2-6-06: Termination for System F

Review of System F

Types 0,7 = ... | Va7 |
Terms e :=... | Aa.e | e[T]
Values v = ... | Aa.e
Au=0]A«

New reduction rules:

€1 — €eg

e1[r] — ea[7] (Aa.e)[r] — e[T/q]
New typing rules:

Aa;THe:T
A:T'FAae:Va: 1

A;TFe:Var A F o type
AT Felo] : Tlo/af

Nice try:
Clr] ={e| e—*vAveV[r]}

V[T] = {c}
V[ — ] ={v | W € V[n]v{) € Clr]}
V[Va.7] = {v | Vov[o] € C[r[o/a]]}

Do this instead:
Cand = {R | Ve € R.e is a closed value}

Clr]é ={e| e—*vAveV[r]i}

VIT]S = {c)
V[ — m]é = {v | V' € V[r]d.v(v) € C[r2]d}
V[Va. T]]5 = {v | Vo.0 + o type AVR € Cand.vlo] € C[7]d,a — (0, R)}
VI

To the proof!

Va € A.DF ér(a) type A ds(a) € Cand
d € D[A]

Vo7 eTloy(z) € V[r]d
v € G[I')o




Fundamental theorem If A;T'Fe: 7, and § € D[A] and v € G[I']0 then ér(y(e)) €
C[r]é.
Proof: by induction on e.

Case: e = x. By inversion, x : 7 € T', which means that vy(z) € V[r]. Hence ~(z) is
closed, so  has no effect, and we’re done.

Case:
Ao TkFe: T

A;TF Aae: Va.r

To show: dr(v(Aa.e)) € C[Va.T]0.
Note 07 (y(Aa.e)) = Aa.op(ve). Let v = Aa.op(ve).

Suffices to show: Vo.VR € Cand.v[o] € C[7]d,a — (o, R). Suppose we have o and
R € Cand. Let ¢ = 6, +— (0, R). Then &' € D[A,a]. Need to show that v € G[I']d’.
We have a weakening property:

Lemma If a ¢ FV(7) then C[7]d = C[7]d, @ — (o, R). Similarly for V[] and G[T'].
So now we're in a position to apply induction. We get that ¢/.(y(e) € C[r]¢’. That is,
dr(ve)lo/a] € C[T]d'.

Lemma (expansion) If ¢’ € C[7]0 and e — €’ then e € C[7]0.

With the expansion lemma, we’re done.

Case:
A;TFe:Var AFotype

AT Felo] : Tlo/al

By induction, dr(ve) € C[Va.7]d. By definition of the LR, dr(ve) —* v € V[Var]d. So,
Vo' VR € Cand.v € C[7]d,a — (o', R).

We need to show that dr(velo]) € C[r[o/a]]d. But ér(ve[o]) = or(ye)[dro] —* v[éro].
Note d70o is closed.

Let R = V[o]é. Then v[oro] € C[7]d, o — (dr0, R). Need a lemma:

Lemma (type substitution lemma)  To prove next time.



