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Dependent Random Variables

dWS
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Data

« So far ...
 Collect observation pairs (x;,y;) ~ p(x,y) for training
« Estimate y|x ~ p(y|x) for unseen x" ~ p(x)
 Examples
* Images & objects
* Regression problem
* House & house prices
 The order of the data did not matter

dWS
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Recall - Interaction with Environment

« Batch (download a book)
Observe training data (x1,y1) ... (x,y1) then deploy

* Online (follow the class)
Observe x, predict f(x), observe y (stock market, homework)

» Active learning (ask questions in class)
Query y for x, improve model, pick new x

« Bandits (do well at homework)
Pick arm, get reward, pick new arm (also with context)

* Reinforcement Learning (play chess, drive a car)
Take action, environment responds, take new action

dWS
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Recall - Stateful Systems

g Y

no memory

fih




Recall - Training # Testing

« Generalization performance Pemp (2, Y) # p(x,y)
(the empirical distribution lies)

« Covariate shift p(x) # q(x)
(the covariate distribution lies)

« Logistic regression log(1 + exp(—yf(z)))
(tools to fix shift) 1

« Covariate shift correction 5 (P(@)d(L,y) +q(2)d(~1,y))

 Label shift p(y) # q(y)

(the label distribution lies)
 Nonstationary Environments

dWS



Time matters (Koren, 2009)

Rating by date
39 T T T T

Mean score
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Time matters (Koren, 2009)

Rating by date
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Time matters (Koren, 2009)

Rating by movie age
39 . : T T
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Time matters (Koren, 2009)
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Rating by movie age
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45 Prizes

—e— Million Dollar Baby
—¥— Finding Neverland T
The Aviator
—x»— Sideways Won Best Director at Golden Globe

Avg. of all movies

> 4 Had the most Golden Globe nominations
£
©
3 Won the most 2l~d~n Globe awards Beutel et al., 2015
ks and received G0l9€Nyr nominations
&
%351
Received the most Gloden Globe nominations
and won Best Motion PictitGolden ical or Comedy) in Jan.
2 - | B e e 1 1 1 1 d
Aug04 Sep04 Oct04 Nov04 DecO4 Jan05 Feb05 Mar05 Apr05 May@ aAWs

- —
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Average Life Satisfaction for a Sample of German Women

(by year of marriage t = 0)

7.8
7.7 1
7.6 -
7.5 1
7.4 -
7.3 1
724
7.1 el

Life satisfaction

Marriage (females)

Source: Clark, Diener, Georgellis and Lucas (2003), using data from the German Socioeconomic Panel.

Note: An asterisk indicates that life satisfaction is significantly different from the baseline level.
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Life Satisfaction in China as Average Real Income Rises by 250 Percent
Overall, how satisfied or dissatisfied are you with the way things are going in your life today?
Would you say you are very satisfied, somewhat satisfied, somewhat dissatisfied, or very

dissatisfied ?
< 90% -
S 80% - Kahnemann & Krueger, 2006
8= 70% .\I\._ Satisfied
=
< 60% - "
€ 50% -
g 40% - Dissatisfied :
Z 20%-
g 10% -
5]
Q-‘ 0% T T T T T T T T T T T 1
I R S S \ T A R
S S S S S

Source: Derived from Richard Burkholder, “Chinese Far Wealthier Than a Decade Ago—but Are

They Happier?” The Gallup Organization, (http://sww.gallup.com/poll/content/login.aspx?ci=14548).
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~2SGS Not just time. Space, too "™

science for a changing world
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=USGS Not just time. Space, too """

a changing world
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TL;DR - Data usually isn’t lID

dWS
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Sequence Models

dWS
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Sequence Model ‘- b\'«e//eésueug WeCaksr

DJD = A ( )

. DeperTZZ\;Tandc;ﬁ vat:i_abj-ng;f_%w:“f‘?\ioLC 7 A

-\ \ © (oA N\
(x5 - X7) ~ p(x) |

+ Conditional probability expansion~ Kpgeapel Koo, Fry

[]i(x) = p(xp) PO x)) -@(x3 |x1,x2)- ..@(lexl, WXT?

ﬁﬂwan/amﬁd—tﬁ i Vayes ww o T ull Luck
<t ou o0 find reverse direction ... (Q&w\i&“O
S5 -\

fayh3- p(x) = p(xp) - pOer_i | x7) - pOp—s | X1, X7) « .. (X1 | X9, ... Xp)
So why bother?

dWS
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Sequence Model

px) = P(x1) 'P(xz |X1) 'P(x3 |x1,x2) . ---P(XT|X1, ---XT_1)

= A N

px) = plxr) - pOer_y | x7) - pOop_o | Xp_1, X7) + oo p(Xy | X, - X7)

« Causality (physics) prevents the reverse direction

 ‘wrong’ direction often much more complex to model aws
courses.d2l.ai/berkeley-stat-157 N



Sequence Model

(p!
- Autoregressive model wedef, P bk) as a wali l QS(QS‘@W
oL preiol ¢ q@s

Some function of
previously seen data

dWS
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Plan A - Markov|Assumption o K, Koz, Xﬁ’%&dﬂ
arkovj S0 oy, st 4 skps (cof huclld
p(x) = P(x1) 'P(xz |X1) 'P(X3 |x1,x25 . ---P(XT|XT_¢ ---XT_1)

- 9{"‘ /'{‘f‘ /’{"4 7 _—

« Assume that only a few steps in the past matter
» Autoregressive model

POl xp,ox_) = pl | fO_p o X))

Some function of

dWS

\./‘7

previously seen data
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Plan A - Markov Assumption

p&x p(xl) p(x2lx1) p(xglxl,xz) -p(lexT_T,...xT_l)

,‘ »

* In practice solve regression problem

=flx,_,..x_1) = ?( Ker 4 K\rg) Xt 2, ?(t, )

e.g. train an MLP on

previously seen data

courses.d2| .ai/&rkeley-stam 57 N



Plan B - Latent Variable Model & =lidden kle ot
e bt bt ST

(x) = p(x)) - p(xy | xp) - p(xg | X1, %) - o.p(xp| Xy, oo Xp_y)




Plan B - Latent Variable Model

e Latent state summarizes all the relevant information about
the past. Sowe get 7, = f(x,...x,_) =f(h_;, x,_)

p(h |ht 1,Xt 1) and p(xtlhpxt 1)

n ‘o ‘ ‘o '
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Latent Variable Models (classical treatment)

 Temporal sequence of observations
Purchases, likes, app use, e-mails, ad clicks, queries, ratings

e Latent state to explain behavior
 Clusters (navigational, informational queries in search)

 Topics (interest distributions for users over time)
« Kalman Filter (trajectory and location modeling)

Explanaton @—+@—@—-@—-0@—-O— O
% %% % %%

courses.d2l.ai/berkeley-stat-157




Temporal Clustering aka Hidden Markov Models

* Clusters with sequential dependence

ZH}? Yilyi—1)p(Tilys)

(b) No P-addition

Exonuc lease activity
r ( ( T\
P1 P2 | P3| P4 »Q—V D1 D2 *|Dn-1 Dn P 1®| P2 | P3| P4
_><'f>7 Exonuclease activity O

amazon

web services



Temporal PCA aka Kalman Filter

« Latent factor variable zy ~ N(Ay: + p, K)
- Simple sequential factorial structure  y¢ ~ N (Byi—1 + v, L)

_ NENg
Eramazon
P webservices



Sequence Models

 Temporal sequence of observations
Purchases, likes, app use, e-mails, ad clicks, queries, ratings

e Latent state to explain behavior
 Clusters (navigational, informational queries in search)
 Topics (interest distributions for users over time)
« Kalman Filter (trajectory and location modeling)

Explanaton @@ @@ @00
% %% % 2% 7
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Sequence Models

 Temporal sequence of observations
Purchases, likes, app use, e-mails, ad clicks, queries, ratings

e Latent state to explain behavior

Are the parametric models really true?

Explanaton @@ @O0
N % % %2 % % % T

courses.d2l.ai/berkeley-stat-157




Sequence Models

 Temporal sequence of observations
Purchases, likes, app use, e-mails, ad clicks, queries, ratings

o State space
Variable depth / variable representations / variable types
(we know more about some users, queries than others)

e Temporal resolution
Data doesn’t arrive at quantized intervals

Explanaton @@ @@ @00
% %% % 2% 7
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Plan A - Markov Assumption

dWS
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Markov Assumption

* Next observation only depends on the past few terms

X =f_...X_1)
 Train regression model

« Use it to predict the next step and iterate

Demo time

dWS

courses.d?l.ai/berkeley-stat-157



Language Models
Leﬁ/(amﬁwgﬁ —7§M&
a Léuu\(dl e
Q;b( ?veﬂd Hue Povv\{\“wcc\‘b/\ o \;eu(eucg.

; Tl et ~oo—eus sl — led—u—gauls
\m \/ﬁ%b WS
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Modeling Language 101

» Tokens not real values (domain is countably finite)

T
PWi, Wy, ooy Wp) = HP(WAWl, s W)
=1

p(Statistics, 1s, fun, . )
= p(Statistics)p(is | Statistics)p(fun | Statistics, 1s)p( . | Statistics, is, fun)

« Estimating it
n(Statistics 1S)

n(Statistics) adWws

p(is | Statistics) =

courses.d?l.ai/berkeley-stat-157



N-grams (longer sequences of tokens)

* Need smoothing (long n-grams are infrequent)

nw) + €,/m

A

pw) =

n+€1

n(w,w’) + e;pw’)

powiw) = nw) + ¢,

nw,w,w") + e;p(w’, w")

POV | W', w) = ,
nw,w’) + €3

. L it right!
Talk to your friendly Bayesian if you want to do it right! aws
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Let’s look at actual language statistics

dWS

courses.d?l.ai/berkeley-stat-157



Text Preprocessing

dWS
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Tokenization

The Time Machine by H. G. Wells

» Basic Idea - map text into sequence of IDs
« Character Encoding (each character has one ID)
« Small vocabulary
* Doesn’t work so well (DNN needs to learn spelling)
« Word Encoding (each word has one ID)
* Accurate spelling
* Doesn’t work so well (huge vocabulary = costly multinomial)
« Byte Pair Encoding (Goldilocks zone)
* Frequent subsequences (like syllables)

dWS
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Minibatch Generation

The Time Machine by H. G. Wells
The Time Machine by H. G.[ Wells
The Time Malchine| by H. G. Wells
The Time Machine by H.[ G. Wells
The| Time| Machline by H. [G. Wellls
The [Time Machinhe byl H. Gl. Wellls

courses.d?l.ai/berkeley-stat-157
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Minibatch Generation

 Random partitioning
 Pick random offset

 Distribute sequences at random over mini batches
* Independent-ish samples
* Need to reset hidden state

The Time Machine by H. G. Wells
The Time Machinle by H. G.| Wellls
The Time Machine| by H. G. fells|
The Time Machine py H.| G. Wells

The| Time| Machline by H. [G. Wellls aWS

The [Time Machiphe by| H. G[l. Wellls
courses.d?l.ai/berkeley-stat-157




Minibatch Generation

e Sequential partitioning
 Pick random offset

 Distribute sequences in sequence over mini batches
* Dependent samples
» Keep hidden state across mini batches (much better)

The Time Machine by H. G. Wells
The Time Machinle by H. G.| Wellls
The Time Machine| by H. G. fells|
The Time Machine py H.| G. Wells

The| Time| Machline by H. [G. Wellls aWS

The [Time Machiphe by| H. G[l. Wellls
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Plan B - Recurrent Neural Networks

dWS
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Recurrent Neural Networks (with hidden state)

M 20 %% U %Y

courses.d2l.ai/berkeley-stat-157
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Recurrent Neural Networks (with hidden state){&

@,e%;é%&) ©O 00 0 ¢ m Llaer
AT 00000 3B >0 >t
= (e A | | | WL ‘ ‘
i Wi
SR @ ® @ 0 @8 @
% 3 W@Sw‘ umJM‘CS& %xwhv\\d%
« Hidden State update (iwdep ok Sk t)
h,=¢(W,h,_, + W, x,_,+b,)
* Observation update
0,= p(Wyh,+b,) WS
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Introduction to Deep Learning

19. Recurrent Neural Networks

STAT 157, Spring 2019, UC Berkeley

Alex Smola and Mu Li
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Latent Variable Autoregressive Models

Latent state summarizes all the relevant information about
the past. Sowe get 7, =f(x,...x_)) =f(h_,x,_)

p(h |ht 1,Xt 1) and p(xtlhpxt 1)

n .‘ ‘.
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Recurrent Neural Networks (with hidden state)

M 20 %% U %Y
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Recurrent Neural Networks (with hidden state)

Output QQQQQQQ

Explanation °—>’—>.—> —>

Observation e/ Q/ Q/Q @\ 0/0/

R
- Hidden State update ¢ P

|h, = ¢(Whhht—1 FWLx lﬁh)
* Observation update

0= Wb +by) aws

courses.d2l.ai/berkeley-stat-157 N




Code ...

dWS
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N
Implementing an RNN

Language Model ?

courses.d?l.ai/berkeley-stat-157
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Input Encoding

* Need to map input tokens to vectors
 Pick granularity (words, characters, subwords)
« Map to indicator vectors

nd.one_hot(nd.array([0, 2]), vocab_size)

seos
soo®
soe®
soos
soo®
soe®
soos
soo®
soe®
soos
soo®

0.
Q.
. 0.
0.
Array 2x43

* Multiply by embedding matrix W
aWs
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Input Encoding THE T

Canonical Vectors v

Embedding Matrix W -
Embedded Vectors v’ I I I I I I I I aws
courses.d2l.ai/berkeley-stat-157

COO0OO0OO0O -




RNN with hidden state mechanics

 Input

vector sequence Xj, ..., Xy
* Hidden States

vector sequence h,,....,h,where h, = f(h,_,,x))
e Output

vector sequence 0y, ...,0;Where o, = g(h,)

Read sequence to generate hidden states, then start
generating outputs. Often outputs (symbols) are used as
input for next hidden state (and thus output). aws

courses.d?l.ai/berkeley-stat-157



Output Decoding

Output Vectors o WVQI I I I I I I I

Decoding Matrix W’

oW
p(v10) x exp (/o ) = exp(oly])
One-hot decoding

dWS
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Gradients
Jery larce = GDMQMMQ \‘\A& Ag@{ Jea Law ac o UAS\/\
» Long[chain of dependencies]for backprop
* Need to keep a lot of intermediate values in memory
 Butterfly effect style dependencies
« Gradients can vanish or diverge (more on this later)

- [Clipping|to prevent divergence “P\W V)i’v‘J

el
| | dovd Lad God
rescales to gradient of size at most ¢ loo Lic. .
D aAws
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Perplexity = Qﬂfakﬂ

 Typically measure accuracy with log-likelihood

« This makes outputs of different length incomparable
(e.g. bad model on short output has higher likelihood !
than excellent model on very long output) /‘“\”("‘ (ele

Witk v oy
*\ Normallze log-likelihood to sequence Iength
LD& 0 . )’ Z log p(y,|model) vs. 7 :=—— Z log p(y,| model)

=1
« Perplexity is exponentiated version eXp(ﬂ)

(effectively number of possible choices on average)

’

dWS

courses.d?l.ai/berkeley-stat-157






Recurrent Neural Networks (with hidden state)

Output QQQQQQ?

Explanation °—>‘—>‘—>‘—>‘—>‘—>‘_>
Observation Q/'/‘/‘/‘/‘/‘/

« Hidden State update

hy = f(h_y, X1, W)
* Observation update

= 81, W) aws
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Objective function

* RNN generates output which needs to be compared to
target labels

T
Lix.y,w) = Y 1(y,0,)
=1

e Gradient
0. L

w

2,1y, 0,)
1 Ql/\w\/\ Wlf,

/_\

0,1y 0) lawg(ht, w) + 9, g(h, w)dwht]
1 A

I
M-

!

DM~

!
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Latent State Gradient o, /,

* Objective Function

T T
0,L =Y 0,000 =Y 0,I,0) lawg(ht, W) + 9, g(h, w @}

=1

=1

 Gradient Recursion

d,h, = 0,,f(x;, h,_1,w) + 0, f(x, h,_y,w)d, h,_,

1
=t

courses.d?l.ai/berkeley-stat-157
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Latent State Gradient o 7,
 Gradient Recursion

()wf (xia hi—l’ w)

Too Many

Terms Unstable
(divergence)

expensive

dWS
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Latent State Gradient o, /,

. Gradient Recursion wleotlle orupabtan

1 T ——

o,h =Y {ﬂ

=t

awf (X hz I» WS)

Output

>

(planatio

i @) Pservation

AN
courses.d2l.ai/berkeley-stat-
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Latent State Gradient o, /,

 Gradient Recursion

1

awht — Z H ahf (x], hj_19 w) awf (xia hi_la w)

Drop
gradients

j=t

courses.d2l.ai/berkeley-stat-157



Truncated BPTT =7 MH&Q T ef-gedads (b = sl
.| Don’t t@(nalve strategy, costly and divergent)
* Truncate at fixed intervals j\ﬂw lié‘.
&(sﬁndard approach, is approximation but works well)
ariable length (Tallec and Olivier, 2015)
8* (is exact after reweighting, doesn’t work better in practice)

‘\\°\l\g}he Time Machine by H.G. Wells
\ofzﬂs > rlos (o) - O :
[ 1 1 : } lftﬂ?\* wlles
\’&\ |/ || NN -

VS FuCale [wsl e« g
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Truncated BPTT

 Random variable instead of simple truncation

Zp = 0,,f (X Ny, W) + £,0,, f (X, by, W)0,,h,_

 Variable length (Tallec and Olivier, 2015)

(is exact after reweighting, doesn’t work better in practice)
T h e T ime Machdine by H.G. Wells

B
-

. -
- - — - -

\ i
4

-
-

4

-
-

 J

dWS
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Computational Graph

*3 ’Q_’ hy 03 L Y3
BN N
) h, 0, _>d><_ Yy
N VAN
x | .gk h] 0, Y,
Wi Wan h,
adWsS
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Example in detail

dWS
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Toy Model

* Linear RNN

h,=W,x,+W,h,_,ando,=W,ih,
* Qutput gradient T
Ow L = Z prod <dOtl(Ot, Vo), ht)
- State update gradient ’:Tl

dw, L =Y prod (()Otl(o,, VW awhhht)
=1

6W L= ZPrOd <a [0, 1), W, aW ) dWSs

courses.d2l.ai/berkeley-stat-157 =1



Gradients ... continued

* Linear RNN
h,=W,x,+W,h,_,ando, =W, h,
* Recursive update
oph,,; = W] and thus 9, h, = (W],)"
* Full recursion

Drop

gradients

courses.d2l.ai/berkeley-stat-157 J =1
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Truncation in practice

« Compute forward pass across truncation boundaries

« Backprop only until truncation boundary
(typically mini batch boundary, too)
* In code

for s in state:
s.detach()

« Good reason for why sequential sampling is much more
accurate than random - state is carried through.

dWS
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Paying attention to a sequence

palts ok @ et lunvacbistely ot
- Not all bbservations are equally relevant
' o
* Only remember the relevant ones %@Mﬁ ’\w%
 Need mechanism to pay attentien (update gate)

—

 Need mechanism to forget (reset gate)

dWS
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Gating loc P\b

Re et gale . Wow wds

hxf?xﬁ\/ 4)(:'-\ ‘o ceyibluler

\)\ &abz ) lADW \MIUQL\
dugliede H

FC layer with
activation fuction

(o)

courses.d?l.ai/berkeley-stat-157

Hidden state &&&

R =0cXW,_ +
Z,=cXW,_+

¥eet
Ht—lwhr + br)’

\{{t—lwh + bz)

N\

/
H

Reset Update
gate gate
Ry Z
. o o
W, W b

'\,\b\ | q/ ‘T

(dete
Low

Inpzjs(t

®

Element-wise
Operator

:l‘ Copy

wl«r%wt\z

m@ﬁ

Ve X \N
W o be lexcied
<) ;S\\ﬁw.ow / l©&l§Jhb

_(—’ Concatenate
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Candidate Hidden

State

ﬁt:Eanh(XWh+(R OH, )Wy, +b, |

Hidden state
Hy 4

CMQ(M{ ’

We OM

“P%Q/a(a L:H% ‘\DV\ SUSS
q“l LOWCUOQ“Q&

}\n

Candidate
Update H|dden state

T

\

o tanh

/

]

FC layer with
activation fuction

o
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Hidden State

Hidden state
Hy 4

FC layer with
activation fuction

courses.d?l.ai/berkeley-stat-157

Vew m\w%’w

/‘%

@Ht1+(1 t)@H

4 )
3 & O——
A
Reset Update
j gate gate Candidate
o1 R ol % Mannl--4-- Hiddeﬂ state
H
\
— J Jj )‘ f
\_ J
Input Xt

@ Eleon;eérr\;-t\év:se :l‘ Copy 7" Concatenate aWS



Summary R=cXW_+H_W, +b),
Z,=cXW_+H_/W, +b)
H,=tanhXW,, + (R,0 H,_;) W,,+ b))
H=Z0H_,+(1-Z)0OH,

Hidden state / H
Ry 4 ) — "t
Candidate
__ Hidden state
Hy
\
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Long Short Term Memory
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Flashback to electronics

courses.d2l.ai/berkeley-stat-157



Long Short Term Memory

* Forget gate
Shrink values towards zero
* Input gate
Decide whether we should ignore the input data
e Output gate
Decide whether the hidden state is used for the output
generated by the LSTM

 Hidden state and Memory cell
aWs
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(L“ QCI(OM(MW\\M. 5\,w°\or b &RV %aks ’ @CI/\ (/W(Q H_g

Fl‘ = G(Xthf -+ Ht_lwhf + bf)
O, =cXW_+H_W,_+b)
4 )
Fooe) [ \
gate gate meTow gate
Fi I Ct 0
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o o tanh o
sensate | U T Wi MG F W] Yo
t - I( LR /
Input Xt
] acvation fucton “Operator |, Cony

courses.d?l.ai/berkeley-stat-157

_(—’ Concatenate aWS



Candidate Memory Cell

Joaion

\?H (X W
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Forget Input
gate gate
Fi | o kl o
Hidden state Ji Ji
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Input Xt
FC layer with Element-wise

o

activation fuction
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Memory Cell

CZ T Ft Ct—l + IZ Ct
M 4 ™~
ecmory () D .,
t-1 T
Output
gate
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Forget Input Candidate
gate gate memory T
Fil o Lkl o C, | tanh o
Hidden state )A )A J )A
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Input Xt
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Hidden State / Output

H, = 0, ® tanh(C,)

Memory 4 ) >/+\ ) N Ct

©

Forget Input r——’
gate gate Candidate Output
Ft It merIlory gate

o o c, |tanh Ol o

Hiddlt_a’n state j j j } e Ht
t-1 (
- /

Input Xt

FC layer with Element-wise
o activation fuction Operator _L, Copy I Concatenate aWS
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Hidden State / Output

It = G(Xthi + HZ—IWhi + bl)

Mecrzc;ry 4 ) (D ) C Ft — G(XfWXf + HI—Ith + bf)
Canh>
O=cXW_+H_W,_ +b)
g;d:tte| o | ga;:T o ng?ég?%ianﬂ Og%%t o | él‘ — tanh(XfWXC + Hl_lWhC + bc)
Hy 1 [ /AHt Ct=Ft®Ct—1+It®Ct

H, = 0,0 tanh(C))
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