
c(u, v)

e(u) =  f(w,u) −
w

∑  f(u,w) ≥
w

∑ 0

s t

c  (u, v)f

h(u)

h(u)

h(s) = ∣V ∣
h(t) = 0
h(u) = 0 u

c  (u, v) >f 0

h(u) ≤ h(v) + 1.



u = s, t e(u) > 0

(u, v)
c  (u, v) >f 0

h(u) = h(v) + 1

δ = min(e(u), c  (u, v))f

e(u) e(v)

δ = c  (u, v)f

δ = e(u)

u

h(u) ← 1 + min{h(v) ∣ c  (u, v) >f 0}.

e(u) > 0
(u, v)

L s t



h[u]

e[u]

current[u] discharge(u)

u ∈ L

initialize_preflow(G, s)
create a doubly linked list L of vertices V \ {s, t} in any order
for each u in V:
    current[u] = first neighbor of u in adjacency list

u = first vertex in L
while u != NIL:
    old_height = h[u]
    discharge(u)      // standard push/relabel loop for u
    if h[u] > old_height:
        move u to front of L
        u = next[u]   // continue from the vertex after u in the list
    else:
        u = next[u]

discharge(u)

discharge



current[u]

discharge(u)

discharge(u)

current[u]

(u,v)

current[u]

h(u)

2∣V ∣ − 1

O(V ) for relabel-to-front.3



current[u]

discharge(u)



u = vi

h[u]

(v1) <-> (v2) <-> (v3) <-> ... <-> (vk)

u = first(L)
while u != NIL:
    old_height = h[u]
    discharge(u)
    if h[u] > old_height:



        move u to front of L
        u = next[u]      // next in ORIGINAL location
    else:
        u = next[u]



{s, a, b, c, d, e, t}

s → a : 10
s → b : 10

a → c : 4
a → d : 6
b → c : 6
b → e : 4
c → d : 3
d → e : 3
d → t : 6
e → t : 8
c → t : 7

h(s) = ∣V ∣ = 7
h(a) = h(b) = h(c) = h(d) = h(e) = h(t) = 0

s

e(a) = 10
e(b) = 10



old_height = h[u]

discharge(u)

h[u] > old_height u

u = next[old_u] next[old_u]

u = a

[ a, b, c, d, e ]

s (h=7) c (0) d (0)

e = 0

L

L = [ a, b, c, d, e ]

u = a

h(a) = 0 e(a) = 10



discharge(a)

discharge(a)

old_height = 0

h[a] = 1 > old_height

a

u next[old_a] b

h(a) = h(v) + 1

h(a) = 0

h(a) = 1 + min{h(v) : (a, v) has residual capacity} = 1 + min(0, 0, 7) = 1
h(a) = 1
a → c

a → d

a → c

e(a) = 6 e(c) = 4
a → d

e(a) = 0 e(d) = 6

e(a) = 0
0 → 1

L = [ a, b, c, d, e ]



u = b

s(7) c(0) e(0)

discharge(b)

u = b

L = [ a, b, c, d, e ]
            ↑
            u

h(b) = 0 e(b) = 10

h(b) = 0

h(b) = 1 + min{h(v)} = 1 + min(7, 0, 0) = 1
h(b) = 1
b → c

b → e

b → c

e(b) = 4 e(c) = 10



discharge(b)

old_height = 0

h[b] = 1 > old_height

b

b

u

[a, b, c, d, e] b c

b → e

e(b) = 0 e(e) = 4

e(b) = 0

L = [ a, b, c, d, e ]

L = [ b, a, c, d, e ]

u = c



u = c

a(1) b(1) d(0) t(0)

discharge(c)

discharge(c)

L = [ b, a, c, d, e ]
               ↑
               u

h(c) = 0 e(c) = 10

h(c) = 0

h(c) = 1 + min(1, 1, 0, 0) = 1

c → d

c → t

c → d

e(c) = 7 e(d) = 9
c → t

e(c) = 0 e(t) = 7



c

c

u

[b, a, c, d, e] next[c] = d

u

u = d

e(c) = 0

L = [ b, a, c, d, e ]

L = [ c, b, a, d, e ]

u = d



a(1) c(1) e(0) t(0)

discharge(d)

discharge(d)

L = [ c, b, a, d, e ]
                  ↑
                  u

h(d) = 0 e(d) = 9

h(d) = 0

h(d) = 1 + min(1, 1, 0, 0) = 1

d → e

d → t

d → e

e(d) = 6 e(e) = 7
d → t

e(d) = 0 e(t) = 13

e(d) = 0



d

u

[c, b, a, d, e] next[d] = e

u = e

L = [ c, b, a, d, e ]

L = [ d, c, b, a, e ]

u = e

L = [ d, c, b, a, e ]
                      ↑
                      u



b(1) d(1) t(0)

discharge(e)

discharge(e)

e

h(e) = 0
e(e) = 7

h(e) = 0

h(e) = 1 + min(1, 1, 0) = 1

e → t

e → t

e(e) = 0 e(t) = 20

e(e) = 0

L = [ d, c, b, a, e ]



u next[e]

[d, c, b, a, e] next[e] = NIL

a

b

L = [ e, d, c, b, a ]

u = NIL

L0 = [ a, b, c, d, e ]
u=a

L1 = [ a, b, c, d, e ]
u = b



c

d

e

u

u

L2 = [ b, a, c, d, e ]
u = c   (next after b in old [a,b,c,d,e])

L3 = [ c, b, a, d, e ]
u = d   (next after c in old [b,a,c,d,e])

L4 = [ d, c, b, a, e ]
u = e   (next after d in old [c,b,a,d,e])

L5 = [ e, d, c, b, a ]
u = NIL



[e,d,c,b,a]

u

discharge(u)

u -> v (cap, flow, residual)

u -> v  [residual_capacity]



s -> a (10)
s -> b (10)

a -> c (4)
a -> d (6)

b -> c (6)
b -> e (4)

c -> d (3)
d -> e (3)

c -> t (7)
d -> t (6)
e -> t (8)



a -> s [10]
b -> s [10]

a -> c [4]
a -> d [6]

b -> c [6]
b -> e [4]

c -> d [3]
d -> e [3]

c -> t [7]
d -> t [6]
e -> t [8]

s has no outgoing residual edges (since s→a, s→b are saturated)

e(a)=10, e(b)=10
others=0

L = [a, b, c, d, e]



discharge(a)

a -> s [10]

a -> c [0]       (full)     c -> a [4]
a -> d [0]       (full)     d -> a [6]

b -> s [10]

b -> c [6]
b -> e [4]

c -> d [3]
d -> e [3]

c -> t [7]
d -> t [6]
e -> t [8]

e(a)=0
e(c)=4



discharge(b)

e(d)=6
e(b)=10

[a, b, c, d, e]   (unchanged)

a -> s [10]
c -> a [4]
d -> a [6]

b -> s [10]
b -> c [0]      c -> b [6]
b -> e [0]      e -> b [4]

a->c is full, a->d is full

c -> d [3]
d -> e [3]



discharge(c)

c -> t [7]
d -> t [6]
e -> t [8]

e(c)=10 (4 from a + 6 from b)
e(d)=6
e(e)=4

[b, a, c, d, e]



a -> s [10]
c -> a [4]
d -> a [6]

b -> s [10]
c -> b [6]
e -> b [4]

a->c full, a->d full

b->c full, b->e full

c -> d [0]      d -> c [3]
c -> t [0]      t -> c [7]

d -> e [3]

d -> t [6]
e -> t [8]

e(d)=9
e(e)=4
e(t)=7

[c, b, a, d, e]



discharge(d)

a -> s [10]
c -> a [4]
d -> a [6]

b -> s [10]
c -> b [6]
e -> b [4]

d -> c [3]
t -> c [7]

d -> e [0]      e -> d [3]

d -> t [0]      t -> d [6]

e -> t [8]



discharge(e)

e(e) = 7  (4 + 3)
e(t) = 13

[d, c, b, a, e]

a -> s [10]
c -> a [4]
d -> a [6]

b -> s [10]
c -> b [6]
e -> b [4]

d -> c [3]
t -> c [7]



e -> d [3]

t -> d [6]

e -> t [1]      (capacity 8 originally, pushed 7)
t -> e [7]

e(e)=0
e(t)=20

[e, d, c, b, a]



s

R  i



e→t [1]

t→e [7]

t c d

[a, b, c, d, e]

[a, b, c, d, e]

[b, a, c, d, e]

[c, b, a, d, e]

[d, c, b, a, e]

[e, d, c, b, a]

a → b → c → d → e

[e, d, c, b, a]

discharge(u)

         \  /
          t



discharge(u) current[u]

O(V )3

O(V )3

u

h(u) 2V − 1

2V − 1

u → v

h(u) = h(v) + 1.

u



O(V )2

u = s, t h(u) 2V − 1
O(V )

V − 2

Total relabels = O(V ) × O(V ) = O(V ).2

O(V )2

O(V E)2

O(V )2



u → v u v

u 2V
(u, v) u O(V )

Total saturating pushes ≤ E ⋅ O(V ) = O(V E)

saturating pushes = O(V )2

V

O(V E) O(V E)2

O(V )2

O(V )3

u



discharge(u)

u

h(u)

u

u

u

h(u) = h(v) + 1

O(V )

O(V ) O(V )

Total non-saturating pushes = O(V )2

O(V )

O(V ) ×2 O(V ) = O(V )3



discharge(u)

current[u]

(u, v)

O(V )3

 deg(u) ⋅
u

∑ O(V ) = O(V E)

O(V )3

O(V ) discharges ×2 O(V ) scanning per discharge = O(V ).3



O(V )

Total list moves = O(V ).2

O(V )2

O(V )2

O(V )2

O(V )3

O(V )3

O(V )2

T (V ,E) = O(V )3


