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Marginal and conditional distributions of multivariate normal distribution

Assume an n-dimensional random vector

has a normal distribution N'(x, ¢, ¥ with

H= Lo 2 - S )

where X; and X, are two subvectors of respective dimensions p and q with » + g = n. Note that . = ST,and
1 2 p P q PTq

S:l = S:

1 .

Theorem 4:
Part a The marginal distributions of X; and X5 are also normal with mean vector f; and covariance matrix %;; (

1 = 1,2), respectively.

Part b The conditional distribution of X; given X; is also normal with mean vector
— .l )
Hij; = pi + 220 (X — 1)

and covariance matrix

Ty v Ty-1y
—i|j T =G T S =i
Proof: The joint density of X is:
o . . 1 1, Tl s , 1 1 _, s
f(x) = fx1,%2) = Smmpmerpl—5x—p) T (x—p)] = S——mmmmerp[-50(x1, %2)]

(27)

where () is defined as

\

Qx1,%2) = (x — ) "= (x — p)
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11 vl2
— T ) — X1— H1
[(XI-#I) e = b)) [ D ] [Xz—#z ]

= (31— ) TEM (31 — ) + 2(x1 — ) TER (32 — p2) + (32 — p2) TP (%2 — )

Here we have assumed

n_ —1y2T -1 _ v AT y-1 15T

= (En-TnTnTh) T = I T ST A, 5 Tn) ST,
22 T y—1 -1 -1, y-1yT —1yT y-1 -1

I% = (= EpT i) T = D545 To(En— T Xy ) T e Xy

Substituting the second expression for L', first expression for 7%, and £ into @(x1,X3) to get:

) VT — T v— T \
Q(x1,%2) = (31— )" [B7 + Z5' Tua(Taz — AT T2 7L I (4 — )

+(x2 — p2)” (T2 — 2{22—11212)—1](){2 — 2)
= (x1— ) R (%1 — 1)
+(61 — )" S0 Taa(Ta2 — AT Tho) LT J(x1 — pua)
2(x1 — )T [E0' T2 (T2 — TLER Ta) 7 (%2 — )
+(x2 — p2) [(—‘” - - {2 1 S1:’)_1](3{2 — pa)
= (x1— )Tt (1 — o)

+[(x2 — p2) — 5L (31— pu) ] (E22 - S{°$Illul° (2 — p2) — LI (%1 — )]



The last equal sign is due to the following equations for any vectors u and v and a symmetric matrix A = AT,

wTAu—2uT Av + 0T Av = ¥ Au —uT Av —uT A +0T A

uTAlu—v) — (u—v)TAv = uF Alu—v) — T A(u — )

= (u—v)TAlu—v) = (v —u)TAlv — u)

We define
Jay T ——
= o+ TSI (X — )
= T v-1
:'1 = 233 - 2132 1 S]_g
and
Q1 (1) = (x1— m)'Ey (Xl — 1)
Qa(x1,%2) = [(%2 — ) — ELER (1 — )] (T2 — TLEG Tna) (%2 — ) — &
= (Xg - b)Tr!. 1(X3 - b
and get

Q(x1,%2) = Q1(x1) + Qax1,%2)

Now the joint distribution can be written as:

: . 1 1 .
flx) = flx,%) = WEIIJ[_;Q(XI;XEJ]
1 [~ 5@0x1,%)]
— — > SELP — x , X1
(27)/2 | S |3z — ZLEL T2 27
1 1 . 1

= (2 ,.,lv 2 el‘.p[—§(xl - ﬁt.l)TEl—ll(xl - #1)] (Q'Tf)q~"l'~’|A|1f"'3 erp[—§

11|1

= N(x1, 1, Z11) N(x2,b, 4)

The third equal sign is due to theorem 3:

(x, — b)T

1'1_1()(3 — b)]



The marginal distribution of X; is

fl(xl) =/f(x1,x3)dx2:

1

[ 1
7 —ET
ESEE T

2

and the conditional distribution of X, given X; is

fap(x2]x)

with

f(.,XI,X2) _ ]_ N
fx) (2m)a/2| A2 P
b= L + Sfezl—ll(xl ul)

(

\T
X1—H)

Eh (x— )]

L (s — BT A7 (s — )]

next up  previous

Next: Appendix B: Kernels and Up: Appendix A: Conditional and Previous: Inverse and determinant of

Ruye Wang 2006-11-14


http://fourier.eng.hmc.edu/e161/lectures/gaussianprocess/node8.html
http://fourier.eng.hmc.edu/e161/lectures/gaussianprocess/node5.html
http://fourier.eng.hmc.edu/e161/lectures/gaussianprocess/node6.html
http://fourier.eng.hmc.edu/e161/lectures/gaussianprocess/node8.html
http://fourier.eng.hmc.edu/e161/lectures/gaussianprocess/node5.html
http://fourier.eng.hmc.edu/e161/lectures/gaussianprocess/node6.html

