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Abstract.  We introduce a Sumii-Pierce-Kouta vas-Wand-style bisimu-
lation for Pitts and Stark's nu-calculus, a simply-t yped lambda calculus
with fresh name generation. This bisimulation implies contextual equiv-
alenceand provides a usable and elemertary method for establishing all
the subtle equivalencesgiven by Stark. We also describe the formalization
of the metatheory and of the examplesin the Coq proof assistart.

1 Intro duction

Generative local namesare ubiquitous: objects (as in Java), exceptions, refer-
ences(as in ML), channels (as in the -calculus), cryptographic keys (as in
the spi-calculusor cryptographic lambda calculus) are all rst-class things-with-
identit y that can be freshly generatedwithin somescope. The -calculusof Pitts
and Stark [10,11]is a simply typedlambda calculusover the basetypesof names,

, and booleans, o, that captures the essenceof this kind of situation in a de-
ceptively minimal way. Namescan be generatedfreshly, tested for equality and
passedaround, but that is all; there are no other e ects (hot even divergence)
in the language. Though austere, the -calculus can expressmany important
aspects of generativity, locality and independence,and has proved to have a
remarkably complex theory. The certral problem isto nd models and reason-
ing principles for establishing cortextual equivalence of -calculus terms. The
interaction of generativity with higher-order functions and the restricted nature
of contexts lead to various subtle and hard-to-prove equivalences,of which the
canonical "hard' exampleis the following:

nnn%f: 1 ofn=fn® = f: I otrue (1)

The LHS generatestwo fresh names,n and n® and yields an abstraction that
acceptsa function f from namesto booleansand returns the result of comparing
f n with f n% The intuition here is that the two namesleak’ into f but they
never escafe its dynamic extent. The subtlety of the -calculusis indicated by
the following in equivalence, which similar intuitions might lead one to believe
to be an equivalence.

nf: ! o n%fn=fn® 6 f: | o:true

Pitts and Stark have usedlogical relations to establish many equivalences,both
directly over the operational semariics and denotationally, re ning a model in
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the functor category Set' . Yang and Nowak [14] de ne a Kripk e logical relation
over a similar functor category model. None of these techniques is complete,
however, failing in particular to prove equivalencessuc as (1) above. Je rey
and Rathke [5] de ne a sound and complete bisimulation for an extension of the

-calculuswith assignmen (for which (1) is not a valid equivalence)and obsene
that their analysis\illuminates the di culties involvedin nding fully abstract
models for -calculus proper". More recerly, the problem has been attacked
using game sematrtics. Laird [9] constructs a game model using automorphisms
of namesthat is fully abstract for a languagelike that of Je rey and Rathke.
Abramsky et al [1] usegamesin the toposof FM-sets to construct the rst fully
abstract model of -calculus proper (and the rst to validate (1)).

In this paper, we reasonabout contextual equivalencein the -calculususing
bisimulation, which is rather more elemenary than gamesin nominal sets. The
form of bisimulation we use was introduced by Sumii and Pierce for proving
equivalencesin lambda calculi with cryptographic operations [12] and existertial
and recursivetypes[13]and later developed by Koutavasand Wand for reasoning
about untyped imperative higher-order [6] and object [7] calculi. Instead of just
being a binary relation on terms, Sumii and Pierce's bisimulations are sets of
relations, ead elemen of which intuitiv ely correspondsto a dierent “state of
knowledge' of the surrounding context. We too will work with sets, , of typed
relations, R, eat of which is a set of 6-tuples; ead tuple relates two sets of
(generated) names,s and s and two terms e and e° of the sametype T under
the sametyping ervironment E; we'll write

s;sE- eRe:T

for such a tuple in R.

The theoretical developmert broadly followsthat of previouswork by Koutavas
and Wand [6{8]. We start by de ning when a set of relations is adequate | a
restatemert of the conditions for being contained in contextual equivalencethat
is arrangedto be establishableby induction. We then investigate the classof all
such inductiv e proofs by abstracting over the actual contents of the setsand at-
tempting a proof construction scheme By this processwe nd proof obligations
that the setsshould satisfy in order to be adequate.Our main theorem says that
if a setsatis es exactly theseconditions, then it is adequate,and, by soundness,
all terms related under the empty storesin this set are contextually equivalert.

Having a provably sound (and even complete) reasoning principle is good,
but we also want something that is usablein practice. A further cortribution,
beyond the dewelopmen of the general metatheory, is that we show that our
bisimulation really doesgive an elemenary method for establishing interesting
equivalences,including the tricky (1) above. The proof of (1) is particularly in-
teresting in making two usesof our technique: the adequacyof an initial relation
is establishedvia that of another. The third contribution is a formalization of
the metatheory and of the examplesin the Coq theorem prover. We discuss
the formalization in Section 5; the proof script is also available via the authors'
homepages.



A Mechanized Bisimulation for the Nu-Calculus 3

Tu=o0) jT! T Types
e:x=xjnjtrue jfalse j x :T:ejee Expressions
j newje=ejif ethen eelse e
s;ET eT
n2s s;E " e s;E " ex:
s:E " n: s;E " new S;E” ei1=e:o
n 62s s e+ (s1)m s[s1” e+ (s2)n2
s” new+ (fng)n S’ e;=ex+,(si1[ s2)b

Fig. 1. Syntax and sometyping and evaluation rules of the -calculus

2 The -calculus

The -calculusis a simply-typed lambda calculus over basetypes of namesand
booleans, extended with a conditional construct and operations for generating
and comparing names.The expressionnewgeneratesa fresh name, and n;=n,
returns true when n; and n, are the samename. We often write x: e as an
abbreviation of the expression( x : :€) new® We also use an overbar notation
to denote sequences.

The typing judgment s; E ~ e T saysthat the expressione hastype T under
the nite setof names('nameset’) s and typing ervironment E. The evaluation
judgment s* e+; (s9w, says that the closed expressione of type T, under
the namesets, terminates to the value w producing a set of fresh namess®. We
write s° e+-"r (s9 w when the evaluation tree s* e+ (s® w has size lessthan k.
Figure 1 shows the syntax, typing and ewaluation rules that involve names.

Evaluation is total and deterministic, modulo fresh name generation. It is
also stable under the addition and removal of unused names.

Lemma 2.1. If s* e+, (so)w and s e+, (sd) wl thenw = w°.

Lemma 2.2. If s;; ~ e T then there exist sp and w suchthat s* e+ (Sp) w.

Lemma 2.3 (Garbage Addition). If s;° e+-"r (s3)w and s\ s3=; then
si[ s2° e+X (s3)w:

Lemma 2.4 (Garbage Collection). If 51 s3° e+-kr (s3) w and s;\ nhamege) =
; then
s1” etk (ss)w:

% pitts and Stark take x:e as primitiv e and de ne newas x:x { the presertations
are entirely equivalent.
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3 Equiv alence and Adequacy

We dewelop a sound equivalencetheory with respect to contextual equivalence.
All the de nitions and proofsin this section, with the exception (at the time of
writing) of the context lemma (Lemma 3.12), which was proved by Stark [11],
have beenmedanizedin the Coqg theorem prover.

We build our theory on type-resgecting relations from the domain:

Ns Ns Env Exp Exp Typ;

and write s;s2E "~ eR €°: T when (s;s®E;e;e%T) 2 R, and s;s°” eR €°: T
when (s;s%;;e;e%T) 2 R.

Contextual Equivalenceis sud a relation: ead 6-tuple contains two identical
namesetsand two terms of the sametype under the sametyping environment.

De nition 3.1 (Con textual Equiv alence (=)). Contextual equivalenceis a
type-resyecting relation, suchthat s;s;E "~ e= €°: T i for all contexts C[ ] with
namesin s, which bind dom(E) at their hole, and for all boolean valuesb:

(9s1:5" Clel+,(s1)b) () (9s3:s™ CleT+,(s])b)

For proving some equivalence we relax the per-tuple restriction for identical
namesetsallowing us to reasonabout related namesets.We do impose,though,
a per-relation restriction of all tuples having the same pair of hamesets.Suc
a relation|whic h we call a genealized typed relation (GTRel)|Jcan be seenas
represerting the part of the equivalencethat holds under that particular pair
of namesets.We therefore needto handle sets of GTRels to describe the whole
equivalence.We further require that GTRels contain closedexpressions.

De nition 3.2 (Generalized Typed Relations (GTRel)). The type-respecting,
non-empty relation R is a GTRel i for any sl;s‘f;El e R e‘{ : T, and
$2;8%;E2 &2 R€9: Tyt
S1= S N si):sg n E1=E2=;
We write Rg:so for a GTRel with tuples containing the namesetss and s°. A

GTRel extendsanother when the former presenesthe equivalencesof the latter
under extended stores.

Denition 3.3 (GTRel Extension (v)). We say that Q extends R, and
write Rv Q, i for all s;s°° eR €°: T there exist freshs; and s?, suchthat

s]s;;sY s eQe:T

The following constructor projects all equivalencesof a GTRel to extended
stores:

De nition 3.4 (Pro jection).
RS[sosUsS = £ (s[ so;8T s3;e;6%T)j (s:5°° eR €”: T)g
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We de ne the GTRel of contexts with R-related valuesin their holes:

De niton 3.5 (Id*[R])). s;s d[u=x] Id’ [R] d[u®=x]:T i there exist T such
that:
Xl AT A ssPTTURUC: T,

Lemma 3.6. If R is a GTRel thenId’ [R] is also a GTRel.

Lemma 3.7. If Ris a GTRel,thenR Id’[R].

As mertioned earlier, we prove an equivalence by reasoning about sets of
GTRels. We will show that the equivalencesin such a setare valid i the setis
adejuate

De nition 3.8 (Adequacy). A setof GTRels, , is adegquatei for any R 2
,and s;s®" eld’ [R] €%: T the following holds:

8k;si;w:s’ e+-kr (s1)w
(9s%;w%Q : 8% 41 (s?)we
MT=0=) (w=wd
~slsg; s sy wid [QIwl: T
"Rv Q
r"Q2 )

and so does the converse.

Adequacy is a closure condition for a set  provable by induction on k.
Following previous work [6{8], we nd “smaller' closure conditions for via a
proof construction scheme we investigate the classof all such inductiv e proofs
by abstracting over the actual contents of the setsand attempting a hypothetical
proof. At the placeswhere the proof can not proceedwe nd necessaryproof
obligations for . Our main theorem states that if  satis es exactly these
conditions, then it is adequate,and thus, by soundness.all terms related in
under samestoresare contextually equivalent.

De nition 3.9 (Induction Hyp otheses).

IH (k) = 8s;s%e;e% T;R;sq;w:
(s;s?" eld’ [R]€°:T)
(s et (s)w)

9w Q : (s7° €41 (shHwO)
MT=03=) (w=w)
N (s] s1;8% 89T wid [QIwP: T)
"Rv Q
N Q 2

Similarly wede ne IH (k) for the induction hypothesisof the reversedirection.



6 Benton and Koutavas

Theorem 3.10 (Adequacy Conditions). A set of GTRelsis adeuatei
for all R 2 , the following conditions are satis ed:
1. if 5;8°° vRV0: 0, thenv = V¢
2.if 5;82° ng Rn?: ,ands;s°" n, RnY: | then
np=n? () ny=nd

3. if n 62X then there existsn°62° and Q, suchthat
(s]fngsyfn%G nQn ) ~ RvQ ~ Q2

and the converse,

4. if ;s°° eR€%: T, IH (k) holds, and

s e+ (sp)w

then there exist s?, w® and Q suchthat
(s €47 (sHW) ~ (s] s1;sT s wid [QIw*:T)» (Rv Q) * (Q2 )

and the converse.
5. if ;8% (x:U:egR(x:U:e9):U! T,IH (k) holds,and

s;s%° vId [R]VO:U A s evax] +X (s))w

then there exist s?, w® and Q suchthat
(™ eW=x]+7 (SH W) A (8] 51587 8P wid [QIweT) ~ (Rv Q) » (Q2 )

and the converse.

Proof. The direction proving that the Adequacy Conditions imply Adequacy is
done by induction on the evaluation measurek in the de nition of Adequacy.

The other direction is done by inspecting that if one of the conditions is not
satis ed for someR 2  then there is a pair of contexts in Id’ [R] that would
invalidate the de nition of Adequacy.

Adequacyis de ned on setsof GTRels, which contain closedexpressionsand
related stores.We de ne adejuate equivalen@ on open expressionsand identical
storesand show that it is contained in contextual equivalence.

De nition  3.11 (Adequate Equiv alence ( )). Adeauate equivalene is the
largest type-resgecting relation for which s;s;x: T, e €:T i for all 5, V,
with s[ sg;; ~ v: Ty, there existadequate and R 2  suchthat:

s[so;S[So” ev=x]R eqv=x]:T "~ 8n2s[so:s[So;S[So hRn:

For our proof of soundnesswe make use of the following context lemma,
proved by Stark in [11].

Lemma 3.12 (Context Lemma). s;s;x:Ty  e= €’:T i for any nameset
S, disjoint from s, function f, and valuesv with:

s]so;; T f:T! o 7~ s]sp;;  viTy
and any boolean value b, the following holds:

(9s1:8] S0~ f evax]+, (s1)b) () (95%:8] so” f €qv=x]+, () b)
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GiiisMGN; L 0)2
Res0 2 nexs n’6x’
RSl nois nog[ f(slf ng;sf n;;;n;n% )g2
Rgs0 2 s;5s " MRN: ! o néXx

RS NOSE [ f(s]f ng;s%;;x x=n;N; ! 0)g2

Fig. 2. Construction of the set for the rst example.

Theorem 3.13 (Soundness).
s;ssEte €T =) s;s;E-e=e”:T

Proof. By using the cortext lemma 3.12 and shawing that when s[ so; S[ so
elv=x] R eqv=x]: T, then s[ so;S[ So ~ f e[v=x] Id’ [R] f eJv=X]: 0.

We conjecturethat adequateequivalenceis alsocompletewith respectto con-
textual equivalence,but have not sofar succeededn proving it due to technical
complications.

4 Examples

We rst show the proof of a more straightforward equivalencebefore proving the
equivalencediscussedin the intro duction.

4.1 A Simple Equiv alence

M = n:x: :X=n
N = x: :false

The intent hereis to show that a fresh nameis indeed fresh; i.e. the context
has no way of knowing it and provide it to the abstractions. To prove this
equivalencewe have to create an adequateset of GTRels that relatesM and N
(at least) under identical namesets,and then show that this setis closedunder
the conditions of Theorem 3.10.

Writing such a set, , hereis easy|the construction is showvn in Figure 2.
First M and N are addedto , under the empty namesets,by the rst rule of
the Figure. Then the setis closedwith arbitrary related fresh locations by the
secondrule, satisfying condition 3 of the Theorem. Moreover this rule guarantees
that the two expressionsare related under any pairs of identical hamesets.

Finally the valuesthat M and N ewaluate to are added to the set by the
last inductiv e rule, satisfying condition 4. The ewaluation of M producesa new



8 Benton and Koutavas

GivnsMN; (! 0! 02
Res0 2 nexs n’6x’
RSN n0s% 0% [ £(g)f ng:sf n:::in:n® )g2
Res0 2 s;s " MRN:( ! 0! o ni6>x nz6xX]f nig
RS nun20sE [ (5] nysnag;s%;;U(n;n2):N;( ! o)! 0)g2
Rg.s0 2 s\ sp = ;
Rs] so;soz

Fig. 3. Construction of the set for the secondexample.

name, which is then added in the left-hand side store of the tuple relating the
two values.

We now haveto satisfy condition 5 for thesevalues.This is immediate because
the freshly generatedname doesnot appear in related-expressionpaosition in any
R 2 , andthusin any Id’ [R]. Therefore it can never be an argumernt to the
left-hand side procedure, henceboth of them will always return false.

4.2 The "Hard' Equiv alence

Here we revisit the equivalencediscussedin the introduction and prove it using
the bisimulation method.
The two equivalent expressionsare the following:

M = Ny ng:U(nl;ng)
N o f: ! o:true
where U(X; y) = P o:(f x)=(f y), and the boolean equal operator is syn-

tactic sugarfor the equivalent expressionusing nestedconditional statemerts.
We start our proof as before by inductively constructing a set of GTRels,
which we have to shaov adequate.This setis shown in Figure 3.

Lemma 4.1. If R2 ,thenR is an HGTRel.
Proof. By induction on the structure of

Lemma 4.2. If R2 ,ands;s® eR €’: T, then one of the following is true:

{ e=M,e=N,andT=( ! 0)! o or

{ there existn and n® suchthate=n, e®=n% T= ,n2s, andn®2 s, or

{ there exist n; and n,, suchthat e = U(ny;n,), =N, T=( ! 0! o
ni2s,andn, 2 s.
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Fig. 4. Construction of the auxiliary set for the secondexample.

Proof. By induction on the structure of

Lemma 4.3. If R2 ,s;8 niRn?: ,ands;s° n,RnY: , then

ni=nz () n?=nd

Proof. By induction on the structure of , usingLemmas4.1 and 4.2.

To provethe equivalenceof M and N wehaveto showvthat satis es the con-
ditions for adequacyof Theorem 3.10.Wetakeany R 2 andinvokeLemma4.2.
Condition 1 is trivially satis ed; condition 2 is satis ed by Lemma 4.3. Condi-
tions 3 and 4 are obviously satis ed by construction of

The interesting part of this proof is to show that whenRgss0 2, condition 5
holds for the tuple

s U(nina) RN:( ! 0! o

We have to show that if s;s°" f Id"[R]f% ! o,ands” f ny=f%n, +, (so) W
then, there exists Q, sud that:

s] so;s®” wlid' [Q]true ;o ~ RvQ ~ Q2

Proving Rv Qand Q 2 for any s is easily done by construction of . What
remains to be shown is that w = true . This we do by an interesting re-use of
our method.

We form an auxiliary set of GTRels, , shown in Figure 4. The intuition
behind the construction of is that we want for the aboves, f, ny, and n, to
exist someP 2 |, such that:

s;s” (fny)Id [P](f ny):0
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Then, by showing that is adequate, we prove that the two applications will
evaluate to the same nal values,and thus the booleantest f ny=f n, will eval-
uate to true .

We rst show that for ead GTRel in  there existsanotherin that corntains
all the left-hand side expressionsand namesetsof the former.

Lemma 4.4. For all R 2 , there existsP 2 , suchthat, for all s, s', e, €',
T:
5 eRe%:T =) s;s”ePe:T

Proof. By induction on the structure of
This property is extendedto the context closuresof the relations.

Corollary 4.5. Forall R2 , thereexistsP 2 , suchthat, for all s, s', e, €',
T:
5,82 eld'[R]€%:T =) s;s” eld' [P]e:T

We can now write the property of the applications f n; and f n, discussed
earlier.

Lemma 4.6. For all R2 with
s U(ny;n) RN:( ! 0! o ~ ;82 fId'[R]f% | o
there existsP 2 , suchthat
s;s” (fny)Id [P](f ny):o
Proof. Trivial by Lemmas4.4, 4.5, and 3.7.

What remainsto be shown is that  is adequateand then usethis property
to reasonabout the nal valuesof the two applications.

Lemma 4.7. If P2 ,thenP is an GTRel.
Proof. By induction on the structure of

Lemma 4.8. If P2 ,ands;s” eP €T, thens = s and one of the following
is true:

{e=M,e=M,andT=( ! 0! o or

{ there existn and n® suchthate=n, e®=n% T= ,n2s, andn®2 s’ or

{ there exist n; and n,, suchthat e = U(ny;ny), €°= U(ng;ny), ni;ny 2 s,
T=(! 0! o, and

58 nPny,: A ss™

n,Png:

Proof. By induction on the structure of
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Lemma 49. If P2 ,ss° nyPnd: ,ands;s® nyPnd: ,then
n=ny () n?=nj
Proof. By induction on the structure of , using Lemmas4.7 and 4.8.

Lemma 4.10. is adgyuate.

Proof. By shawingthat satis es the conditions of Theorem 3.10,usingLemmas
4.7,4.8,and 4.9.

We can now complete the proof of adequacyfor . For any Rgs.s0 2, with
$;8 U(ny;n)) RN:( ! 9! o ~ ;82 fId'[R]f% I o
we know that there exist sg, w, sud that
s” fni=f nay+,(So) W
which implies that there exist s;,5,, w;, and w, sud that sp = s3] s, and

s fnp+y(s1))wy 2
s] s1” f ny+,(S2) wa 3)

and by Lemma 2.4 and (3) we get
s f ny+, (S2) Wa (4)
Moreover, by Lemma 4.6, there exists P 2, such that
s;s” (fny)Ild [P](fny):o

and from Lemma 4.10, De nition 3.8, (2), and (4) we get w; = w,. Thus, the
result of the boolean equality test, w, is true , and the terms are contextually
equivalent.

5 The Formalization in Coq

We have formalized the semartics of the -calculusand our bisimulation theory
in the Cog theorem prover [4]. The mecanized dewelopmert covers both the
metatheory of Section 3 and the examplesgiven in Section 4.

There are still two axioms in our developmert, concerningwell known basic
properties of -calculus evaluation that are proved in Stark's thesis [11]. These
are the totality Lemma (2.2) and the determinacy Lemma (2.1). Theseare en-
tirely standard results and proofs, the medhanization of which is not especially
interesting, though we do intend to do it in due coursejust so as to have a
complete self-cortained developmert.
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5.1 Semantics of the -calculus

There has been much recert researt e ort expended on reducing the pain of
doing medanizedreasoningabout syntax involving binders, most notably under
the umbrella of the POPLmark challenge[3]. We were pleasedto nd that this
e ort ispaying o : our formalization usesa Coq framework for “locally nameless
reasoningabout binding due to Aydemir et al.[2], which worked very well.

The locally namelessstyle usesde Bruijin indices for bound identi ers and
namesfor free variables. The benet of this represeration is that ead alpha
equivalenceclasshasa unique represeration. A further feature of the framework
is the useof co nite quanti cation for free variables;the de nitions and tactics
provided by Aydemir et al. make it very corveniert to generatefresh variable
nameswheneer they are required in proofs.

Following this framework we de ne an inductiv e set of pre-terms that con-
tains the encadings of all valid terms of the -calculus, as well as someinvalid
ones (e.g. terms with wrong de Bruijin indices). Due to spacelimitations we
show only part of this construction here:

Inductive trm : Set =

| bvar : nat -> trm
| fvar : var -> trm
| abs : typ -> trm -> trm

This set of pre-terms is su cien t for many of our lemmas, usually the ones
that require induction over terms. For others, as well as for the de nition of
the typing relation, one needsto excludethe illegal terms, which is done by the
following inductiv e predicate:

Inductive term : trm -> Prop :=

| term_var : forall x, term (fvar x)
| term_nam: forall (n : nam), term (name n)
| term_abs : forall L t1 U,
(forall x, x \notin L -> term (1 * X))
-> term (abs U tl)

Top-level de Bruijin indices are not valid terms; they can only appear un-
der binders. Even then there should not be any dangling indices. The rule for
abstractions excludessud terms. It states that the abstraction is valid when
its body, with all referencesto the abstraction's binder replaced with a fresh
variable (11 ~ x), is a valid term. Freshnesshere is expressedby requiring to
provide a nite set of names,L, for which all namesnot in that set prove the
premise. This co- nite quanti c ation establishesstronger induction hypotheses
than just requiring x to be disjoint from the free variablesin t1.

A similar co- nite quanti cation is usedat the typing relation.

Inductive typing : nameset -> env -> trm -> typ -> Prop =
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| typing_abs : forall L s EUT L,
(forall x, x \notin L -> (typing s (E &x ~U) (t1 ~x) T)
-> typing s E (abs Utl) (arrow UT)

Here E & E' concatenatestwo environments (or substitutions), and x ~ Uis
the unary ervironment that binds x to the type U

For our formalization of bisimulations we neededmultiple substitutions, which
we got by instantiating the polymorphic library for ervironments from [2] to give
nite maps from identi ers to trms and then de ning a fold function to actually
apply the substitution.

5.2 Relations

We encadein Coq all de nitions of Section3. Most of them are straightforw ardly
transcribed. The most interesting oneis the context closureof De nition 3.5.We
encade it in two parts.

First we construct the [v=x] and [v®=x] of De nition 3.5by de ning an induc-
tiv e relation on “syndronized' environments and substitutions containing closed
expressionsfrom a GTRel R.

Inductive InSync (R : GTRel) (s1 s2 : nameset)
. env -> substitution  -> substitution  -> Prop :=
| insync_empty :
nonempty R s1 s2 empty
-> InSync R sl s2 empty empty empty
| insync_push
forall E subl sub2 x T t1 t2,
InSync R s1 s2 E subl sub2
> Rsl s2emptytl t2 T
-> closed_subst (subl & x ~ t1)
-> closed_subst (sub2 & x ~ t2)
-> InSync Rsl1 s2 (E &x ~T) (subl & x ~tl) (sub2 & x ~ t2).

For a non-empty RGTRel, containing namesetss and s® the empty environ-
ment and the empty substitutions are synchronized. When E, subl, are sub2 are
syndironized under the relation R and the storess1 and s2, then their extension
with a single mapping from a variable x to, respectively, a type T, a term t1,
and a term t2 from Ris also syndhronized. The predicate closed _subst ensures
that the resulting substitutions are valid. Ris normally type-respecting, thus the
constructed subl and sub2 can be usedto closeany term typable under E.

Wethen de ne a constructor that combinestwo relations, using substitutions.
By giving the identit y relation asthe rst argument and Rasthe secondwe get
the context closureld’ [R]. This constructor is the following function that accepts
only the tuples that satisfy the predicate in it.

Definition  substClosure (R : GTRel) (Q : GTRel) : GTRel =
fun (sl s2 : nameset) (E : env) (11 t2 : trm) (T : typ) =>
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(E = empty)
N (exists srl, exists sr2, exists sgl, exists sQ2,
sl = (sr1 (U) sql)
N s2 = (sr2 (U) sg2)
N (exists subl, exists sub2, exists tdl, exists td2, exists E,
Rsrl sr2 Etdl td2 T
N InSync Q sql sg2 E subl sub2
N otl <[ subl ]> tdl
N t2 <[ sub2 ]> td2)).

wheresl (U) s2isthe syntax for union of namesets.This construction unions
the namesetsfrom the two relations, but in the caseof Id’ [R], sr1 and sr2 are
always empty, thus all namescomefrom the secondrelation.

The proof of soundnessas well as the proofs for particular equivalencesare
fairly long asthey stand, but manageable.The approximate line courts of dif-
ferent sectionsof the Coq dewelopmert are currently as follows:

Section Lines
Library from UPenn 3500
Semartics, generallemmas, multiple substitutions 3500
Infrastructure about relations 1900
Soundnessproof 2800
Simple example 1000
Hard example 3000
Total 15700

6 Conclusions and Future Work

We have intro duced a bisimulation for the -calculusthat can be usedto estab-
lish contextual equivalencesthat were previously only provable in rather sophis-
ticated game semartic models. Moreover we formalized its metatheory and the
proofs of these equivalencesin Coq.

On the theoretical side, the most obvious next step is investigate complete-
nessof our method. Previous work on similar bisimulations for related calculi
gives us good reasonto believe that the method is complete, but some tech-
nical di culties have so far prevented us from a straightforward adaptation of
previous proofs.

The Coq dewvelopmert is a little on the large side, perhaps leading one to
question the viabilit y of this technology. However, there is no useof automation
beyond that in the library from UPenn and the majority of the developmen
was carried out in around 3 months by someonewith no previous experience
of medanical theorem proving. The framework and library for locally nameless
reasoningwasextremely useful. We remain cornvinced of the value of mechanizing
this style of reasoning,not just metatheory but alsofor speci ¢ examples,which
tend to involve long error-prone calculations that are inherertly lessinteresting
than those required to establish generalfacts about the language.
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