2-20-06: Relational parametricity

Relational parametricity

From last time:

Suppose v F f: Va.ao — a — a. Then Vo.Vuy, vy : 0. flo](v1)(va) | v € {v1,v2}.
We’d like to show:

Let true and false be the standard Church encodings of booleans.

3b € {true, false}.Vo.Vuy,vs : 0. f[o](v1)(v2) = blo](v1)(v2)

(This shows that f behaves exactly like either true or false)

Definition (Kleene equivalence) e1=eg if Jv.ey JvAes | v

For simple base types, Kleene equivalence works well. At higher types (functions), Kleene
equivalence is too fine a notion of equivalence. For example Az.1 + 1 is not Kleene
equivalent to Az.2.

VRel(o1,09) = {R | Y(v1,v2) € R.F vy : o9\ vg : 02}
d =016 a— (01,09, R) where R € VRel(o1,02).
Given § where d(«) = (01, 02, R), let:

® (51(@) =01
° (52(04) = 09

e /() =R

Term equivalence: OFel~e: T

Feirey:7 e (e1,e2) € C[r).

e1 | v e | vo Fvi=uvy:T

ohel~ey:T

Value equivalence: ’(5 Fop~uvg:T
V1 = Uy Vo, vh.0 oy vl 7 = 0k v (v]) = ve(vh) i 7"
0 F v; = vy : nat SFvi~uvy:7 — 7"

' =6,a (01,02, R) - vi[o1] = vafog] : T
V closed o,09.VR € VRel(o1,09).8

vy =uvy:Va:r

(Ul, 2}2) S 5R(Oz)

v ~vy:«




D[A] = {0 | Va € A. F §1(«) type,F d2(a) type,F dr(a) € VRel(d1 (), d2(cx))}

Ve:T el ok vy(z)~y(x): 7
OFm~vy:T

Theorem (Parametricity/Abstraction) IftFe:7thenexe:7.

Will be a corollary to the following lemma:

Lemma IfA;TFe:7andd e D[A]and dF v =2 :T then d F yi(e) = y2(e) : 7

Case:
ATFe i —T AT Feg:m

A;TFej(er): T

By induction, 6 F y1e1 &~ y2e1 : 79 — 7 and & F y1e2 = €9 : To. So ner L vi, yee1 | v,
yiez | vi, and yeeq | vh with § F vy &~ v : 79 — 7 and 6 b v] = v}, : 7o. By the LR,
d F v1v] = vevh ¢ 7. By expansion, 0 b yi(e1e2) = ya(ejes) i T

Lemma (Useful) Ifdbtejmey:7 — 7" anddb e =eé): 7' then o b eje) ~ egél, :

T,

Now, the result we want
Recall:
true = Aa. Az \y.x false = Aa. \z.\y.y

By parametricity, - f ~ f : Va.a«a — a — «. Let 0 and v1,vs : 0. Let 01 = bool, 092 = 0.
Let R = {(true,v;), (false,v2)}. Let 6 = a — (bool, o, R). By LR, 0 F f[bool] = f[o] :
a — a — «a. Again by the LR, § - f[bool|(true)(false) ~ f[o](v1)(v2) : . So, there
are wi,wy with f[bool](true)(false) | wy and f[o](v1)(v2) | we and (wy,ws) € R.

Let b = w;. We know that f[bool](true)(false) | b “always.” (By determinism of
evaluation). So, for any o and v1,vs : 0, (b, w2) € R where f[o](v1)(v2) | we. If bis true
then wy = vy. Otherwise, wy = vy. In both cases, f[o](v1)(v2) = b[o](v1)(v2).



