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Abstract
Wepresentasoundandcompletemethodfor reasoningaboutcon-
textualequivalencebetweendifferentimplementationsof classesin
animperative subsetof Java.To theextentof ourknowledgethis is
the �rst suchmethodfor a languagewith unrestrictedinheritance,
wherethecontext canarbitrarilyextendclassestodistinguishother-
wiseequivalentimplementations.Similar reasoningtechniquesfor
class-basedlanguages[1, 12] don't considerinheritanceat all, or
forbid thecontext from extendingrelatedclasses.Othertechniques
thatdo considerinheritance[3] studywhole-programequivalence.
Our techniquealsohandlespublic,private,andprotectedinterfaces
of classes,imperative �elds, and invocationsof callbacks.Using
ourtechniquewewereableto proveequivalencesin exampleswith
higher-orderbehavior, wherepreviousmethodsfor functionalcal-
culi admitlimitations[21, 24].

Adding inheritanceto a class-basedlanguageincreasesthedis-
tinguishingpower of thecontext. Hereweshow how thisextradis-
tinguishingpower is re�ected in theconditionsfor equivalenceof
our technique.Furthermorewe show thataddinga castoperatoris
a conservative extensionof thelanguage.

1. Intr oduction
The classis a facility to divide programsinto small units thaten-
codedifferent partsof the entire programbehavior. This makes
classesattractive for reuseand re-implementation.But changing
theimplementationof aclassthatis beingusedin anumberof pro-
gramscomeswith the responsibilitythat the new implementation
will notalterthebehavior of theseprograms.

Theeffect thatachangein theimplementationof a classhason
thebehavior of a programthatusesit dependsgreatlyon theways
that the programinteractswith the class.In a Java-like language
(and in the absenceof re�ection) the surroundingprogramcan
interactdirectly with theclassby creatingnew instances,invoking
its publicmethods,andchangingthestateof its public �elds. It can
alsointeractmoreindirectlywith theclass.It cande�ne subclasses
that inherit from the original classandinstantiateobjects,invoke
methods,andchangethestateof �elds of theseclasses.Moreover
thesubclassesmayoverridemethodsof theoriginal classandhave
accessto its protectedinterface.

To formalize the notion of equivalent implementationsof
classeswe adapt the standardnotion of contextual equivalence
betweenexpressionsfrom functional languages[20] to an equiv-
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alencebetweenclassesin class-basedlanguages:classesC and
C0 are contextually equivalent, if and only if, for all classtable
contexts CT [ ], expressionse, andtheemptystore; , theprogram
con�gurations(CT [C]; ; ; e) and(CT [C0]; ; ; e) have thesameop-
erationalbehavior.

Usingthisde�nition directly for proving theequivalenceof two
suf�ciently different implementationsof a classis not possible.
This is becauseof the quanti�cation over all classtablecontexts,
but also becauseit is not strongenoughto supportan inductive
proof which would requireus to considernot just equal,but also
relatedstores.CIU theorems[17] easethequanti�cationover con-
texts by consideringonly the evaluationcontexts, but they simi-
larly arenotstrongenoughin generalto supportaninductiveproof.
Moreover CIU theoremshave not beenappliedto class-basedlan-
guages.

Another way of reasoningaboutthe behavior of classimple-
mentationsis by usingdenotationalmethods(see[6, 14]). Denota-
tionsareusuallycompositionalin thesensethatthey givethemean-
ing of programfragmentswithout thequanti�cationover contexts.
Neverthelesstheusualdenotationalmethodsdistinguishequivalent
classimplementationsthathaveadifferentlocalstorebehavior. For
examplethetwo implementationsof aCell classin Figure1 would
have differentdenotationsbecausethey have different�elds. Such
equivalencescan be dealt with by methodsthat build logical re-
lationsof denotations[5], or exploit propertiesof someprograms,
suchasownershipcon�nement[3]. Thesemethods,though,arestill
not completewith respectto contextual equivalence.

A morenaturalwayto reasonaboutthebehavior of twoprogram
fragmentsis by usingbisimulations.Bisimulationswereintroduced
by HennessyandMilner [10] for reasoningaboutthe behavior of
concurrentprograms.They were appliedin sequentialcalculi by
Abramsky [2] andHowe [11] gave a way of proving that they are
a congruence.Sumii andPiercelatergave a big-stepbisimulation
proof techniquewhich is soundandcompletewith respectto con-
textual equivalencein a languagewith dynamicsealing[23] and
in a languagewith recursive and polymorphic types [24]. Their
key innovation wasto split the setsinto parts,andassociateeach
partwith theconditionsof knowledgeunderwhich thatpartholds.
Building on that ideawe wereable to devise a techniquefor de-
riving soundandcompletede�nitions of setsfrom a context-based
semantics[8]. Weappliedthismethodtoderivede�nitions of sound
andcompletebig-stepbisimulationfor alambdacalculuswith store
[16] andfor animperativeobjectcalculus[15]. Weusedthesetech-
niquesto provenon-trivial equivalencesthatinvolve localstoreand
higher-orderprocedures[18].

Herewe applythesametechniqueto derive a methodfor prov-
ing equivalencebetweenclassesin a subsetof Java. One of the
differencesfrom ourpreviouswork is that,in contrastwith expres-
sions,classesarestaticentities.Thecontextsof classesareclassta-
bleswhicharealsostatic.Thesestaticentitiesareconnectedto the
dynamicbehavior of the programby the instantiationsof classes
to objects.As a resulttheconditionsthatwe derive for two classes
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class Cell extends Object {
private Object c;

Cell() {this.c = null;}
public void set(Object o) {this.c = o;}
public Object get() {this.c;}

}

class Cell extends Object {
private Object c1, c2;
private int n;

Cell() {this.c1 = null; this.c2 = null; this.n = 0;}
public void set(Object o) {this.c1 = o; this.c2 = o;}
public Object get() {

this.n = this.n + 1;
if ((this.n) % 2) == 0 then this.c1; else this.c2;

} }

Figure1. Two implementationsof aCell class

to beequivalentaremostlyconditionson thepossibleinstancesof
theseclasses.

Another differenceis that the languagewe considerherehas
runtimeerrors.Wetreaterrorsasconstantsthatbelongto all types:
we requirethat if anoperationon an instanceof a classresultsin
anerror, thenthesameoperationon thecorrespondinginstanceof
a relatedclassshouldalsoresultin thesameerror.

Inheritanceis the mostinterestingfeatureof the languagethat
we studyhere.It increasesthedistinguishingpower of thecontext:
by extendinga class,thecontext canhave accessto theprotected
interfaceof the class,but more importantly it canoverride some
methodsof theclassandthentestthebehavior of therest.Weshow
how this extra distinguishingpower is re�ected in the conditions
for equivalenceof our technique.

Westartby consideringa class-basedlanguagewith imperative
�elds and public and private interfacesof classes,but without
inheritance.We develop our methodfor deriving conditionsfor
adequacy betweenclassesfor thislanguageandshow thatadequacy
coincideswith classequivalence.Wethenextendthelanguagewith
inheritanceanddynamicdispatchandderive oncemoreconditions
for adequacy. By comparingthetwo setsof conditionswe areable
to give anaccountof how inheritanceaffectsclassequivalence.By
extendingthelanguageoncemorewith acastoperatorandshowing
that theconditionsfor adequacy remainunchanged,we prove that
castingis a conservative extensionof our language.Moreover we
usetheCell exampleasa casestudyof proving equivalencein the
variousversionsof thelanguagethatwe study.

Through theseextensionsof the languagewe show how our
methodcan be usedincrementally. We also show that in all the
extensionswe presentherethe dif�culty of proving equivalences
doesnotchangesigni�cantly.

The contribution of this work is twofold: it givesa soundand
completemethodof proving equivalencebetweenclassimplemen-
tationsin a subsetof Java, andalsousesthis methodto studythe
effectof inheritanceandcastingonproving contextualequivalence.
More speci�cally:

� To the extent of our knowledge this is the �rst sound and
completemethodfor proving equivalencebetweenclassesin
a languagewherethecontext canuseinheritanceto distinguish
differentimplementationsof thesameclass.Similar techniques
for class-basedlanguageseitherdon't considerinheritanceat
all [1], or don't allow thecontext to extendthe relatedclasses
[12]. Other techniquesthat do considerinheritance[3] study
whole-programequivalence.

� Theprooftechniquewepresentherecanbeusedto show equiv-
alentclasseswith differentstorebehavior, wheretheusualde-
notationalmethodsadmit limitations, and classesthat invoke
callbacks,a higher-order featureof object-orientedprogram-
ming.

� Wealsogive anaccountof how inheritanceaffectsequivalence
checkingof classesin our technique.We do this by applying
ourtechniqueto aclass-basedlanguagewithout inheritanceand
to its extensionwith inheritance,andby deriving thenecessary
conditionsthatclassesneedto satisfyin orderto beequivalent
in theselanguages.Equivalencecheckinghasnot beenstudied
beforein a languagewith inheritance.

� Finally we show in asimilarway thataddinga castingoperator
is a conservative extensionof thelanguage.

Thestructureof thepaperis asfollows: in Section2 wegivethe
semanticsof a baselanguagewith classes,but without inheritance
andcasting.In Section3 we applyour methodof deriving condi-
tionsfor equivalenceto thebaselanguage.In Section4 we give an
exampleof proving equivalencebetweentwo implementationsof a
Cell classby constructinganappropriatesetandproving thatit sat-
is�es thederived conditions.In Section5 we extendthe language
with inheritanceandprotected�elds andin Section6 weshow how
the conditionsfor equivalencechangedueto this extension.Sec-
tion 7 shows that the Cell exampleis still provable in the second
language,showing that interestingequivalencesstill hold after the
additionof inheritance.Section8 addscastingto thelanguageand
Section9 shows that this doesn't affect the conditionsfor equiva-
lence.In Section10 we show how to prove theequivalenceof two
classesthat invoke callbacks.Finally, in Sections11 and 12, we
discussrelatedwork andconclude.

2. J 1: A BasicClass-BasedLanguage
We startby de�ning a small class-basedlanguagewhich we call
J 1 . This languageis a subsetof Java containingclassde�nitions,
imperative private and public �elds, private and public methods,
groundtypes,constants,conditional,andaletexpression.However,
it doesnot allow classesto inherit behavior from otherclassesand
to overridemethods.Thesyntaxof J 1 is shown in Figure2.

ThemaindifferencebetweenJ 1 andotherimperative Java cal-
culi, likeMiddleweightJava[4] andClassicJava[9], is thatJ 1 does
not have inheritanceandcasting.We later extendJ 1 with inheri-
tanceto createthelanguageJ 2 , andthenweaddacastingoperator
to createJ 3 . J 3 hasthe sameconstructsas Middleweight Java,
with the addition of constantsand accessmodi�ers. J 3 doesn't
have theexplicit interfacesandmixingsof ClassicJava.

Thevaluesof thelanguageareconstantsor locationsin thestore
whereobjectsarestored.Storedobjectsarestructuresthatcontain
thenameof theclasswhich they instantiate,andabindingfor each
�eld of theclassto a valueof theappropriatetype.A programcan
testfor pointerequivalenceof objectswith theoperatoreq.

The typesof J 1 are classtypes,as well as the groundtypes
void , int , and bool . Thereis a unit constantof type void ,
true andfalse of typebool , andthe integersof type int . The
constantnull hasany classtype.
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PROGRAM CONFIGURATIONS: pconf 2 CT � STORES � EXPRESSIONS
CLASS TABLES: CT 2 P(CLASS DEFINITIONS)

CLASS DEFINITIONS: C ::= class Cf mod t f ; K M g
CONSTRUCTOR DEFINITIONS: K ::= C() f this :f := cg

METHOD DEFINITIONS: M ::= mod t m(t x)f eg

TYPES: t ::= void j int j bool j C
MODIFIERS: mod ::= public j private

EXPRESSIONS: e;d ::= v j x Values,Identi�ers
j newC j e:m(e) ObjectInstantiation,MethodInvocation
j e:f j e:f := e j op(e) j eq(l ; l ) FieldLookupandUpdate,Operators
j let x = ein e j if e then e else e Let Expression,Conditional

VALUES: v; u; w ::= c j l
CONSTANTS: c ::= unit j null j true j false j 0 j � 1 j � 2 j : : : Unit, Null, Booleans,Integers
LOCATIONS: l ; k

STORES: s 2 LOCATIONS
®n* STORED OBJECTS

STORED OBJECTS: o ::= obj C f f = vg

ERRORS: " ::= nerr Null Error

Figure2. Syntaxof J 1

J 1 hasalsoa null error(nerr ) for thecasethata programtries
to performanoperationon a null value.

Classde�nitions statethenameof a class,its �elds andmeth-
ods, and also its constructor. The public and private access
modi�ers in thede�nitions of �elds andmethodsspecifythescope
of thesenames.Publicmethodsand�elds arevisible to all classes,
while privatemethodsand�elds arevisible only from within the
sameclass.To aid type-checkingwe assumean annotationof ev-
erymethodcall and�eld usagewith thenameof theclassin which
themethodcall or �eld usageis performed,in thestyleof Classic
Java [9]. This annotationis evident in the typing rulesfor method
calls,�eld update,and�eld dereferencing,andis left implicit in all
otherplaces.Themeta-functionaccessiblereturnsthesetof names
(�elds andmethods)of theclassgivenasits secondargumentthat
arevisible from within theclassgivenasits third argument.

Classtablesaresetsof classes.Well-formedclasstablescontain
classeswith distinctnames.We testthewell-formednessof a class
tableby thepredicatewfClassHierarchy(CT ). Whenweaddinher-
itanceto the languagethis predicatewill checkfor a valid class
hierarchy.

We will usemeta-operationsand the dot notationto perform
staticlookuponclasstablesandclasses.For exampleCT :C returns
the de�nition of the classnamedC from the classtableCT , and
CT :C:�elds returnsa sequenceof all the �eld de�nitions in C. A
completetableof thesemeta-operationsanda descriptionof their
functionality is shown in Figure7 of the Appendix.We will also
write F V (e) andLocs(e) to denotethe setof free variablesand
thesetof locations,respectively, mentionedin e.

Storesare �nite partial functionsfrom locationsto storedob-
jects.A programcon�guration is atuplecomposedof aclasstable,
astore,andaclosedexpression(writtenCT ` s; e). An initial con-
�gur ation is a con�gurationthatcontainstheemptystore(; ).

The typing rules of J 1 are shown in Figure 3. The typing
judgmentsfor expressionshave the form CT ; �; s ` e:t . � is the
type environment. The store s is usedto type-checklocations;
the value storedin a location has the type s:l:type. In J 1 this
is the class type mentionedin the object itself, but, when we

add inheritancelater on, this may be the superclassof the object
currentlystoredin a location.In this way storesareusedasstore
typingsin the typing judgments.Theconstantnull hasany class
typede�ned in theclasstable.Therestof thetyping judgmentsfor
expressionsaretheexpectedonesfor a languagelike J 1 .

Thetyping judgmentsfor method,class,andclass-tablede�ni-
tionsareCT ` M :OK in C , CT ` C:OK, andCT :OK, respectively.
(CT ` s; e):OK is thetypingjudgmentfor programcon�gurations.

In Figure 4 we give a small-stepsemanticsfor J 1 . A small-
stepCT ` s; e ! s1 ; e1 describesa transitionfrom the program
con�gurationCT ` s; e to thecon�guration CT ` s1 ; e1 . We also
de�ne ! � to bethere�exiveandtransitiveclosureof ! , and! <k

there�exive andupto k � 1 stepstransitiveclosureof ! . Wealso
writeCT ` s; e# iff thereexistss1 , w, suchthatCT ` s; e ! � s1 ; w.

We use calligraphic font for the meta-identi�ers that denote
class table, class, constructor, or method de�nitions. We also
use an overbar notation to denotesyntacticsequencewith arbi-
trary length. When expanded,all the meta-identi�ers in the se-
quenceareannotatedwith theappropriatesubscripts;e.g.we write
obj C f f = lg, insteadof obj C f f 1 = l1 ; f 2 = l2 ; : : : ; f n = ln g.
We also use the notation f = vnf i = u to denotethe sequence
f 1 = v1 ; � � � ; f i � 1 = vi � 1 ; f i = u; f i +1 = vi +1 ; � � � .

3. Equivalenceand Adequacyin J 1

We want to studycontextual equivalenceof classde�nitions in J 1

andits extensions.To dothisweneedto de�ne classtablecontexts,
relationsonclasses,andtheirextensionto classtables.

De�nition 3.1. A classtablecontext, CT [ ], is a setof classde�ni-
tions.Placinga classde�nition, or a sequenceof classde�nitions,
in theholeof a classtablecontext correspondsto setunion:

CT [C]
def
= CT [ f Cg

De�nition 3.2. Rcls is a relationon classesiff it is a setof pairs
of classde�nitions, such that for all (C; C0) 2 Rcls , andall class-
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CT ; �; s ` e:t

x:t 2 �
CT ; �; s ` x:t CT ; �; s ` unit :void

c 2 f true ; false g
CT ; �; s ` c:bool

c 2 f� 1; � 2; � � � g
CT ; �; s ` c:int

class Cf� � �g 2 CT
CT ; �; s ` null :C

C 2 CT :classnames
s:l:type = C

CT ; �; s ` l :C
C 2 CT :classnames
CT ; �; s ` newC:C

CT ; �; s ` e:t0

op:type= t0 ! t
CT ; �; s ` op(e):t

CT ; �; s ` e1 :t1

CT ; � ; x:t1 ; s ` e:t
CT ; �; s ` let x = e1 in e:t

CT ; �; s ` e:C
f 2 accessible(CT ; C; C0)

mod t f 2 CT :C:�elds

CT ; �; s ` e:f C 0 :t

CT ; �; s ` e:C
f 2 accessible(CT ; C; C0)

mod t f 2 CT :C:�elds
CT ; �; s ` e1 :t

CT ; �; s ` e:f C 0 := e1 :void

CT ; �; s ` e:C
m 2 accessible(CT ; C; C0)

mod t0 ! t m 2 CT :C:methods
CT ; �; s ` e0 :t0

CT ; �; s ` e:mC 0 (e0):t

CT ; �; s ` e1 :bool
CT ; �; s ` e2 :t
CT ; �; s ` e3 :t

CT ; �; s ` if e1 then e2 else e3 :t

CT ` M :OK in C CT ` C:OK CT :OK (CT ` s; e):OK

CT ; x:t1 ; this :C ; ; ` e:t

CT ` mod t m(t1 x)f eg:OK in C

K = C() f this :f := cg
CT ; ; ; ; ` c:t

CT ` M :OK in C

CT ` class Cf t f ;KMg :OK

f Cg ` C:OK
wfClassHierarchy(f Cg)

f Cg:OK

CT :OK
CT ; ; ; s ` e:t

(CT ` s; e):OK

Figure3. Typingof J 1

CT ` s; e ! s1 ; e1

s:l = obj C f f = vg
CT ` s; l :f i ! s; vi

CT :C:m = mod t m(t x x)f eg

CT ` s; l :m(v) ! s; [v=x; l=this ]e

s:l = obj C f f = vg

CT ` s; l :f i := u ! s[l  obj C f f = vnf i = ug]; unit

CT ` s; null :f i ! s; nerr CT ` s; null :m(v) ! s; nerr CT ` s; null :f i := v ! s; nerr

CT :C:constr = C() f this :f := cg
l 62Dom(s)

CT ` s; newC ! s[l = obj C f f = cg]; l CT ` s; let x = v in e ! s; [v=x]e
(c; i ) 2 f (true ; 1); (false ; 2)g

CT ` s; if c then e1 else e2 ! s; ei

EvaluationContexts

E ::= E j E [E ]
E ::= [ ] j [ ] :f j [ ] :m(e) j v:m(v; [ ] ; e) j [ ] :f := e j v:f := [ ] j let x = [ ] in e j if [ ] then e else e j op(v; [ ] ; e)

CT ` s; E [e] ! s1 ; E [e1 ]

CT ` s; e ! s1 ; e1

CT ` s; E [e] ! s1 ; E [e1 ] CT ` s; E[" ] ! s1 ; "

Figure4. Small-stepOperationalSemanticsof J 1

tablecontextsCT [ ]:

CT [C]:OK ( ) CT [C0]:OK

The above de�nition requiresthat we relateonly classde�ni-
tions that are interchangeableat compile time; i.e. replacingone
with theotherin aclass-tablecontext doesn't affectthetypingjudg-

mentof theprogram.In practicethismeansthattherelatedclasses
have thesamenameandthesamepublic interface.

De�nition 3.3. If Rcls is a relationon classes,thenthefollowing
is its extensionto classtables:

CT [Rcls ]
def
= f (CT [C]; CT [C0]) j (C; C0) 2 Rcls ;

CT [C]:OKg
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We give the following de�nition of contextual equivalencefor
J 1 :

De�nition 3.4 (Contextual Equivalence(� )). (� ) is the largest
relationon classessuch that for all (CT ; CT 0) 2 CT [� ], expres-
sionse, andtypest , such thatCT ; ; ; ; ` e:t , wehave:

CT ` ; ; e# ( ) CT 0 ` ; ; e#

Thisde�nition is hardto usedirectly to show two classesequiv-
alent.To discover morespeci�c conditionsthat assumedequiva-
lent classesneedto satisfywe follow themethodwe developedin
[16, 15] to derive a usableproof techniqueof equivalencefor im-
perative higher-orderlanguages.This methodrelieson thede�ni-
tion of adequaterelationsthatimply contextual equivalence,anda
proofconstructionschemeto discoverasetof necessaryconditions
for adequacy. Herewe show how to applythismethodto J 1 .

Wewill de�ne adequacy asapropertyof thefollowing relations.

De�nition 3.5. A J -relation
�

is a setof tuples(s; s0; R ` ; Rcls ),
where s, s0 are stores,R ` is a relation on object references,and
Rcls is a relationonclasses.

For thede�nition of adequacy we alsoneedto de�ne R-related
answersandexpressions.

De�nition 3.6. If R ` is a relation on objectreferences,CT , CT 0

classtables,ands, s0 stores,thenwede�ne thefollowingrelations:

� relatedvaluesof typet :

Vt [CT ; CT 0; s; s0; R ` ]
def
= f (l ; l0) j (l ; l0) 2 R ` ;

CT ; ; ; s ` l :t ;
CT 0; ; ; s0 ` l0:t g

[ f (c; c) j CT ; ; ; ; ` c:t ;
CT 0; ; ; ; ` c:t g

� relatedanswers of typet :

A t [CT ; CT 0; s; s0; R ` ]
def
= Vt [CT ; CT 0; s; s0; R ` ]
[ f (nerr ; nerr )g

� andrelatedexpressionsof typet :

E t [CT ; CT 0; s; s0; R ` ]
def
=

f ([l=x]e; [l0=x]e) j F V (e) � f xg;
(l ; l0) 2 R ` ;
Locs(e) = ; ;
CT ; ; ; s ` [l=x]e:t ;
CT 0; ; ; s0 ` [l0=x]e:t g

Theabove de�nition describeswhentermsareconsideredto be
related.Valuesare relatedwhen they are R-relatedlocations,or
identicalconstants;�nal answersarerelatedwhenthey arerelated
valuesor identical errors;expressionsare relatedwhen they are
constructedby the sameexpressioncontext with relatedvaluesin
its holes(which boils down to just relatedlocationssinceidentical
constantsaresubsumedby the identicalcontexts e). Furthermore,
by requiringthatLocs(e) = ; , theabove de�nition forcesall R-
relatedexpressionsto useonly R-relatedreferences.

We now give thede�nition of adequateJ -relations.Theseare
J -relationsfrom which all derivedrelatedprogramcon�gurations
have thesameoperationalbehavior.

De�nition 3.7(Adequacy).
�

is adequateif andonly if:

8(s; s0; R ` ; Rcls ) 2
�

:
8(CT ; CT 0) 2 CT [Rcls ]:

8 t; 8(e;e0) 2 E t [CT ; CT 0; s; s0; R ` ]:
8 s1 ; w:

(CT ` s; e ! � s1 ; w)
=) 9 s0

1 ; w0; R `
1 :

(CT 0 ` s0; e0 ! � s0
1 ; w0)

^ ((w; w0) 2 A t [CT ; CT 0; s1 ; s0
1 ; R `

1 ])
^ (( s1 ; s0

1 ; R `
1 ; Rcls ) 2

�

)
^ (R ` � R `

1)

andthereverse.

In this de�nition of adequacy, the most interestingquanti�ca-
tion is theoneon relatedexpressionsof typet. This quanti�cation
is generalenoughso that we cancarry out an inductionbasedon
thede�nition. It coversthecasewhererelatedmethodsareinvoked
on related(andnot just equal)objectsandarepassedrelatedar-
guments.The quanti�cation over classtablesplays a role in the
soundnessof this de�nition, but not in the existenceof an induc-
tion. It is thereto merelytype-checkthequanti�ed expressions.

Adequaterelationsare soundand completein the following
way.

Theorem3.8(Soundness).If
�

is adequateand(; ; ; ; ; ; Rcls ) 2
�

thenRcls � (� ).

Proof. Immediateby the de�nitions of adequacy and contextual
equivalence.

Theorem 3.9 (Completeness). If Rcls � (� ) then there exists
adequate

�

with (; ; ; ; ; ; Rcls ) 2
�

.

Proof. (Sketch)For any Rcls , if thereis no such
�

, thenit means
that thereare (CT ; CT 0) 2 CT [Rcls ] and a well-typed e that,
starting from the state (; ; ; ; ; ; Rcls ), invalidate De�nition 3.7.
Then show that we can always constructe0 from e, such that
CT ` ; ; e# andCT 0 ` ; ; e" , or theopposite.

Onecouldshow theequivalencebetweentwo classimplemen-
tationsby constructinganappropriateset

�

andthenprove its ad-
equacy by aninductionbasedon De�nition 3.7.Our goal is to im-
prove this by �nding suf�cient conditionson

�

that would make
theproof of adequacy go through.Theseconditionsactasa Veri-
�cation ConditionGenerator:oneprovidesaninvariant(theset

�

)
thatpresumablyprovesaparticularequivalence,andtheconditions
saywhatpiecesneedto beprovenin orderto checkthevalidity of
theinvariant.Theseconditionsencodethedistinguishingpower of
thecontext.

We �nd a suf�cient set of suchconditionsby investigatinga
classof inductive proofsbasedon De�nition 3.7.We abstractover
the concretestructureof

�

and attemptto prove adequacy. We
pushtheinductionasmuchaspossiblejust by usingtheinduction
hypothesis,andwhenthis is notpossiblewe�nd thepropertiesthat

�

shouldsatisfy to completethe proof. Thesepropertiesbecome
theproofobligations, or veri�cation conditions,for

�

.

Task 3.10. Givena relation
�

, constructa proof that
�

is ade-
quate.

ProofConstructionScheme. Givenan
�

, theadequacy proofwould
consistof two inductions,onefor the forwarddirectionof De�ni-
tion 3.7andonefor thereversedirection.Theinductionhypothesis
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of theformeris:

IH (k) =
8(s; s0; R ` ; Rcls ) 2

�

:
8(CT ; CT 0) 2 CT [Rcls ]:

8 t; 8(e;e0) 2 E t [CT ; CT 0; s; s0; R ` ]:
8 s1 ; w:

(CT ` s; e ! <k s1 ; w)
=) 9 s0

1 ; w0; R `
1 :

(CT 0 ` s0; e0 ! � s0
1 ; w0)

^ ((w; w0) 2 A t [CT ; CT 0; s1 ; s0
1 ; R `

1 ])
^ (( s1 ; s0

1 ; R `
1 ; Rcls ) 2

�

)
^ (R ` � R `

1)

We will show that for all k, IH (k) holds. We assumethe
inductionhypothesisfor k, andwewill show thatit holdsfor k + 1.

Let (e;e0) = ([v=x]e0 ; [v0=x]e0), for some e0 ; v; v0, such
that F V (e0) � f xg, Locs(e0) = ; , (v; v0) 2 R ` , CT ; ; ; s `
[v=x]e0 :t , CT 0; ; ; s0 ` [v0=x]e0 :t . Weproceedby casesone0 . We
pushthe proof in eachcaseasmuchaspossiblejust by usingthe
inductionhypothesis.Whena caseis notprovenentirelyby thein-
ductionhypothesiswe �nd theextra propertiesthat

�

mustsatisfy
to completethe proof of that case.Thesepropertiesbecomethe
proof obligationsfor

�

.
Due to limited spacewe do not show the caseanalysisof this

proof which is similar to theonesin [15, 16].

In Theorem3.13we summarizeall proof obligationsfor
�

that
we found by the above proof constructionscheme.First we give
a notation to write down the inductive casesand the induction
hypotheses(onefor eachdirection).

De�nition 3.11(Inducti veCases).

R ` ; Rcls ;
�

` (CT ` s; e:t ) v <k (CT 0 ` s0; e0:t )
def
=

8 s1 ; w:
(( e;e0) 2 E t [CT ; CT 0; s; s0; R ` ])

^ (CT ` s; e ! <k s1 ; w)
=) 9 s0

1 ; w0; R `
1 :

(CT 0 ` s0; e0 ! � s0
1 ; w0)

^ ((w; w0) 2 A t [CT ; CT 0; s1 ; s0
1 ; R `

1 ])
^ (( s1 ; s0

1 ; R `
1 ; Rcls ) 2

�

)
^ (R ` � R `

1)

and R ` ; Rcls ;
�

` (CT ` s; e:t ) w<k (CT 0 ` s0; e0:t ) for the
reverse.

De�nition 3.12(Inducti veHypotheses).

IH L� (k)
def
=

8(s; s0; R ` ; Rcls ) 2
�

:
8(CT ; CT 0) 2 CT [Rcls ]:

8 t; (e;e0) 2 E t [CT ; CT 0; s; s0; R ` ]:
R ` ; Rcls ;

�

` (CT ` s; e:t ) v <k

(CT 0 ` s0; e0:t )

andIH R� (k) for thereverse.

Ourmaintheoremis thefollowing.

Theorem 3.13 (Adequacy Conditions). A relation
�

is ade-
quate if and only if for all states(s; s0; R ` ; Rcls ) of

�

and for
all (CT ; CT 0) 2 CT [Rcls ], thefollowingconditionsare satis�ed:

1. (Sameinterfaces)For all (C; C0) 2 Rcls ,

C = class Cf public t1 f 1 ; private t2 f 2 ;
C() f this :f 1 := c1 ; this :f 2 := c2g;
public t3 m3(t4 x4)f� � �g;
private t5 m5(t6 x6)f : : :gg

C0 = class Cf public t1 f 1 ; private t0
2 f 0

2 ;
C() f this :f 1 := c1 ; this :f 0

2 := c0
2g;

public t3 m3(t4 x4)f� � �g;

private t0
5 m0

5(t0
6 x0

6)f : : :gg

2. (Relatedinstances)For all (l ; l0) 2 R ` , there existst , such that
CT ; ; ; s ` l :t , CT 0; ; ; s0 ` l0:t .

3. (Enoughinstances)For all C 2 CT :classnames, with

C = class Cf� � � C() f this :f := cg; � � �g

C0 = class Cf� � � C() f this :f 0 := c0g � � �g

andall freshl , l0, there existsR `
1 � R ` [ f (l ; l0)g, such that

(s[l = obj C f f = cg]; s0[l0 = obj C f f 0 = c0g]; R `
1 ; Rcls ) 2

�

:

4. (Related public �elds) For all (l ; l0) 2 R ` , with s:l =
obj C f f = vg and s0:l0 = obj C f f 0 = v0g, and for all
public t i f i 2 C:�elds,

(vi ; v0
i ) 2 Vt i [CT ; CT 0; s; s0; R ` ]:

5. (Relatedupdates)For all (l ; l0) 2 R ` , withs:l = obj C f f = vg
ands0:l0 = obj C f f 0 = v0g, all public t i f i 2 CT :C:�elds,
andall (u; u0) 2 Vt i [CT ; CT 0; s; s0; R ` ],

(s[l  obj C f f = vnf i = ug];
s0[l0  obj C f f 0 = v0nf i = u0g];
R ` ; Rcls ) 2

�

6. (Relatedpublic methods)For all (C; C0) 2 Rcls , all refer-
ences(l ; l0) 2 VC [CT ; CT 0; s; s0; R ` ], all methodsm with
CT :C:m = public tm m(tx x)f e3g, CT 0:C:m =
public tm m(tx x)f e0

3g, and for all (v; v0) 2 Vt x
[CT ; CT 0;

s; s0; R ` ],

IH L� (k) =)
R ` ; Rcls ;

�

` (CT ` s; l :m(v):tm ) v <k +1

(CT 0 ` s0; l0:m(v0):tm )
IH R� (k) =)

R ` ; Rcls ;
�

` (CT ` s; l :m(v):tm ) w<k +1

(CT 0 ` s0; l0:m(v0):tm )

Proof. By recapitulatingtheproofconstructionschemeof Task3.10.

The�rst conditionof Theorem3.13requiresthatrelatedclasses
havethesamepublic interface.Thisensuresthattheclassesarenot
distinguishableatcompiletime.Thesecondconditionrequiresthat
relatedobjectsrespectthe classtypes.The restof the conditions
correspondto theprimitiveoperationsthatthecontext canperform
ontheobjectsin orderto distinguishthem.Thusthethird condition
correspondsto instantiatinga new objectby thecontext, thefourth
conditioncorrespondsto dereferencinga public �eld, the �fth to
updatinga public �eld, andthelastto invokinga public method.

The above theoremcontainsa top-level quanti�cation over all
possibleclasstablesthatcontaintherelatedclasses.This is neces-
saryin orderto specifythewell-typedvalues,andto usethereduc-
tion relation.As wewill seein theexamplethatfollows, thisquan-
ti�cation doesnot introduceany dif�culty in theproofsof equiva-
lence.Thisisbecauseweneverneedto reasonaboutthebehavior of
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methodsandclassesde�ned in theclass-tablecontexts sincethese
casesarehandledby theinductionhypothesis.

4. The Cell Example
Herewe give two implementationsof a Cell classthat storeob-
jectsof someclassA that is providedby thecontext. The �rst im-
plementationof Cell is the usualone,while the other usestwo
private �elds to keep the storedobject, and a counterto decide
whichoneto returnwhentheget methodis invoked.Theseimple-
mentationshave suf�ciently differentstorebehavior andtheusual
denotationalmodelswould assigndifferent denotationsand thus
distinguishthem[25, 19].

C = class Cell {
private A c;
Cell() {this.c := null}
public void set(A o) {this.c := o}
public A get() {this.c}}

C0 = class Cell {
private A c1, c2;
private int n;
Cell() {

this.c1 := null;
this.c2 := null;
this.n := 0 }

public void set(A o) {
this.c1 := o;
this.c2 := o }

public A get() {
this.n := this.n + 1;
if even(this.n) then this.c1
else this.c2 } }

To prove the above two classimplementationsequivalent we
constructthefollowing set:

�

= f (s; s0; R ` ; Rcls ) j 9 CT ; CT 0; lD ; l0
D ; D ; f 1 ; v1 ; v0

1 ;
lS ; l0

S ; f 2 ; v2 ; v0
2 ; lC ; l0

C ; m :

s = [lD = obj D f f 1 = v1g]

[lS = obj Af f 2 = v2g]
[lC = obj Cell f c = lS g]

s0 = [l0
D = obj D f f 1 = v0

1g]

[l0
S = obj Af f 2 = v0

2g]
[lC = obj Cell f c1 = l0

S ; c2 = l0
S ; n = mg]

Rcls = f (C; C0)g
R ` = f (lD ; l0

D ); (lS ; l0
S ); (lC ; l0

C )g
(v1 ; v0

1); (v2 ; v0
2) 2 Vt [CT ; CT 0; s; s0; R ` ]

(CT ; CT 0) 2 CT [Rcls ]g

We choosethis particular
�

by inspectingthe conditionsof
Theorem3.13.Condition1 is obviously satis�ed by C andC0. To
satisfyconditions2 and3 weaddin R ` therelatedreferencesto any
classof all possibleclasstables.Theseareobjectsof the classes
Cell andA, aswell as,objectsof any otherclassD that may be
de�ned andinstantiatedby thecontext. Thevaluesin the �elds of
theinstancesof D andAarerelatedin Vt [CT ; CT 0; s; s0; R ` ], since
theseare�elds of identicalclassesin theclasstables.

We also requirethat the valuesstoredin the private �elds of
Cell to be relatedreferencesof A objects.This is an invariantof
the equivalencebetweenthe two implementationsof Cell andis
goingto helpusprove condition6.

To prove condition 6 we consider an arbitrary tuple
(s; s0; R ` ; Rcls ) 2

�

, andanarbitrarypair of relatedclasstables
(CT ; CT 0) 2 CT [Rcls ]. The only pair of relatedclassde�ni-

tionsin Rcls is (C; C0). For any (l i ; l0
i ) 2 VCell [CT ; CT 0; s; s0; R ` ]

with s:l i = obj Cell f c = lS i g, s0:l0
i = obj Cell f c1 =

lS
0
i ; c2 = lS

0
i ; n = m i g, we considerall public t x ! t m 2

CT :Cell :methods. Thesearethemethodsget andset .
In thecaseof get we have t x ! t = void ! A. Furthermore:

CT ` s; l i :get () ! � s; lS i

CT 0 ` s0; l0
i :get ()

! � s0[l0
i  obj Cell f c1 = lS

0
i ; c2 = lS

0
i ; n = m+ 1g]; lS

0
i

Moreover:

(lS i ; lS
0
i ) 2 VA[CT ; CT 0; s; s00; R ` ]

and

(s; s00; R ` ; Rcls ) 2
�

where

s00= s0[l0
i  obj Cell f c1 = lS

0
i ; c2 = lS

0
i ; n = m+ 1g]

Similarly for thecaseof set wehave t x ! t = A! void . Let
(ls ; l0

s ) 2 VA[CT ; CT 0; s; s0; R ` ]. Wehave:

CT ` s; o:set (ls )
! � s[l i  obj Cell f c = lsg]; unit

CT 0 ` s0; o0:set (l0
s )

! � s0[l0
i  obj Cell f c1 = l0

s ; c2 = l0
s ; n = mg]; unit

and

(s[l i  obj Cell f c = lsg];
s0[l0

i  obj Cell f c1 = l0
s ; c2 = l0

s ; n = mg];
R ` ; Rcls ) 2

�

5. J 2: An Extensionof J 1 With Inheritance
We now extendJ 1 by addingthe featureof classinheritance.We
also add the protected accessmodi�er for �elds andmethods.
Protected�elds andmethodsareaccessiblefrom thesameclassand
its subclasses.We do not yet adda castoperationto the language,
allowing, thus,only implicit (andtype-safe)upcastingof objects.
We assumethereis no shadowing of �elds, somethingthatcanbe
accomplishedautomaticallyby addingthenameof theclassaspart
of thenameof each�eld. Thedifferencesin thesyntax,typing,and
operationalsemanticsof J 1 andJ 2 areshown in Figure5.

To encodeinheritancewe have addedthe rule of subsump-
tion andthe subtypingjudgmentsimposedby the classhierarchy
and the re�exive and transitive property. The rest of the typing
rulesof theform CT ; �; s ` e:t have only trivial changes,assum-
ing that the implementationof the meta-functionaccessiblehan-
dlesprotected �elds andmethodsin theright way. Furthermore
we have changedthe rule for type-checkingmethodde�nitions to
checkthatsubclassesoverrideonly public andprotected meth-
ods.A valid classhierarchyis now consideredto bea tree,with an
emptyclassObject asits root. In thetyping judgmentsof J 2 , the
meta-functionwfClassHierarchy is trueexactly whenthesecondi-
tionshold for a setof classes.

Theoperationalsemanticsof J 2 aremostly thesameasof J 1 ,
with theexceptionof thestepsthat involve objectinstantiation.In
J 2 , when a new object is created,the �elds from all the super-
classesmustbeinitialized.

6. Adequacyin J 2

In this sectionwe studyadequacy for J 2 . The de�nition of con-
textual equivalencewe gave earlier(De�nition 3.4) still holdsfor
J 2 . It concealsthoughthe fact that the context haswhat seems
to bemoredistinguishingpower. It canextendrelatedclassesand
then usetheseextensionsto distinguishthe two sides.We apply

7 2006/12/25



CLASS DEFINITIONS: C; D ::= class C extends D f mod t f ; K M g
MODIFIERS: mod ::= � � � j protected

CT ; �; s ` e:t CT ` t1 < : t2

CT ; �; s ` e:t1

CT ` t1 < : t
CT ; �; s ` e:t CT ` t < : t

CT ` t1 < : t2 CT ` t2 < : t3

CT ` t1 < : t3

CT :C:super = D
CT ` C < : D

CT ` M :OK in C

CT ; x:t1 ; this :C ; ; ` e:t CT :C:super = D overridable(CT ; mod t 1 ! t m; D )

CT ` mod t m(t1 x)f eg:OK in C

CT ` s; e ! s1 ; e1

l 62Dom(s)
CT ` s; newObject ! s[l = obj Object fg ]; l

class C extends D f� � � C() f super (); this :f := cg � � �g 2 CT

CT ` s; newC ! s; (newD ; this :f := c)C

CT ` s[l = obj D f f D = cD g]; (l ; this :f := c)C ! s[l = obj C f f D = cD ; f = cg]; l

EvaluationContexts

E::= � � � j ([ ] ; this :f := c)C

Figure5. Syntax,typing,andoperationalsemanticsof J 2 (differencesfrom J 1)

our methodfor deriving conditionsfor adequacy to studythis ex-
tra distinguishingability of the context. This revealsthe effect of
inheritanceto theequivalenceof classes.

Theoutline of our techniqueis the sameasbefore.We reason
aboutthe samesetsof tuples

�

, andwe usethe samede�nitions
for Vt , A t , and E t (De�nition 3.6). The latter sets,though,are
larger thanbefore.In J 2 the type of an object is the nameof the
classit instantiates,but,becauseof subsumption,it mayalsobethe
nameof any of its superclasses.This is theplacewhereinheritance
appearsin our technique.

Thede�nition of adequacy (De�nition 3.7) remainsunchanged
for J 2 , and, as a consequence,the induction hypothesisof the
correspondingproof constructionschemealso remainsthe same.
Whenunwinding this proof, and taking caseson the structureof
e0 , we needto considersub-casesintroducedby inheritance.For
examplewhenmethodm is de�ned in a classC, e0 = x:m () , and
x is substitutedby anobjectreference,thenthis objectmaybean
instantiationof a subclassD of C. It alsomeansthatm mayhave
beenoverriddenbetweenC andD . More explicitly theconditions
for adequacy thatwe derive for J 2 arethefollowing:

Theorem 6.1 (Adequacy Conditions for J 2). A relation
�

is
adequateif andonly if for all states(s; s0; R ` ; Rcls ) of

�

andfor
all (CT ; CT 0) 2 CT [Rcls ], thefollowingconditionsare satis�ed:

1. (Sameinterfaces)For all (C; C0) 2 Rcls ,

C = class Cf public t1 f 1 ; private t2 f 2 ;
protected t3 f 3 ;
C() f this :f 1 := c1 ; this :f 2 := c2 ;

this :f 3 := c3g;
public t4 m4(t5 x5)f� � �g;
private t6 m6(t7 x7)f : : :g;
protected t8 m8(t9 x9)f : : :gg

C0 = class Cf public t1 f 1 ; private t0
2 f 0

2 ;
protected t3 f 3 ;
C() f this :f 1 := c1 ; this :f 0

2 := c0
2 ;

this :f 3 := c3g;
public t4 m4(t5 x5)f� � �g;

private t0
6 m0

6(t0
7 x0

7)f : : :g;
protected t8 m8(t9 x9)f : : :gg

2. (Relatedinstances)For all (l ; l0) 2 R ` , there existst , such that
CT ; ; ; s ` l :t , CT 0; ; ; s0 ` l0:t .

3. (Enoughinstances)For all C 2 CT :classnames, withCT :C:�elds =
mod t f and CT 0:C:�elds = mod0 t0f 0 and all fresh l1 , l0

1 ,
there existsR `

1 � R ` [ f (l ; l0)g such that

(s[l = obj C f f = cg]; s0[l0 = obj C f f 0 = c0g]; R `
1 ; Rcls ) 2

�

:

wherec andc0 aretheinitial valuesof the�elds in theconstruc-
tors of C andits superclasses.
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4. (Relatedpublic andprotected�elds) For all (l ; l 0) 2 R ` , with
s:l = obj C f f = vg ands0:l0 = obj C f f 0 = v0g, andfor all
mod t i f i 2 C:�elds, with mod 2 f public ; protected g,

(vi ; v0
i ) 2 Vt i [CT ; CT 0; s; s0; R ` ]:

5. (Relatedupdates)For all (l ; l0) 2 R ` , withs:l = obj C f f = vg
ands0:l0 = obj C f f 0 = v0g, all mod t i f i 2 CT :C:�elds, with
mod 2 f public ; protected g, and all (u; u0) 2
Vt i [CT ; CT 0; s; s0; R ` ],

(s[l  obj C f f = vnf i = ug];
s0[l0  obj C f f 0 = v0nf i = u0g];
R ` ; Rcls ) 2

�

6. (Relatedpublic andprotectedmethods)For all (C; C0) 2 Rcls ,
all references(l ; l0) 2 VC [CT ; CT 0; s; s0; R ` ], all methods
m de�ned in C with CT :C:m = mod tm m(tx x)f e3g,
CT 0:C:m = mod tm m(tx x)f e0

3g, and mod 2 f public ;
protected g, andfor all (v; v0) 2 Vt x

[CT ; CT 0; s; s0; R ` ],

IH L� (k) =)
R ` ; Rcls ;

�

` (CT ` s; l :m(v):tm ) v <k +1

(CT 0 ` s0; l0:m(v0):tm )
IH R� (k) =)

R ` ; Rcls ;
�

` (CT ` s; l :m(v):tm ) w<k +1

(CT 0 ` s0; l0:m(v0):tm )

Thedifferencesbetweentheseconditionsandtheconditionsof
Theorem3.13arethefollowing:

� Condition 1 requiresthat relatedclasseshave the samepro-
tectedinterface.This is becausethecontext canextenda class
andhave accessto its protected�elds andmethods.

� In condition3 new objectscontainall the �elds of their super-
classes.

� Condition4 requiresthatalsoprotected �elds containrelated
values.If we assumethat we have two presumablyequivalent
classesC andC0 that containa protected �eld f which may
not containrelatedvalues,thenthecontext candistinguishthe
two implementationsby extending them with the following
class:

class D extends C {
public t getf() {this.f} }

Then by instantiatingD, invoking methodsof C until f does
notcontainrelatedvaluesin thetwo implementations,andthen
invoking themethodgetf , it candistinguishthetwo sides.

� Similarly condition5 requiresthat relatedupdatesshouldalso
apply to protected�elds. If two implementationsof a classC
arenot operationallyequivalentwhenoneof their protected
�elds (e.g.f ) is updatedwith equivalentvalues,thenthecontext
candistinguishtheseimplementationsby extendingthemwith
theclass:

class D extends C {
public void setf(t x) {this.f := x} }

� In a similar fashion,in condition6 weneedto testthebehavior
of any relatedprotected (in additionto public ) methodm
that is de�ned in any (C; C0) 2 Rcls . Thesemethodsmay be
invokedon objectsthat instantiatesubclassesof C andC0. The
casethatm is overriddenby asubclassde�ned in thecontext is
handledby theinductionhypothesis.Theonly non-trivial case
is whenm is de�ned in a classin Rcls . Furthermore,it maybe
thecasethatm invokesinternallyanothermethodg of thesame
objectwhich hasbeenoverriddenby a subclassde�ned in the
context. Sinceg is overridden,it mustbethatg is a public or

protected method,andinternalcalls to themarehandledby
theinductionhypothesisin our method.

From the above we concludethat adding inheritanceto J 1

doesnot affect the local reasoningof condition6 whenusingour
technique.This is becauseof thewide applicationof theinduction
hypothesisto factoroutmany of thesub-cases.

For classesthat don't useprotected �elds andmethods,we
observe thatconditions1-5of Theorem3.13imply thecorrespond-
ing conditionsof Theorem6.1. This is not true, though,for con-
dition 6, wherein Theorem6.1 methodinvocationsare testedon
objectsthatinstantiateany subclassof relatedclasses,while in The-
orem3.13aretestedonly onobjectsof relatedclasses.For example
thefollowing two classesareequivalentin J 1 but not in J 2 :

C = class C {
C() {}
public bool m1() {true}
public bool m2() {this.m1()} }

C0 = class C {
C() {}
public bool m1() {true}
public bool m2() {true} }

A context containingthe following subclassof C can distin-
guishthetwo implementations:

class D extends C {
D() {super()}
public bool m1() {false}}

Therefore,extendingthe languagewith inheritancegivesmore
distinguishingpower to the context. By overriding methodsthe
context canbreakinvariantsthathold for public andprotected
methodsandareneededby othermethods.Theonly wayfor aclass
to maintaintheseinvariantsis to declarethemethodsthatneedto
satisfythemprivate .

7. The Cell Example in J 2

We adaptthe two implementationsof a Cell from Section4 to the
languageJ 2 , andwe show thattheequivalencestill holds.

C = class Cell extends Object {
private A c;
Cell() {this.c := null}
public void set(A o) {this.c := o}
public A get() {this.c}}

C0 = class Cell extends Object {
private A c1, c2;
private int n;
Cell() {

this.c1 := null;
this.c2 := null;
this.n := 0 }

public void set(A o) {
this.c1 := o;
this.c2 := o }

public A get() {
this.n := this.n + 1;
if even(this.n) then this.c1
else this.c2 } }

To prove the above two classimplementationsequivalent we
constructthefollowing set:
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�

= f (s; s0; R ` ; Rcls ) j 9 CT ; CT 0; lD ; l0
D ; D ; f 1 ; v1 ; v0

1 ;
lB ; l0

B ; B ; f 2 ; v2 ; v0
2 ; lC ; l0

C ; m; f 3 ; v3 ; v0
3 :

s = [lD = obj D f f 1 = v1g]

[lB = obj
�

f f 2 = v2g]

[lC = obj � f c = lB ; � 3 = � 3 g]

s0 = [l0
D = obj D f f 1 = v0

1g]

[l0
B = obj

�

f f 2 = v0
2g]

[lC = obj � f c1 = l0
B ; c2 = l0

B ; n = m; � 3 = ��� 3 g]
Rcls = f (C; C0)g
R ` = f (lD ; l0

D ); (lB ; l0
B ); (lC ; l0

C )g
(v1 ; v0

1); (v2 ; v0
2); ( � 3 �

� �3 ) 2 Vt [CT ; CT 0; s; s0; R ` ]
(CT ; CT 0) 2 CT [Rcls ]

�	��


�
�

: A
�	��


�

�

: Cell g

Again we constructedthis setby inspectingthe conditionsof
adequacy for J 2 . Theresultingsetdiffersfrom theonein Section4
at the bold-facedparts.In this set we needto take into account
the subclassesof A andCell , which may have extra �elds. Fur-
thermore,when we prove condition 6 for set and get we must
considerthattherestof themethodsmayhave beenoverridden.In
thecaseof Cell thisdoesnotaffect theequivalence.

Evenwith consideringarbitrarysubclassesof Cell , proving the
adequacy conditionsfor J 2 is notsubstantiallyharderthanproving
themfor J 1 .

8. J 3: Adding Downcastingto J 2

Our lastextensionaddsa castexpressionto J 2 , creatinglanguage
J 3 . Thecastingoperatorallows bothexplicit upcastinganddown-
casting.The latter is a non type-safeoperationwhich introduces
onemoreerrorto thelanguage,cerr . Theextrasyntax,typingrules
andoperationalsemanticsfor castingareshown in Figure6.

9. Adequacyin J 3

The addition of a casting operationhas minimal effect on the
technicalmachinerywe have setup sofar. The�rst thing we need
to do is to addthenew errorto thesetof answersof typet.

De�nition 9.1. If R ` is a relation on objectreferences,CT , CT 0

classtables,ands, s0 stores,thenwede�ne thefollowing relation
onanswers of typet:

A t [CT ; CT 0; s; s0; R ` ]
def
= Vt [CT ; CT 0; s; s0; R ` ]
[ f (cerr ; cerr ); (nerr ; nerr )g

The rest of the de�nitions remain the samethroughoutour
technique.

Thesecondandlast thing we needto do is to considerthenew
castexpressionis in the proof constructionschemeof Task 3.10
for J 3 . We needto considerone more casefor e0 ; namely the
casewhene0 = (C)e1 . On theleft-handsidethis expressionwill
reduceto ananswer, which meansthatalsoe1 will reduceto some
answerin lesssteps.Thus,byapplyingtheinductionhypothesisata
smallerevaluationsequence,weconcludethate1 will terminateon
the right-handsideaswell, andthe �nal answerswill be related.
The �nal step on both sideswill either result to relatedvalues
(successfulcasting),or will producethesameerror(becauserelated
objectshavethesameclassname,andtheclasshierarchieshavethe
samestructureon bothsides).

By theabove, we concludethattheadditionof thecastexpres-
sionin thelanguagedoesn't changeTheorem6.1whichholdsalso

for J 3 . Theconditionsof thattheoremdistinguishinequivalentim-
plementationsof classesthatusethecastingoperation.Furthermore
thismeansthatcastingis a conservative extensionto thelanguage.

10. An ExampleWith Callbacks
We considerthe adaptationto J 3 of an examplefrom Meyer and
Sieber[18]. We have two implementationsof a Counter class,
one containinga private counterg, initialized to zero and then
increasedby two only by themethodinc . Thereis alsoa method
callP , which takesasanargumentaninstanceof ansomeclassA,
providedby thecontext. Ais assumedto haveamethodPwhichcan
acceptasargumentsinstancesof the classCounter . By proving
this equivalencewe show thatg canbeaccessedonly throughthe
methodinc , and thus it will alwayscontainan even number. To
do that we will needto reasonabout the behavior of calls to P,
theimplementationof which is unknown to us.Wemanagethis by
usingtheinductionhypothesis.

C = class Counter extends Object {
private int g;
C() {this.g := 0}
public int callP(A o) {

o.P(this);
if even(this.g) then 0 else 1 }

public void inc() {this.g := this.g + 2}}
C0 = class Counter extends Object {

C() {}
public int callP(A o) {o.P(this); 0}
public void inc() {unit}}

We constructthefollowing set:
�

= f (s; s0; R ` ; Rcls ) j 9 CT ; CT 0; lD ; l0
D ; D ; f 1 ; v1 ; v0

1 ;
lB ; l0

B ; B ; f 2 ; v2 ; v0
2 ; lC ; l0

C ; n; f 3 ; v3 ; v0
3 :

s = [lD = obj D f f 1 = v1g]

[lB = obj B f f 2 = v2g]

[lC = obj C f g = 2n; f 3 = v3g]

s0 = [l0
D = obj D f f 1 = v0

1g]

[l0
B = obj B f f 2 = v0

2g]

[l0
C = obj C f f 3 = v0

3g]
Rcls = f (C; C0)g
R ` = f (lD ; l0

D ); (lB ; l0
B ); (lC ; l0

C )g
(v1 ; v0

1); (v2 ; v0
2); (v3 ; v0

3) 2 Vt [CT ; CT 0; s; s0; R ` ]
(CT ; CT 0) 2 CT [Rcls ]
CT ` B < : A
CT ` C < : Counterg

The tuplesof
�

consistof relatedstoresthat contain related
objectsof theclassesB , C, D . B representsany possiblesubclass
of theclassAandC any possiblesubclassof classCounter . D are
all theotherclassesthatmaybede�ned by thecontext.

We needto show that
�

satis�esTheorem6.1.The interesting
caseis to show condition6 for methodcallP .

Considerarbitrary (s; s0; R ` ; Rcls ) 2
�

, and (CT ; CT 0) 2
CT [Rcls ]. For any (lC i ; l0

C i ) 2 VCounter [CT ; CT 0; s; s0; R ` ] with
s:lC i = obj Counter f g = 2n; � � �g, s0:l0

C i = obj Counter f� � �g,
andany (lB j ; l0

B j ) 2 VA[CT ; CT 0; s; s0; R ` ], we needto show for
any k:

IH L� (k) =)
R ` ; Rcls ;

�

` (CT ` s; lC i :callP (lB j ): int ) v <k +1

(CT 0 ` s0; l0
C i :callP (l0

B j ):int )

andthereverse.
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EXPRESSIONS: e ::= � � � j (C)e CastExpression
ERRORS: " ::= � � � j cerr CastError

CT ; �; s ` e:t

CT ; �; s ` e:D
CT ` D < : C

CT ; �; s ` (C)e:C

CT ; �; s ` e:D
CT ` C < : D C 6= D

CT ; �; s ` (C)e:C

CT ; �; s ` e:D
CT ` C � : D CT ` D � : C stupid-castwarning

CT ; �; s ` (C)e:C

CT ` s; e ! s1 ; e1

s:l = obj C f f = lg CT ` C < : D
CT ` s; (D )l ! s; l

s:l = obj C f f = lg CT ` C � : D
CT ` s; (D )l ! s; cerr CT ` s; (D )null ! s; null

EvaluationContexts

E::= � � � j (C)[ ]

Figure 6. Syntax,Typing,andOperationalSemanticsof J 3 (differenceswith J 2)

WeassumeIH L� (k) andfor any s1 andc:

CT ` s; lC i :callP (lB j ) ! <k +1 s1 ; c
=) CT ` s; lB j :P(lC i ) ! <k s1 ; unit

Becausethelastderivationhasfewer thank stepsand

(s; s0; R ` ; Rcls ) 2
�

;
(lB j :P(lC i ); l0

B j :P(l0
C i )) 2 Evoid [CT ; CT 0; s; s0; R ` ]

we canapply the inductionhypothesisandget that thereexist s0
1 ,

R ` suchthat:

CT 0 ` s0; l0
B j :P(l0

C i ) ! � s0
1 ; unit

(s1 ; s0
1 ; R `

1 ; Rcls ) 2
�

;
R ` � R `

1

Thusthe invariant that the �eld g will containan even numberin
stores1 , after the call to P, is maintainedand thereforec = 0.
Furthermore

CT 0 ` s0; l0
C i :callP (l0

B j ) ! � s0
1 ; 0

andby this wearedone.
In this examplewe didn't needto worry abouttheimplementa-

tion of Aandits methodP, sinceouruseof theinductionhypothesis
abstractsover them.

11. RelatedWork
BanerjeeandNaumannin [3] presentamethodfor reasoningabout
whole-programequivalencein asubsetof Java,similar to J 3 . Their
techniqueis basedon a denotationalmodel in which they build a
simulationrelationof denotations.They usea notion of con�ne-
mentto restrictcertainpointersto the heap,andshow that if two
classtablesarecon�nedandthereis asimulationbetweentheirde-
notations,thentheseclasstablesareequivalent.It is notclearif this
techniqueis complete.This is becausetheauthorsdon't show that
thereis a simulationrelationfor any two equivalentandcon�ned
classtables,but alsobecausethe techniqueseemshelpful to rea-
sononly aboutcon�ned classtables.Furthermoreit is not obvious
how this techniquecanbe extendedto contextual equivalenceof
classes,a strongerpropertythanwhole programequivalence.Our
methodgivesasoundandcompleteprooftechniquefor exactly this
strongerproperty. Usingour techniquewe wereableto show con-
textualequivalencefor all of their examples.

Another techniquefor reasoningaboutcontextual equivalence
in a class-basedlanguageis the one from Jeffrey and Rathke in

[12], which follows their work on concurrentobjects[13]. They
studya Java-like languagefor which they de�ne a semantictrace
equivalenceandshow that it is soundandcompletewith respect
to testingequivalence.This is an eleganttechniquewhich canbe
usedto prove equivalenceslike the adaptationof our examplesto
their language.Doingtheseproofswith theirmethodwouldrequire
to show that two moduleshave thesametraces,which we believe
would resultin introducingbisimulationssimilar to oursanddoing
afull-blown inductiveproofastheoneshown in Task3.10.Thedif-
ferencewith ourwork is thatthey studyasigni�cantly differentlan-
guage.Themostimportantfeatureof that language,thatoursdoes
nothave,is apackagesystemthatrestrictstheinteractionof classes
with their context. Classesarenot visible throughthepackagebar-
riers.Thereforethey arenotextensibleby classesin otherpackages
andthe stateof eachclassis guaranteedto be private.Only inter-
facesandinstancesof classesthat implementtheseinterfacesare
sharedbetweenpackages.With theserestrictionstheinteractionof
classeswith thecontext becomesaninteractionof messages.When
packageshave the sameinterfaceand they communicatethough
thesamemessageswith thecontext, thenthesepackagesareequiv-
alent.This techniqueis not applicableto J 3 wheretheinteraction
of classeswith their context is morecomplex, andfurthermoreit
doesn't studytheeffect of inheritanceon classequivalence.

In thesamespirit asJeffrey andRathke, Ábrah́ametal. [1] give
a fully abstracttracesemantics,with respectto may testing,for
a concurrentclass-basedlanguage.Their work focuseson classes
thatdon't supportinheritance,muchlike our J 1 language,andall
�elds andmethodsarepublic.

12. Conclusionsand Futur eWork
We have presenteda soundand completemethodfor reasoning
aboutclassequivalencein a subsetof Java. This is the �rst such
methodthat dealswith inheritance,aswell aspublic andprivate
interfacesof classesandimperative �elds. Wewereableto usethis
methodto prove equivalencesin anumberof interestingexamples.

Wehavealsostudiedtheeffectof inheritanceontheequivalence
checkingof classeswith our technique.Moreover we have shown
that adding a cast operatorin a languagewith inheritanceis a
conservative extension,

Wehaveseenthatourmethodcandealwith thenull-pointerand
castexceptionsof Java.Wewould like to investigatefurtherin this
directionandseeif our techniquecanprovecontextualequivalence
in a languagewith moreadvancedcontroleffects(e.g.[7]).
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In thefuturewe would alsolike to seewhetherour methodcan
bene�t from ideasin closely relatedareas,like SeparationLogic
[22].
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A. Appendix

C:classname Returns the class name de-
�ned by theclassde�nition C.

CT :C:super Returnsthe nameof the im-
mediatesuperclassof C.

CT :C:constr Returnsthe constructorde�-
nition of classC.

CT :C:constr:type Returnsthe constructortype
of classC

CT :C:�elds Returnsa sequenceof all of
the �eld de�nitions (public
andprivate)of classC andall
its superclasses.

CT :C:methods Returns a sequenceof all
the methodde�nitions (pub-
lic andprivate)thatcanbein-
voked on an instanceof class
C.

CT :C:m:defclass Traversesup the classhierar-
chy, startingfrom classC and
returnsthe �rst nameof the
class in which methodm is
de�ned.

Figure7. Meta-Functions
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