � , e0 = (e0
1 e0

2), and (ei ; e0
i ) 2 R � , for

i = 1; 2. The big-steprule for application(EVAL -APP) givesfor
(e1 e2):

hs; e1 i +<k hs1 ; �x: e3 i
hs1 ; e2 i +<k hs2; vi
hs2 ; [v=x]e3 i +<k ht; wi

hs; (e1 e2) i +<k +1 ht; wi
(3)

By the �rst premiseof (3), andthe inductionhypothesisat e1 and
(s; s0; R) we get:

9s0
1; e0

3 ; R1 : hs0; e0
1 i + hs0

1 ; w0
1 i

^ (R1 � R) ^ (( s1 ; s0
1 ; R1) 2 X )

^ (( �x: e3; w0
1) 2 R1

�
val)

By Lemma3.6(2) wegetR � � R1
� . Thus,by thesecondpremise

of (3), andtheinductionhypothesisat e2 and(s1 ; s0
1 ; R1):

9s0
2; v0; R2 : hs0

1; e0
2 i + hs0

2 ; v0i
^ (R2 � R1) ^ (( s2 ; s0

2 ; R2) 2 X )
^ (( v; v0) 2 R2

�
val)

For thethird premiseof EVAL -APP we distinguishtwo cases:

� Case1: �x: e3 andw0
1 areR1-relatedcontexts; i.e., thereexist

e0
3 , d, and(u; u0) 2 R1 suchthatF V (d) � f x; yg, Locs(d) = ; ,

w0
1 = �x: e0

3 , e3 = [u=y]d, e0
3 = [u0=y]d. By thepropertiesof � -

substitution,andbecauseR1
� � R2

� and(v; v0) 2 R2
�
val � R2

�

we have:

([v=x]e3 ; [v0=x]e0
3) 2 R2

�

Thus,by the third premiseof (3) andthe inductionhypothesisat
[v=x]e3 and(s2 ; s0

2 ; R2):

9t0; w0; Q : hs0
2; [v0=x]e0

3 i + ht0; w0i
^ (Q � R2) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val)

� Case2: (�x: e3 ; w0
1) 2 R1

To handlethis casewe needto show thatw0
1 is alsoanabstrac-

tion (otherwisethe applicationon the right-handside would not
succeed).Thereforeoneof theconditionson X mustbe:

if (s; s0; R) 2 X , and(v; v0) 2 R, thenv andv0 havethe
sametop-level language constructor.

AssumingthatX satis�estheabove proof obligation,we have
w0

1 = �x: e0 and(�x: e3 ; �x: e0) 2 R1 � R2 . Thethird premiseof
(3) is equivalentto:

hs2 ; (�x: e3 v) i +<k +1 ht; wi

Therefore,to �nish this caseof the proof, it is suf�cient to show
that

hs2; (�x: e3 v) i +<k +1 ht; wi
=) 9t0; w0; Q : hs0

2 ; (�x: e0
3 v0) i + ht0; w0i

^ (Q � R2) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val)
assumingtheinductionhypothesisfor derivationslessthank. This
leavesthefollowing conditionon X :

if (s; s0; R) 2 X , and (�x: e3 ; �x: e0
3) 2 R, and the

inductionhypothesisholdsfor derivationsof heightlessthan
k, thenfor all (v; v0) 2 R �

val:

hs2 ; (�x: e3 v) i +<k +1 ht; wi
=) 9t0; w0; Q : hs0

2 ; (�x: e0
3 v0) i + ht0; w0i

^ (Q � R2) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val)

If X satis�estheabove proof obligations,thenwe get for both
cases:

hs0; e0
1 i + hs0

1; �x: e0
3 i

hs0
1; e0

2 i + hs0
2 ; v0i

hs0
2; [v0=x]e0

3 i + ht0; w0i

hs0; (e0
1 e0

2) i + ht0; w0i

andalsoQ � R, (t; t0; Q) 2 X , (w; w0) 2 Q�
val, andwearedone.

By a similar treatmentof the restof thecasesfor e, we getall
the conditionson X , which are summarizedin the de�nition of
bisimulationin thefollowing section.

5. Small Bisimulations
We now reformulatetheproof obligationsderivedabove into con-
ditions on X . We de�ne a bisimulationto be any setX of states
thatsatisfytheseclosureconditions.

De�nition 5.1(k-approximation). Wewill write (s; s0; R) ` X e v k

e0 to mean:

8t; w: (hs; ei +<k ht; wi
=) 9t0; w0; Q : (hs0; e0i + ht0; w0i

^ (t; t0; Q) 2 X
^ (w; w0) 2 Q�

val
^ R � Q))

We will alsowrite (s; s0; R) ` X e wk e0 to mean:

8t0; w0: (hs0; e0i +<k ht0; w0i
=) 9t; w; Q : (hs; ei + ht; wi

^ (t; t0; Q) 2 X
^ (w; w0) 2 Q�

val
^ R � Q))

Weusetwo �a vorsof k-approximation,onethatcorrespondsto
theforwarddirectionof theproof(shown in theprecedingsection),
andonefor theoppositedirection.Notethatthesetwo relationsare
not converses,since(t; t0; Q) 2 X , and(w; w0) 2 Q�

val appearin
both.

The full inductionhypothesisof theproof is given by IHL
X (k)

andIHR
X (k), the �rst for the forwarddirectionandthesecondfor

theopposite:

De�nition 5.2. We will write IHL
X (k) to mean:

8(s; s0; R) 2 X : 8(e; e0) 2 R � : (s; s0; R) ` X e v k e0

andIHR
X (k) to mean:

8(s; s0; R) 2 X : 8(e; e0) 2 R � : (s; s0; R) ` X e wk e0

We now give thede�nition of bisimulation.

De�nition 5.3. A bisimulationX is a setof statessuch that for any
state(s; s0; R) 2 X , thefollowingconditionsare satis�ed:

1. Lcl osed(s) andLcl osed(s0),
2. If (v; v0) 2 R, then Locs(v) � D om(s) and Locs(v0) �

D om(s0).



3. If (v; v0) 2 R, thenv andv0 havethesametop-level language
constructor.

4. If (c; c0) 2 R, thenc = c0.
5. If (( v1 ; : : : ; vn ); (v0

1 ; : : : ; v0
m )) 2 R, thenn = m, andfor all

1 � i � n, there existsa valuerelation Q such that R � Q,
(vi ; v0

i ) 2 Q�
val, and(s; s0; Q) 2 X .

6. For any l , l0, with l 62 D om(s) and l0 62 D om(s0), there
existsa valuerelation Q such that R � Q, (l ; l0) 2 Q, and
(s[l 7! 0]; s0[l07! 0]; Q) 2 X .

7. If (l ; l0) 2 R, then

(a) there existsa valuerelationQ such thatR � Q,
(s(l ); s0(l0)) 2 Q�

val, and(s; s0; Q) 2 X ,
(b) for all (v; v0) 2 R �

val, wehave(s[l 7! v]; s0[l07! v0]; R) 2
X

8. For each (�x: e; �x: e0) 2 R, andfor anyvalues(v; v0) 2 R �
val,

wehave

IHL
X (k) =) (s; s0; R) ` X (�x: e v) v k +1 (�x: e0 v0)

IHR
X (k) =) (s; s0; R) ` X (�x: e v) wk +1 (�x: e0 v0)

Eachof the conditionsof De�nition 5.3 addressesoneof the
proof obligationsof the direct proof discussedin Section4. The
�rst two conditionsare identical to the �rst two conditionsof � .
Condition3 allows usto concludethroughoutthedirectproof that,
if a valuev hasa speci�c top-level languageconstructor, andit is
relatedto avaluev0, thenv0 alsohasthesamelanguageconstructor.
This is necessary, for example,in thecaseof application,whenthe
operatoris oneof therelatedvalues;if theoperatorin theleft-hand
side is an abstraction,then the operatorof the right-handside is
alsoanabstraction(otherwisethey would not necessarilyhave the
sameterminatingbehavior).

Condition4 capturestheproof obligationfor thecaseof apply-
ing a primitive operator, Condition5 the proof obligationfor the
caseof projection,Condition6 theproof obligationfor thecaseof
the � -expression,andConditions7 (a), (b) capturetheproof obli-
gationsfor thecasesof dereferencingandassignment,respectively.

Condition8 capturesthe proof obligationin the caseof appli-
cation.As shown in Section4, in this casethe only sub-casethat
doesn't go throughdirectly by the induction hypothesisis when
therearerelatedabstractionsin operatorposition.Toprovethissub-
casewemayassumetheinductionhypothesisfor shorterderivation
trees.This inductionhypothesisis veryusefulto havewhenreason-
ing abouthigher-orderprocedures,aswewill seein theexamples.

Next we show that our bisimulationsaresoundandcomplete
andthata maximalbisimulationexists.

Theorem5.4(Completeness).Contextualequivalenceis a bisim-
ulation.

Proof. AppendixA.3.

Theorem 5.5 (Soundness).Any bisimulationis includedin con-
textualequivalence.

Proof. Theproof recapitulatesthederivationof theprecedingsec-
tion, andis givenin AppendixA.4.

Theorem 5.6. A maximalbisimulation,called bisimilarity (� ),
existsandcoincideswith contextual equivalence.

Proof. By De�nition 3.8 and Theorems5.4 and 5.5 we get that
� is the largestbisimulation.Thus(� ) exists andcoincideswith
contextual equivalence.

6. Examples
Thefollowing examplesillustrateour techniques.The�rst two are
dueto MeyerandSieber[17]. Therestof theexamplesin [17] can
bedonein similar fashion.Theseexampleswill alsoillustratethe
addedpowergivenby theinductionhypothesesin thelastcondition
of De�nition 5.3.

6.1 Local Store

This exampleshows that allocationof local storedoesnot affect
computation.

M = �g :� x: g N = �g :g

Proof. To show M � N , it will suf�ce to constructa bisimulation
X that relatesthe two expressionsat emptystores;Conditions6
and7 (b) of De�nition 5.3ensurethat therelationcoversall equal
stores.We de�ne theparameterizedrelation:

Q(k; k0) = f (M ; N ); (k; k0)g

andtheset:

X =
�

(s; s0; R) �

�

9k; k0; l
: R = Q(k; k0)
^ f kg \ f lg = ;
^ 9u; u0

: s = [k 7! u; l 7! 0]
^ s0 = [k07! u0]
^ (u; u0) 2 R �

val �

Eachstate(s; s0; R) of X relatesM andN in R, aswell asan
arbitrarysetof locationsk andk0. The storess ands0 consistof
therelatedlocationsk andk0, with relatedcontentsfrom R �

val, and
s hassomemorelocationsl , createdby callsto M , eachof which
containtheintegerzero.

We will show thatX satis�estheconditionsfor a bisimulation.
Conditions1, 3 and7 aresatis�edbecause(u; u0) 2 R �

val, andM ,
N areclosedabstractions;Condition2 issatis�edbecauseD om(s)
andD om(s0) containall therelatedlocationsin R. Condition6 is
obviously satis�ed;Conditions4 and5 aretrivially satis�ed.

Condition8 appliesonly to (M ; N ). Let (s; s0; R) 2 X . We
have to show thatfor all (v; v0) 2 R �

val, thefollowing is true:

IHL
X (k) =) (s; s0; R) ` X (M v) v k +1 (N v0)

IHR
X (k) =) (s; s0; R) ` X (M v) wk +1 (N v0)

For this examplewe will show directly that both hs; (M v) i
andhs0; (N v0) i alwaysterminate,andthereexist t , t0, w, w0, S
suchthaths; (M v) i + ht; wi , hs0; (N v0) i + ht0; w0i , (t; t0; S) 2
X , (w; w0) 2 S�

val, andR � S.
It is easyto show thaths; (M v) i terminates:

hs; (M v) i + ht; wi

( ) hs; (�g :� x: g)vi + ht; wi

( ) hs; � x: [v=g]gi + ht; wi

( ) 9l0 62D om(s): hs[l0 7! 0]; [l0=x]vi + ht; wi

( ) 9l0 62D om(s): hs[l0 7! 0]; vi + ht; wi (sincev is closed)

Thereforet = s[l0 7! 0] for somel0 , andw = v.
Similarly for hs0; (N v0) i :

hs0; (N v0) i + ht0; w0i

( ) hs0; (�g :g)v0i + ht0; w0i

( ) hs0; [v0=g]gi + ht0; w0i

( ) hs0; v0i + ht0; w0i



and t0 = s0, w0 = v0. Moreover, by the de�nition of X ,
(s[l0 7! 0]; s0; R) 2 X , and(w; w0) 2 R.

6.2 Higher-Order Functions

Theprecedingexampledid not rely on theinductionhypothesesin
Condition8 of De�nition 5.3.Thenext exampleusestheinduction
hypothesesto reasonaboutacall to anunknown procedure.

M = �g :� x:
let f = �z :(x := !x + 2)
in ((g f );

if (! x mod2 = 0) then () else 
)

N = �g :(( g �x: () ); () )

Sincethe only operationg canperformon the locationbound
to x is to increaseit by two, invocationof g preservestheinvariant
thatthecontentsof thelocationis even.

Proof. As we did in thepreviousexample,we de�ne a parameter-
izedrelation:

Q(k; k0; l ) = f (M ; N ); (�z :(l := !l + 2); �z :() ); (k; k0)g

andtheset

X =
�

(s; s0; R)
�

�

9k; k0; l
: R = Q(k; k0; l )
^ f kg \ f lg = ;
^ 9u; u0; n

: s = [k 7! u; l 7! 2n ]
^ s0 = [k07! u0]
^ (u; u0) 2 R �

val �

Here the statesof the bisimulationareof the form (s; s0; R),
where the storess and s0 consistof relatedlocationsk and k0,
containingrelatedvaluesu andu0, ands containssomeadditional
locationsl , allocatedby calls to M , eachof which containssome
evennumber. TherelationR relatesthelocations(k; k0) andeach
instantiationof �z :(l i := !l i + 2) to �z :() .

We will show thatX satis�estheconditionsfor a bisimulation.
As in the previous example,it is easyto checkthat Conditions1
through7 aresatis�edby constructionof X .

It remainsto prove that Condition 8 is satis�ed. The related
abstractionsin R are(M ; N ) and(�z :(l i := !l i + 2); �z :() ), for
all l i 2 f lg.

First we prove Condition8 for (�z :(l i := !l i + 2); �z :() ). Let
s = s0 [l i 7! 2n i ]. We have to show that for all (v; v0) 2 R �

val, the
following is true:

IHL
X (k) =) (s0 [l i 7! 2n i ]; s0; R) ` X

(�z :(l i := !l i + 2) v) v k +1 (�z :() v0)

Equivalently, we assume IHL
X (k), and hs0 [l i 7! 2i ];

(�z :(l i := !l i + 2) v) i +<k +1 ht; wi , and show that there exist
t0, w0, S, such that hs0; (�z :() v0) i + ht0; w0i , (t; t0; S) 2 X ,
(w; w0) 2 S�

val, R � S. We have:

hs0 [l i 7! 2n i ]; (�z :(l i := !l i + 2) v) i + ht; wi

( ) hs0 [l i 7! 2n i ]; [v=z](l i := !l i + 2)i + ht; wi

( ) hs0 [l i 7! 2n i ]; (l i := !l i + 2)i + ht; wi

and by the evaluation rule for assignmentwe get that t =
s0 [l i 7! 2(n i + 1)], andw = () . Obviously

hs0; (�z :() v0) i + hs0; () i

Furthermore,by thede�nition of X , (s0 [l i 7! 2(n i + 1)]; s0; R) 2
X , and(() ; () ) 2 R �

val. Thesecondpartof Condition8 is analo-
gous.

Now weneedto prove Condition8 for (M ; N ). Againwehave
to show thatfor all (v; v0) 2 R �

val:

IHL
X (k) =) (s; s0; R) ` X (M v) v k +1 (N v0)

or equivalently, if IHL
X (k), and hs; (M v) i +<k +1 ht; () i , then

thereexist t0, S, suchthaths0; (N v0) i + ht0; () i , (t; t0; S) 2 X ,
R � S. We have:

hs; (M v) i +<k +1 ht; () i
=) 9w; l0 : hs[l0 7! 0]; (v �z :(l0 := !l0 + 2)) i +<k ht; wi

^ (l0 62D om(s))

Let R = Q(k; k0; l ) and P = Q(k; k0; l ; l0). We have that
R � P . By the de�nition of X , we get (s[l0 7! 0]; s0; P ) 2 X .
Also, because(v; v0) 2 R �

val and (�z :(l0 := !l0 + 2); �z :() ) 2
R, we have (( v �z :(l0 := !l0 + 2)); (v0 �z :() )) 2 R � � P � .
Thus, from IH L

X (k), we get that thereexist t0, w0, S such that
hs0; (v �z :() ) i + ht0; w0i , (t; t0; S) 2 X , (w; w0) 2 S�

val, and
P � S. Thereforehs0; (N v0) i + ht0; () i , (t; t0; S) 2 X , and
R � S, asrequired.

This examplewould be dif�cult to prove using the technique
of Sumii andPiercefrom [31], sincethat techniquehasno corre-
spondinginductionhypothesis.Pitts andStark's methodof Local
Invariants[22] doesnotapplyto this exampleeither.2

6.3 Higher-Order StoredValuesand Methods

Our techniquecanalsodealwith thestructuresunderlyingobject-
oriented programs.For example, here is a model of the Cell
exampleon page1. HereM andN eachreceive an initial value
andreturna setteranda getter.

M = �x: � y: (�z :(y := z); �z :!y)

N = �x: � y1 : � y2 : � p:(�z :(( p:= !p + 1); (y1 := z); (y2 := z)) ;
�z :(if even(! p) then !y1 else !y2))

M allocatesonelocationandexportsa setteranda getter. N
allocatestwo locations.Thesetterstoresa valuein both locations
andalso incrementsa counter;the correspondinggetterretrieves
the value from one location when the counteris even and from
the otherwhenthe counteris odd. This exampleis slightly more
generalthantheoneonpage1, sinceherethelocationcanbeused
for higher-ordervalues,not just integers.

In general,every applicationof M will allocatea location l i .
For eachsuchlocation, the correspondingapplicationof N will
allocatethreelocationsl0

1i ; l0
2i ; l0

pi . The locationsl i , l0
1i , l0

2i will
alwayscontainrelatedvalues.Theselocationsarenot themselves
goingto berelatedin theeventualbisimulation(sincethey arenot
accessibleby the context), but their setterand getterprocedures
will. In addition,the executionof the contexts, with M andN in
their holes,will allocatesomelocationsk, k0, respectively. So as
beforewe de�ne a parameterizedrelation,from which we build a
bisimulation.

The constructionis shown in Figure 3. As before,Q relates
the startingtermsM andN , the correspondinglocations(k; k0)
allocatedexternal to M andN , andthe correspondingsetterand
gettermethodsfor eachobjectcreatedby M or N (whichwewrite
as setM ; getM ; setN ; getN , parameterizedby the locationsthey
access).We turn this into a bisimulation by specifying that the
relatedlocationscontainrelatedvalues,and the locationsof the
correspondingobjectscontainthecorrectvaluesaswell.

Proof. As in the previous examples,Conditions1 through7 are
immediatelysatis�ed. We have to show Condition 8 for eachof

2 Like the techniqueof [31], the Logical Relationof [22] is complete,but
doesnot seemto leadto ausefulproof.



Q(k; k0; l ; l0
1 ; l0

2 ; l0
p ) = f (M ; N ); (setM (l ); setN (l0

1 ; l0
2 ; l0

p )) ; (getM (l ); getN (l0
1 ; l0

2 ; l0
p )) ; (k; k0)g

X =
�

(s; s0; R)
�

�

9k; k0; l ; l0
1 ; l0

2 ; lp

: R = Q(k; k0; l ; l0
1 ; l0

2 ; l0
p )

^ f kg \ f lg = f k0g \ f l ; l0
1 ; l0

2 ; lpg = ;
^ 9u0 ; u0

0 ; u; u0; n
: s = [k 7! u0 ; l 7! u]
^ s0 = [k07! u0

0 ; l0
1 7! u0; l0

2 7! u0; l0
p 7! n0]

^ (u0 ; u0
0) 2 R �

val

^ (u; u0) 2 R �
val �

Figure3. Bisimulationfor Example6.3

(M ; N ), (setM (l i ); setN (l0
1i ; l0

2i ; l0
pi )) , (getM (l i ); getN (l0

1i ; l0
2i ;

l0
pi )) . It easyto seethat all of the relatedabstractionsterminate.

Moreover the �nal statessatisfytheclosurerequirementsof Con-
dition 8.

7. Comparisonwith Sumii and Pierce
A direct adaptationof the operationalbisimulationof Sumii and
Pierce[31] to ourlanguagewouldgiveade�nition of bisimulations
thatdiffersfrom De�nition 5.3 in thefollowing ways:

Condition 5: If (s; s0; R) 2 X , and(( v1 ; : : : ; vn ); (v0
1 ; : : : ; v0

n )) 2
R, then(s; s0; R [ f (vi ; v0

i )g) 2 X .
Condition 6: If (s; s0; R) 2 X , and(l ; l0) 2 R, then(s; s0; R [

f (s(l ); s0(l0)) g) 2 X , and for all (v; v0) 2 R �
val, (s[l 7! v];

s0[l07! v0]; R [ f (v; v0)g) 2 X .
Condition 8: For all (s; s0; R) 2 X , andall (�x: e; �x: e0) 2 R,

takeany l ; l0, suchthatf lg \ D om(s) = f l0g \ D om(s0) = ; .
Let Q =R [ (l ; l0), and(u; u0) 2 Q�

val, (v; v0) 2 Q�
val. Then

(a) hs[l 7! u]; (�x: e v) i + ht; wi ( )
hs0[l07! u0]; (�x: e0 v0) i + ht0; w0i

(b) andif they terminate,then(t; t0; Q [ f (w; w0)g) 2 X

Therearethreeimportantdifferencesbetweentheseconditions
andtheoneswe give in De�nition 5.3:

� We usea morerelaxed closureconditionin eachof the above
threerules.For example,in Condition5, insteadof requiring
that (s; s0; R [ f (vi ; v0

i )g) 2 X , we requirethat thereexists
a value relation Q such that R � Q, (vi ; v0

i ) 2 Q�
val, and

(s; s0; Q) 2 X . This is essentiallyan up-to context closureof
our bisimulations,similar to the onein [25]. An up-to context
techniqueis not applicablein [31] becausethe valuesof that
calculusmaycontainanarbitrarynestingof sealsnotknown to
thecontext.

� In Condition8 we do not requirethe argumentsgiven to the
functionsto befrom a largervaluerelationthanR; i.e. instead
of requiringthearguments(v; v0) 2 Q�

val, andQ = R [ (l ; l0),
for somefresh l ; l0, we just requirethat (v; v0) 2 R �

val. This
simpli�cation, along with the up-to context closure,permits
direct constructionof bisimulations,whereasthe conditions
shown herewouldrequireinductiveconstructionsin somecases
(e.g.for Example6.1).Of courseto restorethesoundnessof the
bisimulationwe have addedCondition6 to ensuresoundness
underany possibleextensionof thestore.

Wecouldhaveachievedat leastthesamelevel of simplicity
in constructingbisimulationsby addingan up-to store closure
of ourbisimulations,insteadof usingCondition6.Wechosenot

todothisbecause(a)it wouldrequiremoretechnicalmachinery
to de�ne a uni�ed up-to store and context operator, which
wouldmakeourtechnique(andespeciallyproving Condition8)
moreinvolved,and(b) thebene�t from suchanadditionwould
betheeliminationof asmallandhighly stylizedpartfrom each
bisimulation(theexplicit mentionof any extensionof thestore).

� The last,andperhapsthemostimportant,differenceis alsoin
Condition8.As discussedin [32], theCondition8 shown above
is too strict to help reasonabouta classof higher-order func-
tions; that is, the classof functionsthatapply their arguments
internally(like in Example6.2),andthustheir terminationde-
pendson theterminationof theseapplications.

In order to prove that such higher-order functions co-
terminate,onemust prove that the applicationsof their argu-
mentsto relatedvaluesco-terminate.Sincetheseargumentsare
providedby thecontext, theproblemis reducedto proving co-
terminationof R-relatedcontexts, the very thing that we tried
to avoid by de�ning a bisimulation.We solve this problemby
introducingtheinductionhypothesisof Section4 insideCondi-
tion 8,whichdirectly impliestheco-terminationof applications
of thearguments.

In Section7 of [31] a similar conditionis proposed,but not
studiedthoroughly, asapossiblewayof reasoningabouthigher-
orderfunctions.Thatconditionis alsobasedoninductiononthe
heightof derivationtrees.

8. Other RelatedWork
A widevarietyof techniqueshavebeenusedto provethecontextual
equivalenceof higher-orderexpressionsin thepresenceof a store.

Oneobviousapproachis denotational:if two expressionshave
thesamedenotationin anadequatecompositionalsemantics,then
they are guaranteedto be contextually equivalent. The dif�culty
is that most denotationalmodelsare not fully abstract:thereare
contextually equivalentexpressionsthathavedifferentdenotations.
Meyer andSieber[17] give a setof suchexamples.We have used
oursystemto verify theequivalenceof all of theexamplesin [17].

Anotherapproachis to attemptto restrictthesetof contexts that
mustbeconsideredin a directproof. In this approach,onede�nes
a setC of contexts suchthat if two expressionsareequivalent in
all contexts in C, thenthey areequivalent in every context. Such
theoremstypically take the form of ciu theorems. For example,
MasonandTalcott[16] provesuchatheoremfor alanguagesimilar
to ours.Similar resultswereobtainedby Felleisen[7].

Yetanotherfamily of approachesuseseitherimplicit or explicit
transformationto continuation-passingstyle.For example,Tiuryn
andWand[33] presentacontinuation-passingmodelof anuntyped
lambda-calculuswith input-output,andprove that applicative ap-



proximationcoincideswith contextual approximation.Wand and
Sullivan[36] give a denotationto a recursively-typedhigher-order
languagewith sideeffectsby translationto aCPScalculus,anduse
thetechniquetoprovethecorrectnessof assignmentelimination,an
importantstepin the compilationof Scheme.Our techniquedoes
not requireconversionto CPS.

Pitts and Stark in [22] presenta reasoningtechniquefor a
simply-typedfunctional languagewith a storethat containsonly
integers.Their methodis basedon consideringrelationsover con-
�gurations of whatis effectively acontinuation-passinginterpreter.
They de�ne an operationallogical relation betweenexpressions
that is parameterizedover storerelations,andprove its soundness
andcompletenesswith respectto observational equivalence.The
de�nition of this logical relationis doneby inductionon types,us-
ing asetof conditionsthattake into accountthepossibleevaluation
contexts in which relatedexpressionsmayappear. Becausetheset
of evaluationcontexts is in�nite, it is not possibleto directly con-
struct this relationanduseit in concreteexamples.Instead,they
give a proof methodcalledtheprincipleof local invariants,which
canbeusedto prove that two expressionsareincludedin the log-
ical relation.This methodis shown to besoundbut not complete.
Our methodcanbeusedfor all their examples,includingonesfor
which their methoddoesnot apply(Example6.2).

Honda,Berger, andYoshidain [12,5] giveacompositionalpro-
gramlogic for alanguagewith effectsandhigher-orderprocedures.
Their methodcanprove propertiesof programswritten asHoare
triples. They alsogive a connectionbetweentheir logic andcon-
textual equivalence:two expressionsM , N areequivalent if and
only if for all pre- andpost-conditionsC, C0, M satis�es C, C0

if f N satis�es C, C0. Although the quanti�cation on all pre- and
post-conditionsseemseasierthana quanti�cation over all possi-
ble programcontexts, it is still hardenoughto make their method
impracticalfor proving contextualequivalence.

Bisimulationwasoriginally introducedasa methodof charac-
terizing the behavior of non-deterministicsystems[10, 11]; this
work alsoconsideredthedifferencebetweenbisimulationandcon-
textual equivalence.Abramsky [1] appliedthis ideato anuntyped
lazy lambda-calculus,and proved by domain-theoreticmethods
that thebisimulationwasa congruence;Howe [13] laterprovided
a directoperationalproof.

Up-to techniqueswere originally introducedin concurrency
[26, 27, 28]. Their purposewasto reducethesizeof bisimulations
by closingthemautomaticallyup to context, � -equivalence,injec-
tive substitution,bisimilarity etc.,hencemakingtheir construction
easier. We incorporatean up-to context techniquein the untyped
lambdacalculusaugmentedwith higher-order proceduresand a
generalstore.As discussedin Section7 an up-to storetechnique
couldalsobeused,but theaddedvaluefrom sucha methodwould
belimited comparedto thetechnicalcomplicationthatit would in-
troduce.

9. Conclusionsand Futur eWork
We have presenteda methodfor reasoningabouthigher-orderim-
perative programsby usingbisimulations.Our technique,although
inspiredby andsimilar to theonein [31], follows a moretechnical
pathandreachesabetternotionof bisimulation.Usingourmethod
we wereableto overcomethedif�culties of previous approaches,
andsuccessfullydealwith higher-orderfunctionsandstore.

Example6.3, with its setterand getterprocedures,illustrates
how this techniquecanbe usedto relateobjectsor methodsthat
manipulateprivatestate.This suggeststhat our resultsshouldbe
applicableto imperative object-orientedlanguagesto prove, for
example,thecorrectnessof refactoringtransformations.

We hopeto investigatewhetherour techniquescanimprove re-
sultsfor typedcalculi,suchas[32]. Wealsohopeto applyourtech-

niquesto studycontextual equivalencein aspect-orientedcalculi,
in which adviceis typically kept in the store,asin [14]. Last,we
wouldliketo seewhetherthisKripke-stylebisimilarity canhelpin-
vestigatecontextual equivalencein languageswith controleffects,
e.g.call/ccor exceptions.
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A. Proofs
De�nition A.1. M � N is the smallestcongruencecontaining
(e; (( � x:e) x)) , for all e.

Notethatif e � e0 thenF V (e) = F V (e0), andfor all C, C[e]
� C[e0].

Lemma A.2. Let e � e0, let x be identi�ers, and v; v0 be closed
values,such that v � v0, F V (e) � f xg, and F V (e0) � f xg.
Thenfor all storess, s0, with D om(s) = D om(s0), and for all
l 2 D om(s), s(l ) � s0(l0):

hs; [v=x]ei + ( ) hs0; [v0=x]e0i +

Proof. Similar to theonein [32].

A.1 Proof of Theorem3.2(Value Restriction)

Proof. Theforwarddirectionis easy. If somestores andexpression
context C[ ] distinguish� x:e from � x: e0, thenthesamestoreand
theexpressioncontext C[� x: [ ]] distinguishe from e0.

The oppositedirection follows from LemmaA.2 as follows.
For all storess and expressioncontexts C[ ] we have C[e] �
C[(� x:e x) ], andtherefore:

hs; C[e]i +
( ) hs; C[(� x: e x) ]i + (by LemmaA.2)
( ) hs; C[(� x: e0 x) ]i + (� x:e � std � x:e)
( ) hs; C[e0]i + (by LemmaA.2)

A.2 Proof of Theorem3.10((� ) = (� std))

Proof. Let:

e � std e0

or equivalently, by Theorem3.2:

9x : f xg � F V (e) [ F V (e0) :
� x:e � std � x: e0

or equivalently, by thede�nition of � std:

9x : f xg � F V (e) [ F V (e0) :
8s; C : hs; C[� x: e]i ; hs; C[� x:e0]i

arewell-formedcon�gurations:
hs; C[� x:e]i + ( ) hs; C[� x:e0]i +

or equivalently, by choosingthe appropriated, y, and l for the
forward direction (and by choosingC for the reversedirection),
suchthatC[y0 ] = [l=y]d:

9x : f xg � F V (e) [ F V (e0) :
8s; d; l ; y : (Locs(d) = ; )

^ (f lg � D om(s))
^ (F V (d) � f y0 ; yg) :

hs; [� x: e=y0 ; l=y]di + ( ) hs; [� x: e=y0 ; l=y]di +

or equivalently, by De�nition 3.8:

9x : f xg � F V (e) [ F V (e0) :
8s; d; l ; y : (Locs(d) = ; )

^ (f lg � D om(s))
^ (F V (d) � f y0 ; yg) :

9R : (( � x:e; � x:e0) 2 R)
^ ((l ; l ) 2 R)
^ (( s; s; R) 2 � )

or equivalently, by De�nition 3.9:

e � e0



A.3 Completeness

We�rst show someusefulpropertiesof � .

Lemma A.3. For anystate(s; s0; R) 2 � :

1. If (u; u0) 2 R and(v; v0) 2 R, such that hs; (u v) i + ht; wi
andhs0; (u0 v0) i + ht0; w0i , then(t; t0; R [ f (w; w0)g) 2 � .

2. If (( v1 ; : : : ; vn ); (v0
1 ; : : : ; v0

n )) 2 R then(s; s0; R [ f (vi ; v0
i )g)

2 � .
3. If l , l0 are locationswith l 62D om(s) andl0 62D om(s0), then

(s[l 7! 0]; s0[l07! 0]; R [ f (l ; l0)g [ f (0; 0)g) 2 � .
4. If (l ; l0) 2 R then(s; s0; R [ f (s(l ); s0(l0)) g) 2 � .
5. If (l ; l0) 2 R and(v; v0) 2 R �

val then(s[l 7! v]; s0[l07! v0]; R[
f (v; v0)g) 2 � .

6. If (v; v0) 2 R �
val then(s; s0; R [ f (v; v0)g) 2 � .

Proof. Immediatefrom the de�nition of contextual equivalence.
For case1, if therewas a context e that could distinguishvalue
w from w0, thenthecontext let x = (y z) in e would distinguish
the values u, v from u0, v0. Similarly, for the other caseswe
considerthe contexts let x = #i (y) in e, � x: e, let x = !y in e,
andlet x = (( y := d)) in e. Thelastpartfollowsfrom Lemma3.6.

Proof of Theorem5.4(Completeness)

Proof. We prove that � is a bisimulationby showing that it sat-
is�es the conditions for a bisimulation. Conditions1, 2 of the
bisimulationareimmediatelysatis�ed by clauses1, 2 of the def-
inition of � . Condition3 follows if we applyclause3 of thedef-
inition of � to all contexts that usethe relatedvaluesaccording
to their kind (e.g.they applythemif they areabstractions).Condi-
tion 4 followsif weconsiderthecontext if x = c then () else ? .
Condition 5 follows from Lemma A.3 (2). Condition 6 follows
from LemmaA.3 (3). Condition 7 follows from LemmaA.3 (4,
5). Condition 8 follows from Lemma A.3 (6) for constructing
the arguments,and Lemma A.3 (1) and clause3 of the de�ni-
tion of � to get (s; s0; R) ` � (�x: e v) v k +1 (�x: e0 v0) and
(s; s0; R) ` � (�x: e v) wk +1 (�x: e0 v0).

A.4 Soundness

Lemma A.4 (Pre-soundness).Let X bea bisimulation.Thenfor
any(s; s0; R) 2 X wehave:

1. For all (e; e0) 2 R � , hs; ei + ht; wi ( ) hs0; ei + ht0; w0i ,
2. and if they both terminate, there existsa relationQ � R such

that (t; t0; Q) 2 X , and(w; w0) 2 Q�
val.

Proof. Weprove theforwarddirectionfor the�rst clauseby induc-
tion on thederivationof theleft-handsideof clause1; theopposite
directionfollows from symmetry. Our inductionhypothesisis:

(( s; s0; R) 2 X ) ^ ((e; e0) 2 R � ) ^ hs; ei +<k ht; wi
=) ( 9t0; w0; Q : hs0; e0i + ht0; w0i

^ (Q � R) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val) )

(4)

We assumethe induction hypothesisfor derivationsof height
lessthank, andwewill prove it for derivationslessthank + 1; we
proceedby casesone:

� e = w, wherew is a value.By the de�nition of R � , e0 must
alsobe a value.Thus (4) is immediatelysatis�ed, sincet0 = s0,
w0 = e0, andQ = R.

� e = (e1 e2). By the de�nition of R � , e0 = (e0
1 e0

2), and
(ei ; e0

i ) 2 R � , wherei = 1; 2. The big-steprule for application
(EVAL -APP) on theleft-handsidegives:

hs; e1 i +<k hs1 ; �x: e3 i hs1; e2 i +<k hs2 ; vi
hs2; [v=x]e3 i +<k ht; wi

hs; (e1 e2) i +<k +1 ht; wi
(5)

By the �rst premiseof (5) andthe inductionhypothesisat e1 and
(s; s0; R) we get:

9s0
1; w0

1 ; R1 : hs0; e0
1 i + hs0

1 ; w0
1 i

^ (R1 � R) ^ (( s1 ; s0
1 ; R1) 2 X )

^ (( �x: e3; w0
1) 2 R1

�
val)

By thesecondpremiseof (5) andtheinductionhypothesisate2 and
(s1 ; s0

1 ; R1) we get:

9s0
2 ; v0; R2 : hs0

1 ; e0
2 i + hs0

2 ; v0i
^ (R2 � R1) ^ (( s2 ; s0

2 ; R2) 2 X )
^ (( v; v0) 2 R2

�
val)

For thethird premiseof EVAL -APP we distinguishtwo cases:

Case1: There exist e0
3 , d, (u; u0) 2 R1 , such that F V (d) �

f x; yg, Locs(d) = ; , w0
1 = �x: e0

3 , e3 = [u=y]d, e0
3 = [u0=y]d.

By the propertiesof � -substitution,andbecauseR1
� � R2

�

and(v; v0) 2 R2
�
val we have ([v=x]e3 ; [v0=x]e0

3) 2 R2
� , andthus

wecanapplytheinductionhypothesisat [v=x]e3 and(s2 ; s0
2 ; R2):

9t0; w0; Q : hs0
2 ; [v0=x]e0

3 i + ht0; w0i
^ (Q � R2) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val)

Case2: �x: e3 = [�x: e3=y]y; (�x: e3; w0) 2 R1 � R2 . By Con-
dition 3 we getw0

1 = �x: e0
3 = [�x: e0

3=y]y. Wehave:

hs2 ; [v=x]e3 i +<k ht; wi ( ) hs2 ; (�x: e3 v) i +<k +1 ht; wi
(6)

Because(s2 ; s0
2 ; R2) 2 X , (�x: e3; �x: e0

3) 2 R2 , and(v; v0) 2
R2

�
val, we getby Condition8 of thede�nition of bisimulation:

IHL
X (k) =) (s2 ; s0

2 ; R2) ` X (�x: e3 v) v k +1 (�x: e0
3 v0)

IHL
X (k) is true by the inductionhypothesis.Thereforeby (6) and

thede�nition of k-approximationwe get:

9t0; w0; Q : hs0
2 ; (�x: e0

3 v) i + ht0; w0i
^ (Q � R2) ^ (( t; t0; Q) 2 X )
^ ((w; w0) 2 Q�

val)

Thus for both of the above cases,the EVAL -APP rule for the
right-handsidegives:

hs0; e0
1 i + hs0

1 ; �x: e0
3 i hs0

1; e0
2 i + hs0

2 ; v0i
hs0

2 ; [v0=x]e0
3 i + ht0; w0i

hs0; (e0
1 e0

2) i + ht0; w0i

andalsoQ � R2 , (t; t0; Q) 2 X , (w; w0) 2 Q�
val.

� e = op(e1 ; : : : ; en ). By de�nition of R � , e0 = op(e0
1 ; : : : ; e0

n )
and(ei ; e0

i ) 2 R �
val, 1 � i � n. The big-steprule for primitive

operators(EVAL -OP) on theleft-handsidegives:

hs; e1 i +<k hs1 ; c1 i : : : hsn � 1 ; en i +<k hsn ; cn i
opar ith (c1 ; : : : ; cn ) = c

hs; op(e1 ; : : : ; en ) i +<k +1 hsn ; ci
(7)



By premisesof (7) and the induction hypothesisat ei and
(si � 1 ; s0

i � 1 ; R i � 1) 2 X for all 1 � i � n we get:

9s0
i ; R i : hs0

i � 1 ; e0
i i + hs0

i ; w0
i i

^ (R i � R i � 1) ^ (( si ; s0
i ; R i ) 2 X )

^ (( ci ; w0
i ) 2 R i

�
val)

whereR0 = R, s0 = s, s0
0 = s0.

By Conditions3, 4, we getwi = ci , for all 1 � i � n. Thusby
applyingEVAL -OP on theright-handsidewe get:

hs0; e0
1 i + hs0

1 ; c1 i : : : hs0
n � 1 ; e0

n i + hs0
n ; cn i

opar ith (c1 ; : : : ; cn ) = c

hs0; op(e0
1 ; : : : ; e0

n ) i + hs0
n ; ci

andRn � R, (sn ; s0
n ; Rn ) 2 X , (c; c) 2 Rn

�
val.

� e = if e1 then e2 else e3 . Thiscasefollowsfrom straightfor-
wardapplicationsof theinductionhypothesisat e1 , e2 , ande3 .

� e = (e1 ; : : : ; en ). This casealsofollows from applicationsof
theinductionhypothesisat eachof theei (1 � i � n).

� e = #i (e0). By thede�nition of R � we have e0 = #i (e0
0) and

(e0 ; e0
0) 2 R � . The big-steprule for projection(EVAL -PROJ) on

theleft-handsidegives:

hs; e0 i +<k ht; (w1 ; : : : ; wn ) i 1 � i � n

hs; #i (e0) i +<k +1 ht; wi i

By theinductionhypothesisate0 and(s; s0; R) we get:

9t0; w0; Q : hs0; e0
0 i + ht0; w0i

^ (Q � R) ^ (( t; t0; Q) 2 X )
^ ((( w1 ; : : : ; wn ); w0) 2 Q�

val)

Case1: w0 = (w0
1 ; : : : ; w0

n ), andfor all 1 � j � n, (wj ; w0
j ) 2

Q�
val. By theevaluationrule EVAL -PROJ, we getfor theright-hand

side:
hs0; e0

0 i + ht0; (w0
1 ; : : : ; w0

n ) i 1 � i � n

hs0; #i (e
0
0) i + ht0; w0

i i

andalsoQ � R, (t; t0; Q) 2 X , (wi ; w0
i ) 2 Q�

val.

Case2: (w1 ; : : : ; wn ) = [(w1 ; : : : ; wn )=y]y, w0 = [w0=y]y, and
((w1 ; : : : ; wn ); w0) 2 Q. By Conditions3 and5 of thede�nition
of bisimulationwe get:

9w0
1 ; : : : ; w0

n ; P : (w0 = (w0
1 ; : : : ; w0

n ))
^ (P � Q) ^ ((wi ; w0

i ) 2 P �
val)

AgaintheevaluationruleEVAL -PROJ for theright-handsidegives:

hs0; e0
0 i + ht0; (w0

1 ; : : : ; w0
n ) i 1 � i � n

hs0; #i (e
0
0) i + ht0; w0

i i

andalsoP � Q � R, (t; t0; P ) 2 X , (wi ; w0
i ) 2 P �

val.

� e = � x: e0 . By the de�nition of R � we have e0 = � x: e0
0

and (e0 ; e0
0) 2 R � . The evaluationrule for referenceallocation

(EVAL -NEW), givesfor theleft-handside:

hs[l 7! 0]; [l=x]e0 i +<k ht; wi l 62D om(s)

hs; � x: e0 i +<k +1 ht; wi

We choosel0 62D om(s0). From Condition6 of the de�nition of
bisimulationwe get:

9Q � R [ f (l ; l0)g: (s[l 7! 0]; s0[l07! 0]; Q) 2 X

Fromtheinductionhypothesisat [l=x]e0 and(s[l 7! 0]; s0[l07! 0];
Q) 2 X we get:

9t0; w0; P : hs0[l07! 0]; [l0=x]e0
0 i + ht0; w0i

^ (P � Q) ^ (( t; t0; P ) 2 X )
^ ((w; w0) 2 P �

val)

Combiningtheseinto EVAL -NEW, we getfor theright-handside:

hs0[l07! 0]; [l0=x]e0
0 i + ht0; w0i l0 62D om(s0)

hs0; � x: e0
0 i + ht0; w0i

� e = !e0 . By the de�nition of R � , we have: e0 = !e0
0 and

(e0 ; e0
0) 2 R � . The EVAL -DEREF evaluation rule gives for the

left-handside:

hs; e0 i +<k ht; l i l 2 D om(t) t(l ) = w

hs; !e0 i +<k +1 ht; wi

Fromtheinductionhypothesisat e0 and(s; s0; R) weget:

9t0; w0
0 ; P : hs0; e0

0 i + ht0; w0
0 i

^ (Q � R) ^ (( t; t0; Q) 2 X ) ^ (( l ; w0
0) 2 Q�

val)

By the de�nition of Q�
val, and Conditions2, 3, and 7 (a) of the

de�nition of bisimulationwe have (l ; w0
0) 2 Q, and thereexists

l0 suchthat w0
0 = l0, l0 2 D om(t0), and thereexists P � Q

suchthat (( t(l ); t0(l0)) 2 P �
val) and(t; t0; P ) 2 X . Therefore,by

EVAL -DEREF, wegetfor theright-handside:

hs0; e0
0 i + ht0; l0i l0 2 D om(t0) t0(l0) = w0

hs0; !e0
0 i + ht0; w0i

andalsoP � Q � R, (t; t0; P ) 2 X , (w; w0) 2 P �
val.

� e = (e1 := e2). By the de�nition of R � we have e0 =
(e0

1 := e0
2), and (ei ; e0

i ) 2 R � , and i = 1; 2. From the
EVAL -ASSIGN evaluationrulewe getfor theleft-handside:

hs; e1 i +<k hs1; l i l 2 D om(s1) hs1 ; e2 i +<k ht; wi

hs; (e1 := e2) i +<k +1 ht[l 7! w]; () i

By theinductionhypothesisate1 and(s; s0; R) 2 X we get:

9s0
1; w0

1 ; R1 : hs0; e0
1 i + hs0

1 ; w0
1 i

^ (R1 � R) ^ (( s1 ; s0
1 ; R1) 2 X )

^ (( l ; w0
1) 2 R1

�
val)

By thede�nition of R1
�
val, andConditions2,and3,of thede�nition

of bisimulation we get that (l ; w0
1) 2 R1 , and there exists l0

suchthat w0
1 = l0, and l0 2 D om(s0

1). Applying the induction
hypothesisagainat e2 and(s1 ; s0

1 ; R1) gives:

9t0; w0; Q : hs0
1 ; e0

2 i + ht0; w0i
^ (Q � R1) ^ (( t; t0; Q) 2 X ) ^ ((w; w0) 2 Q�

val)

And by theEVAL -ASSIGN rulewe get:

hs0; e0
1 i + hs0

1 ; l0i l0 2 D om(s0
1) hs0

1 ; e0
2 i + ht0; w0i

hs0; (e0
1 := e0

2) i + ht0[l07! w0]; () i

FromLemma2.3wehave: l 2 D om(t), l0 2 D om(t0). Moreover,
we know that (l ; l0) 2 R1 � Q, (w; w0) 2 Q�

val, and(t; t0; Q) 2
X . Thus,byCondition7(b)of thede�nition of bisimulationweget:

(t [l 7! w]; t0[l07! w0]; Q) 2 X

Proof of Theorem5.5(Soundness)

Proof. To prove soundness,we needto show that � satis�es the
conditionsof � . The�rst two conditionsaretrivially satis�ed,be-
causethey arealsopartof thede�nition of bisimulation.Condition
3 follows from LemmaA.4.


