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Dependent Random Variables
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Data

• So far … 
• Collect observation pairs                         for training 
• Estimate                      for unseen   

• Examples 
• Images & objects  
• Regression problem 
• House & house prices 

• The order of the data did not matter

(xi, yi) ∼ p(x, y)
y |x ∼ p(y |x) x′� ∼ p(x)
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Recall - Interaction with Environment

• Batch (download a book) 
Observe training data (x1,y1) ... (xl,yl) then deploy 

• Online (follow the class) 
Observe x, predict f(x), observe y (stock market, homework) 

• Active learning (ask questions in class) 
Query y for x, improve model, pick new x 

• Bandits (do well at homework) 
Pick arm, get reward, pick new arm (also with context) 

• Reinforcement Learning (play chess, drive a car) 
Take action, environment responds, take new action
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Recall - Stateful Systems

memoryno memory



Recall - Training ≠ Testing

• Generalization performance  
(the empirical distribution lies) 

• Covariate shift 
(the covariate distribution lies) 

• Logistic regression 
(tools to fix shift) 

• Covariate shift correction 
• Label shift  

(the label distribution lies) 
• Nonstationary Environments

pemp(x, y) 6= p(x, y)
<latexit sha1_base64="mXy6G3P5BccDZTot0sfJc2VgV7s="></latexit><latexit sha1_base64="mXy6G3P5BccDZTot0sfJc2VgV7s="></latexit><latexit sha1_base64="mXy6G3P5BccDZTot0sfJc2VgV7s="></latexit><latexit sha1_base64="mXy6G3P5BccDZTot0sfJc2VgV7s="></latexit>

p(x) 6= q(x)
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p(y) 6= q(y)
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(p(x)�(1, y) + q(x)�(�1, y))
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log(1 + exp(�yf(x)))
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Time matters (Koren, 2009)
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Time matters (Koren, 2009)

Netflix changed 
its rating system
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Time matters (Koren, 2009)
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Time matters (Koren, 2009)

Selection 
Bias
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Prizes

Beutel et al., 2015

-

-
time sequence
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Kahnemann & Krueger, 2006
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Kahnemann & Krueger, 2006
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Not just time. Space, too
weather

prediction
-

·good in Short
term

·terrible in long-Eterm ,

#
loup sequence
of events
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Oklahoma?

Not just time. Space, too
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Oklahoma?

Not just time. Space, too

fracking



courses.d2l.ai/berkeley-stat-157

FTSE 100

tauc
steel

time



courses.d2l.ai/berkeley-stat-157

FTSE 100
dot.com
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FTSE 100
dot.com

subprime

↑

Y
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TL;DR - Data usually isn’t IID
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Sequence Models
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Sequence Model

• Dependent random variables 

• Conditional probability expansion 

• Can always find this expansion 
• Could also find reverse direction … 
 
 
So why bother?

(x1, …xT) ∼ p(x)

p(x) = p(x1) ⋅ p(x2 |x1) ⋅ p(x3 |x1, x2) ⋅ …p(xT |x1, …xT−1)

p(x) = p(xT) ⋅ p(xT−1 |xT) ⋅ p(xT−2 |xT−1, xT) ⋅ …p(x1 |x2, …xT)

t= thepequence iterator
-

Ot = g(
sequence - -
-#- I

S
tH

* given prev Xy /2) ..X++

OOO--given Bayes in order Full backm- call the way)
↳giren Not= 1

Mixe
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Sequence Model

• Causality (physics) prevents the reverse direction 
• ‘wrong’ direction often much more complex to model

p(x) = p(x1) ⋅ p(x2 |x1) ⋅ p(x3 |x1, x2) ⋅ …p(xT |x1, …xT−1)

p(x) = p(xT) ⋅ p(xT−1 |xT) ⋅ p(xT−2 |xT−1, xT) ⋅ …p(x1 |x2, …xT)
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Sequence Model

• Autoregressive model

p(x) = p(x1) ⋅ p(x2 |x1) ⋅ p(x3 |x1, x2) ⋅ …p(xT |x1, …xT−1)

p(xt |x1, …xt−1) = p(xt | f(x1, …xt−1))

Some function of 
previously seen data

modet p(x) as a mode "f"regression

t
of previous steps
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Plan A - Markov Assumption

• Assume that only a few steps in the past matter 
• Autoregressive model

p(x) = p(x1) ⋅ p(x2 |x1) ⋅ p(x3 |x1, x2) ⋅ …p(xT |xT−τ, …xT−1)

p(xt |x1, …xt−1) = p(xt | f(xt−τ, …xt−1))

Some function of 
previously seen data

X Xt
,
Xz2

,
XEs,-4*

> limited memory ; ex
last 4 seps (not further,
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Plan A - Markov Assumption

• In practice solve regression problem

p(x) = p(x1) ⋅ p(x2 |x1) ⋅ p(x3 |x1, x2) ⋅ …p(xT |xT−τ, …xT−1)

̂xt = f(xt−τ, …xt−1)

e.g. train an MLP on 
previously seen data

↑

= f(xt- 4
,
Xt-3) X4 xt-1)

↑



courses.d2l.ai/berkeley-stat-157

Plan B - Latent Variable Model

p(x) = p(x1) ⋅ p(x2 |x1) ⋅ p(x3 |x1, x2) ⋅ …p(xT |x1, …xT−1)

x

h

p(ht |ht−1, xt−1) and p(xt |ht, xt−1)

↑
hehidden state atea = context at timet stept

he ⑭ htt
textdep
X Xt Ytt

dataas a t
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Plan B - Latent Variable Model

• Latent state summarizes all the relevant information about 
the past. So we get 

x

h

p(ht |ht−1, xt−1) and p(xt |ht, xt−1)

ht = f(x1, …xt−1) = f(ht−1, xt−1)
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Latent Variable Models (classical treatment)

• Temporal sequence of observations  
Purchases, likes, app use, e-mails, ad clicks, queries, ratings 

• Latent state to explain behavior 
• Clusters (navigational, informational queries in search) 
• Topics (interest distributions for users over time) 
• Kalman Filter (trajectory and location modeling)

Action

Explanation



Temporal Clustering aka Hidden Markov Models

• Clusters with sequential dependence

p(x) =
X

y

nY

i=1

p(yi|yi�1)p(xi|yi)



Temporal PCA aka Kalman Filter

• Latent factor variable 
• Simple sequential factorial structure

xt ⇠ N (Ayt + µ,K)

yt ⇠ N (Byt�1 + ⌫, L)
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Sequence Models

• Temporal sequence of observations  
Purchases, likes, app use, e-mails, ad clicks, queries, ratings 

• Latent state to explain behavior 
• Clusters (navigational, informational queries in search) 
• Topics (interest distributions for users over time) 
• Kalman Filter (trajectory and location modeling)

Action

Explanation
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Sequence Models

• Temporal sequence of observations  
Purchases, likes, app use, e-mails, ad clicks, queries, ratings 

• Latent state to explain behavior 
• Clusters (navigational, informational queries in search) 
• Topics (interest distributions for users over time) 
• Kalman Filter (trajectory and location modeling)

Are the parametric models really true?

Action

Explanation
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Sequence Models

• Temporal sequence of observations  
Purchases, likes, app use, e-mails, ad clicks, queries, ratings 

• State space 
Variable depth / variable representations / variable types 
(we know more about some users, queries than others) 

• Temporal resolution 
Data doesn’t arrive at quantized intervals

Action

Explanation
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Plan A - Markov Assumption
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Markov Assumption

• Next observation only depends on the past few terms 

• Train regression model 
• Use it to predict the next step and iterate

̂xt = f(xt−τ, …xt−1)

Demo time
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Language Models
text/language -> sequence

for a particular problem
· predict the continuation of sentence-text-seg-english -> text-seg-spanish
· translation-I- HWC
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Modeling Language 101

• Tokens not real values (domain is countably finite) 

• Estimating it

p(w1, w2, …, wT) =
T

∏
t=1

p(wt |w1, …, wt−1)

p(Statistics, is, fun, . )
= p(Statistics)p(is |Statistics)p(fun |Statistics, is)p( . |Statistics, is, fun)

̂p(is |Statistics) = n(Statistics is)
n(Statistics)
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N-grams (longer sequences of tokens)

• Need smoothing (long n-grams are infrequent)

̂p(w) = n(w) + ϵ1/m
n + ϵ1

̂p(w′ �|w) = n(w, w′�) + ϵ2 ̂p(w′�)
n(w) + ϵ2

̂p(w′�′�|w′�, w) = n(w, w′�, w′�′�) + ϵ3 ̂p(w′�, w′�′�)
n(w, w′�) + ϵ3

Hack

Talk to your friendly Bayesian if you want to do it right!
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Let’s look at actual language statistics
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Text Preprocessing
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Tokenization

• Basic Idea - map text into sequence of IDs 
• Character Encoding (each character has one ID) 

• Small vocabulary 
• Doesn’t work so well (DNN needs to learn spelling) 

• Word Encoding (each word has one ID) 
• Accurate spelling 
• Doesn’t work so well (huge vocabulary = costly multinomial) 

• Byte Pair Encoding (Goldilocks zone) 
• Frequent subsequences (like syllables)

The Time Machine by H. G. Wells
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Minibatch Generation
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Minibatch Generation

• Random partitioning 
• Pick random offset 
• Distribute sequences at random over mini batches 
• Independent-ish samples 
• Need to reset hidden state
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Minibatch Generation

• Sequential partitioning 
• Pick random offset 
• Distribute sequences in sequence over mini batches 
• Dependent samples 
• Keep hidden state across mini batches (much better)
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Plan B - Recurrent Neural Networks
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Recurrent Neural Networks (with hidden state)

Action

Explanation
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Recurrent Neural Networks (with hidden state)

• Hidden State update  

• Observation update

x

h

Observation

Explanation

ht = ϕ(Whhht−1 + Whxxt−1 + bh)

ot = ϕ(Whoht + bo)

oOutput

not

deep
neuch Ot-1 Ot OtH Fayer'

sei
Og (ht .)· -> -> > Thhh- recurrent
ht=f(ht= 1

,
Y
+-1)

t E
impe XI Fe Xt- Xt &H

sea
3 weight matrices WasWanWho

(indep of stept)

·
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Recurrent Neural Networks



courses.d2l.ai/berkeley-stat-157

Latent Variable Autoregressive Models

Latent state summarizes all the relevant information about 
the past. So we get 

x

h

p(ht |ht−1, xt−1) and p(xt |ht, xt−1)

ht = f(x1, …xt−1) = f(ht−1, xt−1)
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Recurrent Neural Networks (with hidden state)

Action

Explanation
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Recurrent Neural Networks (with hidden state)

• Hidden State update  

• Observation update

x

h

Observation

Explanation

ht = ϕ(Whhht−1 + Whxxt−1 + bh)

ot = ϕ(Whoht + bo)

oOutput

F
*
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Code …
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Implementing an RNN  
Language Model
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Input Encoding

• Need to map input tokens to vectors 
• Pick granularity (words, characters, subwords) 
• Map to indicator vectors 

• Multiply by embedding matrix W
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Input Encoding T H E _ T I M E

1 
0 
0 
0 
0 
0

0 
1 
0 
0 
0 
0

0 
0 
1 
0 
0 
0

0 
0 
0 
1 
0 
0

1 
0 
0 
0 
0 
0

0 
0 
0 
0 
1 
0

0 
0 
0 
0 
0 
1

0 
0 
1 
0 
0 
0

Canonical Vectors v

Embedding Matrix W

Embedded Vectors v′�
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RNN with hidden state mechanics

• Input  
vector sequence 

• Hidden States 
vector sequence 

• Output  
vector sequence 
 
Read sequence to generate hidden states, then start 
generating outputs. Often outputs (symbols) are used as 
input for next hidden state (and thus output).

x1, …, xT

h1, …, hT where ht = f(ht−1, xt)

o1, …, oT where ot = g(ht)
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Output Decoding

Decoding Matrix W′�

Output Vectors o

p(y |o) ∝ exp (v⊤
y o) = exp(o[y])

One-hot decoding

clecder

Encode)
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Gradients

• Long chain of dependencies for backprop 
• Need to keep a lot of intermediate values in memory 
• Butterfly effect style dependencies 
• Gradients can vanish or diverge (more on this later) 

• Clipping to prevent divergence 
 
 
 
rescales to gradient of size at most 

g ← min (1, θ
∥g∥ ) g

θ

large -> compounding diff bo low or to high.
Mer

I
&
supper bound

S

=> IIglo
don't want grad
too big .
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Perplexity

• Typically measure accuracy with log-likelihood  
• This makes outputs of different length incomparable 

(e.g. bad model on short output has higher likelihood 
than excellent model on very long output) 

• Normalize log-likelihood to sequence length 

• Perplexity is exponentiated version  
(effectively number of possible choices on average)

−
T

∑
t=1

log p(yt |model)  vs.  π := − 1
T

T

∑
t=1

log p(yt |model)

exp(π)

= expEntropy

& comparablewith var
. lengths
-

-lop (T ...) TI
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Truncated Backprop Through Time
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Recurrent Neural Networks (with hidden state)

• Hidden State update  

• Observation update
ht = f(ht−1, xt−1, w)

ot = g(ht, w)

x

h

Observation

Explanation

oOutput
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Objective function

• RNN generates output which needs to be compared to 
target labels 

• Gradient

L(x, y, w) =
T

∑
t=1

l(yt, ot)

∂wL =
T

∑
t=1

∂wl(yt, ot)

=
T

∑
t=1

∂ot
l(yt, ot)[∂wg(ht, w) + ∂ht

g(ht, w)∂wht]
chain rule
-
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Latent State Gradient

• Objective Function 

• Gradient Recursion

∂wht

∂wL =
T

∑
t=1

∂wl(yt, ot) =
T

∑
t=1

∂ot
l(yt, ot)[∂wg(ht, w) + ∂ht

g(ht, w)∂wht]

∂wht = ∂w f(xt, ht−1, w) + ∂h f(xt, ht−1, w)∂wht−1

=
1

∑
i=t

i

∏
j=t

∂h f(xj, hj−1, w) ∂w f(xi, hi−1, w)

grad the

wrt
we
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Too Many 
Terms expensive

Latent State Gradient

• Gradient Recursion

∂wht

∂wht =
1

∑
i=t

i

∏
j=t

∂h f(xj, hj−1, w) ∂w f(xi, hi−1, w)

Unstable 
(divergence)

D &
t t- 1
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Latent State Gradient

• Gradient Recursion

∂wht

∂wht =
1

∑
i=t

i

∏
j=t

∂h f(xj, hj−1, w) ∂w f(xi, hi−1, w)

x

h

Observation

Explanation

oOutput

infeasible computation
u

[[
Ed & Ot

[
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Latent State Gradient

• Gradient Recursion

∂wht

∂wht =
1

∑
i=t

i

∏
j=t

∂h f(xj, hj−1, w) ∂w f(xi, hi−1, w)

Observation

Explanation

Output
Drop 

gradients

France7 :history.
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Truncated BPTT

• Don’t truncate (naive strategy, costly and divergent) 
• Truncate at fixed intervals 

(standard approach, is approximation but works well) 
• Variable length (Tallec and Olivier, 2015) 

(is exact after reweighting, doesn’t work better in practice)

# limit the Tof gradants (tobesl ,%
-

->
not possible in practice
#
↳works!

diff)
not
archit
Gene history(i
[ I 1In 1 Distorysil

:
works

2

no truncate (notfeasible)
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Truncated BPTT

• Random variable instead of simple truncation  

• Variable length (Tallec and Olivier, 2015) 
(is exact after reweighting, doesn’t work better in practice)

zt = ∂w f(xt, ht−1, w) + ξt∂h f(xt, ht−1, w)∂wht−1
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Computational Graph
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Example in detail
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Toy Model

• Linear RNN 

• Output gradient 

• State update gradient 

ht = Whxxt + Whhht−1 and ot = Wohht

∂Woh
L =

T

∑
t=1

prod (∂ot
l(ot, yt), ht)

∂Whh
L =

T

∑
t=1

prod (∂ot
l(ot, yt), Woh, ∂Whh

ht)
∂Whx

L =
T

∑
t=1

prod (∂ot
l(ot, yt), Woh, ∂Whx

ht)
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Gradients … continued

• Linear RNN 

• Recursive update 

• Full recursion

ht = Whxxt + Whhht−1 and ot = Wohht

∂ht
ht+1 = W⊤

hh and thus ∂ht
hT = (W⊤

hh)T−t

∂Whh
ht =

t

∑
j=1

(W⊤
hh)t−j hj

∂Whx
ht =

t

∑
j=1

(W⊤
hh)t−j xj .

Drop 
gradients
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Truncation in practice

• Compute forward pass across truncation boundaries 
• Backprop only until truncation boundary  

(typically mini batch boundary, too) 
• In code 

• Good reason for why sequential sampling is much more 
accurate than random - state is carried through. 

for s in state: 
    s.detach()  
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Gated Recurrent Unit (GRU)

Lecture 811 : HWG , RNN implement forMachine translation
-

·Encoder-Decoder · Husdemo·GRU & LSTM ·
Pt,p2Sequence-2-sequence for translationpigates"to manage -

sea *Kera
· simpler than LSTM
· faster



courses.d2l.ai/berkeley-stat-157

Paying attention to a sequence

• Not all observations are equally relevant 

• Only remember the relevant ones  
• Need mechanism to pay attention (update gate) 
• Need mechanism to forget (reset gate)

parts of sea not immediately relevant

#

respect of sequence
F
manage parte
=
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Gating Rt = ϕ(XtWxr + Ht−1Whr + br),
Zt = ϕ(XtWxz + Ht−1Whz + bz)

Reset
Tfor He ↓ WhrWez
LTupdate

He+etgatehoucne computationmatix
Het X I

dategate : hous
musch &

W to be learned

duplicate Ht-1 · Osigmoid/logistic
Xt
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Candidate Hidden State
H̃t = tanh(XtWxh + (Rt ′ Ht−1) Whh + bh)u

"candidate" : I
We actually compute a

~
diff activation+5

probab distribution over
all audidates .
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Hidden State
Ht = Zt ′ Ht−1 + (1 − Zt) ′ H̃t

nor new calculationretain 1
Htt
- -
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Summary Rt = ϕ(XtWxr + Ht−1Whr + br),
Zt = ϕ(XtWxz + Ht−1Whz + bz)
H̃t = tanh(XtWxh + (Rt ′ Ht−1) Whh + bh)
Ht = Zt ′ Ht−1 + (1 − Zt) ′ H̃t
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Long Short Term Memory
" short formlhow to manage sequence (steps closesteps far "Long term"

· using gates
· implement
"memory all

"
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Flashback to electronics
Output 
gate

Input 
gate

Reset 
gate
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Long Short Term Memory

• Forget gate  
Shrink values towards zero 

• Input gate  
Decide whether we should ignore the input data  

• Output gate  
Decide whether the hidden state is used for the output 
generated by the LSTM 

• Hidden state and Memory cell
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Gates It = ϕ(XtWxi + Ht−1Whi + bi)
Ft = ϕ(XtWxf + Ht−1Whf + bf )
Ot = ϕ(XtWxo + Ht−1Who + bo)

all calculations similar to GRUgates ,
each has its
own Wmatrix

-memory

T7 I L

Whe Wy

WhoWo
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Candidate Memory Cell

C̃t = tanh(XtWxc + Ht−1Whc + bc)
activation
I

prevmen current mem.
↑

I Oforget Oupdate D
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Memory Cell

Ct = Ft ′ Ct−1 + It ′ C̃t

element wise prod operator

↑ M Hadamard"
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Hidden State / Output

Ht = Ot ′ tanh(Ct)



courses.d2l.ai/berkeley-stat-157

Hidden State / Output

It = ϕ(XtWxi + Ht−1Whi + bi)
Ft = ϕ(XtWxf + Ht−1Whf + bf )
Ot = ϕ(XtWxo + Ht−1Who + bo)
C̃t = tanh(XtWxc + Ht−1Whc + bc)
Ct = Ft ′ Ct−1 + It ′ C̃t
Ht = Ot ′ tanh(Ct)


