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Abstract

We obtain several results on sampling product distributions in a local and randomness-
efficient fashion:

1. Let D = (D4, Ds,...,D,) be a product distribution where the D; have constant
support and have dyadic probability masses (i.e., of the form a/2° where a,b are
integers). Then D can be sampled in constant time in the bit-probe model (equiv-
alently, in NC?) and randomness complexity (h(D) + €)n, up to an exponentially
small statistical error. The dyadic requirement is necessary.

2. Every p-biased distribution can be sampled in constant time in the cell-probe
model with randomness complexity h(p)n + /n - polylog(n), up to a polynomially
small statistical distance.

3. We determine the tradeoffs between locality and statistical distance for sampling
the 1/4-biased distribution using non-trivial randomness complexity (e.g., 1.99n).
For 2 bit probes, essentially no non-trivial approximation is possible; for 3 bit
probes, we give a sampler with 1/poly(n) statistical distance and show that this
is best possible; finally, 4 bit probes suffice for exponentially small distance.

Our constructions rely on pseudorandom distributions that are bounded uniform
on average. These distributions are obtained using various tools from low-density
parity-check codes, and recent results on succinct and retrieval data structures by Hu,
Liang, Yu, Zhang, and Zhou (STOC 2025).
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1 Introduction

Shannon’s source coding theorem [Sha48], see for example [CT91, Theorem 3.2.1], says that
n ii.d. samples from a source D can be compressed into about nH (D) bits, from which the
samples can be decoded with high probability. In Shannon’s original result, the decoder is
not explicit; efficient source decoding algorithms were developed in subsequent works (see,
for example, [MCW15] and the references therein).

However, source coding places no requirement on the statistical distance between the
decoder’s output distribution and the source distribution. Later, Knuth and Yao [KY76]
initiated the study of “source simulation,” more commonly known as sampling. Formally,
given a distribution D, say supported on {0, 1}, the goal is to design a mapping f: {0,1}™ —
{0,1}* such that for a uniformly random x € {0, 1}, the distribution of f(x) is equal (or
close) to D. Knuth and Yao proved optimal bounds on the ezpected number of uniform bits
required for this task.

By a simple concentration argument, one can extend their result to construct samplers
for n i.i.d. samples from any distribution D with worst-case randomness complexity close to
the information-theoretic optimum nH (D). The sampling question has since been studied
extensively in both information theory and computer science theory, leading to time- and
space-efficient samplers in various settings. We refer readers to [Li24, Chapter 9] for a brief
survey, and to [DS26] for a summary of more recent developments.

However, achieving randomness complexity close to nH (D) using samplers that run in
constant time per output symbol has proved elusive. Somewhat surprisingly, we show that
this is possible in various settings. For example, Theorem 1 establishes such a result in the
bit-probe (a.k.a. NC") model for any dyadic source, a restriction that prior work has shown
to be necessary.

More broadly, a main motivation for this paper arises from the study of the complexity of
distributions. We now elaborate on this perspective and then present our results.

Recent years have witnessed substantial progress on understanding the complexity of
sampling distributions, motivated in part by earlier work showing that sampling can be easier
than computing. In contrast to the standard task of computing a function, sampling does not
require f to output any specific value on a given input x; rather, the focus is solely on the
distribution induced by f(x) when @ is chosen uniformly at random.

For a concrete example, consider the parity function. While classical results in the
80s [Has86; Smo87] showed that AC" circuits have small correlation with the parity function,
the works [Bab87; BL87] showed that the uniform distribution on n-bit strings with the same
parity can be sampled exactly by the following 2-local function on n — 1 bits:

(xla s ,.Tn,1> = (xlyl'l S T2, T2 ) T3, ..., Tp-2 S mnflaxnfl)-

Other surprising examples include sampling the inner-product mod 2 function [IN96] and
random permutations [MV91; Hag91; Viol2|. For background and more discussion we refer
the readers to [Viol2].

The work [Viol2] initiated a study of the complexity of sampling using restricted com-
putational models and established several lower bounds. Since then, a large body of works

have established many exciting unconditional results on sampling distributions in several
restricted models, including local functions [Viol2; Vio23; FLRS23; KOW24; KOW25a;
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KOW25b], small-depth circuits [LV12; BIL12], one-way space-bounded computation [CGZ22],
and communication protocols [GW20; YZ24]. By now, this line of research has found a wide
range of applications in various areas such as randomness extractors [Violda; CZ19; CS16],
data structures [Viol2; Vio23; YZ24; AGMRS26], low-distortion embeddings [BCS16; BS23],
quantum and classical separation [WP26; GKMOW26], and coding theory [SS24]. In fact,
jumping ahead, this work will also further develop some of these connections (in particular,
to data structures). We refer the readers to the blogpost [Vio24] for more details on these
connections.

In this work, we study the complexity of sampling product distributions. The special
case of p-biased distributions on n bits, denoted Ber(p)", is already omnipresent in computer
science. For example, the complexity of sampling p-biased distributions has been studied in a
series of recent works including [Vio23; FLRS23; KOW24; KOW25a]. Some of the motivation
for this line of research comes from a connection with data structures from [Viol2], discussed
more below. Such distributions also arise as noise or random restrictions in various areas
ranging from distributed computing, to Boolean function analysis, coding theory, randomized
algorithms, and learning theory. For example, in cryptography the Learning Parity with Noise
(LPN) problem [BKWO03] or its cousin the Learning With Errors (LWE) problem [Reg09]
are considered standard hardness assumptions. Instantiation of cryptographic primitives
based on these assumptions typically requires perturbing a binary vector with p-biased
noise. Hence very efficient (or parallel) implementations typically require correspondingly
efficient ways to sample such noise. In pseudorandomness, recent approaches to constructing
generators involve summing bounded-independence generators with p-biased distributions, see
the monograph [HH24] and the works [DILV24a; DILV24b]. Again, efficient implementations
of these generators require efficient samplers for p-biased distributions.

Our main interest in this work is to understand the tradeoffs between locality, input length
which we also call seed length or randomness complezity, and statistical distance for sampling
product distributions.

To illustrate, let us consider the task of sampling the 1/4-biased distribution on n
bits, denoted Ber(1/4)™. On the one hand, the distribution Ber(1/4)™ can be sampled with
randomness complexity 2n and locality 2. This trivial construction partitions the 2n input bits
into n pairs, and for each pair computes AND of the two bits. On the other hand, the result
by Knuth and Yao [KY76] implies that any p-biased distributions on n bits can be sampled
with randomness complexity h(p)n + 0,(1), where h(p) = plog,(1/p) + (1 — p) logy(1/(1 — p))
is the binary entropy function, which is best possible. However, their result and follow-up
works do not take locality of sampling algorithm into account. It is natural to ask whether
one can simultaneously achieve small locality and low randomness complexity. This question
was explicitly posed in a blog post [Viol4b] nearly a decade ago; yet, to the best of our
knowledge, the tradeoffs involved remain poorly understood. In particular, the following
basic question has remained open:

Can you sample Ber(1/4)™ with constant locality and randomness complexity (h(1/4) +
e)n?
Can you even get randomness complexity 1.99n with constant locality?




1.1 Our results

We resolve the aforementioned basic question in the affirmative. Somewhat surprisingly,
we show that with constant locality we can sample any product distribution (in particular,
Ber(1/4)™) with nearly optimal randomness complexity. This result requires the distribution
to be dyadic, i.e., all probability masses are of the form a/2° for integers a,b. The dyadic
requirement is necessary: for example, Ber(1/3)™ cannot be sampled locally, even approx-
imately. This follows from the techniques in [Vio23], though the result there is stated for
the Hamming slice; alternatively, see [KOW24, Theorem 1.10]. Thus, our results illustrate a
stark contrast between sampling Ber(p)™ for dyadic and non-dyadic values of p. Henceforth,
we denote statistical distance by dist.

Theorem 1 (Special case of Theorem 8). Let D = (D1, Do, ..., D,) be a product distribution
where each D; is dyadic and supported on {0,1}*. For every € > 0, there is a Oy, (1)-local f
with input length H(D) + ewn such that dist(f(U), D) < e~ $twe(®),

By increasing the locality to O(log n), we can approximate any distribution by a dyadic one
and sample any arbitrary product distribution to within distance 1/poly(n) (see Corollary 9).

The above result is in the bit-probe model. Our next result is in the cell-probe model,
where the input randomness is organized in words of O(logn) bits, and one probe reads an
entire word. We show how to sample Ber(p)” with randomness complexity h(p)n + O(y/n)
to within distance 1/poly(n), in constant time.

Theorem 2. The distribution Ber(p)™ can be sampled using h(p)n + +/n - polylog(n) uniform
bits within statistical distance 1/poly(n) with O(1) word-probes.

Returning to the bit-probe model, recall the trivial sampler of Ber(1/4)™ that is 2-local
and uses randomness complexity 2n. We ask ourselves what can be achieved using constant
locality and non-trivial randomness complexity (2 — €)n. We determine the tradeoff between
locality and statistical distance: For 2 bit-probes, no non-trivial approximation is possible;
for 3 bit-probes, we give a sampler with 1/poly(n) error and show that this is best possible;
finally, 4 bit-probes suffice for exponentially small distance. We state these results in two
theorems, the first focusing on negative results, the other on positive.

Theorem 3 (Theorem 20 and Theorem 28). For e >0 and f: {0,1}2=9" — {0, 1}" be any
d-local function. We have

| . 1—e ™ ifd=2
dist(f(U),Ber(1/4)") > {no(l) if d = 3.

Theorem 4 (Theorem 24 and Theorem 31). For d € {3,4}, there is an € > 0 and a d-local
sampler f:{0,1}2=9" — L0, 1}" such that

' . n~ 0 fd=3
dist(f(U), Ber(1/4)") < {e—ﬂ(n) if d = 4.



Our constructions are explicit in the following sense. The claimed samplers (viewed, for
example, as circuits) can be constructed by an efficient randomized algorithm, with a small
error probability. Jumping ahead, the error probability arises from the need of constructing
certain matrices (cf. Lemma 11) for which we do not know of a deterministic construction.
However, at least in the cell-probe model we also obtain a deterministic construction of the
sampler (Appendix D).

While we have focused on product distributions, we mention that a body of works has
established strong negative results for sampling distributions in NC° or even AC® regardless
of the input length of the sampler. For example, [LV12] has shown the existence of linear
maps that cannot be sampled in ACY. Still, there remains some interesting open questions.
For example, it would be interesting to sample random walks on graphs (equivalently, Markov
chains), a problem studied in [VWY20].

1.2 Proof overview

We now give an overview of the proofs. We focus on sampling Ber(1/4)", which captures all
the key ideas in our arguments.

Broadly speaking, we obtain Theorems 1 and 2 by concatenating independent blocks of
local samplers with variable input lengths that are close to optimal on average, followed
by sampling their inputs locally and randomness-efficiently. The latter relies on sampling
distributions that are bounded-uniform in an average-case sense. Henceforth, we call a
sampler for each block a block-sampler.

Overview of Theorem 1. A building block of our construction is a (possibly inefficient)
block-sampler of Ber(1/4)® with ezpected randomness complexity close to the optimal h(1/4)b.
Such construction dates back to the work of Knuth and Yao [KY76]. To illustrate the basic
idea, consider sampling one bit, i.e., Ber(1/4)!. We can do so as follows. First, read an input
bit. If it’s 0, output 0; otherwise, read another input bit and output it. This samples perfectly
Ber(1/4)'. While in the worst case we use a trivial randomness complexity 2, the expected
number of input bits read is only 1.25, which is much better. This idea can be realized using
a prefix-free encoding so that the expected number of bits read is close to optimal.

Given such a block-sampler, we divide the n output bits in blocks of length b = O.(1),
and consider sampling each block with an independent copy of the block-sampler. By
concentration inequalities, with high probability over the randomness of the input bits, the
actual number of random bits used to sample a typical output is close to optimal.

We next derandomize this construction. To do so, we sample the inputs to the block-
samplers pseudorandomly via a local linear transformation. Specifically, we take a nearly
optimal number of uniform bits and multiply them by a sparse matrix that expands them
into input bits of the block-samplers.

The key property we need from the matrix is that most small subsets of its rows,
corresponding to the coordinates read by the block-samplers, are linearly independent. This
condition is strictly weaker than bounded uniformity, which requires every small subset of
rows to be linearly independent. Indeed, the Plotkin bound implies that no matrix satisfying
the stronger requirement can achieve optimal seed length. So exploiting this weaker condition
is crucial in our construction.



Although the required matrix property seems relatively basic, we are not aware of any
result in the literature that can be applied directly. So, we give a self-contained analysis
showing that a suitable random construction satisfies this property with high probability.

Overview of Theorem 2. Theorem 2 is obtained via a new connection between sampling
and succinct data structure. While a link between these two areas was already observed
in [Viol2] (see Claim 6 below) and used in a number of following works, our connection
is different. The work [Viol2] pointed out that a succinct data structure is immediately
a non-trivial sampler, but the statistical distance can be quite large and close to 1. This
connection can be used to establish data-structure lower bounds from sampling lower bounds
that rule out even such large statistical distance, but it is not clear how one can use it to
obtain useful samplers, even with statistical distance 1/2. Indeed, we are not aware of any
construction of samplers that is based on data structure. Moreover, as our target distribution
is not uniform on a set, it is not clear we can use any existing data structure directly in a
blackbox way. Instead, we leverage and adapt the techniques used in recent exciting progress
on the set membership (and dictionary) data structure problems [HLYZZ25], in particular
the use of retrieval data structures.
To explain we begin with a key concept, originating in [Pat08] (see also [DPT10]).

Definition 5 (Spillover representation). Given an injective map from a set S to {0, 1} x [K],

the spillover representation of an element in S is its corresponding element (m, k) € {0, 1}M x
(K], where k is called the spill.

The work [Viol2] observed the following connection between sampling the uniform
distribution over a set and membership data structure.

Claim 6. Suppose a set of n keys in a universe U can be represented by a spillover represen-
tation (m, k) € {0, 1} x [K] with M +logy K < log, () + €. Then a uniform key can be
sampled from {0, 1}M x [K] with error e.

Proof. The error is at most the probability that a uniform element from {0, 1} x [K] is not
a spillover representation of any keys. Using 1 — 1/2 < log, x for > 0, this probability is

v oM . |
_ 2]\571‘)]( < log2<w> <. ]

We divide the n bits into blocks of B = polylog(n) bits, as opposed to O(1) bits in
Theorem 1. To sample a block with constant word-probes, we now use a succinct membership
data structure by Yu [Yu22]. It shows that one can represent B-bit strings of Hamming weight
s by spillover representations in {0, 1} x [K] so that each string can be retrieved using
O(1) word-probes to the representation. Moreover, the redundancy M + log, K — log (]j ) is
1/poly(n) small.

A critical point here is that to sample Ber(1/4)”, the weight s is not fixed, but a random
variable distributed according to the binomial distribution Bin(B,1/4). Consequently, both
M and K are random variables induced by s.

To sample Ber(1/4)8, as in [HLYZZ25] we encode a distribution B that is close to
Bin(B,1/4) into the first O(1) words in each representation with a 1/poly(n) increase in

6



redundancy. This gives us a block-sampler for Ber(1/4)5: we first sample the first O(1)
words to determine the Hamming weight s ~ B, followed by sampling a uniform string
of Hamming weight s using the spill representation in {0, 1} “ % [K(®)]. One can show
that M) 4 log, K®) < h(1/4)B + 1/poly(n) in expectation over s ~ B. Now we can apply
Claim 6 to obtain a O(1)-word-probe block-sampler for Ber(1/4)%.

Our plan is to concatenate the L := n/B independent copies of the block-sampler to
sample the n bits. However, as the size of a representation depends on s ~ B, sampling the
L representations (my;, k;) ~ {0, 1} x [K ()] together with small redundancy becomes a
challenge. The issue here is what we alluded to before. The M (%) and K(*?) are both random
variables; so we need to put together data structures of varying length, which is not obvious:
where are the relevant input bits for a specific output bit?

The work [HLYZZ25] addressed this challenge using augmented retrieval data structure.
We will not define it here, but the key observation behind their construction is that the random
variable M (®) typically is at least My, = log (3/4592/3) = h(1/4)B — ©(B/?), which is much
larger than its deviation A, = log, ( B? 4) — My, = O(B'?). Based on this observation,
[HLYZZ25] constructs random sparse matrices to concatenate the L representations with
polylog(n) redundancy. Here, we use the same random sparse matrices to sample the L
spillover representations for the block-samplers. However, unlike [HLYZZ25], our construction
does not achieve polylog(n) redundancy, because in contrast to the data structure setting, a
(local) sampler cannot first sample the sizes M) (and K®)) for the L block-samplers and
then decide which portions of input bits are read by each block-sampler.

Also, the data structure in [HLYZZ25| requires switching between spillover representations
over symbols with different alphabet sizes with small redundancy. In the sampling setting, we
also have to ensure these transformations also maintain closeness to the uniform distribution
(see Lemma 15).

We refer the readers to Section 3.3 for more details.

Overview of Theorem 3 and Theorem 4. Our 2-local lower bound is based on a win-win
argument. Given a sampler f: {0,1}" — {0,1}" where m = (2 — €)n. We consider the
bipartite graph representing the input-output dependency of f.

Suppose there is a subset of m’ inputs which connects to n’ := 100m’ neighbors, then for
every fixing of these input bits, f restricted to the n’ bits is a 1-local, which can be shown to
be exponentially far from Ber(1/4)", and this remains so after summing over all 2™ fixings
of the inputs.

Therefore, if m’ = Q(n), then the result follows. Otherwise, by removing these input
vertices and their neighbors, we are left with a 2-local map from (2—Q(e))n” bits to n” = Q(n)
bits where every input has bounded degree. So we can decompose the outputs into Q(n)
groups so that each group depends on disjoint inputs. We show that each group has some

constant distance away from the 1/4-biased distribution. So the overall distance is at least
1 — e %),

Our 3-local lower bound (Theorem 28) is shown by finding a set of output coordinates of
size k = O(log(n)) which depend on at most 2k — 1 inputs. Indeed, by granularity it follows
that we see all zeros on these k coordinates with probability either 0 or at least 2~ (=1 = 4%,

while Ber(1/4)* outputs all zeros with probability ;z. Therefore, the statistical distance of

7



our sampler to Ber(1/4)" is at least 4%. In order to find such a set, we consider the bipartite
graph representing the input-output dependency of the sampler. Noting that the degree of
each output vertex is at most 3, the problem essentially reduces to finding a cycle of length
O(logn) in any graphs whose average degree is bounded above by 2.

The construction of our 3-local and 4-local samplers (Theorem 4) is inspired by the recent
iterative framework in constructing pseudorandom generators [HH24]. Recall that the output
of the trivial 2-local sampler is the bitwise AND z A,, y for two independent uniform n-bit
strings = and y. The work [HLV18| suggested the following equivalent view of z A, y.

Claim 7. Let ¢,y ~ {0, 1}" be independent, where x is uniform. Then

dist (z A, y, Ber(1/4)") < SP[I" ] [y is not uniform on {0,1}°].
Cln

Proof. We can think of sampling Ber(1/4)™ by first sampling a uniform @ follows by sampling
an independent uniform string on the subset S of the 1-coordinates of «. [

Therefore, to get close to Ber(1/4)", it suffices for y to be uniform on a uniform subset S
of its n coordinates with high probability. To generate such y, our 3-local sampler assigns each
y; to two input bits z;, z/ according to a 3-regular expander graph G, where y; corresponds
to the edge (z;, 2;). Then we let y; be z; @ z.. To analyze the construction, we show that a
random subgraph of G has no cycle with probability 1 — 1/poly(n). That means the y;’s are
uniform when restricted to most subsets chosen by x, and the result follows.

Our 4-local sampler construction follows the same idea. Again, we use n uniform bits
to select a random subset S C [n]. Then to sample y, we use a 3-local LDPC code by
Gallager [Gal62] instead of an expander. By analyzing the weight distribution of the code,
we show that a random subset of rows in the corresponding parity-check matrix is full rank
with probability 1 — e~

2 Local sampler for product distributions

In this section, we prove Theorem 1.

Theorem 8. Let g be an integer and Dy, ..., D, be n distributions on {0, 1}, where the
probability D;(s) is an integer multiple of 2= for every i € [n] and s € {0,1}". Let
D = Dy x---x D, be the product distribution of the D;’s.

For every ¢ > 0, there exists a sampler f:{0,1}™ — ({0,1}*)" with input length

6'371/
m = H(D)+ eqn and locality O(%1log(2)) such that dist(f(Uy,), D) < 27 E) | The sampler
[ is adaptive, in the sense that for each output query, f makes O(% log(%)) sequential queries
to the inputs, where each query may depend on the previous queries.

The following is an almost immediate corollary from Theorem 8.

Corollary 9. Let Dy, ..., D, be n distributions on {0,1}* for w = O(logn). The product
distribution D == Dy X -+ X D,, can be sampled using H(D) + O(nlogn) bits with locality
O(logn) and error 1/poly(n).



Proof. We can approximate each D; with a distribution D) whose probability masses are
integer multiples of 2~ (W+Mog2(/M1) guch that |D;(s) — Dj(s )| < =L for all s € {0,1}", and
in particular dist(D;, D}) < v/n for all i € [n] (cf. [Viol2, Lemma 5.2]). Setting v = 1/n¢
for a sufficiently large constant C', the two distributions D and D’ := D} x --- x D), are
1/poly(n)-close in total variation distance. Note that for each i € [n] we have

HD) = HD) < 3 [Di) - lomy (5 — Duts) .1%(%(8))\.

se{0,1}w
Since |D;(s) — Dj(s)| < -2, each term in the sum is at most - log, ( > and hence
27y n-2% 27y n-2%
H(D)) < H(D;) +2" - 1 =—"1 .
D) < D)+ 2 2o, (1) =2 ogg(%)

Therefore, H(D') < H(D) + 1/poly(n), and the corollary follows by applying Theorem 8 on
D' O

We now turn to the proof of Theorem 8. We first apply the following lemma, which
is a special case of [KY76], which gives optimal bounds on the average-case randomness
complexity of sampling an arbitrary distribution.

Lemma 10 ([KY76]). Let D be any distribution on {0,1}", where there is some ¢ € N such
that D(s) is an integer multiple of 2= for all s € {0,1}*. Then D can be sampled ezxactly by
a decision tree f: {0,1}7 — {0, 1}, where the expected depth of a leaf is at most H(D) + 2.

Lemma 10 and its more general statement in [KY76] follows from an application of Kraft’s
inequality. (A proof can be found in [Li24, Theorem 55].) For the proof of Theorem 8, we
also need a sparse matrix with the following properties.

Lemma 11. Fiz k € N and a sufficiently small « > 0. Let d .= [In(1/a)/a] and m >
max{%h(a), an}. Let S be any distribution supported on subsets S C [n] of size k. There

exists a matriz M € F5*™ with at most d ones in each row, such that if we sample a subset
of its rows S according to S, then the corresponding submatriz Mg € F5*™ is full rank with
probability at least

SF:% (Mg is full rank] > 1 — 27 alog()n),

Remark 12. In Lemma 11 we are looking for a matrix M such that most subsets of k rows
are linearly independent, where most is with respect to the distribution S. We note that
with the required parameters we cannot possibly hope for a binary matrix where any k rows
are linearly independent, as such matrix would correspond to a parity-check matrix of a
linear error correcting codes with block length m, minimum distance k£, and dimension at
least m — k, which is impossible over small alphabet (e.g., by Plotkin’s bound, stating that a
linear code of length m with minimum distance k has dimension at most m — 2k + o(1)).

The proof of Lemma 11 is below in Section 2.1.



Proof of Theorem 8. Divide the D;’s into n/t blocks each of size t = [8/¢]. Let DY) be the
product of the D;’s in the j-th block. Note that DY) is supported on {0, 1}** and its probability
mass on each outcome is an integer multiple of 279, We first apply Lemma 10 to sample each
DY) independently with a gt-local block-sampler using gt bits. Let f’: {0,1}% — {0,1}*"
be the concatenation of the n/t block-samplers. We will sample the gn-bit input of f’
pseudorandomly by applying the sparse matrix from Lemma 11 to a seed of some length m.

For each input z € {0,1}7" of f’, let S, C [¢n] denote the subset of positions read
by f’ to evaluate f'(z) € {0,1}*". We emphasize that S, are the only positions read
by f’ to evaluate f’(z). Note that S, can be written as S, = S! U --- U S™Mt where
SIC{(j—Dt+1,(j —1)t+2,...,jt} is the subset of bits read by the j-th block-sampler.
By Lemma 10, for a uniform z ~ {0,1}%", we have E[|SI|] < H(DY) + 2 for every j € [n/t].
Therefore,

n/t

E.[|S.] <Y H(DY)+2-(n/t) < H(D)+ (¢/4)n.
i=1
Let k == H(D) + (¢/2)n. By Hoeflding’s inequality, we have

(i) < 0l
Pr[|S.| > k] > Pr[|S.| > E.[|S.]] + en/4] < e Nwman?) < e\

Define o > 0 so that 1—— = (1 + ¢/2) (and therefore v = O(e/log(1/e)). Let

(a)

m =k 1()zk-(1+f)=(H(D>+ﬂ)(1+f)SH(D)+eqn,

1 —2h(« 2 2 2

where the last inequality follows from H (D) < log,(|supp(D)|) < gn.

Let M be the gn x m matrix obtained by applying Lemma 11 with S equal to the
distribution of S, conditioned on |S,| < k and our choice of . Our sampler f: {0,1}"™ —
{0, 1}*™ takes an input x € {0,1}"™ and output f'(Mx).

Clearly the input length of f is m = H(D) + en. The locality of f is at most gt - d =
O(% log® (1)), where d = O(log(1/a)/a) = O(log®(1/€)/e) is row-sparsity of M given by
Lemma 11.

We now analyze the error. By Lemma 11, we have

Pr[Msg, is full rank | [S,| < k] > 1 - 9~ Oalog(3)an) > 1 _ 9=ean),
z

Let us condition on the event that both |S,| < k and Mg, is full rank. Then for a
uniformly random input & € {0,1}™ to f, the < k bits in the coordinates in S, of Mx are
uniformly random, and thus in each of the n/t blocks the output is distributed according to
DU) . Therefore,

: —Q(egn *Q(én)
dist (f(Un), D) < ZN{EE}WUSZ‘ > k] + 27 em) < @),

as required. N
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2.1 Proof of Lemma 11

We prove the lemma by considering a random matrix M € F;*™  where each row of M is
sampled independently according to the following distribution: Select d indices 21,29, ...,%q ~
[m] uniformly and independently, and define the row of M to be e;, +e;, + - - - + ¢€;,. Clearly,
each row of M has at most d ones.

For an integer 1 < ¢ < k, let p, .= Pr[zM = 0], where z € F} is an arbitrary vector of
Hamming weight ¢. (Note that p, only depends on |z| due to the randomness of M.) We
start with the following expression for the probability that z is a null vector of M.

Claim 13. For all 1 < ¢ < m we have

2 5 (2 562

5C[m]

In particular,
at

2(Hlog(:))2 ifl<e<z
pe<42-27% if < <am

m - 2-U=hledm gy < 0.

Let us see how the claim above proves Lemma 11.

Consider the random matrix M with at most d ones in each row as described above.
Denote by L the event that any subset of am rows of M are linearly dependent. Then, using
the assumption about « being sufficiently small, Claim 13 implies that

i <3 ()

de
. n 2d¢ m 2 — n m
< = s E 27T

(=741

We bound the first summand as follows. Using () < (en/()’, and that 2zlog,(1/z) is
increasing in [0, 1/¢],

id n 2d/¢ m £l en 2d¢ m 2\ ¢
= - < S Bt -
> (0)(Cree(i) <22 (F Cres(i) )

1 de

2d¢ an\ '\ * Q
- - < d)
2 (om lOg(dﬁ)) ="

(=1

3H

ER

£

IN

For the second summand, using h(z) < 2xlog,(1/x) for z € [0,1/2] and m > an, we have
h(22)n < 2amlog(%) < 4amlogy(1l/a). As a > 0 is sufficiently small, we have

Z (n>2 L9TF < 9. 9h(EIn 9= < 9. g-lalogy()-1/m < 9=Q(m) < 9=Qan)
e=m 41 ¢

11



Putting the two bounds together gives Pr[L] < 27%m) 4 p=%d) < p=Ud),
Fix a subset of the rows S C [n] of size k. Then by Claim 13, using k£ < (1 — 2h(«a))m,
and h(a) > alog(l/a),

li/lr[there exists a subset T C S of rows in M with |T| > am whose sum is 0]

k
k
< Z (£>p€ < 2k cm - 2—(1—h(a))m < 2—Q(h(a)m) < Q—Q(alog(é)n)'

l=am

Note that if we consider the random matrix M conditioned on the complement L of L, then
for any S C [n] of size k we have
PA’/}r[there exists a subset T C S of rows in M with |T| > am whose sum is 0 | L]
279(0( log(é)n)

- 1-Pr[L] —

Therefore, by the averaging argument, there exists a matrix M such that

SPI:S [Mg is full rank] > 1 — 9~ Qalog(3In)

This completes the proof of Lemma 11. O

We now return to the proof of Claim 13.

Proof of Claim 13. Let f: {0,1}" — {0,1} be the indicator function of the all zeros vector.
We can write f in its Fourier expansion

Tl (=D 1
f(x) = H# = n z[:](_l>zz‘es$i.
= SC[m

Observe that for a uniform random index 4 ~ [m)], we have E[(—1)2ies(¢)i] =1 — % As the

d indices %,’s in each row of M are sampled independently, for a vector z € Fy of Hamming
weight ¢, we have

pe=Pr[f(zM)=1] =2 Z E[(_1)Zies(zM>i] —9m, Z ( _ M)dz

SClm] SC[m]

SO0 o

Next, we prove the “in particular” part of the claim. We will consider 3 cases depending
on the values of 1 < ¢ < m; in each case, we will decompose the sum in Eq. (1) into two
parts according to some threshold ¢ that depends on ¢, and bound each part separately.

12



The case of 1 < ¢ < : Let t = 2(1—+/h(dl/m)). Note that we have 27" """ (") (1—
2dl < (1 — 29 and so

t . a0
sy (M) (- 2) 4 (1 2)
=0 ) m m
de
< o (h(Em h<d_£> 2
m

The first term can be upper bounded as follows. Using the fact that h(1/2 — /z) <1 — 2z
with x = h(dl/m), we have h(t/m) = h(1/2 — \/h(dl/m)/2) <1 — df/m . So,

o-(-h(Em < g-3h(m o L _ <d_g>2
= =2 =\,
()

For the second term we use the fact that h(z) < 2zlog,(1/z) for x € [0,1/2], which gives us

()" < ()

e () Gimi)) =(me(3))

The case of 5 </ <am: Lett=m/4. Then

dl
<92 mz ( ) (1 — —) + (1 - ﬁ) < 9~ (=h/4)m 4 9=dl 9. 9=
m

where the last inequality follows because 1 — h(1/4) > 1/4 and d¢ > m/4 by our assumption.

Therefore,

The case of ¢ > am: We first show that for every 0 < ¢ < m, it holds that

9\ %
Y1) < ghtem
1 m -

When 0 < ¢ < am, this simply follows from (T) < h(z)m < 2Me)m - Now, suppose
i € [am,m/2]. Using £ > am and our choice of d > In(1/«a)/a, together with the fact that
h(z) < 2xlogy(1/z) for x € [0,1/2], we have

(1 B %)dé < o Bt < e~ 2in(3) < o2 (%) < 9—h(;5)m < %

m (%)
Thus, (7)(1 — 2)% < 1. Finally, for i > m/2, note that (7)(1 — 2)% < (™ )(1 - @)dz
and so we can apply the previous bounds.

Therefore,
dl
pe=2" m§ ( )(1——) < m - 2~ (=h@)m

This completes the proof of Clalm 13. O
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3 Sampling p-biased distributions from static dictionary

In this section we prove Theorem 2, restated below.

Theorem 2. The distribution Ber(p)™ can be sampled using h(p)n + +/n - polylog(n) uniform
bits within statistical distance 1/poly(n) with O(1) word-probes.

In Section 3.1, we establish several claims that will be used in our construction. In
Section 3.2, we show how to construct a local block-sampler with near-optimal average-case
randomness complexity. In Section 3.3, we show how to concatenate these block-samplers in
a local fashion.

3.1 Changing bases

In this subsection, we establish local transformations between uniform distributions on
sequences over different domains with little overheads and errors.

Claim 14. The uniform distribution over [K| can be sampled by m elements in |q] with error
K/q™.

Proof. We think of [¢|™ as {0,...,¢™ — 1}. Given a uniform w ~ {0,...,¢™ — 1}, we output
| 7%]. The statistical distance is at most the probability that w lies in the last ¢" mod K
elements, which is at most K/q™. O

Lemma 15. Given p,q < poly(n), there is a function f: [q|™ — [p|" such that
e m < nlog,p+ O(log, n),
e cach output coordinate depends on O(logq n) many input coordinates;

o for every subset S C [n], if the coordinates f(U)s depends on are e-close to uniform,
then f(U)g is (e + 1/poly(n))-close to uniform over [p]®.

Proof. We modify the proof in [DPT10, Section 4] as follows. They showed that one can
represent x, € [p]” by a spillover representation (z,,y) € [¢]™ x [K] where K = poly(n) and

"1 log, K < nl )
m logy g + logy 1$£ < nlogy p + poly(n)

Moreover, each element of [p]* only depends on O(log,n) coordinates of [¢]™ x [K]. It
follow from Claim 6 that the uniform distribution on [p]™ can be sampled from the uniform
distribution on [¢]™ x [K] with error 1/poly(n), with each output coordinate depending on
at most O(log,n) of the input coordinates. Finally, we use Claim 14 to sample the uniform
distribution over [K] using O(log, n) elements of [q] with error 1/poly(n). O
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3.2 Sampling p-biased distributions on polylog bits

In this subsection, we show how to sample polylog(n) many p-biased bits with O(1)-word
probes.

Theorem 16. Let B = polylog(n) and C > 0 be any constant. The distribution Ber(p)? can
be sampled from {0,1}M x [K] with error 1/poly(n), where K < poly(n), with the following
properties:

e A distribution B supported on [pB — B*®,pB + B/ that is n={ %) -close to Bin(B, p)
can be sampled using the first t .= C'logy n bits of {0,1}M.

e Given a sample s ~ B, the lengths M* = M and K® .= K are fized and

1
Eoos [M(S) +logy, K®| < h(p) B+ —.
n

e Given both s and K'®), each output coordinate of a sample can be computed from O(1)
many words of m ~ {0, 1}M.

The proof of Theorem 16 follows [HLYZZ25|, where we encode the distribution of s into
the succinct data structure in [Yu22| with a small increase in redundancy.

Lemma 17 (Lemma 28 in [Yu22|). Let B := polylog(n), and C' > 0 be any constant. A size-s
subset S C [B] can be represented by a spillover representation (m/, k') € {0, 1}M" x [K'] such
that

e K’ =poly(n),
o M' +log K <log (f) +0(1/n%),
e cach query can be answered with O(1) word probes to m' and k'

Proof Sketch of Theorem 16. As in [HLYZZ25, Lemma 4.2], we first instantiate Lemma 17
to represent a size-s subset of [B] with a spillover representation (m’, k') € {0, 1} x [K'].
Then we encode a distribution B’ that is n~**“)-close to Bin(B, p) into the first t := O(logn)
bits of m’ as follows.

We will think of a t-bit string as the set T := {0,...,2" — 1}. Let B’ be Bin(B,p)
conditioned on its value lying inside the interval [pB — B?3 pB + B?/?]. Note that B’ is
n~“(W close to Bin(B, p). For each s in the support of B, we assign an interval T, C T' of
| B'(s) - 2t elements; for any point x € T that does not belong to any T, we assign it to an
arbitrary Ts. Defining the distribution B by B(s) = “r‘;fl‘, @
to B, and thus is 1/poly(n)-close to Bin(B, p).

We now encode s € supp(B) into the first ¢ bits of m/. We first take the first 2¢ bits my
of m/, and view m{, as a number in {0,...,2% — 1}. We can write m|, as

(@) _close

one can verify that B is n~

/ m/O /
my = LWJ | Ts| + mg mod [Ty
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Now, we first replace the first ¢ bits of m’ with the (m{, mod |T}|)-th value in the interval T}

in binary. Then, we remove the next ¢ bits of m/, and encode |7;_6|J along with &" as the spill
k € [K], where K .= K’ - ﬂ%} <K' @ -poly(n). A similar calculation as in [HLYZZ25]

shows that the redundancy increases by 1/poly(n).

We now explain how to (approximately) sample Ber(p)?. We first sample s ~ B using ¢
uniform bits. Given s, we can determine the sizes (M'(®), K’®)). We can then sample the
rest of (m/, k') from {0, 1}M'(®)=¢ x K (%) This lets us recover (m/, k'), which is then used to
sample a uniform string of size s.

Let D be the resulting distribution. By Lemma 17, we have

E,.5[M +log, K'] < E, 5| log % +log (SN + O(nic) — H(X) + O(nic).

Since B is n~¥“_close to Bin(B,p), D is n~**)-close to Ber(p)?, and therefore H(D) <
h(p)B + n~*). The theorem then follows from Claim 6.

U

3.3 Concatenation

In this subsection, we explain how to sample the inputs of the L = n/B copies of the block-
sampler in Theorem 16. Specifically, we will sample the L spill representations (m;, k;) €
{0, 1} % [K(®)] in a local and randomness-efficient way.

To illustrate the conceptual idea, let us for simplicity consider sampling only the m;’s
but not the k;, using LE[M®)] + O(y/n) bits.

Recall that in Theorem 16, B is a distribution that approximates Bin(B,p) and is
supported on [pB — B3, pB + B?3]. For every fixed s in supp(B), the sampler will sample
from the uniform distribution on {0, 1} x [K(®)] a spill representation of a size-s subset
in [B]. Without loss of generality, we will assume M) is an integer multiple of the word
size w = O(logn) and K > n® for a large enough C. This can be achieved by moving
O(w) bits in M (5) to the spill, which can only change the spill size K) by a factor of at most
20w) < poly(n).

We now make some observations about M®) for s € supp(B). Henceforth, we will
treat bits as words, and view {0, 1} as W) = Myis) Fyu-elements. Note that we have
W) € [Wiin, Winax), Where

1 B _ 1/3
W = 1085 () = h0) (BJ0) = ©(BY5/w) and

Wi = - o, (p@) < h(p)(B/w).

Thus, we can write W® = Wy + A®) | where Wy, does not depend on s and A®) <
Amax = Winax — Winin = O(B'/3). Therefore, we can make the following conclusion on the
concatenation of the L samplers:

e it always reads a fized set of Wmin == LWy coordinates;
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e it reads at most Ay, = +/Llogn additional coordinates with probability 1 — 1/poly(n);
e it reads at most Ay = LAy additional coordinates in the worst-case.

Moreover, the maximum deviation A is much smaller than W, Specifically, we have
Anax < Whin/logn. Based on this observation, we can apply the following sparse matrix
used in the augmented retrieval data structure in [HLYZZ25] to sample the W(s1) 4. .. 41}/ (s2)
input elements to the L block-samplers.

Lemma 18. Let I be a finite field of size at least n®. Let S C [Apnax] be a random subset of size
at most Ape. Suppose Winin > Apax logn. Then there exists a (W min + Amax) X (W min + Athr)
matriz G over F with O(1) nonzeros in every row such that

P;r [G[Wmm}xs is full mnk] >1-— TR

The parameters in our lemma are slightly different from the one in [HLYZZ25], so, we
give a proof sketch in Appendix C.

Here the random subset S in Lemma 18 corresponds to the random subset of the LW,
coordinates read by all L samplers modulo their first Wy, elements. By concentration
bounds, S has size at most v/Llogn with high probability. It follows from Lemma 18 that
the number of uniform words used by the sampler is W, + Apax < LE[W®] + O(y/n), as
desired.

We now briefly discuss how to sample the L spills using the same idea. First, we will
assume that K) is prime and treat [K(®)] as a field, by embedding [K )] into the closest
prime field, which has little effect on the error and seed length (see Claim 14).

Note that the K¢)’s depend on s;’s and therefore are not all identical. Nevertheless, as
B is supported on [pB — B*?,pB + B3], there are at most 2B%* + 1 = polylog(n) many
possible values for K(*). Let us denote these values by K7, ..., K, for some ¢ < 2B*3+1, and
define p; := Pry[K® = K] = > sk -k, B(s). Let Nj = Nj(s1,...,s;) denote the number
of K®)’s equal to K;. Over the random choice of sy, ..., s, ~ B, the random variable IN; is
distributed close to Bin(L, p;), and thus is at most p;L + O(y/Llogn) with probability at
least 1 — 1/poly(n).

One complication is that p; L can be smaller than \/LIogn. So, in order to apply Lemma 18,
we will sample the IN; Fy;-elements together with a fraction of the W inin Fow-elements. (We
will convert the Fau-elements to Fg -elements via Lemma 15.)

3.3.1 Proof of Theorem 2
Our goal is to sample random elements
w = (wy,...,wr) € (Fyr=)Y and k; € [K;]":j € [q],

so that with probability 1 — 1/poly(n) over (s, ...,81) ~ BE, each w; is 1/poly(n)-close to
uniform on the first W) elements, and k; is 1/poly(n)-close to uniform on the first N
elements, using h(p)n+ +/n - polylog(n) uniform bits. Moreover, each output element depends
on O(1) words of size w = O(logn) bits.
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We first partition these elements into ¢ + 1 parts and sample each part individually using
Lemma 18. For each block i € [L], let I; be the first Wy, = ©(B) positions of w;, and I; its
remaining Apax = Winax — Winin = ©(B/?) positions. We then partition their union Ule I;
into ¢ + 1 sets Jo U J; U --- U J,, where |J;] = %g‘i“ for i € [¢] (and so |Jo| = 2L%min). Note
that the coordinates in J;’s are always read by the sampler, and the rest may not be. We

will apply Lemma 18 to sample
1. (Words) the Fyuw-elements in Jy and U~ I;.
2. (Spills) [K;]* and the Fyu-elements in J; for each j € [g].
Let Winin = LWiin and Winax == LWiax.

Sampling the words. Let de,max = LA, deﬂlr = /Llogn, and A®) == W W, ..
for every s € supp(B). Note that E[> %, Al)] = (W) — W] = o(v/Llogn). By
Hoeffding’s inequality, we have

L
Pr [Z AB) < _Wd,thr] > 1—1/poly(n).

i=1

Conditioned on this event, let S be the subset of coordinates in Ulel_i (determined by
S1,...,8y) that are read by the sampler (in addition to UL I;). We have |S| < Ayq o, and

=171

q
Z’[l‘ logn = AWd,rnax 10gn < %Wmin = ’TO’
=1

By Lemma 18, there is a (%Wmin +de,max) X (%Wmin +de7thr) matrix M over Fow with

O(1) nonzeros in each row such that for a uniform u, we have

L
1:;1" [Mu is uniform on U I;U S] >1—1/poly(n).

i=1

Note that Wi, < W) for any s € supp(B), and thus Wi, < LE[W®)]. Therefore, the
number of uniform bits used to sample this part is at most

+VLlog*?n. (2)

3Wmin  — 3LE[M®)
( 4 Awd,thr) - w S #

Sampling the spills. We now explain how to sample the spills and the remaining words.
We will use the following result from number theory [BHPO1].

Lemma 19. For every sufficiently large n, there is a prime between n and n + n°5%.

For each j € [q], let Ajn == p;L++/Llogn, and P; be the smallest prime that is at least
K, which, by Lemma 19, is at most K; + KJQ'525. The sampling procedure consists of 3 main
steps:
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1. use Claim 14 and Lemma 15 to sample [K;]* and the Wi in word-elements by a distri-
bution D over a tuple of Fp -elements.

2. use Lemma 18 to sample the distribution D using uniform Fp, elements.

3. use Lemma 15 to sample these uniform Fp, elements using uniform words.

We now describe each step in more detail. First, by Claim 14, for any subset S C [L], if a
distribution D is e-close to uniform on IF% , then D is (e + d)-close to uniform on [K;]®, where

KO 525

(49)

Next, we apply Lemma 15 to obtain a local-sampler mapping IF% to IFZ“““‘/ with error

1/poly(n), where

W i w
F, o= 20 O(1 = O(n/B*3).
J 4q 10g2 P] + ( Ong n) (n/ )

Recall that N; ~ Bin(L,p;) with E[N,] = p;L and A = p;L + /Llogn.
Hoeffding’s inequality, we have

Pr [Nj < Aj,thr] >1—1/poly(n).

81,.-,SL

Conditioned on this event, let S C [L] be the coordinates read by the sampler. We have
|S| < Ajtne. Note that F; > Llog L = ©(4 logn). By Lemma 18, there is a (F; + L) x (F; +
Ajinr) matrix M over Fp, with O(1) nonzero elements in each row such that for a uniform

Fj+A;
u~Fp ", we have

P;r [Mw is uniform on [Fj] x §] > 1 —1/poly(n).
Finally, we use Lemma 15 again to sample w from {0, 1} with error 1/poly(n), where

< (Fj + Aj i) logy, P 4+ O(logy )

Wmln
< 1 -w + p;Llog, P; —i—O(\/_logB/2 n)

Wmin
4q

L

< -w + p;Llog, K; —i—O(\/_logB’/2 n).

Closeness to uniform follows from Lemma 15, and locality follows since each sampler is O(1)
word-local, and thus their composition is also O(1) word-local.

We now analyze the number of uniform bits used to sample this part. Observe that
Z§=1 pjlogy K; =Y, B(s)log, K = E[K®)]. Therefore, the number of bits used is

I LWIIHH d 2/3 3/2
Z w—l—LijlogQKj—l—B/ O(VLlog)” n)
: j:l
LE[M®)
< % + LE[log, K®] + B¥*. O(v/Llog2* n). (4)
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Summing Equations (2) and (4), the number of bits used by the sampler is at most
LE[M® +log, K®] + B3 . O(V/Llogy*n) < h(p)n + v/n - polylog(n).

This completes the proof of Theorem 2.

4 A lower bound for a 2-local construction with m =
(2—¢€)n

In this section, we prove Theorem 20, which says that for any 2-local mapping with seed
length is (2 — €)n, its distance to Ber(1/4)™ approaches 1 as n increases.

Theorem 20. Let n € N be sufficiently large. Fiz e > 0, and let m = (2 — e)n. Let
f:{0,1}™ — {0,1}" be a 2-local mapping. Then

dist (f(Unm), Ber(1/4)") > 1 — exp(—cen),
for some absolute constant ¢ > 0.
Before proving the theorem, we will prove several claims that will be needed later.
Proposition 21. Let f: {0,1}" — {0,1}" be a I-local mapping. Then
dist(f(U),Ber(1/4)") > 1 -2 e "/,
Note that since f is 1-local, we may assume without loss of generality that m < n.

Proof. For each i € [m] corresponding to the input bit xz;, let N(i) be the output bits that
depend on z;. Note that we may assume without loss of generality that |N ()| > 1 for all
i € [m], as otherwise we can remove the ¢'th coordinate. Since f is 1-local, the sets N (i) and
N (i") are disjoint for 7 # 7', and the distributions f(z;)n@) and f(zi) N are independent.
Next we consider the following two cases:

e If m > n/2, we may pick for each ¢ € [m] one output coordinate j; € N(i). Note
that the corresponding output bit has distribution Ber(1/2), and the joint distribution
FUn) (5)icp 18 Ber(1/2)™. Thus

dist (f(U), Ber(1/4)") > dist(Ber(1/2)™, Ber(1/4)™)
> Pr[Bin(m, 1/2) > 3m/8] — Pr[Bin(m, 1/4) > 3m/8]
Z (1 . e*m/64) . efm/36 Z 1—-92. efm/64 Z 1—-9. efn/128'

e If m < n/2, then |[supp(f(U,))| < 2™ < 22, On the other hand for any subset
A C {0, 1}™ of size at most 2™ it holds that Pr[Ber(1/4)" € A] < Pr[Bin(n,1/4) < n/8],
as Ber(1/4)™ assigns higher probability to the elements of lower weight and ( - /8) >
\/iﬁ . 2h(1/8)n > 9n/2 > 9m Therefore, by Claim 39 we have

dist(Ber(1/4)", f(U)) > 1 — Pr[Bin(n,1/4) <n/8] > 1 — e /0,
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This completes the proof of Proposition 21. O]

Claim 22. Let f: {0,1}™ — {0,1}? be a 2-local mapping. Let i € [m] be a coordinate of the
input, and let N(i) be the output bits that are influenced by the i’th input bit. If [N (i)| > 2,
then dist(f(Un) vy, Ber(1/4)N®O) > 1/8.

Proof. Take any two distinct coordinates j, j* € N(i). These two coordinates depend on at
most three input bits, and hence all probabilities of f(U,, ) are integer multiples of 1/8.
On the other hand, the distribution Ber(1/4)? has probabilities (1/16,3/16,3/16,9/16), and
thus, each possible 2-bit string contributes at least % to each term of the summation in the
definition of the distance. Therefore dist(f(Upn)n(), Ber(1/4)NVOh) > 1. (4. Ly=1/8. O

We are now ready to prove Theorem 20.

Proof of Theorem 20. Given a 2-local mapping f: {0,1}" — {0,1}" with m = (2 — €)n,
define a bipartite graph G = (I U O, E), where the vertices in I correspond to the m
coordinates of the input, O corresponds to the n coordinates of the output, and (7,0) € E
if the o’th output bit depends on the i’th input coordinate. That is, |I| = m, |O| = n, and
|E| = 2n since f is 2-local.

We fix two large constants C' =99, and d = 4(C'+ 1)/e = 400/¢e. Let I* C I be a maximal
subset of I such that |N(I*)| > C|I*|, and consider the following two cases.

Case 1: |N(I*)| > n/d. In this case, for any fixing of the inputs (z;);cr+, the mapping
(fj)jen(r+) is 1-local. Therefore, conditioning on (z;);cr+ being fixed, by Proposition 21 the
1-local mapping satisfies

[N

dist (f(Un), Ber(1/4)") > dist(f(Us+), Ber(1/4)N) > 1 —2. ¢ s

Applying Claim 36 with all 27"l assignments to the input bits in I* we get

NIU)] _INa)|

dist (f(U), Ber(1/4)") >1—=2 > 2. >1-4.20.c o5

s€{0,1}I7"]

Next, we use the assumption that [I*| < |N(1*)|/C and |N(I*)| > n/d together with our
choice of C' =99 and d = 4(C' + 1)/e = 400/¢ to get

dist(f(Up,), Ber(1/4)") > 1 — 4. 2NUNIC o=INUIDI/128
_1/128—ln(2)/0n

1—4-¢ d

>
> 1 —exp(—Q(en)).

This proves Theorem 20 in case of |N(I*)] > n/d.

Case 2: |[N(I*)] <n/d. In this case our strategy is the following. We will remove N (I*)
from the output coordinates. The remaining mapping f’: {0,1}"™ — {0,1}" will satisfy
the property that m < (2 — €/2)n’ and each input coordinate influences at most C' output
nodes. This will allow us to find a collection O of Q2(en) disjoint subsets of output coordinates
(O;)ico such that
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1. dist(f(Uw)o,, Ber(1/4)191) > 1/8 for all O; € O,
2. (f(Um’)\Oi>o-eo are jointly independent.

Then, by applying Claim 38 we conclude that dist(f(U,,), Ber(1/4)") > 1 — exp(—Q(en)).
We describe the details below.

Note that by maximality of I* we have [N (i) \ N(I*)| < C for all i € I\ I*. Therefore,
by removing N (I*) from the set of outputs, we get a graph G' = (I’ = I,0’, E’) such that
the degree of each i € I is at most C.

Since we removed at most n/d = en/400 output vertices, the new graph has m’ = (2 —¢€)n
inputs and n’ > (1 — €/400)n outputs. Therefore, m’ < (2 — € )n’ for

Therefore, we now have a 2-local mapping f': {0,1}"=C="" — [0, 1} with ¢ > ¢/2
such that each input coordinate of f influences at most C' output bits, and f’ has the same
distribution as f on the remaining output coordinates.

Let J ={i € I':degq(i) > 2}.
Claim 23. |J| > £n'.

Proof. The proof is a simple application of Markov’s inequality. Since deg(v) < C' for all
1 € I', we have

2 /
(2—71/)71/ = E;cp[deg(i)] < Pr[deg(i) < 1] + C - Pr[deg(i) > 1] < 1+ C Pr[deg(i) > 1].
—€
Since deg(7) is an integer, we get Pr[deg(i) > 2] = Pr[deg(i) > 1] > ﬁ > %, as
required. ]

Now, since each input coordinate in J has degree at most C', we can find a subset K C J
of size |K| > |K|/(C + 1) such that N (i) and N (') do not have common neighbours for all
distinct 4,7’ € K. Indeed, this is achieved by taking any i € J, adding it to K and removing
from J all neighbours of N (7).

This gives us a collection of input coordinates K C I’ of size |K| > |J|/(C+1) > WC/H)W’
such that each i € K has deg(i) > 2 and (f(Um)W(i))z‘eK are jointly independent.

By Claim 22 we have dist(f(Up)n(), Ber(1/4)V®) > 1/8 for all i € K. Therefore,
applying Claim 38 on (f(Um)|N(i))i€K we get

dist(f(Upn), Ber(1/4)")

v

dist(f"(U,), Ber(1/4)™)

_(1/8)? K]
1—2e 12

v

r !
en

1 — 2¢ 82122C(C+1)

1 —exp(—Q(en)).

AV,

This completes the proof of Theorem 20. O



5 A 3-local construction with m = 1.99n that is 1/poly(n)-
close to Ber(1/4)"

In this section, we show that in contrast to Theorem 20, if we allow the sampler to be 3-local,
we can approximate the distribution Ber(1/4)™ within distance of 1/poly(n), and this is
optimal up to constant factor in the exponent.

Theorem 24. Fiz an integer t > 3 and let e = 1/3t. Let n € N be sufficiently large and let
m = (2 — €)n. Then, there is a 3-local mapping f: {0,1}™ — {0,1}" such that

dist ((U,), Ber(1/4)") < (i)

2en

In particular, for m = (2 —1/9)n there is a 3-local mapping f: {0,1}™ — {0, 1}" such that
dist (f(Un), Ber(1/4)") < —
is m), Ber <

Proof of Theorem 24. We start with a graph G’ = (V’, E’) that is 3-regular graph with
k vertices and 1.5k edges such that the girth of G’ is > 2log,|V’| = 2log, k. Indeed, such
graphs exist [Mor94, Theorem 5.13].

Claim 25. Let p = 27! for some t > 3, and let G;, = (V, E,) be a random subgraph of G' 0b-
tained by keeping each edge in E with probability p independently. Then PI"[G; has a cycle] <

_2t—5

k= s .

Proof. By the assumption, G’ has no cycle of length < glogz(k). For any ¢ > glog2 k, the
number of cycles of length ¢ is at most k - 3 - 262, Therefore,

Pr[G, has a cycle of length (] < k-3-27%.pf = %(2}9)6.

Taking the union bound over all lengths ¢ > %logQ(k), we get

3k > 3k (2p)3loea(k) 1
Pr[G; has a cycle] < = Z (2p) = < 1o o» < T (5)

Z:% log, (k)
as required. O

Given the graph G’ above, we define a graph G = (V, E') by subdividing each edge of G’
into t > 3 edges. The number of vertices in G is |V| = |V'|+ (t = 1)|E'| =k + 1.5(t — 1)k =
(1.5t — 0.5)k, and the number of edges is |E| = 1.5tk.

Let n = |E| = 1.5tk and m = |V|+ |E| = (3t — 0.5)k = (2 — 1/3t)n = (2 — €)n. Define
g: {0,1}™ ™ — {0, 1} by ¢;(y) = Yu, ® Yu,, where (u;,v;) are the endpoints of the i’th edge
in G. By Claim 7, we have

dist (f(Uyn), Ber(1/4)") < %r[g(y) restricted to the coordinates in S is not uniform),
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where S is a uniform subset of [n]. We will show that

I;r[g(y)s is not uniform| < Pr[G/; has a cycle], (6)

where G/; is a random subgraph of G obtained by keeping each edge with probabil-
ity 1/2. This proves Theorem 24 by combining Claim 25 with the observation that
Pr[G; has a cycle] = Pr[G). has a cycle].

To prove Eq. (6), we will index the edges in E with [n], and view each S C [n] as the
corresponding subset Eg of edges in E. Denote by F' the event that the edge set Es induces
a forest in G, i.e., the subgraph (V, Es) does not contain a cycle. Observe that if Es € F,
then for a uniform y € {0,1}™™", the coordinates g(y)s = (y,, ® ¥, )ices are uniformly
distributed. Using the natural correspondence between Eg and G|/, this clearly implies
Eq. (6). Therefore,

P;r[g(y)s is not uniform] < Pr[G} ), has a cycle] = Pr[G5 . has a cycle] < /{;i_s

3

This concludes the proof of Theorem 24. O]

5.1 Theorem 24 is tight

Below we show that the analysis of the construction presented in the proof of Theorem 24 is
tight up to the exponent of the polynomial. Specifically, we prove the following proposition.

Proposition 26. Fix ¢ > 0, and let n > 1/e be an integer. Consider the sampler
f:{0,1}@=97 5 L0, 1}" from Theorem 24. Then

dist(f(U), Ber(1/4)") > (2en)~4</3.
The proposition relies on the following claim.

Claim 27. Let G be the graph in the proof of Theorem 2j. If G contains a cycle of length ¢
then, dist(f(U), Ber(1/4)") > (1/4)".

Proof. Let b =by,...,b, be the output bits of our cycle, further let xy,...,z, be the input
bits associated with the edges of our cycle, and let vy, ..., y, be the input bits associated with
the nodes. That is for i < ¢, b; = x; A (y; © yiv1), and by = x4 A (ye ® y1).

It’s clear that Pr[Ber(1/4)" = 1] = (1/4)¢. Now, let’s examine Pr[b = 1]. We consider
two cases.

e (is odd: In this case Pr[b = 1] = 0 because in order for this to occur all z; must be 1,
and the y;’s must alternate on the cycle, which is impossible of a cycle of odd length.
Thus, Pr[b = 1] = 0 and dist(f(U), Ber(1/4)") = | Pr[b = 1] — Pr[Ber(1/4)" = 1]| >
10— (1/4)] = (1/4)".

e /is even: Here b = 1 happens if and only if all zq,...,z, are 1, which happens with
probability (1/2), and y}s alternate, so y1 = 0,92 = 1,...,y0 = L or y; = 1,90 =
0,...,y, = 0, which happens with probability 2 - (1/2)¢. Thus Pr[b = 1] = 0 and
dist(f(U), Ber(1/4)") = | Pr[b = 1] — Pr[Ber(1/4)" = 1]| > |2(1/4)" — (1/4)¢] = (1/4)".
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In both cases we have dist(f(U), Ber(1/4)") > (1/4)". O
We now prove Proposition 26.

Proof of Proposition 26. We consider G’ = (V'  E’) as in the proof of Theorem 24. Recall
that G’ has k vertices, 1.5k edges and is 3-regular. We first show there exists a cycle in G’ of
length at most £ = O(log,(k))

Let’s run a Breadth First Search algorithm starting at any arbitrary node s € V', and
stop once the BFS tree reaches a cycle in G'. This cycle has length at most 2d + 1, where d
is the height of the tree.

Since G’ is 3-regular, we add exactly 2 vertices (3 for the first node) into our visited queue
on each iteration of BFS. This means k = [V/| > 1+ 33 702/ =3-2? — 2 and hence we
have a cycle of length 2log,(*$2) + 1 Recalling that n = 1.5¢tk = k/2¢ and that each edge in
G’ corresponds to a path of length t = 1/3¢ in GG, we conclude that G has a cycle of length

< 2log, (2H2) 4+ 1 - 210g2(2en)'
- 3e - 3e
Hence, by Claim 27, we get that dist(f(U), Ber(1/4)") > (1/4)" > (2en)~4/3. O

6 A lower bound on 3-local constructions with m =
(2—¢€)n

In this section we prove a lower bound on the distance for all 3-local constructions with
m = 1.99n.

Theorem 28. Let n € N be sufficiently large. Fix e > 0, and let m = (2 — €)n. Then, for
any 3-local mapping f: {0,1}™ — {0,1}" it holds that

dist (f(U,), Ber(1/4)") > n 019,

Proof. Let G = (V =1UO, E) be a bipartite graph, where |I| = m = (2 — €)n represents
the input bits of f, |O] = n represents the output bits, and (¢, 0) € E if and only if the o’th
output bit of f depends on the i’th input bit.

We prove Theorem 28 by finding a small set of outputs S C O such that its neighbourhood
N(S) (i.e., the input bits of S) is small. Specifically, we will find a set S C O of size
|S| = k = O(log(n)) such that |N(S)| < 2k — 1. This indeed suffices, as for the distribution
Ber(1/4)* the probability of sampling all zeros in S is exactly 47%, while the granularity of
the inputs to S implies that f outputs all zeros in S with probability either 0 or at least
2-IN(S) = 2. 4=%_ Therefore,

|Pr[f(Un)s = 0] — Pr[(Ber(1/4)")s = 0]| > 47",

In order to find such set S, note that the graph G has |V| = (3 —€)n vertices and |E| = 3n
edges. Therefore, |E| = (1 +¢)|V| for € = ¢€/(3 —¢).

We use the following lemma, saying that any sufficiently dense graph contains a set of
vertices S that span at least |S| + 1 edges, such that |S| = O(log(n)).
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Lemma 29 (Theorem 2 in [GGS23]). Let G = (V, E) be a multigraph with |V| > 2 vertices
and |E| =m > (1 + €)|V| edges for some e = €(|V|) € (0,1]. There exists a set of vertices
S CV of size |S| < 8log(|V]) - [1/€] spanning at least |S| + 1 edges.

Applying Lemma 29 to GG, we get a subset of the vertices C' C V' of size |C| < 8log(|V]) -
[1/€'] that spans at least |C| + 1 edges. By taking the minimal such subset C, we may
assume' that all vertices v € C' have at least two neighbours in C.

The key step of the proof is summarized in the following claim.

Claim 30. Let G' = (V! = I" UO', E') be the bipartite subgraph of G induced by C' with
I'=1INC and O'=0NC, and let k = |O’'|. Then |[Ng(O")| < 2k —1.

Proof. Since |E’| > |V’| 4+ 1, there must be at least one vertex in G’ of degree > 3. Recall
that all vertices in O’ have degree either 2 or 3, and denote by ¢ the number of vertices in O
of degree 3. Consider the following two cases.

e ¢ = 0: Since all vertices in O’ have degree 2, the set I’ must have a vertex of degree > 3
in G’. Furthermore, |E'| = 2-|0'| = 2k, and hence by counting degrees of the vertices
in I', we have |I'| <k — 1. Finally, note that each v € O has at most one neighbour
outside C, and thus |[Ng(O')| < [I'|+ 0" < (k—1)+ k =2k — 1.

e t > 1: By counting the degrees of O’ in G’ note that |E’'| = 2(k — t) + 3t = 2k + t.
Similarly, by counting the degrees of I’ in G, we have |E’| > 2|I'|. Finally, there are
exactly k — ¢ nodes v € O" with one neighbour outside C, and t nodes v € O" with no
neighbours outside C'. Therefore,

ING(ON| < |I'[+(k—t) < |E/24 (k—t) < (b +t/2) + (k —t) < 2k — /2.
Since |Ng(0')| is an integer and ¢ > 1, it follows that |[Ng(O')| < 2k — 1.
In both cases we showed that |[Ng(O')| < 2k — 1, as required. O
<

Therefore, letting S = C'N O, we get a set of size k = |S| < |C| < 8log(|V]) - [1/€]
8log(3n) - 3/e such that |[N(S)| < 2k — 1. By the discussion above this implies that

dist(f(U), Ber(1/4)") > [Pr[f(Un)js = 0] = Pr[(Ber(1/4)")s = 0] = 47" > (3n)*™/",

This completes the proof of Theorem 28. O]

7 A 4-local construction with m = 1.75n that is exp(—cn)-
close to Ber(1/4)"

In this section we prove that 4-local samplers can approximate the distribution Ber(1/4)"
within exponentially small distance.

1Otherwise, if C' has a vertex with deg.(v) < 1, we can remove v from C, and the remaining subset C”
will also satisfy the property that |C’| < 8log(|V|) - [1/€'] and it spans at least |C'| 4+ 1 edges.
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Theorem 31. Let n € N be sufficiently large, and let m = (2 — 1/4)n. Then, there exists a
4-local mapping f: {0,1}™ — {0,1}" such that

dist(f(Upn), Ber(1/4)™) <27,
for some absolute constant ¢ > 0.

The proof of Theorem 31 relies on the following lemma.

Lemma 32. Let m,n be parameters such that n < m < 2n, and let M &€ F;X(m_n) be a

matriz such that every row of M has ezxactly d ones. Then, there exists a (d+ 1)-local sampler
f:{0,1}"™ — {0, 1}" satisfying

dist (f(Uyn), Ber(1/4)") < SPr [the rows of Mg are linearly dependent], (7)

Clnl
where Mg is the submatriz of M obtained by taking only the rows of M with indices in S.
Proof. Define f: {0,1}" x {0,1}™ ™ by f(z,y) = x A, My. Clearly, f is (d + 1)-local. By

Claim 7, for a uniform subset S C [n],
dist(x A, (My),Ber(1/4)") < Pr[My is not uniform on {0, 1}*]
= Pr [MS is linear dependent}. [
Next we state a result about the existence of a sparse matrix which satisfies the conditions

in Lemma 32. We show the existence of such matrix by adapting Gallager’s result on random
sparse matrices [Gal62]. Its proof can be found in Appendix B.

Theorem 33. For a sufficiently large n € N there exists a matriz M € Fy*° ™" with ezactly
3 ones in every row and 4 ones in each column such that for a uniform subset S C [n],

Pr[Mg is linearly dependent] < 2799,

Theorem 31 immediately follows from applying Lemma 32 to Theorem 33.

Proof of Theorem 31. Let M € Fy*%™" be the matrix from Theorem 33, which has 3 ones
in each row. By Lemma 32, there is a 4-local sampler f: {0,1}*™" — {0,1}" such that
dist(f(U,,), Ber(1/4)") < Pr[Mg is linear dependent] < 279057, O
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A Background facts

In this section for completeness we state and prove several basic facts that are used in deriving
our main results.

A.1 On the total variation distance between two distributions

Definition 34. Given two distribution p,v over a finite set X, the total variation distance
between p and v is defined as

dist(p, v Zm
xeX

We will also refer to it as the statistical distance between p and v.

The following is a standard fact about the total variation distance between two distribu-
tions.

Fact 35. Given two distribution p,v over a finite set X, we have

dist(p, v) = glél;gW(A) —v(A)] = p(A%) — v(4"),

where A* = {x € X : p(z) > v(z)}.

We will need the following claims. Similar claims have been shown, e.g., in [Viol2; Vio23;
KOW?24]. We prove them here for completeness.

Claim 36. Let p,v be two distributions over a finite domain X. Let vy,... v be k dis-
tributions over X, such that v = %Zle v;, and suppose that dist(u,v;) = 1 — ¢; for some

€[0,1/2]. Then
k
1
1—2261<d18t,u, <1 —Eg

=1

Proof. For the upper bound let A C X be such that dist(u,v) = pu(A) — v(A). Then

k k k
Z ) — vi( )§ Z(l—ei)zl— Ze,

For the lower bound, let A; = {z € X : u(x) > v;(x)}. Then we have dist(u,r;) =
w(A;) — vi(A;). In particular u(4;) > 1 — ¢ and v;(4;) < ¢. Consider the set A =nNF A,
and note that p(A) > 1 — 3% u(X\ 4) > 1-3" & On the other hand v(A) =

% Zf:l vi(A) < % Zle vi(A;) < % Zle €;. Therefore,
k Lk . &
pA) -~ A) 2 (1-3a) - 1 > a=1-(1+7)- D
i=1

=1 =1

wl»—*
E
E

dist(p, v) = p(A)

as required. 0
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Claim 37. Let pux,vx be two distributions over X, and let py, vy two distributions over Y.
Consider the product distributions px X py and vx X vy. Then

dist(ux X py,vx x vy) < dist(pux, vx) + dist(py, vy).

Proof. For each z € X define 6x(z) = pux(z ) vx(z). Similarly, for eachy € Y deﬁne oy (y) =

py (y) — vy (y). Note that dist(ux,vx) = 5 erX](SX( r)| and dist(py, vy) = 5 Zyeyléy( |.
Then

dist(ux X py,vx X vy) = %ZZWX(SU) iy (y) — vx(z) vy (y)]

_ _;(;\VX ) + py (1)3x (2)]
< %;{gmw.ay<y)|+§§§|uy<y>~6x<x>|
= 5wl (T ) + 5 (Zlaxtal) (S o)
= dista&z);,l/x)—kdyi::(uy,W), - N
as required. -

Claim 38. Letn € N and for each i € [n] let u; and v; be two distributions over a domain X;.
Suppose that for each i € [n] it holds that dist(p;, v;) > €. Define the product distributions
=1 X flg X+ X Uy and vV = 1y X Vg X - -+ X Uy, over the domain X = X1 x Xy x -+ x X,.

62n
dist(p,v) > 1—2¢ 12,

Proof. For each i € [k] let B; C X; be such that u;(B;) > v;i(B;) + €. Define p; = (u;(B;) +
vi(B;))/2. Given a random x = (xy,...,x,) € X3 X Xy X --- x X,,, define S, = [{i € [n] :
z; € B;}|. Define A ={S, > > | p;}. Then using a Chernoff bound we have

dist(u, v)
> p(A) — v(A)

5 1 ) S0 15 () S0

S=
|

2 6271

> (1 _ 6_8% Z;Ai(Bi)) _ 6_12%Zui(3i)
6271
>1—2e 12,
This proves Claim 38. O

Claim 39. Let p be a distribution over X such that for any subset X' C X of size | X'| =k
it holds that u(X') < e. Let v be a distribution over X such that supp(v) < k. Then
dist(p,v) > 1 —e.

Proof. Let A =supp(r). Then by Fact 35 we have dist(u,v) > v(A) — u(A) > 1 —e. O
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A.2 Entropy, binomial coefficients, concentration inequalities, etc

We start with the definition of the entropy of a distribution.

Definition 40. Given a distribution D over a finite domain X, we define the entropy of D
as H(D) =3 ..xD(x) logQ(ﬁ).

Next we define the binary entropy function, which corresponds to the entropy of a Bernoulli
random variable with the appropriate parameter.

Definition 41. The binary entropy function is defined as h(z) = xlogy(%)+ (1 —z)logy(:=).

Fact 42. For all1 <k <n—1 it holds that

s () £ ) e

Theorem 43 (Chernoft’s bound). Let Xi,..., X, be independent random variables with
Pr[X; =1] = p; and Pr[X; = 0] =1 —p; for eachi. Let X =>_" | X;, and let p = E[X] =
Y iy Di- Then

2
1. Pr[X > (1+e)u] <e 5 foralle>0.

2. Pr[X <(1—e)pu] <e 72 foralleec (0,1).
Theorem 44 (Hoeffding’s inequality). Let Xi,..., X, be independent random variables such
that a < X; <b for eachi. Let X =" | X;, and let = E[X]. Then
2t2
1. Pr[X > p+t] <e C-am forallt>0.

+2
2. Pr[| X —p| >t < 2¢” T for allt > 0.

B Proof of Theorem 33

In this section, we prove Theorem 33, restated below.

Theorem 33. For a sufficiently large n € N there exists a matriz M € F3*° ™" with ezactly

3 ones in every row and 4 ones in each column such that for a uniform subset S C [n],

Pr[Ms is linearly dependent] < 2795

We first prove a claim relating the probability we wish to bound to the weight distribution
of vectors in the (left) null space of M. One can think of M as the parity-check matrix of a
code of block length n, and the null space is the set of codewords in the code.
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Claim 45. Let M € F*™ be a matriz. For a uniformly chosen subset S C [n], we have

n

Pr [MS is linearly dependem‘} < Z g,
=1
where wy = {z € FY : |z| = ¢ and zM = 0}. Moreover, letting 6 = min{|z|/n : zM = 0}, we

have
2n—rank(M)

Pr [MS is linearly dependent] < 5o

Proof. Let z € F} be of Hamming weight ¢ such that zM = 0. Let T' C [n] be the subset of
its nonzero coordinates. For every S O T, we have that My is linear dependent. There are
2"=¢ such subsets S. Therefore,

n

Pr [Ms is linearly independent} <277 Z 2”_|Z|]l(zM =0)= Z %
2€Fy (=1

The “Moreover” part follows from

Qn rank(M)

de—ZQMZ ZW =

{=don

For a parameter n € N define B to be the uniform distribution over matrices in an/ 4

with exactly one entry equal to 1 in each row and exactly four 1’s in each column. Define a
random matrix M = [By, B, Bs] € FY*** where each B; € F3*™* is distributed according
to B independently.

Theorem 33 follows from applying the following lemma in Claim 45.

Lemma 46. For a sufficiently large n, let M € IF"X?’"/4 be a random matriz from the

distribution described above, and let 6 = 0.03. For C ={z € Fy : M =0} let w, = |{x € C':
|z| = £}| be the weight distribution of C'. Then

o P[>0 wy=0]>0.1 and
o Pr[S7 ;. % < 0.967] > 0.98,
In particular, there exists a matriz M € Fy*** such that | 9k <0.96" < 2700,

The key idea in the proof of Lemma 46 is to understand E[w,|, the expected number of
vectors z € F} of weight ¢ satisfying xM = 0. In order to do it, define

4
gs) =1+ (2) g2 4 g ®)
Note that the coefficient of 2 is equal to the size of the set {x € F3 : |z| = (A +x9+x3+74 =
0}.

Claim 47. Let 0 < ¢ < n, and denote by NB[E] the expected number of vectors v € F§ of
weight ¢ satisfying tB = 0. Then, Ng[{] < g(‘;é for any s € R.
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n/4

Proof. Consider the function g(s)™*, and write it as

(g(s)™* = Q(e)2”, (9)

and observe that by definition of g(s) we have Q(¢) = [{z € F} : 2B =0 A |z| = {]}|. Now
since Q(¢) > 0 and 2% > 0, it follows that g(s)™* > Q(¢) - 2 for all £ > 0 and any s € R.
Therefore,
s n/4
Nelt) = () < X

as required. N

Define a function f: [0,1] — R as

(1 +6- 92s + 243)3/4
) = 935X . 92h(N) ’

(10)

for any parameter s € R.

Claim 48. For{=1,...,n let A\ =/{/n. Then Elw,] < 8Anf(\)" for all values of s in the
definition of f.

Proof. Since in the definition of M = [By, By, Bs] the B;’s are independent, it follows that

n\ (Nel\' (e[} Stn—10)  g(s)P! .
Mwﬂ:(z)'( <;:>> = S g < S A SO

¢
for X = ¢/n, where the first inequality uses the fact that (}*) > mQh(’\)”. O

Claim 49. Let § = 0.03 as in Lemma 46. For any A € (0,0] there exists s = s(\) such that
f(\) < 0.75M

Claim 50. Let 6 = 0.03 as in Lemma 46. For all X € [6,1] there exists s = s(\) such that
1 < 0.95.

We postpone the proof of the claims until later, and show below how the two claims above
imply Lemma 46.

Proof of Lemma /6. Observe that since each row of M has an odd number of 1’s, it follows
that w, = 0 for all odd values of ¢. Note also that for any constant even £ it holds that
Prlwy, > 0] = Oy (n=*/?).

Claim 51. For any constant even k it holds that Pr[wy > 0] < (i’fc—)/?

Proof. Note that if wy > 0, then there are k rows and at most 3k/2 columns of M such that
the ones of the k rows are all contained in these 3k/2 columns. Therefore

rien 02 (1) ()< (3R ot S -G

as required. 0
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In particular, for a sufficiently large n we have
Pr[) wy=0] > 1—0(1/n) > 0.99. (11)

Next we use Claim 48 and Claim 49 to bound E[Zizm wy]. Let p = 0.75 be the base of the
exponent in Claim 49. Then

on 0o 0
(n — ¢
B w) < 3 MO e S sey
0=22 (=22 " (=22
¢ even ¢ even
< 16-) j-p¥
j=11
I~ 10
= 16| —— — - p*
(3 )
_ 1 p2 B p2(1 + 10p22 _ 11p20)
a (1—p?)? (1—p?)?
2 20 22
p*(11p*° — 10p*)
= 16—y — <089,

where the last inequality holds for all p < 0.75. Hence, by Markov’s inequality

on on
Pr() w,=0]=Pr[> w,<1]>1-089=0.11. (12)
=22 £=22
Combining Eqs. (11) and (12) we get
on
Pr(» we=0] > 0.1, (13)
=1

assuming that n is sufficiently large.
Then, by Claim 48 and Claim 50 we have

z”: %] . z”: 8€(nn— /) (f;l%))” < 9n?. 0.95%

{=dén {=én

Hence, by Markov’s inequality, we have

" wy on? - 0.95"
P £ >006"| < 277 £0.02 14
' L%a; 2! = ] = 0.960 ’ (14

assuming that n is sufficiently large. By combining Eqs. (13) and (14) we get that >, | 5f
0.96™ with probability at least 0.08. This completes the proof of Lemma 46.

A
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We now return to proving Claim 49 and Claim 50.

Proof of Claim 49. For 0 < X < ¢ define s(\) = 21%2()‘). Then

o (1462242093 (146010 4 A 1415
f( ) - 23Xs . 92h(N) - 22X logy(A) . 92h(N) — 22(17)\) 10%2(&)’

where last inequality holds for all A < §, which is easy to verify by comparing the polynomials
in the denominators.
Next, we let F(\) = ——FL32 _ _ “and show that

22(17A) logz(ﬁ) ’
F()\) <0.75*

for A € [0,4]. Letting G(\) = 0.75*, we show below that F(0) = G(0) and F'(0) < G'(0).
Indeed F'(0) = 1 = G(0). We show below that F’(0) = —0.5 < —0.29 < In(0.75) = G’(0).
Indeed,

1.5 — (14 1.5)) x In(2) <2 log,(A) + ﬁ - 210%2(&))
92(1-) log, (115
1.5 — (1+1.50) x (2In(A) +2 — 2In(:2;))
92(1-X) log, (115
15— (1+1.5)) x (2+2In(1 — X))
92(1-)) logs (125 )

F'(\) =

I

and hence F'(0) = —0.5. For the derivative of G, we have G’(0) = In(0.75) - (0.75*)|x=0 =
1n(0.75) > —0.29.

We have F(0) = G(0) and F'(0) < G'(0), and hence by continuity, F'(\) < 0.75" in some
small neighborhood of 0. Numerical calculations show that F'(\) < G'()) for A € (0,0.2]. In
particular, f(A\) < F()\) < 0.75 for all A € (0, 4], as required. O

Proof of Claim 50. We break the proof into two painful (but tolerable) cases depending on
the value of A € [, 1].

o For A € [5,0.6] let s(\) = 28 Then

o 93sA . 92h(N)+A T 92xlogy (V) L 92h(N)+A T 22(1,,\) logz(ﬁ)+)\

f()\) (1 16- 92s =+ 245)3/4 (1 +6- )\4/3 T )\8/3)3/4 (1 16- )\4/3 + )\8/3)3/4

By computing the derivative of %, it is straightforward to check that the function has
a unique minimum in the interval [4,0.6] and obtains its maximum at the boundaries
of the interval. Verifying that F'(§) < 0.95 and F'(0.6) < 0.95, it follows that f(\) <

F(\) <0.95 for all A € [6,0.6].
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o For A € [0.6,1] let s(\) = 2222=0mm) They

f(/\) . (1 +6-225 248)3/4

22 o 23sA . 92h(A)+A
1 N\4/3 1 \8/3)3/4
<1 +6- (1—0.75,\) + (1—0.75,\) )
92\ ogs (1=g755) . 92h(A)+A

1 \12
1 + 5 (1—0.75)\)
22>\10g2(ﬁ) . 22h(A)+A '

The last inequality can be verified by letting y =
that (14 6y* +y®)%/* < 14 539,

1_‘_5(;)12
Denote F()\) = 1;0475>\

92 1082 (1=0.75x) .92h(X)+A
difficult to check that F' has a unique minimum in the interval [0.6, 1] and obtains

its maximum at the boundaries of the interval. Verifying that F'(0.6) < 0.95 and
F(1) < 0.86, it follows that £& < F()\) < 0.95 for all X € [0.6, 1].

W € [1.2,1.6], and checking

. Then, by computing the derivative of F, it is not

This completes the proof of Claim 50. ]

C Proof of Lemma 18

We start with stating the fact that a random matrix over a large enough finite field with
O(log n) nonzero elements in each row is full rank with high probability.

Claim 52. Let F be a finite field of size n®. Let M be a random n x n matriz obtained by
picking t == C'logn random positions (with repetition) in each row and set them to uniform
random. Then M 1is full rank with probability 1 — 1/nc/2.

Proof. The only difference from [HLYZZ25, Lemma 3.3] is the success probability. One can
verify this can be improved to 1/n°/? by adjusting the field size |F| from 2n to n¢ and ¢ from
10logn to C'logn. m

Proof of Lemma 15. We first construct the block matrix

o[ 0]

O IMﬁxed

where G is a U x r random matrix obtained by picking ¢ := C'logn random positions (with
repetition) in each row and set them to uniform. By Claim 52, we have

..........

So we can fix a choice of G with the desired property. The lemma follows from sparsifying G
using elementary operations as in [HLYZZ25, Section 3]. O]
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D Deterministic sampler in the cell-probe model

In this section, we provide a sketch of a deterministic construction of the random matrix in
Lemma 18 in the cell-probe model. Our construction uses O(n?3+%92) random bits, and thus
increases the redundancy in Theorem 2 to this amount.

In the proof of Lemma 18, we generate a random U X n matrix A, such that:

1. Fixing a set of n rows of A, with high probability in n, these rows are linearly
independent;

2. Every row of A has at most C'logn nonzero elements.

Instead of generating this matrix directly, which costs more than Q(U) random field
elements, we do the following to generate a random matrix B with a similar guarantee.

We first create n'/? buckets, and use a O(1)-wise independent hash function to map each
row i € [U] to a random bucket. With high probability in n, each bucket contains at most
n?/3 . /34001 valid rows. Note that to simulate such a hash function, we only need access to
O(1) random field elements.

We let the matrix B have n'/3 . (n?/3 4 pl/3+001) = p 4 52/3+001 columns, which is
slightly more than n columns. These columns are partitioned into groups each of which has
n?/3 4 pl/3+001 columns. Each bucket occupies a group of columns. If row i is hashed to
bucket 7, then it can only have nonzero entries in the j-th column group. This structure will
cause n?/3+0-01+ol) of redundancy.

Next, we sample an O(nQ/ 3)-wise independent hash function h, which maps every row i
to the positions and values of the O(logn) nonzero entries in the column group it hashes to.
This part is similar to the original construction. Again, to simulate this hash function, we
need access to a sequence of random cells of length O(n?/3). We take part of the input bits
to do this.

Fixing a set of n valid rows, the submatrix of B formed by these rows is a block matrix,
where the j-th block consists of all valid rows hashed to the j-th bucket and all columns in
the j-th group. We only need to prove that each of these blocks has full row-rank with high
probability. In each group j, there are at most n?/3 4+ n!/3+091 such rows, which is less than
the independence of the hash function h. Therefore, the positions and values of the nonzero
entries in this block are fully independent from each other. As such, the original analysis of
the matrix A applies, implying that this block has full row-rank with high probability.

This construction has redundancy n?/3+t002 bits, where the 0.02 can be replaced with
an arbitrary small constant, which comes from two sources: one is that we need to spend
n?/3+0.01+0(1) cells from the input tape to simulate a high-independence hash function. The
other is that the matrix B now use more than n columns, which causes some waste.

After the matrix B is constructed, we can do the same analysis as before, using elementary
operations to sparsify B as in [HLYZZ25, Section 3].
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