1-30-06: Review of (and final proofs for) term equivalence

I'Fegree: T

I'F e; = ey : unit I'Feg=ey: T

VADT. Al el ~ey: 7 = Al ere] = egeh: 7"

I'Fey~ey:7 — 7"

We proved last time:
Head expansion If I'Fe; ~ ey : 7 and €] =%, e; and e —%, es then ' e} = e : 7.

Monotonicity If 'Fe; ~ey:7and ADT then AFe; ~eg: 7.
Main lemma (1): f T'Fej ~ey:7thenT'F ey ey 7.

Main lemma (2): fT'Fp; < py: 7, then T Fp; = po: 7.
Need to deal with substitutions:
AF Y1~ Y2 . F‘

Ve:T e LAF~y(z) = vya(z): 7
Al—vlzyng

Now we want to prove the “fundamental theorem”:

Fundamental theorem IfT'Fey=ey:7,and AF vy = : T then A F ye; =
Y2€2 I T.
Proof: by induction on the definitional equivalence judgment.

Case: (reflexivity) We end up changing the rules so that reflexivity is no longer a case:

Drz:7'Fe=ey: 7"

I'FXze=Xzey: 7 — 7"

F'Fer=ey:7 — 7" kel =e,:7

[k ee] =exehy: 7"

rz:T1el

I'te=x:7

Case: (symmetry) We have
I'tegs=e1:7

I'tei=ey: 7

By induction, A F yies & yse1 : 7.



Now, we go and prove symmetry of the logical relation:

Lemma [Symmetry of the logical relation] IfI'Fej~ey:7thenT'Fexre;:T.
Proof: by induction on 7.
Case: 7 = unit. Immediate.

Case: 7 ='T. We have that I' - e; < e : T (so it boils down to symmetry of algorithmic
equivalence). Left as an exercise.

Case: 7 =17 — 7. Let A D T. Suppose A F €] ~ €}, : 7/. We need to show that

'k exe) = erey : 7. By induction, A F e, ~ €} : 7. We have by definition that

'k ejel, &~ egef : 7. Finally, by induction I' - ege) ~ ejeh : 7.
Lemma IfAbF~ ~~:then AFy~vy:T.

Now, back to the case for the fundamental theorem:

Fund. thm. (continued)

Case: (symmetry) Now this case is easy: by symmetry A F 75 =~ v; : I'. By induction,
A F y9e9 = y1e1 : 7. The final result follows from symmetry of the logical relation.

Case: (transitivity)
AFei=ey: T AFey=e3:T

Alei=e3:T
By induction, A F y1e1 = y9es : 7. Ideally, by “induction” A F y9eq & yoe3 : 7.

Lemma IfAF~y &~ :1,then AF v v T
Proof: By symmetry A F v &~ 7 : I'. By transitivity, A F v & 7o : T.

(This is a PER, a partial equiv relation that supports symmetry and transitivity, but not
necessarily reflexivity.)

By that reasoning, we can take away “ideally”. By the lemma, A F 72 =~ v : I'. By
transitivity, A F y1e1 &~ ez : 7, so we are done.

Transitivity of the logical relation Ifl'Fe;=ey:7and '+ ey = e3 : 7, then
I'kFe~e3:T.

Proof: by induction on 7.

Case: T = unit. Immediate.

Case: 7 =T. Needs algorithmic transitivity. By induction on the algorithm (do it).
Case: 7 =7 — 7”. Let A D T'. Suppose that A - €] ~ ¢4 : 7/. By definition of the

logical relation, we have Aeje} ~ ezey : 7. By symmetry, we have A - ef ~ ¢} : 7/,
By induction, A + €4 ~ €4 : 7/. Therefore, by the definition of the logical relation,

A egely ~ ezes - 7. By induction, A - ej€] & esefy : 7.

Now, back to the case for the fundamental theorem (again):



Fund. thm. (continued, again)

Case: (extensionality)

Tyz:7' Fe(r)=ex(x): 7" z ¢ FV(e1) UFV(e2)

I'Fei=ey: 7 — 7"

Let A’ O A. Suppose A’ F e} ~eh: 7. So A v,z — €] =y,z—e:T,x:7.
By monotonicity, A’ F v1,2 +— €] & y2,2 + € : I,z : 7/. By induction A’ F (v, 2 —
eh)(e1z) = (2, — €h)(eaz) : 7. This means that A" yieq(e]) = y2ea(eh) : 7.

Case: (f-reduction)

To be proved next time.



