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Abstract

Affine type systems manage resources by preventing some values from being used more than once.
This offers expressiveness and performance benefits, but difficulty arises in interacting with com-
ponents written in a conventional language whose type system provides no way to maintain the
affine type system’s aliasing invariants. We propose and implement a technique that uses be-
havioral contracts to mediate between code written in an affine language and code in a conven-
tional typed language. We formalize our approach via a typed calculus with both affine-typed
and conventionally-typed modules. We show how to preserve the guarantees of both type systems
despite both languages being able to call into each other and exchange higher-order values.

This is the extended version of a paper that appeared in ESOP 2010.

*Our prototype implementation and related material may be found at http://www.ccs.neu.edu/
~tov/pubs/affine-contracts/.


http://www.ccs.neu.edu/~tov/pubs/affine-contracts/
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1 INTRODUCTION

1 Introduction

Substructural type systems augment conventional type systems with the ability to control
the number and order of uses of a data structure or operation (Walker 2005). Linear type
systems (Wadler 1990; Plotkin 1993; Benton 1995; Ahmed et al. 2004), for example, ensure
that values with linear type cannot be duplicated or dropped, but must be eliminated exactly
once. Other substructural type systems refine these constraints. Affine type systems, which
we consider here, prevent values from being duplicated but allow them to be dropped: a
value of affine type may be used once or not at all.

Affine types are useful to support language features that rely on avoidance of aliasing.
One example is session types (Gay and Hole 1999), which are a method to represent and
statically check communication protocols. Suppose that the type declared by

type,, prot = (int send — string recv — unit) chan (1)

represents a channel whose protocol allows us to to send an integer, then receive a string, and
finally end the session. Further, suppose that send and recv consume a channel whose type
allows sending or receiving, as appropriate, and return a channel whose type is advanced to
the next step in the protocol. Then we might write a function that takes two such channels
and runs their protocols in parallel:

let,, twice (cl: prot, c2: prot, z: int): string ® string =
let once (c: prot) (_: unit) =

let ¢ = send c z in
let (s, .)=recvc ins
in (once c1) ||| (once c2) (2)

The protocol is followed correctly provided that cI and c2 are different channels. Calling
twice(c, ¢, b), for instance, would violate the protocol. An affine type system can prevent
this.

In addition to session types and other forms of typestate (Strom and Yemini 1986), sub-
structural types have been used for memory management (Jim et al. 2002), for optimization
of lazy languages (Turner et al. 1995), and to handle effects in pure languages (Barendsen
and Smetsers 1996). Given this range of features, a programmer may wish to take advantage
of substructural types in real-world programs. Writing real systems, however, often requires
access to comprehensive libraries, which mainstream programming languages usually provide
but experimental implementations often do not. The prospect of rewriting a large library to
work in a substructural language strikes these authors as unappealing.

It is therefore compelling to allow conventional and substructural languages to interop-
erate. We envision complementary scenarios:

e A programmer wishes to import legacy code for use by affine-typed client code. Un-
fortunately, legacy code unaware of the substructural conditions may duplicate values
received from the substructural language.

e A programmer wishes to export substructural library code for access from a conven-
tional language. A client may duplicate values received from the library and resubmit
them, causing aliasing that the library could not produce on its own and bypassing the
substructural type system’s guarantees.



1 INTRODUCTION

Our Contributions. We present a novel approach to regulating the interaction between an
affine language and a conventionally-typed language and implement a multi-language system
having several notable features:

e The non-affine language may gain access to affine values and may apply affine-language
functions.

e The non-affine type system is utterly standard, making no concessions to the affine
type system.

e And yet, the composite system preserves the affine language’s invariants.

We model the principal features of our implementation in a multi-language calculus that
enjoys type soundness. In particular, the conventional language, although it has access to
the affine language’s functions and values, cannot be used to subvert the affine type system.

Our solution is to wrap each exchanged value in a software contract (Findler and Felleisen
2002), which uses one bit of state to track when an affine value has been used. While this
idea is simple, the details can be subtle.

Design Rationale and Background. Our multi-language system combines two sublan-
guages with different type systems. The € (“conventional”) language is based on the call-by-
value, polymorphic A calculus (Girard 1972; Reynolds 1974) with algebraic datatypes and
SML-style abstype (Milner et al. 1997). The o/ (“affine”) language adds affine types and the
ability to declare new abstract affine types, allowing us to implement affine abstractions such
as session types and static read-write locks.

A program in our language consists of top-level module, value, and type definitions, each
of which may be written in either of the two sublanguages. (In the example above (2), the
subscripts on type,, and let,, indicate the o/ language.) Each language has access to modules
written in the other language, although they view foreign types through a translation into
the native type system. Affine modules are checked by an affine type system, and non-
affine modules are checked by a conventional type system. Notably, non-functional affine
types appear as abstract types to the conventional type system, which requires no special
knowledge about affine types other than comparing them for equality.

In our introductory example, a protocol violation occurs only if the two arguments to
twice are aliases for the same session-typed channel, which the 7 language type system
prevents. Problems would arise if we could use the 4 language to subvert &/ language’s
type system non-aliasing invariants. To preserve the safety properties guaranteed by each
individual type system and allow the two sublanguages to invoke one another and exchange
values, we need to perform run-time checks in cases where the non-affine type system is
too weak to express the affine type system’s invariants. Because the affine type system can
enforce all of the conventional type system’s invariants, we may dispense with checks in the
other direction.

For instance, the affine type system guarantees that an affine value created in an affine
module will not be duplicated within the affine sublanguage. If, however, the value flows
into a non-affine module, then static bets are off. In that case, we resort to a dynamic check
that prevents the value from flowing back into an affine context more than once. Since our



2 AN EXAMPLE
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Figure 2.1: States and transitions for TCP (simplified)

language is higher-order, we use a form of higher-order contract (Findler and Felleisen 2002)
to keep track of each module’s obligations toward maintaining the affine invariants.

Our approach to integrating affine and conventional types borrows heavily from recent
literature on multi-language interoperability (Flanagan 2006; Siek and Taha 2006). Our
approach borrows from that of Typed Scheme (Tobin-Hochstadt and Felleisen 2008, 2006)
and of Matthews and Findler (2007), both of which use contracts to mediate between an
untyped, Scheme-like language and a typed language.

2 Example: Taming the Berkeley Sockets API

The key feature of our system is the ability to write programs that safely mix code written in
an affine-typed language and a conventionally-typed language. As an example, we develop a
small networking library and application, using both of our sublanguages where appropriate.

The Berkeley sockets API is the standard C language interface to network communication
(Stevens 1990). Transmission Control Protocol (TCP), which provides reliable byte streams,
is the standard transport layer protocol used by most internet applications (e.g., SMTP,
HTTP, and SSH). Setting up a TCP session using Berkeley sockets is a multi-step process
(figure 2.1). A client must first create a communication end-point, called a socket, via the
socket system call. It may optionally select a port to use with bind, and then it establishes
a connection with connect. Once a connection is established, the client may send and
recv until either the client or the other side closes the connection.

For a server, the process is more involved: it begins with socket and bind as the
client does, and then it calls Listen to allow connection requests to begin queuing. The
server calls accept to accept a connection request. When accept succeeds, it returns a
new socket that is connected to a client, and the old, listening socket is available for further
accept calls. (For simplicity, we omit error transitions, except for failure of send and
recv.)

Our ¥ sublanguage provides the interface to sockets shown in figure 2.2. The socket
operations are annotated with their pre- and post-conditions, but the implementation detects
and signals state errors dynamically. For example, calling listen on a socket in state initial
or calling connect on a socket that is already connected will raise an exception. If the other
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moduley Socket : sig
type socket
val socket : unit — socket (* @ = initial x)
val bind : socket — port — unit  (* initial = bound *)
val listen : socket — unit (* bound = listening *)
val accept : socket — socket (* listening = connected ® listening *)
val send : socket — string — bool (* connected = connected & closed *)
- end

Figure 2.2: Selected % language socket operations, annotated with state transitions

side hangs up, send and recv raise exceptions, but nothing in this interface prevents further
communication attempts that are bound to fail.!

By reimplementing the sockets API in language <7, we can use language <7’s type system
to move the state transition information from comments into the type system itself. For
example, we give listen in sublanguage <7 the type

V. a socket — « bound — « listening, (3)

which means that given a socket and evidence that the socket is bound, listen changes the state
to listening and returns evidence to that effect. These evidence tokens are capabilities, and
the type parameter on each capability ties it to the particular socket whose state it describes.
These capabilities have affine type so that when listen consumes the bound capability, we
cannot call /isten again on the same socket.

We reimplement the sockets API in language <7 in terms of the language % operations.
From the vantage of language 7, ¥ function types are mapped to &/ function types, but
the € type Socket.socket is mapped to an opaque type {Socket.socket}. Some types are auto-
matically converted between the two sublanguages, but for the remainder, type constructor
{-} delimits foreign types referenced from the other sublanguage.

We declare a new abstract type for sockets in language o7, along with a type to represent
each of the states:

abstype,, a socket = Sock of {Socket.socket}
and « initial qualifier A = Initial
and « bound qualifier A = Bound
and « listening qualifier A = Listening
and « connected qualifier A = Connected
with - .- (% operations detailed below *) --- end (4)

Several aspects of this abstype declaration bear further explanation:

e Fach type has a phantom parameter «, which is used to associate a socket with the
type witnessing its state.

! This simplifies the Berkeley sockets API by omitting address families, protocols, half-closed sockets,
non-blocking IO, etc., but the stateful essence remains.
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val socket : unit — Ja. « socket ® « initial

val bind  : Va.«a socket — port — « initial — « bound

val listen : Va.« socket — a bound — « listening

val accept : Va.a socket — « listening — (« listening ® 3. 5 socket ® [ initial)
val connect : V. o socket — host — port — (« initial & « bound) — « connected

val send  : Va.« socket — string — « connected — a connected
val recv . Va. a socket — int — « connected — string ® « connected
val close  : Va.a socket — « connected — unit

Figure 2.3: The o/ language sockets API

e The syntax qualifier A on each the state type declares that outside the abstraction
boundary, values of those types will appear as affine. Code inside the abstype decla-
ration sees that they are ordinary, non-affine data types.

e Because each of the capabilities has only one constructor with no values, they need not
be represented at run time.

The of language sockets interface appears in figure 2.3. The &/ sockets implementation
relies on delegating to ¥ language functions. From within o7, € types are viewed through
a simple translation: function types, quantified types, and a few base types such as int
pass through transparently, whereas other types are wrapped opaquely as Socket.socket was
above. Thus, the type of Socket.sockety becomes unit — {Socket.socket} when viewed from
/. Each &/ function is a minimal wrapper around its € counterpart:

let,, socket () =
let sock = Socket.sockety () in
in Pack(unit, (Sock[unit] sock, Initial[unit])) as 33. 5 socket ® [ initial

let,, listen[a] (Sock sock as s: a socket) (_: « bound) =
try
Socket.listeny sock;
Listening[«/]
with |0Error msg — raise (StillBound (freezeBound s cap, msg)) (5)

For socket,,, we call Socket.socket, to create the new socket, which we wrap in the Sock
constructor and pack into an existential with a new initial capability. (The type abstracted
by the existential is immaterial; unit will do.) Function listen,, calls its € counterpart on
the socket and on success returns a listening capability tied by « to the socket. On failure,
the socket is still in state bound, so it raises an exception containing the bound capability.
The remaining functions are equally straightforward, but when we’re done, provided we got
this trusted kernel correct, we have an .7 library that enforces the correct ordering of socket
operations. (The full code of the sockets library may be found in §A.)

Calling the various % socket operations from &7 is safe because none has a type that
enables it to gain access to an o/ language value. Other situations are not as simple.
Figure 2.4 shows an implementation of an echo server in language <. (The working code
is included with our prototype implementation on our web site.) The server sends back
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let,, clientLoop|a] (sock: « socket) (f: string — string) (cap: « connected) =

let rec loop (cap: « connected): unit =

let (str, cap) = recv sock 1024 cap in

let cap = send sock (f str) cap in

loop cap
in try

loop cap

with SocketError _ — ()

— {thread}, = threadForky

)
let rec,, acceptLoopla] (sock: « socket) (f: string — string) (cap: « listening): unit =
let (cap, Pack(S, (clientsock, clientcap))) = accept sock cap in
threadFork (fun () — clientLoop clientsock f clientcap);
acceptLoop sock f cap

let interface threadFork :> (unit 2o unit

let., echoServe (port: int) (f: string — string) =
let Pack(a, (sock, cap)) = socket () in
let cap = bind sock port cap in
let cap = listen sock cap in
acceptlLoop sock f cap

Figure 2.4: An echo server in language <7/

the data it receives from each client after passing it through an unspecified string — string
function f. The main function echoServe creates a socket, binds it to the requested port, and
begins to listen. The type system ensures that echoServe performs these operations in the
right order, and because the capabilities have affine types, it disallows referring to any one of
them more then once. Function echoServe calls acceptLoop, which blocks in accept waiting
for clients. For each client, it spawns a thread to handle that client and continues waiting for
another client. Spawning the thread is where the multi-language interaction becomes tricky.

As in other substructural type systems, ./ requires that a function be given a type whose
usage (unlimited or affine) is at least as restrictive as any variable that it closes over. Thus
far, we have seen only unlimited function types (—), also written —o. Language </ also has
affine function types, written o.

The new client capability clientcap, returned by accept, has affine type ( connected.
Because the thunk for the new thread, (fun () — clientLoop clientsock f clientcap), closes
over clientcap, it has affine type as well: unit 2o unit. This causes a problem: To create a
new thread, we must pass the thunk to the & function threadForky, whose type as viewed
from 7 is (unit — unit) — {thread}s. Such a type makes no guarantee about how many
times threadForky applies its argument. In order to pass the affine thunk to it, we assert
that threadForky has the desired behavior:

let interface threadFork :> (unit 2o unit) — {thread}y = threadFork, (6)

This constitutes a checked assertion that the ¢ value actually behaves according to the given
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</ type. This gets the program past </’s type checker, and if threadFork, attempts to apply
its argument twice at run time, a dynamic check prevents it from doing so and signals an
erTor.

The two sublanguages can interact in other ways:

e We may call echoServe,, from the % language, passing it a % function for f. This is
safe because function f has type string — string, and thus can never gain access to an
affine value.

e We may use the o7 language sockets library from a € program:

lety sneaky () =
let Pack(a, (sock, capl)) = socket., () in
let cap2 = connect,, sock "sneaky.example.org" 25 capl in
let cap3 = connect,, sock "sneaky2.example.org" 25 capl in

(7)

This program passes %”’s type checker but is caught when it attempts to reuse the initial
capability capl at run time. This misbehavior is detected because sneaky’s interaction
with 7 is mediated by a behavioral contract.

3 Implementing Stateful Contracts

In Findler and Felleisen’s formulation (2002), a contract is an agreement between two soft-
ware components, or parties, about some property of a value. The positive party produces
a value, which must satisfy the specified property. The negative party consumes the value
and is held responsible for treating it appropriately. Contracts are concerned with catching
violations of the property and blaming the guilty party, which may help locate the source of
a bug. For first-order values the contract may be immediately checkable, but for functional
values nontrivial properties are undecidable, so the check must wait until the negative party
applies the function, at which point the negative party is responsible for providing a suit-
able argument and the positive party for producing a suitable result. Thus, for higher-order
functions, checks are delayed until first-order values are reached.

In our language, the parties to contracts are modules, which must be in entirely one
language or the other, and top-level functions, which we consider as singleton modules.

Contracts on first-order values check assertions about their arguments, and either return
the argument or signal an error. Contracts on functions return functions that defer checking
until first-order values are reached. The result of applying a contract should contextually
approximate the argument. We represent a contract for a type « as a function taking two
parties and a value of type «, and returning a value of the same type a:

type « contract = party X party — a — « (8)
A simple contract might assert something about a first-order value:

let evenContract (neg: party, pos: party) (x: int) =
if isEven x then x else blame pos (9)
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The contract is instantiated with the identities of the contracted parties, and then may be
applied to a value. We may also construct contracts for functional values, given contracts
for the domain and codomain:

let makeFunctionContract[c, 5] (dom: « contract, codom: [3 contract)

(neg: party, pos: party) (f: a« — (3) =
fun (x: a) — codom (neg, pos) (f (dom (pos, neg) x)) (10)

When this contract is applied to a function, it can perform no checks immediately. Instead,
it wraps the function so that, when the resulting function is applied, the domain contract is
applied to the actual parameter and the codomain contract to the actual result.

We follow this approach closely, but with one small change—contracts for affine functions
are stateful:

let makeAffineFunContract|a, 5] (dom: « contract, codom: 3 contract)
(neg: party, pos: party) (f: o — ) =
let stillGood = ref true in
fun (x: o) —
if ! stillGood
then stillGood «+ false;
codom (neg, pos) (f (dom (pos, neg) x))
else blame neg (11)

This approach works for functions because we can wrap a function to modify its behavior.
But what about for other affine values such as the socket capabilities in §27 We must consider
how non-functional values move between the two sublanguages.

In order to understand the solution, we need to show in greater detail how types are
mapped between the two sublanguages. (The rest of the type system appears in the next
section.) We define mappings (-)“ and (-)¢ from % types to &/ types and </ types to
% types, respectively. Base types such as int and bool, which may be duplicated without
restriction in both languages, map to themselves:

(B)7 =B (B)" =B (12)

Function types convert to function types. % function types go to unlimited functions in &7,
and both unlimited and affine .27 functions collapse to ordinary (—) functions in € (where
q ranges over a and u):

(11— )" = (1) 2o (1) (01 %0 0)" = (01)” — (02) (13)

Quantified types map to quantified types, but they require renaming because we distinguish
type variables between the two languages. In particular, &/ language type variables carry
usage qualifiers, which indicate whether they may be instantiated to any type or only to
unlimited types. (All type variables in §2 were of the u kind.)

(Va.7)” = VB (n[{8"}/a])” (Vat.0)" =Vp. (o1 [{5}/a])” (14)
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¢ [int](n,p) =
Cdl oy —o o9](n,p) = makeFunctlonContract (A C[o1], € [o2]) (n, p)
€l o1 o 0] (n,p) = makeAffineFunContract (7 €¢[o1], €</ [02]) (n, p)
¢/ [0°](n,p) = fun (v: 0°) — makeAffineFunContract (if 0° is
(id, id) (n, p) (fun () — v) affine)

€ [int](n,p) = id
A Co1-Yo05](n, p) = makeFunctionContract (6. [o1], &€ [o2]) (n, p)
A E[o°](n,p) = fun (v: unit — 0°) — v () (if 0° is affine)

Figure 3.1: Type-directed generation of coercions

Several algebraic data types, such as « option, map transparently when they are unlimited:

(7)) = ((rn)7) e (@) ) = (((e)%) e if[[@)cl=u  (15)
Finally, the remaining types are uninterpreted by the mapping, and merely enclosed in {-}:
(7°)7 = {1°}, otherwise (0°)% = {6°}, otherwise (16)

Values in this class of types are inert: they have no available operations other than passing
them back to their native sublanguage, which removes the {-}. (We take {{7}} to be
equivalent to 7.)

This mapping implies that all non-functional, affine types in ./ map to opaque types in
€. Since all that the ¢ language can do with values of opaque type is pass them back to .27,
we are free to wrap such values when they flow into 4 and unwrap them when they return
to . Specifically, when an affine value v passes into %, we wrap it in a A abstraction, fun
(_: unit) — v, and wrap that thunk with an affine function contract. If the wrapped value
flows back into &7, we unwrap it by applying the thunk, which produces a contract error if
we attempt unwrapping it more than once.

After type checking, our implementation translates &/ modules to ¥ modules and wraps
all interlanguage variable references with contracts that enforce the ./ language’s view of the
variable. In figure 3.1, we show several cases from a pair of metafunctions &/ %[-] and €</ -],
which perform this wrapping. Metafunction &7 %€’[-] produces the coercion for references to
€ values from o7, and €</[] is for references to 7 values from %. Our formalization does
not use this translation, but gives a semantics to the multi-language system directly.

2 Opaque types may seem limiting, but Matthews and Findler (2007) have shown that it is possible,
in what they call the “lump embedding,” for each sublanguage to marshal its opaque values for the other
sublanguage as desired. In practice, this amounts to exporting a fold to the other sublanguage.
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4 FORMALIZATION

T EM
variables x,y € Varg Al'Fg et
type variables o, 3 € TVarg
module names f,g € MVary TC-Mop
integers z c7 modulef:7=veM ke T
AT Y £
programs P ::= M e e BT
module contexts M ::= my ... my WY .
modules m ::= modulef :7=v m okay
types T = int | T — 7T TM-C
V(YT|()/ -;-l—ggv:T

v | x| f]el]
ee | if0eee

eTPTESSIONs € FY module f : 7 = v okay

values v = Aa.v | AxiT.e | ¢ e e
constants ¢ == [z] | — | (2—)
type contexts A == - | A« C-MobD
value contexts ' == - | I',x:7 (modulef:7=v)eM
fr—v
M

Figure 4.1: Selected syntax and semantics of Ay (full semantics in §B)

4 Formalization

We model our language with a pair of calculi corresponding to the two sublanguages in the
implementation. In this section, we first describe the two calculi independently, and then
move on to explain how they interact.

To distinguish the two calculi, we typeset our affine calculus A in a blue, sans-serif font
and our non-affine calculus Ay in a bold, red, serif font.

4.1 The Calculi Ay and )

We model sublanguage € with calculus Ay, which is merely call-by-value System F (Girard
1972) equipped with singleton modules, each of which for simplicity declares only one name
bound to one value. The syntax of Ay appears in figure 4.1, including module names, which
are disjoint from variable names. We include integer literals, which serve as first-order values
that should pass transparently into the affine subcalculus. A program comprises a mutually
recursive collection of modules M and a main expression e. We give only the semantics
relevant to modules, as the rest is standard. The expression typing judgment has the form
A;T Y e : 7, and it carries a module context M, which rule TC-MOD uses to type module
expressions. To type a program, we must type each module with rule TM-C; note that the
whole module context is available to each module, allowing for recursion. Finally, C-MoD
shows that module names reduce to the value of the module.

We model sublanguage ./ with calculus A\, which extends Ay with affine types. While
A includes all of Ay, we choose not to embed Ay in A” to emphasize the generality of our
approach, anticipating conventional language features that we do not know how to type in

11



41 The Calculi \g and \* 4 FORMALIZATION
variables x,y € Vary
qualifiers q € {a,u}
type variables a9, (39 € TVary
module names f, g € MVar,
mtegers z Sy
modules m ::= modulef:o =v
types o= int | 0 Yoo | Va%.0 | o°
opaque types o0° = a | o @oc | oref
expressions eux=v | x | f | ee | e[o] | if0eee
| (e,e) | let (x,x) =eine
values v = c | Axo.e | Aa%v | (v,v)
constants ¢ = new(o| | swaplo]lo] | [z] | — | (2—)
value contexts T == - | I xo
type contexts A == - | A, af
Figure 4.2: Syntax of ¥
atq
QREFL QSUBSUME
qlq ul a
7l =q
lint] = u o1 2o 0] = q Vo . o| = |o]|
laf] = q |01 ® o3| = |o1| U |og] loref | = a
I =

M= 1] Irel

xedom(I")

Figure 4.3: Statics of ¥ qualifiers (i)
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4 FORMALIZATION 4.1 The Calculi Ay and \?

FEroT
|_1EBr2:r3 |a|:a rlEBr2:r3 |O'|:a
-H-=- BT, xo=1I3x0 M, xcBTly,="T3,x0
rlaﬂrgzrg |U|:U
[,x:oc BTy, x0=1TI3x0
Figure 4.4: Statics of \y: context splitting (ii)
A }_ﬂ g
At o1 At oo Aoty o ate A A+, o
A+, int Aty op 2o oy At Vol o At af At oref
Aty oy Al o
A I—JZ{ 01 ® 0>
o<:0
S-REFL S-TRANS S-PROD
o1 <: 0% 0y <: 03 o1 <: 0} oy <: 0
oc<io o1 <: 03 01 ® 0y <: 0y R 0
S-ARROW S-FORALL
oy <: o1 0y <: 0y qCq g Car 01][0% /o] <: oy
o1 Yo gy < o LS ah Va¥. op <: V3%, 0,

Figure 4.5: Statics of A: types and subtyping (iii)

13



4.1 The Calculi \y and X 4 FORMALIZATION

ATHM e o
TA-SUBSUME TA-TLAM
ATHY e o o<: o Aot THY e g
ATHFY e 0 AT Y Aaf.v Vol o
TA-TApP
AT HM e vad. o Aty o lo| Eq
AT FM elo] : o'[0/af]
TA-LAM
AT x:oFMe: o Aty o ||_|Fv()\ng,e) =q
AT HFY Axoe:o 2o o
TA-AppP TA-PAIR
AT FY e 0" Jo 0 ATy FY ey o AT FY e oy ATy FY eyt oy
AT BLFY ejer:o AT BT FY (e1,e) : 01 ® 0y
TA-LET TA-CoON
A;rll—gel:ax(}@ay A;rg,x:ax,y:ayl—gegza
AT B Y let (xy) =ejiney i o AT HM ¢ty (c)
TA-IF0 TA-VAR
AT FM e iint AToFY ep:0 ATy Y 50
A;rlEErgl—%ifOelege3:a A;r,XZU,F/F%XZU
TA-MobD
modulef :0 =ve M kg o
ATHMY fi 0
ty,(c) =0
ty ., (—) = int “o int o int ty,((2—)) = int —o int ty,([2]) =int
ty ., (new[o]) = o —o o ref ty s (swap[o1][o2) = (01 ref ® 03) ~o (07 ® 05 ref)

Figure 4.6: Statics of \“: expressions and constants (iv)
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4.1

The Calculi Ay and A

M m okay

locations

values

stores
configurations
evaluation contexts

Cr—y C

07 (s W{l = v1},swap|oi][oz], (£, v2)

( )
( )
( )
(A-LET)  (s,let (x1,x2) = (vi,v2) ine)
( er)
( er)
( f)

TM-A
M yvio lo] = u

M module f : o = v okay

Figure 4.7: Statics of A: modules (

v)

¢ e Loc

vi= - |/

su={lrv,....0— v}

C:u= (s,e)

Ei= [ | Elo] | Ee | vE | (E¢) | (v.E)

| if0Eee | let (x,y) =Eine

(s,cv 75£¢(3,c,v)
(s, (Aa®.v)[a]) > (s, v]o/af))
(s, (Ax:o.e) v) —> (s, e[v/x])
— (s,elva/xo][va/xa])
(5,if0[0] e ef T(Saet)
(s,if0] 2] ec er) — (s, )
(5,f) — (5,v)

(s, Ele]or) — (5", Ele].0)

O (s, = [2]) = (s,(2—))
O (s, (21—), [22]) = (s, [21 — 22])
O (s, newlo],v) = (sW{l — v}, {)
) = (s@{l—va},(v1,0))

Figure 4.8: Dynamics of A
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an affine language. The syntax of A may be found in figure 4.2. Expressions are mostly
conventional: values, which include A and A abstractions, constants, and pairs; variables;
application and type application; if expressions; pair construction; and pair elimination. Less
conventionally, expressions also include module names (f), which reduce to the value of the
named module. We define the free variables of an expression in the usual way, but note that
this includes only regular variables (e.g., y), not module names (e.g., g), which we assume
are distinguished syntactically.

Types include integers, function types with qualifier g, universals, and the syntactically
distinguished opaque types, which include type variables, products, and reference cells. Fig-
ure 4.3 defines a lattice on qualifiers, of which there are only two: u is bottom and a is top.
A qualifier is assigned to each type, with the notation |o| = q. Integers are always assigned
the unlimited qualifier u, whereas references always have the affine qualifier a. Function
types and type variables are annotated with their qualifiers, and products get the stronger
qualifier of either of their components. We define the qualifier of a value context ' as well, to
be the maximum qualifier of any type bound in it; in other words, I' is affine if any variable
is affine, but if none is then it is unlimited.

Figure 4.4 defines context splitting, which is used by expression typing to distribute affine
assumptions to only one use in a term, but unlimited variables to an unlimited number of
mentions. When a value context must be split to type two subexpressions, in an application
expression, for example (figure 4.6), variables of affine type are made available to either the
operator or operand, but not both.

The subtyping relation appears in figure 4.5. It is reflexive and transitive, covariant on
both pair components and function codomains, and contravariant on function domains, as
usual. Subtyping arises from the qualifier lattice in two ways: an unlimited function may be
used where an affine function is expected (but not vice versa), and a universal type whose
bound variable has qualifier a may be instantiated by a type with qualifier u (but not vice
versa).

Selected expression typing rules appear in figure 4.6. Rules TA-LAM and TA-APP are
the usual substructural rules for typing A\ expressions and applications: for A expressions,
the qualifier q given to the resulting o type is the qualifier of the context I limited to the
free variables of the expression; thus, the function is at least as restricted as any values it
closes over. The type application rule TA-TAPP requires that a type variable be at least as
restrictive as any type with which it is instantiated.

Finally, the constant swap (figure 4.6) takes a pair of a oy reference and a o5, and returns
a o; and a o, reference. From the operational semantics, which appears in figure 4.8, it
should be clear that swap swaps the o, argument into the location and returns the value
previously in the location. Since the type of swap does not require these two types to be the
same, swap performs a strong update—that is, it may change the type of the value residing
in a reference cell. This is why the qualifier given to references must be a: if a reference
is aliased, then it becomes possible to observe the type change in a way the destroys type
safety. This feature of the calculus is a stand-in for the variety of invariants that an affine
type system might enforce. In the mixed calculus, Ay may gain access to A references. It
has no operations available to read or write them, but it must be prevented from passing an
aliased reference cell back into A where it can cause trouble.
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4 FORMALIZATION 4.2 Mixing It Up with \Z

programs P ::= M e
module contexts M ::= mq...my
modules m = m | m | interfacef :>o=g
Mg types T = -+ | {0}
A expressions e u= --- | &
X types o = - | {7}
N expressions e = --- | f&

Figure 4.9: New syntax for A&

(int)” = int (int)? = int
(11— 1) = (1) S0 (12)” (01 %o 02)" = (01){ (02)"
(Vo 7)7 = V6. (r[{8"}/a])” (Va.o)" = (0[{5’}/@‘])%
({o°)” =0° ({r°H” =
(r°)7 ={°} (0°)" = {0°}

o] = o
{7} =u

Figure 4.10: New statics for AZ: type translation and qualifiers (i)

4.2 Mixing It Up with )\

The primary aim of this work is to construct (type-safe) programs by mixing modules writ-
ten in an affine language and modules written in a non-affine language, and to have them
interoperate as seamlessly as possible. We can then model an affine program calling into
a library written in a legacy language, or a conventional program calling into code written
in an affine language. In either case, we must ensure that the non-affine portions of the
program do not break the affine portions’ invariants. As noted in §3, we accomplish this via
run-time checks in the style of higher-order contracts (Findler and Felleisen 2002).

The additional syntax for mixed programs is in figure 4.9. The main expression in a
mixed program is in subcalculus Ay. Modules now include A modules, Ay modules, and
interface modules, which are used to assert a A type about a Ay module as we saw in §2.

We add to each subcalculus’s expressions a production referring to modules from the
other subcalculus. We decorate each such module name with the name of the module in
which it appears (e.g., f& for a reference to Ay module f from A module g) and use this
name as the negative party in contracts regulating the intercalculus boundary, in order to
assign blame.

17
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"‘PZT , I—Mmokay‘
ProG TM-I By
(Ym € M) F* m okay o Fl e (moduleg: (0)" =v) e M lo] = u
FMe:T FM interface f :> o = g okay
ATHY e: 7|, A THMY e o
TA-MopC TC-MoDA
(modulef:7=v)e M ke T (modulef:o=v)e M koo
AT EM fe . (1) AT Y 82 (o)
TA-MoblI
(interfacef : >0 =f)e M -tyo

A;THEMN f8: 0
Figure 4.11: New statics for \Z: programs, modules, and expressions (ii)

Static Semantics. The type system for the mixed calculus is the union of the type systems
for A and Ay (figures 4.1, B.1-B.3, and 4.3-4.7), along with additional typing rules for
converting types between A and Ay (figure 4.10), for typing ¥ module invocations in Ay
expressions, and for typing Ay module invocations in A expressions (figure 4.11).

Rule TC-MODA (figure 4.11) types occurrences of A module names in Ay expressions.
The rule uses the type conversion function (-)¢, defined in §3 (p. 9) to give a Ag type to
the A module invocation. Because A types are richer than Ay types—\“ function types
carry extra information in the qualifier—the conversion loses information, which may need
to be recovered through dynamic checks. For example, given a A module g with type
int 2o int 2o int, the conversion rule assigns it the Ay type int — int — int. Calculus \y’s
type system cannot enforce that the result of applying g be applied at most once, which will
need to be checked at run time.

For a Ay module with type 7 invoked from a A\* expression, we use the module at type
(7). It would be reasonable for TA-MoDC to give it any A type in the pre-image of the
A -to-\¢ mapping, but () makes the most permissive, statically safe choice, which is to
map all Ay arrows (—) to the unlimited A arrow (o). Consider:

o If f : int — int in Ay, then int ~o int is the right type in M. There is no reason to
limit f to an affine function type, because Ay does not impose that requirement, and
subtyping allows us to use it at int 2o int, if necessary.

e If f: (int — int) — int in Ay, then (int —o int) —o int will allow the imported function
to be passed unlimited functions but not affine functions. This is a safe choice, because
A¢’s type system does not tell us whether f may call its argument more than once.

In the latter case, what if the programmer somehow knows that function f applies its ar-
gument at most once, as in the example of threadForky (p. 7)? It should not violate A*’s

18
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Ag terms e = .- | (%_'fk"(e)

XY terms e n= .- | Ueg (e)
Ag values v = .- | Cfé[f]"(v)

X values v = .- | ”ég[](v)

A¢ evaluation contexts E = --- | (%éU(E)

N evaluation conterts E = -+ | "ég (E)
configurations C = (s,e) | blamef
answers A= (s,v) | blamef

stores  su={} | s"s{l—v} | s"{l v}

Figure 4.12: Dynamics of AZ: run-time syntax (i)

invariants to pass an affine function to threadForky, but A cannot know this. Therefore,
rule TA-MoDC gives Ay modules a conservative A type that requires no run-time checks.
We can use an interface module to coerce a Ay module’s type 7 to a more permissive A¥
type in the pre-image of 7, and this, too, requires a dynamic check.

Operational Semantics. We extend the syntax of our mixed calculus with several new
forms (figure 4.12). Whereas our source syntax segregates the two subcalculi into separate
modules, module invocation reduces to the body of the module, which leads expressions
of both subcalculi to nest at run time. Rather than allow A terms to appear directly in
Mg, and vice versa, we need a way to cordon off terms from one calculus embedded in the
other and to ensure that the interaction is well-behaved. We call these new expression forms
boundaries.

The new run-time syntax includes both boundary expressions ?ACg(e) for embedding
A\ expressions in A’ and boundary expressions fCAZ (e) for embedding A\ expressions in
A¢. Each of these forms has a superscript o, written on the A? side, which represents a
contract between the two modules that gave rise to the nested expression. Some contracts,
for example int, are fully enforced by both type systems. Other contracts, such as int 2o int,
require dynamic checks. The type system guarantees that such a function receives and
returns only integers, but this type also imposes an obligation on the negative party to
apply the function at most once, which the Ay type system alone does not enforce.

The right subscript of a boundary is a module name in the inner subcalculus, representing
the positive party to the contract: It promises that if the enclosed subexpression reduces to
a value, then the value will obey contract o. The left subscript is the negative party, which
promises to treat the resulting value properly. In particular, if the contract is affine, then
the negative party promises to use the resulting value at most once.

Boundaries first arise when a module in one calculus refers to a module in the other
calculus. When the name of a Ay module appears in a A term, A-MoDC (figure 4.13)
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(C-CXTA) (s, Ele]») — (s, Ele'].) if (s,e) — (s',€)
(C-MODA) (s,f®) v (s, C‘;A"(f)) (modulef:o=v)e M

g
(A-MopC) (5, £8) — (s, () AC(f)) (modulef:7=v)eM

g

(A-MopbI) (s, f®) — (s,"Ag (") (interfacef :> o0 =f") e M

g
(C-WRAP) (s, (;AU(V)) v coerceg (s, o,v, f,g)

g
(A-WRAP) (s,° /%C (v)) v coerce (s, o,v,f,g)
g
(C-B-A) (s, CA[@]VO‘q'”(V)[T]) —— check(s, ?, |o|, CA ol(r) /a] (V[(T)'Q{]),f)
fg M fg

(C-B-A) (s, CA[K]"lﬂo”(vl) Vy) — check(s,(,q, CA <v1 71 AC (V2)> )
fg M fg gf

(A-B-C) (5,7 AC[](v)[oa]) = (s,1/* T AC (v[(0a)“]))
fg M fg
ﬂOU 02 g1
(A-3-C) (5,727 "2 AC[](v1) va) — (5,72 AC (Vl CA (vz)))
fg M fg gf
(s, [2]) if v = [2]
coerceg (s, o,v,f,g) = (s5,v") ifv= g }ACHf’<V/)
(s W {¢ — BLSSD}, CfA[E]U(v)) otherwise
( g
(5 [1) if v =[]
COGTC@W(S,U,V,f,g) = check(s,ﬁ, |O'°|,V/,g/) if v= g/CAM}?;O(V/)
(s, AC[](Vv)) otherwise
\ fg
((s,e) ifg=u
check(s,?,q,e,f) = ¢ (s W {¢ — DFNCT},e) if s =5 W {{— BLSSD}
| (5, blame f) otherwise

Figure 4.13: Dynamics of A\Z: reduction relation (ii)
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wraps the module name with an AC boundary, using the A”-conversion of the module’s type
7 as the contract. For interface modules, the contract is as declared by the interface, and
the name of the interface is the positive party (A-MobI). From the other direction, a A
module invoked from a Ay expression is wrapped in a CA boundary by rule C-MODA.

We add evaluation contexts for reduction under boundaries, which means it is now pos-
sible to construct a A\ evaluation context with a A hole, and vice versa. If the expression
under a boundary reduces to a value, it is time to apply the boundary’s contract to the
value. There are three possibilities:

e Some values, such as integers, always satisfy the contract, so the boundary is discarded.

e Functional values and opaque affine values must have their checks deferred: functions
until application time, and opaque values until they pass back into their original sub-
calculus. For deferred checks, we leave the value in a “sealed” boundary, ;CA[(]Z (v) or
7AC[],(v), which is itself a value form.

e When a previously sealed opaque value reaches a boundary back to its original subcal-
culus, both that boundary and the sealed boundary are discarded.

Rule C-WRAP implements contract application for A values embedded in Ay expres-
sions, as indicated by metafunction coerceq. The first case of coerceqs handles immediate
checks, and its second case unseals previously sealed Ay values that have returned home.
The second case of coercey seals and blesses a A\ value, by allocating a location ¢, to which
it stores a distinguished value BLSSD; it adds this location to the boundary, which marks
the sealed value as not yet used. This corresponds directly to the reference cell allocated by
makeAffineFunContract in §3.

Rule A-WRAP implements contracts for Ay values in A? expressions. Metafunction
coerce’s first case is the same as coercey’s, and the third case seals a value for deferred
checking; it need not allocate a location to track the usage of a Ay value. The third case
unseals a previously sealed A value on its way back to A, and this requires checking that
an affine value has not been previously unsealed. This step is specified by metafunction
check, which also has three cases. Unlimited values are unsealed with no check. If an affine
value remains blessed, check updates the store to mark it “defunct” and returns the unsealed
value. If, on the other hand, there is an attempt to unseal a defunct affine value, check
blames the negative party. This is the key dynamic check that enforces the affine invariant
for non-functional values.

Rules C-B-A, C-g-A, A-B-C, and A-3-C all handle sealed abstractions, which are
unsealed when they are applied. For sealed \¥ abstractions, the seal location ¢ must be
checked, to ensure that an affine function or type abstraction is not unsealed and applied
more than once. This is the dynamic check that enforces the affine invariant for functions.

5 Proving Type Soundness

The presence of strong updates means that aliasing a location can result in a program getting
“stuck™ if an aliased location is updated at a different type, reading from the alias produces
a value of unexpected type. Calculus A”’s type system prevents this, but adding Ay means
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that a A” value may be aliased outside A. Our soundness criterion is that no program that
gets stuck is assigned a type. In particular, all aliasing of affine values is either prevented by
A7’s type system or detected by a contract at run time.

In order to prove a Wright-Felleisen—style type soundness theorem (1994), we must iden-
tify precisely what property is preserved by subject reduction. We use an internal type
system to track which portions of the store are reachable from A values that have flowed
into A¢. Under this type system, configurations enjoy standard progress and preservation,
which allows us to state and prove a syntactic type soundness theorem using the internal
type system’s configuration typing judgment.

Figure 5.1 shows the new syntax for the internal type system. A store type () maps
locations to types in either subcalculus, or to “protected” types of the form [¢]*. A location
¢ mapped to a protected type [0]® means that location ¢ may appear only under blessed
CA boundaries sealed by ¢'. In particular, the store-splitting partial function (H) defined
in figure 5.2 allows protected locations to be duplicated arbitrarily; but as we will see, they
can only be used to type locations in terms that are protected by a contract. Store splitting
also duplicates locations containing A¢ values, but it requires locations containing A values,
both unlimited and affine, to go only one way or the other. This ensures that such locations
appear only once in a well-typed term, which ensures the safety of strong updates.

5.1 The Internal Type System

Figure 5.2 also defines store typing. The type of a store contains the types of all its locations.
Additionally, each location ¢ containing a A value with type o may appear in the store type,
non-deterministically, as £:0 or as £:[o]® for any location £

We may apply protection to a whole store, as in figure 5.3, in which case it protects a
A7 locations that are not already protected. We also define the qualifier of a store type: if
it maps any location to a A” type, then the qualifier is a; otherwise it is u.

The new expression type judgments 3 A;T ¥ e : 7 and X;A;T oY e : o (figure 5.4)
add a store type to the context, which is used to type locations that appear in run-time
expressions, by rule RTA-Loc. We type boundary expressions by rules RTC-BOUNDARY
and RTA-BOUNDARY, each of which requires the A type o in the premiss (resp., conclusion)
to convert to the Ay type (o) in the conclusion (resp., premiss). Also, notably, both drop
the type and value contexts A and I' (resp. A and IN) in the premiss. Rule RTA-SEALED
is used to type sealed AC boundaries; beyond RTA-BOUNDARY, it requires that the sealed
value have a “wrappable” type 7%. which includes functions, type functions, and opaque
types; this ensures that transparent values such as integers cannot be typed under sealed
boundaries.

Three rules are used to type sealed \? values. For unlimited values, RTC-SEALED
requires that the type of the A value be a wrappable type. For sealed boundaries fCA[Z(v),
which contain values of affine type, either rule RTC-BLESSED or RTC-DEFUNCT applies,
depending on the type of the Ay value stored at the seal location ¢. In particular, we assume
distinct types B and DD for the special seal values BLSSD and DFNCT. If location ¢ maps to
B—that is, it contains BLSSD—then we expose any locations protected by that same location
¢ when typing the value v that appears under the seal. This means that when a sealed, affine
value is duplicated by Ay, all locations appearing in that value may still type, provided they
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store contexts X u= - | .07 | X, 00 | X, 0[0]"
wrappable Ay types TV = Na.T | 71 — 719 | T°

wrappable X types o = Va0 | o1 Yooy | 0°

Figure 5.1: Internal type system: new syntax (i)

YHY =X
215322:23 215322223 215322:23
Y, b:r B Y, i = g, Uo7 Y, oYy =33, l0 Y B Y lio =33, 00
Y HY, =33
%1, L[o]f B, L[o]” = 3, 4:[0]”
YoMs: Y
S-EMPTY S-CLoc S-ALocC
YoM s Y Yoy M v Sy s Y Yo;i-pMvio
oM} SIBSoM sw{l v} (X, 07) B pM sw{l— v} (X, Lo)
S-ALOoCPROT
YoM s Y Yoi-pMvio
S B M sw{l — v} (X, 6[0]Y)
Figure 5.2: Internal type system: store splitting and typing (ii)
X =%
= SO =200 (500 =[5 0e] (S, 0:00)) = [5), £:[0]"
==

| = S, o] = a %, 0] = |3 |5, 7] = |5

Figure 5.3: Internal type system: store protection and qualifiers (iii)
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AT oM e: 7

RTC-BOUNDARY RTC-SEALED
YiopMeo Sy g% lo%| = u
¥ AT ol (;A"(e) (o)? ¥ AT o (;A[f]”w(v) (™)
g g

RTC-BLESSED
N1, Bos M v o] =a

S5 B, (5] AT ol CAI™ (v) - (6%)7
g

RTC-DEFUNCT
lo"] =a

[21]6, giD; [ZQV; A; I Dgg Cf?[g]ow (V) : (O’W)%

YA TMe: o

RTA-Loc RTA-BOUNDARY RTA-SEALED -
Yoo e (0)? Yoo v (0)? () =7%
1,00, 50 AT Y 02 o ref Z;A;FD%”%C(e):U E;A;FD%U/?\CH(V):O‘
g g
tyg(c) =7
ty,(BLSSD) =B ty,(DFNCT) = D

Figure 5.4: Internal type system: new expressions and constants (iv)
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YA TMe: o

RTA-SUBSUME RTA-TLAM
AT e o o<:o YA o ToMy o
AT oM e o S AT oM Aaf v Vol . o
RTA-TApp

AT e:Va%o!  AFyo lo] C q
S AT oM efo] : o'[o/af]

RTA-LAM
VAT, x:o D% e: 0 Abyo ‘r’FV(,\x:o.e)| U |E‘FL(/\x:o.e)| =q
E;A;FD% Mx:o.e: o oo
RTA-App
El;A;rlbfgelza/ioa EQ;A;FQD%€2:OJ
ZlEEQ,A,r1$r2 Dﬁ{{ €1 € :0
RTA-PAIR
EQ,A,rl Di\?{i[ €1 :01 ZQ,A, rg Dg €y I 0o

YIE Yy AT B Y (e, e) 01 @ 0,

RTA-LET

3105 T1 by €1 04 @ 0y S0 AT, x 104,y 0y b er: 0 RTA-Con

YIB Sy AT B Y let (x,y) =ejiney: o S AT oY ¢ty (c)
RTA-IFO RTA-VAR
Y1 AT oM e tint Yo AsToM ey 7 Yi;TeoMes:r Mx)=o0
215322;A;I_155|F2|>£,{if0e1e2e3:7' E;A;I’D%x:a
RTA-MoD RTA-MobpC
modulef :c =ve M by o modulef:7=veM o
A ToMf o S AT oMt (7))
RTA-MobI
interfacef :>o0c=ge M kg o
WA Dﬁ,{ f:o

Figure 5.5: Internal type system: old A expressions (v)
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AT oM e: 7
RTC-TLAM RTC-TAPP
A ;o vir YA T oM e:Va. 7’ AlgT
AT oY Aacv:Va.r ¥ AT o elr] : 7[7/q]
RTC-LAM
AT, xroi e 7/ Ablg T ‘Z|FL()\X:T.e)‘ =u
AT oY Aaxirerr — 7
RTC-AppP RTC-CoN
Zl;A;FD%Jel:T/—)T E2;A;Fl>¥ezz7—/
Y B A T ejey: T YA T o ¢t ty,(c)
RTC-IF0
Y1 AT o ey :int Yo; AT o ey i 7 Yo; AT o eg: 1
21 H 22,A7F D%:/[ if0e1 €y ez . T
RTC-MODA RTC-VAR RTC-MoD
modulef:0 =ve M kg o I'x)=r1 modulef:7=veM ke T
Sy AT oM (0)? SA T x:o7 DIWANS NI

Figure 5.6: Internal type system: old Ay expressions (vi)

oM C
CONF
(Ym € M) F* m okay YoM s: Y, HY, Yo;-b e T
oM (s,e) 7
BLAME

>M blamef : 7

Figure 5.7: Internal type system: configurations (vii)
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all remain sealed. When one instance of the sealed value is unwrapped, location ¢ is updated
to have type D, which means that we no longer attempt to type other instances of the sealed
value at all, and just give them the type indicated by the boundary. This is safe because
the contract checking in the operational semantics ensures that such values can never be
unwrapped.

Figures 5.5 and 5.6 update the type rules for the old expression forms for the internal
type system. These rules extend each of the old rules with a store context, which is split for
multiplicative forms such as application in Ay as well as M. The only other change is for
typing A abstractions. For A (RTA-LAM), we use not only the value context but the store
context to determine the qualifier q in the arrow (o) type. For Ay, rule RTC-LAM requires
that the term contain no unprotected locations containing A\ values.

Finally, figure 5.7 gives the type rule for configurations. It requires that the store s have
some type X; H X5, where ¥ is sufficient context for that store typing, and ¥ is used to
type the configuration’s expression e.

Conventions. We define the free variables of an expression e, written FV(e) inductively
in the conventional way (and likewise for A); however, we consider the module names in a
program to be syntactically distinct from the A- and let-bound variables, and we take the
free variables to exclude module names.

The free locations of an expression e, written FL(e), is the set of locations (¢) that occur
in e (and likewise for ). Note that there are no binders for locations at the expression
level.

We note that exchange and weakening of store, type, and value contexts is implicit in
our type syste, by inspection of the type rules: All variable, type variable, and location
lookup rules look anywhere in the environment, and ignore the rest. Conversely, it should
be apparent that any assumption in an environment that is not free in the subject is not
needed to type the subject. We are justified in discarding such assumptions.

We follow Barendregt’s convention for evasive relettering.

Road Map. In §5.2, we prove several simple properties of types, type conversion, stores,
and store contexts. In §5.3, we relate the external type system from §4.2 with the internal
type system, showing that programs and expressions that type in the external type system
also type in the internal type system. Section 5.4 contains several lemmas about evaluation
contexts and typing of terms in the hole, and about substitution. In §5.5, we prove our
presevation theorem, followed by our progress theorem in §5.6. We finish with our main
theorem in §5.7.

5.2 Properties of Types and Stores
Lemma 5.2.1 (Type conversion is faithful).

ﬁ)‘ﬂ = 7.

(i) For any type 7, ((7)

i1) For any opaque type o°, ((6°)7)7 = o°.
(47) y opaque type o°, ((0°)7)

(iii) For any type o, |((0))”| C Jo].
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(iv) For any types o and o°, if (0)¢ = (0°)¢ then o = 0°.
Proof.

(i) By induction on the structure of 7.

(i1) ((0°)%)7 = ({o°})7 = 0°.
(744) By induction on the structure of o:

Case int.
|((int)?)“| = |int| = u.
Case 01 Yo 0.
(01 0 02) )7 = |((01)" — (02)7)7| = |((02)7)” < ((02)")”| =u C q.

Case Vai. 0q.

[(Vas.00) )| = |(V5.(a[{5}/a])* )]

= V9" ((oa[{B} /2D [{7*} /8]
V7" (e [{ {7} /a)?) ]
7. ((aa[y" /a])?) 7|
= [Va¥. ((01)*)“|
= |((01)")“]
C |o1] by i.h.
= |Val. 01|

Case a9, 0y ref, 01 ® 0.
Since o is opaque, then ((¢)?)“ = o by part (i), so |o| C |o].
Case {7°}.
({77 = 1(72)"| = {7} =u.
(iv) By cases on o°:
Case 9.

Then (a9)? = {a%}. By inspection of the translation function, the only o such
that (o) = {a%} is af.

Case o’ ref.

Then (o' ref)” = {0’ ref}. By inspection of the translation function, the only o
such that ()% = {0’ ref} is o’ ref.

Case 01 ® 05.

Then (01 ® 02)% = {01 ® 02}. By inspection of the translation function, the only
o such that () = {01 ® 03} is 01 ® 0». O

Lemma 5.2.2 (Type translation preserves well-formedness).
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(i) Ay 7 if and only if A+, (1)
(ii) Aty o if and only if Ay (0)7.

Proof. By inspection of the type well-formedness rules, A 4 7 if and only if FTV(7) C A.
Likewise, A k., o if and only if FTV(o) C A. Thus, it suffices to show that FTV(r) =
FTV((7)?) and FTV(o) = FTV((c)?).

We use an alternative induction measure to map types into the naturals:

H(int) =0 H(int) =0
H(m — 72) = max(H (1), H(72)) + 1 H(oy 2o 03) = max(H (o), H(oz)) + 1
HNVB.T)=H(T)+1 H(VpY.0") =H(o) + 1
H(B) =0 H(F9) =0
H{o}) =2-H(0°) H{}) = 2-H(r°)
H(o1 ® o) = max(H(o1), H(o2)) + 1
H(o" ref) = H(o') + 1

We proceed by induction using H.

(i) By cases on 7:
Case int.
Then FTV((int)¢) = FTV(int) = @ = FTV (int).

Case 11 — 7.

Then FTV((1y 2o 7)%) = FTV(( )¢ — (12)?) = FIV((1)?) UFTV((r)?) =
FTV(Tl) U FTV(7—2) FTV(Tl —0 7'2).

Case V3. 7.
FTV((v3.7)7) = FTV(Ya" (7'[{a"}/8))")

(
= FTV((r'[{a"}/B])7) - {a"}
=FTV(r'[{a"}/0]) — {a"} induction hypothesis
(7
(

= FIV(r) — {3}

— FTV(Y8.7).
Note that we can apply the induction hypothesis at 7/[{a"} /3] because H({a"}) =
0 = H(/), which means that H(7'[{a"}/5]) = H(T') < H(VS.T').

Case (3.
Then FTV((8)¢) = FTV({3}) = FTV(R).

Case {0°}.
Then FTV(({0°})%) = FTV(c°) = FTV({c°}).

(i) By cases on o:
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Case int.
Then FTV((int)?) = FTV(int) = @ = FTV(int).
Case 01 2o 05,

Then FTV((01 4o 05)*) = FTV((01)” — (02)%) = FTV((01)") UFTV((02)?) =
FTV(O’l) U FTV(O’Z) = FTV(Ul o 0'2).

Case V(9. 0'.

(o'{a}/B)*) = {a}

o' [{a}/p9]) — {a} induction hypothesis

= FTV(V3°. o).

Note that we can apply the induction hypothesis at o'[{«}/39] because H({a}) =
0 = H(B9), which means that H(o'[{a}/39]) = H(co") < H(VS39.0").

Case (9.

Then FTV((59)%) = FTV({B9}) = FTV(59).
Case {7°}.

Then FTV(({7°})?) = FTV(7°) = FTV({r°}).
Case o’ ref.

Then FTV((o’ ref)?) = FTV ({0’ ref}) = FTV (o’ ref).
Case 01 ® 05.

Then FTV((0; ® 02)%) = FTV({01 ® 03}) = FTV (01 ® 03). O
Definition 5.2.3 (Unlimited and affine restriction). We define the unlimited restriction
of ', denoted T|,, to be [ restricted to the portion of its domain that it does not map to affine
o types. We define the unlimited restriction of 3, denoted X|,, to be ¥ restricted to the

portion of its domain that it doesn’t take to o types, affine or unlimited.
That 1s,

.’u_

rxol My, x:o if |o] = u
X0 |y = )
M if o] = a

Y, 07|y = Xy, b7
2, 6[0]" w = lu, £:[0]
Y lol, =3,
Likewise, we define the affine restrictions I'|, and X|, to be the remaining portions of
[ and X2, respectively. That is, T =T|,,T|, and X = X|,, 3|, (up to exchange).

If 34|y = Xolu, we say that ¥y ~, Yo, and likewise for value contexts; clearly (~,) is an
equivalence relation.
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Lemma 5.2.4 (Context splitting properties).
Commutativity If T1 BTy =T then Bl =T. If 1Yy =X then Yo H Y, = X,

Associativity (T, BTo) BTy =T if and only if [ B (T, Bs) =T. (5, BS,) B =3 if and

Absorbtion If Ty BTs|, =T for any Ty, Iy, and T, then Ty =T and ['y|, = T|,. Likewise, if
Y B Ys|, =X for any Xq, X9, and X, then X1 = X and Sal, = X,.

As a trivial corollary, for any T, TET|, =T, and for any X, X BX|, = X.

Equivalence For any 'y and Ty, if there exists some [ such that T{ Ty =T, then Iy ~, 5.
For any 31 and Y, if there exists some % such that X1 H Yo = X, then 31 ~, 2.

Proof. Each case by a trivial structural induction. O]

Lemma 5.2.5 (Protection is free). If a store has a type, then protecting or unprotecting any
part of its type preserves the typing. In particular, for any 31, 3o, and ¢,

YoM s, N, = ¥ oM s 5y, (8]
Proof. By induction on Y3 and inversion of the derivation of the antecedent:
Case -.
That is, ¥; > s : 3,. Then [-]¢ = -.
Case X4, (0.

Then
YoM s 8y, 8 Yo M vio
Y B oM s W {l = v}, ¥, l0
=4
Yoy oM s 8y, (D] Yig;- M vio

211 H 212 DM Sl () {E’ — V} . 22, [Eé]z, gl:[o_]ﬁ

by induction at ¥}, where ¥ = ¥, Y5 and s = s’ W {¢' — v} and %o, [Z5]4, ¢:[0]" =
22, {2,3, g’IO']E = 22, {23]?

Case ¥4, : [o]"".

Then
YoM s 8y, N Yig;- M vio
Y B oM sw {0 v} Sy, X5, 0 [O’]Eﬂ
=4
Y oM s 8y, (2] Yig; b vio

SuBSeMsw {0 = v}, (S50 o]

by induction at Y}, where ¥; = ¥, B Y5 and s = s W {¢' — v} and 3, [Z5]4, ¢ :
(0]t = %9, [55, 0" : [0]Y]f = 2y, [Zs]C.
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Case X4, 0/ : 7.
Then
YoM s 8y, X Y- b v Y oM s 8y, (2] Y- b v
=
YuBYe M sw{l vy 8y, 8 0 S B oM sw{l v Sy D54 00

by induction at X}, where ¥y = ¥, B X, and s = s W {{ — v} and 3y, [S4)5, 07 =
22, [Zg, EIZT]E = EQ, [23#. D

Lemma 5.2.6 (Contexts close typed terms). The free variables, type variables, and locations
i a well-typed term and type are contained in the contexts used to type it.

(i) IfS; AT e: 7 thenFV(e) C domT, FTV(e) C A, FL(e) C dom X, and FTV(7) C
domI".

(i) If S 05T M e: o then FV(e) C doml, FTV(e) C A, FL(e) C dom X, and FTV (o) C
domT.

Proof. By induction on the type rules and the definition of free locations and variables. [
Lemma 5.2.7 (Store types are closed). If ¥ oM 5: 3y then FTV(X,) = @.
Proof. We proceed by induction on the derivation of ¥; bM s : Xy:

Case .
El DM sl

Then FTV() = @.
YoM s X Yo b viT
21153212 DMSLﬂ{gHV} : 2/2,627'.

By the induction hypothesis, FTV (X)) = &, and since v types in an empty type
context, FTV(7) = @; thus FTV (X}, (:7) = & as well.

Case

YoM s YoMy
EllEEZmDMS&J{EI—)V}ZZ,Q,EZO'.

By the induction hypothesis, FTV(X}) = @, and since v types in an empty type
context, FTV (o) = @; thus FTV (X}, l:0) = @ as well.

Case

YoM s YoM vio
211 H 212 DM s {g = V} : 2/276:[0']6/.

By the induction hypothesis, FTV(X,) = &, and since v types in an empty type
context, FTV (o) = @; thus FTV(X), £:[0]") = @ as well. O

Case

5.3 External Typing Implies Internal Typing

Lemma 5.3.1 (Equivalence of expression typing). If an expression types in the external type
system (=), then it types in the internal type system (>) with empty store type:
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(i) If A;THY e: 7 then s AT M e 7.
(i) If AT M e 0 then ;AT M e 0.
Proof. By induction on the type derivation.

A
A o T I—%/IV:T
AT I—f‘g Aa.v Vo T

Case

ih. at A
~;A,Q;FD¥V:T
-;A;Fbé\}f Aa.v:Va.T

A B
AT xer I—%/[e:T’ Abg T

Case
AT l—%/[ Ax:T.e: T — T
1.h. at A B
AT, xr oM e 7! Abg T |-|FL(>\X;T,E)} =u
-;A;FD%/I \x:T.e: T — T
Case

AT HY ¢ty (c)

AT by ¢ tyg(c)

Ix)=r1
Case —————.
AT xo7
N'x)=r
7A;FI>¥X T
A B
modulef:7=ve M ke T
Case 7 .
S AT RS o7
A B
modulef:7=ve M ke T
-;A;I‘D%f[f:T
A B

A;Fl—%/‘fe:Voz.T AN
AT HY elr] : 7'[7/q]

Case
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ih. at A B
-;A;FD%/[e:Va.T AbgT
S AT oM elr] : 7'[7/a]

A B
C ATHY e 7 — 7 AT Y ey 7/
ase .
A;Fl—cjg ejex: T
ih. at A ih. at B
-;A;Fbg‘gellT/HT ~;A;F[>%;/162:7'/
-Bﬂ-;A;Fngel €ex ! T
A B C
C AT HY e; - int ATHY ey 7 ATHM e3: 7
ase )
A;F I_cj\g/[ if0e1 ez eg ! T
ih. at A ih. at B ih. at C
-;A;Fbgelzint -;A;I’chgegn’ ~;A;I’l>¥e3:7'
.E-;A;Fpé‘ﬁ[ if0e; es ez : 7
A B
A,rl—%e:a o<:o
Case —
ATH e:o
ih. at A B
-;A;bege:a o<:o
A;beéezol
A
Case A,aq;rl—%v:a

AT Y A% v Vad. o

ih. at A
-;A,aq;rbgv:a
AT oM A% vVl o

A B C

AT, xoFY e o Aty o ‘”FV(Ax:ae)‘ =q

AT MY Axcoe:o0 %o o

Case
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C
Lh. at A B ‘r|FV(/\x:U. e)} =q HFL()\X:U. e)‘ =u
SO T, xo D% e:0 Abgyo }r|FV(>\x:o.e)’ U HFL()\x:o.e)’ =q

AT oM Ao e 0 %o o

Case A;THFM ¢ty (c).

AT B ety ()

Nx)=o

Case —————.
ATHM x: o

[(x) =0
~;A;F>£§X:J

A B
modulef:oc=ve M g T
Case 7 .
ATHE o
A B
modulef: o =ve M by o
-;A;rbﬁgf:a
A B C
AT HFM e:vad. ¢ AbFgo lo| C q
Case 7 ; .
AT H elo] :o'[o/af]
ih. at A B C
SA;ToMe:vad. o Aby o lo| Eq
ST oM elo] - 0’0/
A B
AT FY 10 Jo 0 ATy Y ey i 0!
Case 7 - :
A;FlEEIFQI—%elezza
ih. at A ih. at B
~;A;|_1[>%e1:olﬂoo ';A;rgbgeg:o/
BaA T B e a0
A B C
AT FY epint AT FM e i 7 ATy Y o3 7
Case - - :

AT BT FY if0e; epes: 7
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ih. at A i.h. at B

i.h. at C

S AT D% e1 :int SAN I D% e T

‘7A, I_2 D&{ €3 . T

B AT B Y if0e; epes: T

A B
A;rll—gel:()'l A;rgl—%eztag
A;r153|_2 l—]g <e1,e2> ZO’1®O’2 .

Case

ih. at A

i.h. at B

ATy er o

A M .
-7A, F2 Dy €2:02

B AT B Y (e, e)

A
Al I—%el:JX@)ay
A;T1HT, I—% let (x,y) =ejiney:o

B

M
A;Tg, 04, y:0y oy €21 0

Case

ih. at A

101 Qo

i.h. at B

M
ATy e 0 ®oy

AT, w0, y:0y >y €200

B AT B Y et (xy) =ejiney: o

A
modulef:oc=ve M

AT l—%f[ f: (O’)%

B
by o

Case

A B
modulef: o =ve M kg o
SAT M (0)°
A B
modulef:7=veM ko T
Case 7 —
AT E £ (1)
A B
modulef:7=ve M kg T
G AT D% f: (7‘)’“{
A B
interfacef :>o0=ge M kg o
Case 7 .
ATHE o
A B
interfacef :>o0c=ge M by o

-;A;rbgf:a
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Theorem 5.3.2 (Programs to configurations). If - Me : 7 then > (- e) : 7.

Proof. By inversion of PROG, all modules in M are okay. Furthermore, - ¥ e : 7, and by
Lemma 5.3.1, ;- b e : 7. Since s = -, ¥ = -, and thus, - ¥ s : - B .. Thus, by CONF,
M (- e): 7. O

5.4 Evaluation Contexts and Substitution

In this section, we prove several lemmas about terms in holes and about substitution. In
Lemma 5.4.2, we show that if a well-typed term is decomposed into an evaluation context and
a subterm in the hole, then the subterm types, and the evaluation context types with a suit-
able replacement term in the hole as well; unlike the usual replacement theorem, we require
the replacement term to type in empty contexts. In the lemma after that (Lemma 5.4.3), we
show that the hole may be re-filled with any a term that types in a non-empty store context.
Breaking this into two lemmas this allows us to manipulate the store context in which the
evaluation context is typed separately before replacing the term in the hole.

We begin, however, with an observation about how we may often ignore subsumption
rule (RTA-SUBSUME), which is not syntax directed, when dealing with type derivations.

Observation 5.4.1 (Subsumption and proof by inversion). We first observe that multiple
adjacent applications of the type rule RTA-SUBSUME may always be condensed into one, by
the transitivity of (<:). By induction, any instance of multiple adjacent subsumptions may
be rewritten to have only one subsumption. Furthermore, any derivation in A* that does
not end with a subsumption may have a subsumption added at the root, by reflexivity of
the subtype relation. Thus, without loss of generality, we may consider any type derivation
in A’ to end with rule A-SUBSUME, with a different rule preceding it in the derivation.

Now we consider inverting type judgments of the form ;T ¥ e : 0. The subsumption
rule may always appear at the root, and in general only one or two other rules will match
the syntax of e. Denote the applicable syntax-specific rule for e as rule R. Because we do not
consider proofs with multiple adjacent subsumptions, the premiss to RTA-SUBSUME must
be the conclusion of a different rule. But because e is the same, only rule R applies!:

Ay - Ay
E;A;rbﬁée:ck o <:0

E;A;rbfgeza

RTA-SUBSUME

Thus, when inverting a type judgment for the A subcalculus, we may safely consider invert-
ing the syntax-specific judgment for e at an arbitrary type o <: 0. If our goal is reconstruct
a new type judgment giving o, by subsumption it is sufficient to reconstruct a type judgment
giving o..

Lemma 5.4.2 (Terms in holes are typeable).

(i) IfS; AT o Ele'], : 7, then there exist some S8y = ¥ and 7' such that $1; A; T oY
e : 7/, and for any other € such that -;-;- >Y € : 7/, it types with Lo; A; I ¥ Ele”]., :
-
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(i) If ST o Ele/], @ 7, then there exist some ¥y B Xy = X and o such that

Yi; AT oM el o/ and for any other €’ such that -5 -;- > € 1 o, it types with Xg; A; T >

Ele'y 7

(1ii) If 30T oM E[e/].y : o, then there exist some X1 B9 =%, [ BTy =T, and 7’ such
that $1; A; Ty oM € 2 o, and for any other € such that -;-;- > €' 1 o', it types with
Yo; AT oM Ele]y, i o

w) If Y AT >M Ele]., : o, then there exist some 1B Yy =%, 1By =T, and 7 such
o ¢
that $1; A; Ty 2 € 2 7/, and for any other € such that - ;- oY € : 7/, it types with
Yoy AT M Ele”], i o

In particular, if E[€/]., is closed, then so is € (and likewise for the other three cases).

Proof. We take the statement of the theorem as an induction hypothesis in four parts and
proceed by mutual induction on the structures of E and E.

(i) Consider first E:

Case [],,.

Then Ele], =€’

Let 7/ =7, 3; = ¥ and Xy = X|,.

Note that E[e"], = ¢”.

If ;- > € : 7/, then by weakening, X|,; A; T o e : 7.
Case E'[7,].

This only types if 3; A; T o E'[e/]., : Va. 7, where 7 = 73,[7a/].

By induction, there exist some 7" and ¥y B ¥y = ¥ such that X; A;T s e @ 7/
and Yo; A; T o E'[e”]., : Va. 7, for suitable €.

By RTC-TAPP, $o; A; T oY E'[e"] [a] : 7.

2
4

Case E' es.
This only types if X1; A;T o E'le/], : 71 — 7 and 3o; A; T Y ey : 74 where
Y HYy =2

By induction, there exist some 7/ and X1, X, = %) such that Xy; A; T o € 1 7/
and X19; A; I o E'[e”], : 71 — 7 for suitable e”.

By RTC-APP, B, B30 A;T oY E'le”], eq: 7.

Case v E'.
This only types if Z;; AT 0¥ v i 7y — 7 and S AT ¥ E'l], : 71 where
21 EE 22 = E

By induction, there exist some 7/ and 51 HY9; = 35 such that Yo1; A; T 2 € 1 7/
and Yo0; A; T o E'[e”],, : 71 for suitable e”.

By RTC-APP, &1 B Xg0; A; T o v E'[e"], : 7.
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Case ifOE' e, ej.

This only types if X1; A;T ¥ E'[e/], : int, 3o; A;T ¥ ey 7, and gy A; T pY
e, : 7 where X H Yy = 3.

By induction, there exists some 7" and $1,8% 15 = 3 such that Xy1; A; T s € 1 7/
and Yao; A; I o E’[€”]., : int for suitable €.

By RTC-IF0, X1 B Xg; A; T b if0OE' (€], €3 €3 : 7.
Case ;CAZ(E).
This only types if (0)? = 7 and if ¥;-;- > E'le/],, : 0.

By part (iv) of the induction hypothesis, there exist some 7" and ¥ H Yy = ¥
such that Xq; ;- > € : 77 and o; ;- > E'[e”],, : o for suitable e”.

By RTC-BOUNDARY, Yg; A; T' b/ fCAZ(E'le"],) : 7.
This concludes the proof of first part.
(74) The second part proceeds mutatis mutandis, with two notable changes:

e The E' =[], case is vacuous.

e The CA boundary cases appeal to part (7ii) of the induction hypothesis.
(74i) For the third part, we consider cases on E.

Case [|.

Then E[¢/],, = €.
Let o' =0, %, =%, %=X, 1 =T,and Iy =T|,.

Note that E[e"],, = €”.

If ;- >M e” : o, then by weakening X|,; A; ], b " : o'

Case E'[o,].

Consider the type derivation of E'[¢/] /[0.]. According to Observation 5.4.1, with-
out loss of generality, there exists some o <: ¢, with rule RTA-TAPP concluding
that E'[¢']/[0.] has that type, followed by a subsumption. This can be the case
only if 3; A; T oM E'le/],, : Va9. o, where o~ = op[0./a] and |o,| C q.
By induction, there exist some o', ¥ H ¥y = X, and [ BTy = I such that
Y13 AT M e o and X A; Ty Y E'le”]., : Vad. oy, for suitable €.

By RTA-TAPP and RTA-SUBSUME, Y9; A; Ty 5 E'[e”] [0.] : 0.

Case E e,.

Consider the type derivation of E'[¢/] ., e5. According to Observation 5.4.1, without
loss of generality, there exists some o. <: ¢, with rule RTA-APP concluding
that E'[¢/]., e> has that type, followed by a subsumption. This can be the case
only if X1; A;T oY E'le/]y 1 01 2o oo and Bg; A; Ty pM ey ¢ 0y for some q, o7y,
Y1 HY, =X and {HI,=T.
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By induction, there exist some o', ¥1; H X9 = X4, and ' B3 = I'; such that
211; A, rH D% e : 0’ and 212; A, r12 D% E’[e”]% P01 o O« for suitable e”.

By RTA-APP and RTA-SUBSUME, 19 B Xo; A;T o By oM E'le”]y e : 0.
For subsequent cases, we consider subsumption implicitly.
Case v E.

This only types if X1; A; T >M v i o7 2o oo and Yg; A; Ty oY E'e]],, : 01 where
ElEEzzzand FlEEB:r

By induction, there exist some o', X9 H Yoy = ¥y, and [y H 93 = 'y such that
221; A, r21 D% e : o’ and 222; A, r22 D% E’[e”]ﬂ L 01 for suitable e”.

By RTA—APP, > H 222; A, |-1 H |-22 Dg \Y E’[e”]% 0.
Case ifOE' e, es.

This only types if ¥1; A; Ty bM E'e/]., @ int, Zo; ATy pM ey 1 oo, and Yo; A; Ty >
e3:0. where X HYy =Y and [{HI, =T.

By induction, there exist some o', ¥1; H X5 = ¥4, and 'y H 5 = I'; such that
Y 4; T oM e o' and y9; A;T1o Y E'[€”],, : int for suitable e”.

By RTA—IFO, Y12 H EQ, A, rlg H r2 D% if0 E/[e//]g/ € €3 . 0.
Case (E,ey).

This only types if $1; A;T; pM E'le/]., : 01 and Xg; A; Ty Y7 e, : 0y for some o7,
0o, 21, 29, 1, and 'y such that o =01 ® o0y, X1 HYy =Y and [ HI, =T.

By induction, there exist some o', ¥1; H X9 = ¥4, and '1; E ;5 = 1 such that
YT oM e ol and Y93 A; g 5 E'[e”]., @ 07 for suitable €.

By RTA—PAIR, 212 & 22, A, rlg H r2 Df\d{ <E/[e//],§/{, 82> P 0c.
Case (v, E').
M

This only types if 31;A; T pM v @ oy and Zo; A; Ty Y E'[e/],, : 02 for some o7,
0o, 21, 29, 1, and 'y such that o =01 ® o0y, X1 HYy =Y and [ HI, =T.

By induction, there exist some o', Y91 H ¥oy = X9, and 5y H 93 = 5 such that
Yo1; 0Ty M €' 0" and Yog; A; g M E'[€”]., : 0 for suitable €.

By R,TA—PAIR, Y H 222; A, [ Hy D% <V, E/[e”]_Q{> (0.
Case let (y1,y2) = E ine,.

This only types if X1; A;T; Y E'le/], 1 01 @ 02 and Zo; A; T, yy : 01,y : 03 DY
e, : o for some o1, g5, 31, 29, [, and 'y such that X HYy =X and THI, =T.

By induction, there exist some o', ¥1; H X9 = ¥4, and 11 15 = I'; such that
YA T oM e o/ and By9; A;T19 Y E'[e], : 01 ® 0y for suitable e”.

By RTA-LET, Xy; B Xo; A; Ty BTy M et (y1,y2) = E'[e"]s iney: oo,
Case {<AC,(E).
This only types if 3; ;- > E/[¢/]., : (02)7.
By part (i) of the induction hypothesis, there exist some o', 3, and Y5 such
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that ¥1; - oM e : 0 and Xg; ;- Y E'[e"], : (0-)¢ for suitable €.
By RTA-BOUNDARY, 35; A; Ty o)) 7<AC, (E'[¢"].,) : o<.

(iv) The proof of the fourth part follows the proof of the third, again mutatis mutandis,
where again the hole case is vacuous and the AC boundary case appeals to part (7). [

Lemma 5.4.3 (Terms in holes are replaceable).

(i) If Sp;5- oM Ele”], : 7 and ;- M € i 7' and So; ;- b € 7 where S B Y, = %,
then 3; - - oM Ele/], : 7.

~

(i) If Sy;+- oM Ele"]y 2 7 and -5 oM e’ i 0" and $g; ;- M € 1 0 where ¥ B Y, = X,
then ;- b Ele/] 1 7.

(1id) If Xp;5- DM E[e"]y i 0 and 5+ Y2 € 2 0’ and 3g;+;- bV € 1 0’ where L H Y, = X,
then ;- bM Ele/]y : 0.

~

(iv) If X1;+- oY Ele”], : o and -5+ € 7/ and So; ;- Y € 1 7 where 2, B Xy = X,
then ;- - b Ele'], : 0.

Proof. We take the statement of the theorem as an induction hypothesis in four parts and
proceed by mutual induction on the structures of E and E.

(i) Consider first E:

Case [],,.
Then E[e”], = €”, so we know that 7/ = 7.
Then 3; A; T o € : 7 by weakening.
Case E'[7,].
This can be the case only if Xy; ;- »¥ E'le”], : Va. 7y, where 7 = 73, [7a/].
Then by induction, 3; ;- ¥ E'[€/], : Va. 7.
By RTC-TAPP, %; ;- p¥ E'le/] [ra] : 7.
Case E' es.

This can be the case only if Xy1; ;- b E'le”], : 71 — 7 and g ;- ¥ eq : 74 for
some 211 H 212 = El-

Then by induction, Xyq B Xo; ;- 0¥ Ele], : 74 — 7.
By RTC-APP, &; ;- b E'[e/], €2 : 7.
Case v E.

This can be the case only if X11;+- % v 7 — 7 and X5+ - ¥ E'le”], : 7y for
some 211 H 212 = 21.

Then by induction, Xiq B Xy; ;- 0} E'le], : 1.
By RTC-APP, 31 B Xgg; ;- 0¥ v E'[x]., : 7.
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Case ifOE' e, ej.

This can be the case only if ¥y1;+- b Efe”], : int, Yig;+- 0¥ ey : 7, and
Y55 b eyt 7 for some X H Yy = 3.

Then by induction, 1; B Xy; ;- b2 E'le/]., : int.
By RTC-IF0, X; ;- ¥ ifOE'[€/], ez €3 : 7.

Case ;CAZ(E).
This can be the case only if (0)” = 7 and if Xy; ;- oM E'le”],, : 0.
Then by part (iv) of the induction hypothesis, ¥; ;- > E'[¢/].,

0.
By RTC-BOUNDARY, X; ;- by (CAZ(E'[e]],) : 7.

This concludes the proof of first part.
(74) The second part proceeds mutatis mutandis, with two notable changes:

e The E' =[], case is vacuous.

e The CA boundary cases appeal to part (i) of the induction hypothesis.
(74i) For the third part, we consider cases on E.

Case []..
Then E[x].,, = x, so we know that ¢’ = 0.
Then 3;- M &' : o by weakening.

Case E'[o,].

Consider the type derivation of E'[e”]/[0,]. According to Observation 5.4.1, with-
out loss of generality, there exists some 0. <: o, with rule RTA-TAPP concluding
that E'[e”]./[0.] has that type, followed by a subsumption. This can be the case

only if ¥y; ;- > E'[e"],, : Va9. o, where o = oy,[0,/a] and |o,| C q.
Then by induction, %; ;- > E'[¢/],, : Vad. oy,
By RTA-TAPP and RTA-SUBSUME, X; ;- % E'[¢/] #[0a] : 0.
For subsequent cases, we consider subsumption implicitly.
Case E e,.

This can be the case only if ¥1y; ;- > E'[e”] : 01 2o 0. and o5 >M ey 1 0y
for some q, 01 and 211 H 212 = 21.

Then by induction, Xy; B Xg; ;- oM E'[e/]y : 07 Lo 0.
By RTA-APP, % ;- pM E'le/], €2 : 0-.
Case v E'.

This can be the case only if ¥y1;+- M v : oy Jo o and Zyg; - Y E'le”]y : 01
for some 211 H 212 = 21.

Then by induction, X5 B Xo; ;- Y E'[e/] : 071.
By RTA-APp, ;- oM v E'e], : o-.
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Case ifOE' e, e3.

This can be the case only if Xyy;+;- >M E'le”],, @ int, S9;+;- b7 e @ 0, and
DIPIERD D% e3 : o for some ¥ H Xy = .

Then by induction, ¥j; B Xo; ;- oM E'[e/],, : int.
By RTA-TFO, 3 ;- oM ifOE'[¢/]s ex e3: 0.
Case (E,ey).

This can be the case only if Xyq;+;- Y E'le”], : 01 and T19; ;- > ey 1 0, for
some o1, 02 and 211 H 212 = 21 such that O« = 01 X os.

Then by induction, Xy B Xo; ;- oY E'[e/] : 071.
By RTA-PAIR, X; ;- Y (E'le/] ., €2) : 0.
Case (v, E).

This can be the case only if ¥11; ;- > v : oy and Lyg; ;- >M E'[e”]., : 05 for some
01, 0o and Xy H Y15 = ¥4 such that o = 01 ® 0.

Then by induction, Y15 B8 Xo; ;- M E'[e/] : 0.
By RTA-PAIR, 3; ;- pM (v, E'[e/] ) : 0.
Case let (y1,y2) = E ine,.

This can be the case only if Xy1; ;- > E'[e”]., : 01 ® 05 and 3195 5+, y1:01, y2:00 >
e, : o for some o1, 0o and X1 HXp = X5,
Then by induction, Xy; B Xg; ;- oY E'[e/] : 01 ® 0.
By RTA-LET, ;- >M let (y;,y2) = E'[e/] s iney: 0.

Case {AC,(E).
This can be the case only if 3y; ;- b E'e”]., : (02)7.
Then by part (iv) of the induction hypothesis, ¥; ;- o E'[e/], : (0-)%.
By RTA-BOUNDARY, ¥; ;- >3 {<AC,(E'[e']5) : o<.

(iv) The proof of the fourth part follows the proof of the third, again mutatis mutandis,
where again the hole case is vacuous and the AC boundary case appeals to part (i). [

The next several lemmas concern substitution of types on types, types on value contexts,
types on expressions, and values on expressions.

Lemma 5.4.4 (Type substitution on types preserves well-formedness and qualifiers).

(i) If Aa by 7 and Ao 7', then A kg T[T /a].

)
(i) If A% g 7 and A& o then A by 7[0’/ad]; if |0'| E q then |(t]0’ /o) | C |(7)“].
(ii) If A,a% -y 0 and A by o then Aty oo’ /ad); if |o| E q then |olo’/af]| C |o|.

)

(i) If Aya by o and Ay 7' then Ay o[’ /al.

Proof. By mutual induction on the structure of 7 and o:
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(i) By cases on 7:

Case int.
Then 7|7 /a] = 7 = int, so A k¢ int.
Case 11 — 7o.
Then 7[7'/a] = 7|7 /o] — m[T'/a].
By inversion, A F¢ 71 and A F¢ 7o.
By the induction hypothesis (twice), A ¢ 7 [7'/a] and A k¢ (7' /.
Thus, A by (11 — 72)[7/a].
Case V3. 1.
By inversion, A, o, § F¢ 71, and by well-formedness, o # (5.
Then 7[7'/a) =V(.(m1[T'/a]).
By the induction hypothesis and exchange, A, (4 7 [7'/a].
Thus, A F¢ (V6. 7)[7' /.
Case (3.
If @ =, then 7[7'/a] = 7. Thus, A k¢ [[7'/a].
If o # (3, then 7[7'/a] = 7. By inversion, § € A. Thus, A k¢ G[7'/a].
Case {0°}.
Then 7[7'/a] = (¢°[7'/a])?.
By inversion, A, o ., 0°.
By part (i) of the induction hypothesis, A . 0°[7'/a], and by Lemma 5.2.2,
A g (0°]7/a))?.

(i) By cases on T:

Case int.

Then 7[0’/a% = 7 = int, so A by int, with |(7[o"/a%))”| = u = |(7)“].
Case 71 — T».

Then 7[0’/ad] = 11[0" /ad] “o 1[0’ /af].

By inversion, A F¢ 71 and A by 75.

By the induction hypothesis (twice), A k¢ 11[0’/a%) and A k4 3]0 /ad].

Thus, A k¢ (11 — 72)[0’/af], with |((11 — 72)[0”/a9])“| = u = |(11 — 72)7].
Case Vj3. 1.

By inversion, A, o,  F¢ 71, and by well-formedness, o # 3.

Then 7[0’/ad] = V(.(m1 [0’ /ad]).

By the induction hypothesis and exchange, A, 3 4 1[0 /ad].

Thus, A ¢ (V3. 71)[0"/a%], with [(V3. 71[0” /o) | = u = |(V5.71)“].
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Case [3.

Since a® # 3, we know that 7[0’/ad] = 7.

By inversion, 3 € A.

Thus, A k¢ flo’/ad], with |(B[0' /%)) = u = |(5)7].
Case {0°}.

Then 7[0’/a%] = (0°[0’ /ad])?.

By inversion, A, o -, 0°.

By part (4ii) of the induction hypothesis, and because |¢’| C q, A, 0°[0’/af],
so by Lemma 5.2.2, A k¢ (0°[0’/a9])?.

If |o’| C q, then by the induction hypothesis, |0°[0’/af]| C |o°|.
By Lemma 5.2.1, we conclude that |((¢°[o’/a9])?)“| C |o°| = |({5°})“].

(#4i) By cases on o:

Case int.
Then o[o’/a%] = 0 =int, so A k- int and |o[0’/af%]| = |int| = u.
Case o L 05.
Then oo’ /a%] = 1[0’ /a%] Lo o]0’ /ad)].
By inversion, A F,, 01 and A - 05.
By the induction hypothesis (twice), A b, o1[0’/ad] and At oa][0’/aq].
Thus, A k. (07 L 02)[0’/ad], which has qualifier ' = |o].
Case V39 . 01.
By inversion, A, a%, 39 k., 01, and by well-formedness, a9 # 59 .
Then o[o’ /a9 = VY. (o1[0" /a9)).
By the induction hypothesis and exchange, A, 39k, o1[0’/a9].
Thus, A F., (V3. 01)[0" /9]
Note that |o[o’/af]| = |o1[o’/af]| C |o1| = |o].
Case (39
If a9 = 39, then ofo’/a% = ¢’ and q = q’. Thus, A ., 39[0’/ad], which has
qualifier |0'| Cq=q = |o|.
If a9 # B9, then o[o’/ad] = . By inversion, 89 € A. Thus, A F,, 89[0’/a9],
which has qualifier q' C |o].
Case {7°}.
Then oo’ /ad] = (7°[0’ /a%])“.
By inversion, A, a9 4 7°.

By part (i) of the induction hypothesis, A 4 7°[0’/af], and by Lemma 5.2.2
Aty (t°]0" [ad])7.
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If |o’| € q, then by the induction hypothesis, |(7°[o’/a9])¥| C |(7°)“| = |[{7°}].
Case o ref.

Then oo’ /a%] = o1]0”/ad] ref.

By inversion, A, a9, 01.

By the induction hypothesis, A - o1][0’/a%], and thus A - o1[0’/af] ref, with

|o1[o” /a?] ref| = a = |oy ref]|.
Case 01 ® 03.

Then oo’ /a%] = 01]0"/ad] ® a3][0’ /).

By inversion, A, a9, 07 and A, a9, 0,.

By the induction hypothesis, A . o01l0’/ad] and A F, o3[0’/af], and thus
Aty o1]0'/af] @ oa]0’ /).

If |0’| C q, then by the induction hypothesis, |o1[0’/a%]| C |o1| and |oz[0’/af]| C
|02 thus [o1[0”/af] © o2lo’/af]| = [ou[o’/af]|U]oa]o’/af]| E |o|U]oa| = |oy ® o).
(iv) Mutatis mutandem, with two notable changes:
Case (39
The a9 = 49 case is vacuous.
Case {7°}.
By part () of the induction hypothesis. O

Corollary 5.4.5 (Type substitution preserves value context qualifiers).
If |o| C q then ‘r[a/aq]’ C ’F’

Proof. By structural induction on ' with Lemma 5.4.4. O
Lemma 5.4.6 (Type substitution on expressions preserves types).
For all X such that FTV(X) = &,

(1) if ;0,057 oM e: 7 and - g Ta, where a ¢ FTV(D),
then ¥ A;Ulra/a] oY e[ra/a] : T[1a/q].

(i) if 350, 0% T oM e: o and - by 0., where |o,| € g, and a% ¢ FTV(I),
then 3; A;Tlo,/a%] Y e[o,/a%] : oo,/a%].

Proof. Note first that FV(e) = FV(e[ra/a]) and FL(e) = FL(e[ra/]), and likewise that
FV(e) = FV(e[o,/a%®]) and FL(e) = FL(e[o./a%]).

(i) By induction on the structure of e:

Case A[. V.
By RTC-TLAM, 7 = V3.7, so it must be the case that
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A
DIANNSIICH NI~
YA ;Do AB.V V3.7

where well-formedness ensures that a £ .
By exchange and the induction hypothesis, 3; A, 3; U[1a/a] ¥ V'[1a/a] : 7/[1a/c].
Then,
A, exchange, TH
5 A, B Plra/a] vy V'[1a/a] : 7'[1a/0]
;A Dlra/a] oM AB.€[1a/a] : V6.7 [ra/a]

Case \x:7y. €.

By RTC-LAM, 7 = 7. — 7/, so it must be the case that
A B

. . . M . —
E, A,Oz, F,X.TX Dy € 1T ‘ElFL(Ax:TX.e’)| =u

XA o chg MiTg. € 1T — T

By the induction hypothesis, ¥; A; T[ra/a], x:7i[1a/a] BY €'[1a/a] : T'[1a/q].
Since o ¢ FTV(I"), we know that I'[7,/a] = I'. Thus,

o [Slrrieira/an] U T[7a/0]lpvie/ap| = u.
Note that because FTV(7,) = @, we know that o ¢ FTV((I', x:7y)[7a/]).
Then,

A, exchange, [H
Y A; (T, x:7y ) [1a/ 0] b2 € [1a/a) : T'[1a/ ] B, [ra/a) =T
S A Dra/a] ¥ (Axi7y. €)1/ : (14 — 7)[1a/ql]

Case c.
By RTC-CoN, it must be the case that

tyg(c) =7
Z;A,Q;be‘g CcC:T.

Since c[1./a] = ¢ and ty,(c)[1a/a] = ty,(c),

tyg(c) =T
DIANG N EAYIeY D%f[ clra/a] : T[Ta/a].

Case x.
By RTC-VAR, it must be the case that

YA, Dy, xir, Do x 0 7.

47



5.4 Evaluation Contexts and Substitution 5 PROVING TYPE SOUNDNESS

Since x[7,/a] = x,

S A; (T, xer, T [1a/ ] ng X[Ta/a] : T[Ta/].

Case f.
By RTC-MoOD, it must be the case that

modulef:7=veM by T
E;A,Q;begf:T

Thus 7[7./a] = 7, and since f[r,/a] = £,

modulef:r=ve M e T
YA T ra/q] ng flra/a] : Tlma/].

Case €'[r1].
By RTC-TAPP, it must be the case that

A B
YA ;Do e i V3.7 A ateg
A ;T ng e'[r] : 2[m /5]

Y

where 7 = 75[11/[3].

By Barendregt’s convention, we may assume that o # (3, and thus (V3. 72)[1a/a] =
V3. (Ta[ra/c]). Then,

A, induction hypothesis B, Lemma 5.4.4
;A Dra/a] b €[ra/a] « (V3. 72)[ra/ql] A by 1110/
2 AsTlra/a] by (€[ra/al)[milra/al] : (T2l7a/a])[m[ra/al/B])
Case e; es.
By RTC-AppP, it must be the case that
A B
S A ;T D% e "N Yor A, a1y ng ey Ty
S1BYy A ;T Bl by ejey: 7T '
Then,
A, induction hypothesis B, induction hypothesis

Y1 ATy [ra/a] ¥ ey[ra/a] : Ti[ma/] Yo; A To[ra/a] ¥ eafra/al : T2[7a/]

Y1 B Yy A (DL BY)[ra/a] ¥ (e1 e3)[ma/a] : T[1a/q]

Case if0e; e, e3.

Likewise.
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Case gf.
By RTC-MODA, it must be the case that

moduleg: 0 =ve M gy o
YA T g (0)¢ ’

where 7 = (o).

Thus 7[7./a] = 7, and since g[r,/a] = g,

moduleg:oc=ve M by o
5 A Tlra/a] oy glra/a] : (0)%[a/a].

Case ;CAZ(¢).
By RTC-BOUNDARY, it must be the case that
A
YoM e o

PIUANNTS N (;Aa(e') (o)
g

where (0)% = 7.
Since o ¢ FTV(I'), we know from A and inspection of the type rules that
e'[ra/a] = € and o[ra/a] = 0. Then,
A
Y+ Mra/a) ¥ €[ra/a] : o[ra/a]

2 AT ra/a] by Ga “lol(e[ra/a]) : (o) [ra/a]

Case ;CA[/JZ(V).
There are three ways to type such an expression:
e If RTC-BLESSED, it must be the case that
A B
Y1, 80500V o lo] = a
[Z1), 6B, [Za] A s T o CA7(v) - (o)

where 7 = (0)% and ¥ =[5, £: B, [X,]°.
Since o ¢ FTV(-), we know from A and inspection of the type rules that
V[ra/a] =V olra/a] = 0. Then,
A B
Y1, Xo; s+ [ra/a] MV [ra/a] : olra/a] lo[ra/a]| = a
(), £:B, [Ta] A Tlra/a] oy CAIT/ (V7o /a]) : (0)" [rafe],

o [f RTC-DEFUNCT, it must be the case that
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A
lo| = a
[Zl}{ ¢ ]D7 {22]6; A? Qs I D%’ZI (;A[g]a<vl> : (0)%
g

where 7 = (0)% and ¥ = [, £: D, [3,]%.
Since « ¢ FTV(-), we know by A and inspection of the type rules o[r,/a] = o.
Then,
A
|o[ra/0]| = a

(], 6D, (] A Tlrafa] o' QA7 (V7 /a]) < (o) 1/l

e If RTC-SEALED, it must be the case that
A B
YoMV o lo] = u
DWANNCT N~ (;?[f]”(v’) (0)?

where 7 = (0)?.
Since o ¢ FTV(:), we know from A and inspection of the type rules that
V[ra/a] =V o|ra/a] = 0. Then,
A B
;5 -[ra/a] by Vina/a] s olra/a]  oln/a]l = u
%5 A Tlra/al oy QA7 (v [ra/a]) : (o) [ra/al

(74) By induction on the structure of e:

Case ABY .V,
By RTA-TLAM, o = V9. 0’, so it must be the case that
A
S A %, 39T oMV o

YA % T oM ABY Y VY. o

where well-formedness ensures that a% # (9.
By exchange and the induction hypothesis, ¥; A, 39 o,/a%] M V[o,/a%] :
o'loa/a%®].
Then,
A, exchange, [H
Ui A, BT oa/a%] oM Vo, /a®] : o'[o,/a®]
3 A To,/a®] 52 ABI.V [0, /a%] : V39 o' [0, /%]

Case \x:oy. €.
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By RTA-LAM, 0 = 04 ~o ¢/, so it must be the case that
A B

. . . M .
27 Aa aqaa r,X.UX by €10 ’E‘FL()\XZO'X.GI)

U ’ oV (scon.e’)

=q
YA a%: T oM Moy e oy Fo o

By the i.h., ¥; A;T[o./a%], x:0,[0./a%] M &[0, /a%] : o'[0,/a%)].

Since a% ¢ FTV(I), we know that o, /a%] =T.

Thus, |Slereo,/an)| U |T[0a/a%][pveio, /am)] = a-

Note that because FTV(0,) = @, we know that a% ¢ FTV((I',x:04)[0a/a%]).

Then,
A, exchange, TH
i A; (T xioy)[oa/a%] oM e[, /a%] : o'[o,/a®] B, lo,/a%] =T
¥ A To,/a®] b (Mxoy. €)[oa/a®] : (ox 2o 0')[0. /%] ’
Case c.

By RTA-CoON, it must be the case that

ty,(c)=o0
YA a% ToMce: o,

Since c[o,/a%] = c and ty,(c)[o./a%] = ty,(c),

ty,(c) =0
%; A;Toa/a®] >y cloa/a®] : afoa/a®].

Case x.

By RTA-VAR, it must be the case that

YA Q% T, xo,TapMx:o.

Since x[o,/a%] = x,

E§ A; (I_laX:Uv r2)[aa/aqa] Di\z{{ X[Ua/aqa] : U[Ua/aqa] :
Case f.
By RTA-MoOD, it must be the case that

modulef :0 =ve M by o
YA a®: ToMf o

Thus o[o,/a%] = o, and since f[o,/a%] =f,

modulef :0 =ve M ‘Fyo
X AT [oa /%] D% floa/a®] : ofoa/a®].
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Case €'[o4].
By RTA-TAPP, it must be the case that
A B C
YA a%: T oM e V3. o, A, a% o lo1| C

oA % T Dg e'[o1] : oa[o1/ 39 ’

where 0 = g,[01/39).
By Barendregt’s convention, we assume that a% # (9 thus (V39 03)[0,/a%] =
V39. (02[0a/a%®]). Then,
A, induction hypothesis B, Lemma 5.4.4
¥ A To./a%] oY €[o,/a%®] : (V3% 02)[0a/a®] Al o1]0a/a%] D
;AT [oa/a®] vy (¢]oa/a®])[o1[oa/a]] : (o2loa/a®])|on]oa/a]/B)

where

loa| € a®, Lemma 5.4.4 C
|0110a/a%]| E o] 1| Ed
|o1[oa/a®]| C o ‘

Case e; e,.
By RTA-APP, it must be the case that

A B
YA a% D% €1 :01 Yo A a%; Ty Dﬂf € 02
YIEYy A 0% T B Y e e:0 '

Then,
A, induction hypothesis B, induction hypothesis
Y1 A Th[oa/a®] oY e[, /a®] : 01]0./a%] Yo; A; Toloa/a®] oM es[o, /a®] : on]0./a%]

Y18 Sy A (ML B [o./a®] oY (e) e2)]0./a%] : oloa/a%]

Case if0 e e5 e3.

Likewise.
Case (e, ep).

Likewise.
Case let (x,y) = e; in ep.

By RTA-LET, it must be the case that

A B
YA 0% T Y e 0, ® ay Yo A, a®; Ty, xoy, yi0y >Me o
YIE Yy A a% T AT Y let (x,y) =ejiney: o '
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Then,
A, induction hypothesis B, induction hypothesis
(EuA; T oY e 0o ®0,)[0./a%] (X5 A; To, x:0y, yi0y, B ey 0)[0a/a®]
(1B Yy AT BN oY et (x,y) =erine: 0)[o,/a®]
Case gf.

There are two rules for typing a Ay module reference in an A expression:
o [f RTA-MoODC, it must be the case that
moduleg : 7T=veM ke T
YA % T Mg (1)

)

where 0 = (7)7.
Thus olo,/a%] = o, and since g[o,/a%]| = g,
moduleg : 7T=veM e T
3; A;Tloa/a%] b1 gloa/a®] : (1) [oa/a%].
e [f RTA-MoDI, it must be the case that
interfaceg:>o0=fe M Fyo
YA a® T g0 .

Thus olo,/a%] = o, and since g[o,/a%]| = g,
interfaceg :>oc=fe M Fyo
;A Tloa/a®] by gloa/a%] : oloa/a®].

Case /.
By RTA-LOC, it must be the case that

Y1, 0o, S A 0% T oM 0 gy ref’

where o = oy ref.
Thus ¢[o,/a%] = ¢, and since FTV(X) = &, we know that o/[0,/a%]| = g,. Then,

1,000, B0 A To, /a%] Y (o, /a%] : ooa/a%] ref
Case 7AC,(¢').
By RTA-BOUNDARY, it must be the case that
A
YTl e (o)

A, % T oY ",?\C (e):0
g

Since a% ¢ FTV(I), we know from A and inspection of the type rules that
€'loa/a%®] =€ and o[o,/a%] = 0. Then,
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A
5 Ploa/a®] vy €oa/a®] : (aloa/a®])”

2 A T[o,/a%] b oloa/a®] eC (e[oa/a%]) : oloa/a%]
g

Case 7AC[ (V).
Likewise, by rule RTA-SEALED, but with a second premiss that (o) = 7. [

Definition 5.4.7 (Promotion-Worthy). We say that a term e is worthy with respect to
> if |Z|FL(9)| = u. Likewise, a term e is worthy with respect to ' if |F|Fv(e)| =u and is
worthy with respect to % if |E|FL(e)| = u.

If e is worthy with respect to ¥ and ', then we write ;T >, e worthy; otherwise, we
write ;T ¥, e worthy. Likewise for e.

Worthiness captures our notion of terms that can be “promoted” to allow for unlimited
use. In particular, A closures in subcalculus A are given an unlimited (u) type if they are
worthy, and an affine (a) type if they are not. Closures in subcalculus Ay are required to be
worthy, since they should not close over affine things.

Note that we impose no such requirement on A closures, as they have the same qualifier
as their body, which regulates their usage accordingly.

Lemma 5.4.8 (No hidden locations). The type of a value tells us information about whether
and where locations might appear in that value:

(i) If S 8;- 0¥ v i 7 then |S|pL)| = u; that is, v is worthy.

(i) IfS; ;- oM v o then |E|FL(V)| C |o|; that is, if o is unlimited then v must be worthy.
Proof. By mutual induction on v and v.

(i) By cases on v:

Case Aa. V',

By inversion of RTC-TLAM and the induction hypothesis at v/, since FL(v') =
FL(Aa. V).

Case \x:7'. e.
By inversion of RTC-LAM.
Case c.
Since FL(c) = @, ¥|g = -, and H =u.
Case (z—).
As for c.
Case (CA[(]7 (V).

There three possible rules for typing this term: RTC-BLESSED, RTC-DEFUNCT,
and RTC-SEALED.
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The first two require that ¥ = [, £:7, [E5]¢ for particular X, ¥y, and 7. By
inspection of the definition of [;]¢, it should be clear that there are no o types
in the range of . Thus, EIFL(V)| =u.

For RTC-SEALED, it must be the case that |o'| = u and that 3;A;- oM v/ 1 o’
By the induction hypothesis (i), [¥|pro| C 0’| = u. Since FL(fCA[ﬁ]g/ (V) =
FL(V') U {¢}, and since X(¢) = 7/, we see that |S|prw)| = u.

(i) By cases on v:

Case Na“. V.
By RTA-TLAM, it must be the case that X;A;- >¥ Aa%. Vv : Va%¢'. where
Vad.0' = o, and thus |o| = |Va%.0'| = |0/|. By inversion, it must be the case

that 3; A, a9 - > v/ : ¢’ By the induction hypothesis,
FL(V') = FL(v), we have that |S|p )| C |o].

Z'FL(V/)} C |o’|, and since

Case \x:o'.e.

Let q = |o|. Then by inversion of RTA-LAM, q = q; U, where HFV(V)‘ — q; and
|E|FL(V)| = (. Since q; = u = L, we know that g, = q = |o].

Case c.
Since FL(c) = @, we know that |EFL(C)‘ =u L q for all q.
Case (v1,Vva).

This has a pair type of the form o; ® 05, and therefore

1ZlrLw)| = |EIFLeurLw) | def. of FL({v1,v2))
= ‘E|FL(V1) U E|FL(V2)| set theory
= ‘E|FL(V1)‘ U ‘Z|FL(V2)’ monotonicity of H
C |o1| U |oa| i.h. twice; monotonicity of L
= |o| def. of |01 ® o]

Case (z—), new[oy], swap|o1], swap[o][oa].
As for c.

Case /.

By inversion of RTA-Loc, this has type o’ ref if and only if £ € dom ¥ and
Y(¢) = o’. Then

lo| = |0’ ref]
=a
= ’-,f ; O’l‘
=[Sl
= |Zlrre]-
Case 7' AC[], (V).
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By inversion of RTA-SEALED, we know that 3; ;- > v’ : 7 for some type 7. Then
by part (z) of the induction hypothesis, |Z]FL(V/) = u. Since FL(v) = FL(v'), we
have that |Z|FL(V)| =u L qfor all q. O

Lemma 5.4.9 (Substitution).

(1) If 2; 0T x e o e o 7 and So; 5 DM v o 7 where Xy B Xy = 3, then Xy AT
e[v/x|: 7. If e and v are worthy in their respective contexts, then e[v/x] is worthy as
well.

(i) If ;0T x o M e 0 and Yo; - oM v 0, where $1 By = 5, then 3 A;T M
elv/x] : 0. If e and v are worthy in their respective contexts, then e[v/x| is worthy as
well.

Proof. By induction on the structure of the type derivation for e or e. We consider each
proof tree by the expression in its conclusion (where possible).

(i) By cases in e, considering multiple type rules where necessary.
Case Ao Vv'.
By rule RTC-TLAM, it must be the case that
o XA ;T x i Y v/ i 7/ where
o 7 =Va.7.
By the induction hypothesis,
o ;A ;T v/[v/x]: 7/ and
o ¥;I' >y v/[v/x] worthy.
By the Barendregt condition, we assume that (Aa. v')[v/x] = Aa.(V'[v/x]).
By rule RTC-TLAM,
o ;AT oY (Aa.V)[v/x]: Va. 7'
Since Aa. (V/[v/x]) is a value, by Lemma 5.4.8, it is worthy.
Case \y:7y. €.
Either x =y or x # y:
Case x =y.
Then e[v/x] = e.
Since x ¢ FV((\y:7y €')[v/x]), and by weakening,
o N H Yy AsT oM elv/x]: 7.
Furthermore, if 1; T > e worthy and since it types only if FL(e) C dom X,
e X H >y I'> e worthy.

Several other base cases in which x is not free in e proceed accordingly.
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Case x # y.
By rule RTC-LAM, it must be the case that

o X AT, xi7y, yi7y B € 7/ where
e 7 =7, — 7 and
o Xy ', xi7 > Ay:7y. € worthy.
By our exchange observation, we have that
o Y ;AT yiry, ximy DY € i T,
and applying induction,
o ¥ B Yy AT, yiry b €[v/x]: 7.
Since FL(€') = FL(\y:7y.€’), we know that €’ is worthy.

Furthermore, since v is worthy by Lemma 5.4.8, by induction, €'[v/x] is
worthy, and thus A\y:7y.€’[v/x], which has no more free locations, must be
worthy as well.

Thus, by RTC-LAM,
o X By AsT oY (Nyiry.,€)[v/x]: 7.
Case c.
As before when x ¢ FV(e)
Case y.
Either x =y or x # y:

Case x =y.
Then 7 = 7y, by RTC-VAR.

Since x[v/x] = v, we thus have that

o YoM x[v/x] 7.
By our weakening observation,

o X By AT oY x[v/x]: 7.
Furthermore, if v is worthy, so is x[v/x].

Case x #y.
If x # y, then as before when x ¢ FV(e).

Case €'[7,].
By inverting RTC-TAPP, we have that

o Y AT, ximy b € : Vo 71, where
o T =Tp[Ta/l.

By the induction hypothesis,
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o AT oM €e[v/x] : Va. 7, as well.
Then, by RTC-TAPP,
o AT oM e[v/x][ra] : Th[Ta/al.
By the Barendregt condition, o ¢ FTV(v), and therefore €' [v/x]|[7a] = €'[7a][v/x].

If €'[7.] is worthy, then €’ is worthy as well, since it has the same free locations.
By induction, then €'[v/x] is worthy, and thus €'[7,|[v/x] is worthy as well, since
it has the same free locations as €'[v/x].

Case e; es.

By inverting RTC-APP, we have that
o X A xir b ey i 7 — 7 and
o Yo AT, ximy b ey 1 7/ for some 7/, where
o X HYp =23,

Let Y91 = Yoy, that is, 3y restricted so that its image contains no o types; by
Lemma 5.4.8, v is worthy, thus >9; is sufficient for typing v.

Furthermore, by Lemma 5.2.4,
o Yo H Yo =39 and
o Yo H Yy =3,
By induction on both subterms e; and e,
o Xy B AT oM eq[v/x]: 7 — 7 and
o Yo B Yo AT oM eqv/x]: 7.
Then by RTC-App,
o (T HXgy) B (T1a B Xgy); T ¥ e4[v/x] e2[v/x]: 7.
By associativity and commutativity of (H),
o ¥ B Yy o eq[v/x] ex]v/x]: T,
and by weakening and the definition of substitution,
o X B AT oY (er e2)[v/x]: 7.

If e is worthy, then clearly e; and e, are. If e; is worthy, then by induction,
e1[v/x] is worthy as well; likewise es[v/x]. Thus, e[v/x] is worthy if e is.

Case if0 e, e, e3.

By inverting RTC-IF0, we have that
o X AT x i 7y > e ¢ int,
o N AT x: 7 b ey 7, and

o Yo AsI x: 7 b e3 1 7, where
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o X Y =13
Let Y9, = ¥y, and by Lemma 5.4.8, since v is worthy, ¥y, can type v.
Note that o1 4+ Yo = Yo and g + Yoy = Xo.
By induction on all three subterms e;,

o Xy H Yo T e4[v/x] : int,

o X H Yo 'Y ey[v/x]: 7, and

o Y By T oM esv/x]: 7.
Then by RTC-IFO0,

o (T HXg) B (Z1a B Xg); T o if0e;[v/x] ex[v/x] e3[v/x] : T,
By associativity and commutativity of (H),

o ¥ B Yy [y By > if0e[v/x] ea[v/x] es[v/x] : T,
and by weakening and the definition of substitution,

o X B A T By p (if0eq e e3)[v/x]: 7.

If e is worthy, then clearly e;, e and e3 are. Then by induction, all of e;[v/x],
es[v/x], and e3][v/x] must be worthy as well, and thus e[v/x] is worthy.

Case f.
As before when x ¢ FV(e).

Case f.
As before when x ¢ FV(e)
Case ;CAZ(¢).
By inversion of RTC-BOUNDARY, it must be the case that
o Xy -pMe o
Thus e is closed, so as before when x ¢ FV(e).

If e is worthy then € is, as they have the same free locations. Then by induction,
¢'[v/x] is worthy, and thus so is e[v/x].

Case ;CA[/]Z(V).
There are three rules that may be at the root of our type derivation:

Case RTC-BLESSED.
By inversion, we know that there exists some ¥} such that
o XMV o
Thus V' is closed, and V'[v/x] = V.
Therefore, this case is as before when x ¢ FV (e)

Case RTC-DEFUNCT.

Then (0)? = 7, and by inversion, we know that
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o ) = [211]6,51@), [Elz]z’
e 0 =0", and
e |o] =a.
This is sufficient to prove that
o Xy AT, oY (CAg(v.) 7
for any T, and v, including I" and v'[v /x].
Case RTC-SEALED.

By inversion, we know that there exists some 3} such that
o XMV g,

Thus V' is closed, and V'[v/x] = V.

Therefore, this case is as before when x ¢ FV(e)

By Lemma 5.4.8, since e[v/x] is a value and has type 7, it is worthy.

(74) The structural cases for e are insufficient due to rules with overlapping conclusions, so
in the case of subsumption, we identify the rule at the root of the derivation; when
unambiguous among the remaining cases, we identify the subject term at the root.

Case RTA-SUBSUME.
Then by inversion, we know that there exists some o such that
o X; AT x:0 > e:o. and
e 0. <.O.
Then by induction,
o XA ToMelv/x| :o-.
Reapplying RTA-SUBSUME yields our result.

Case Nad.v'.

By inversion of rule RTA-TLAM, we know that
o XA %, x: o, >M V' 1 0 where
e 0 =VYai. 0,

and by induction,
o XA a9 T M Vv/x] : 0.

Then reapplying RTA-TLAM, we have that
o AT M NtV |v/x] : 0.

Furthermore, if Aa®.Vv' is worthy with respect to ¥; then so is v/, since they
have the same free locations. By the induction hypothesis, v'[v/x| is worthy with
respect to X, and thus so is Aa%.v/[v/x].
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Case \y:o,.¢€".

If x =y then as before when x ¢ FV(e).

Otherwise, x # y. By inversion of rule RTA-LAM, we know that
o X AT, x:0y,y:0, M € ¢ o, where
e 0 =0, Y0,

and by exchange and induction,
o X AT, y:o, Y €lv/x] : 0.

By cases on q:

Case u.

Then €' is worthy with respect to ¥, and I', x:0,, by the same inversion.

This means that either:

Case x ¢ FV(¢').
Then €'[v/x] = €, and thus €'[v/x] is worthy;

Case |oy| = u.
Then by Lemma 5.4.8, v is worthy, and by induction €'[v/x] is worthy.
Thus, €'[v/x| is worthy.
Reapplying RTA-LAM, we get that
o X AT oY hyioy. (€'[v/X]) : 0y ~o 0.
By the Barendregt condition, Ay:oy.(€'[v/x]) = (Ay:o,.€')[v/X].
Finally, in this case, by Lemma 5.4.8, e[v/x| is worthy.

Case a.
Then by RTA-LAM, there exists some qualifier g’ such that
o X AT oY (N\yio,.€)|v/x] : oy 9 g,

Since q' C a for any q', by DERELICT,

!
q . a
® 0, —© 0, <! 0y —© Oy,

Hence, by RTA-SUBSUME,
o NiA; T oM elv/x: 0.
Case c.

As before when x ¢ FV(e)

Case y.
If x # y, then as before when x ¢ FV(e)
If x =y, then 0 = g,, by RTA-VAR.

Since x|[v/x] = v, we thus have that
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o YoM x|v/x] 0.
By our weakening observation,
o X B AT Y xv/X] : 0.
If v is worthy then of course e[v/x| is as well.
Case €'[0,].
By inverting RTA-TAPP, we have that
o Y AT, x: oM e : Vad. oy, where
e 0 = 0plo,/af] and
e |0,] C af.
By the induction hypothesis,
o X AT oM elv/x : Vad. op,.
Then, by RTA-TAPP,
o X A;T oM elv/x][0.] : oploa/al)].
By the Barendregt condition, a® ¢ FTV(v), and therefore €'[v/x|[o.] = €'[0a][v/X].
If €'[0,] is worthy, then €’ is worthy as well, since it has the same free variables.
By induction, then €'[v/x] is worthy, and thus €'[o,][v/x] is worthy as well, since
it has the same free variables as €'[v/x].
Case e; e,.

By inverting RTA-APP, there exist some Yq; and X5 such that

o Xi; AT pM e 0/ Jo o and

o Yo ATy M ey : o/ for some o, where

e YL HY\p =3
By the definition of (H), there are three ways to reach that conclusion:
MBr,=r

Case — :
M,x:o BTy =T,x:04

In particular, x ¢ dom Iy, so it must not be free in ey; thus ey[v/x] = ey.
We apply the induction hypothesis only to e;, yielding
o Xy H Yo AT pMei[v/x] : 0 2o
Applying RTA-APP, we have
o X By AT BN oM e|v/x] es]v/x] : o
Given that | BTy = I and by the definition of substitution, we have our
conclusion. (In this case, |o,| = a.)
MAEr,=r

Case - .
BT, x: o =T,x:04
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By symmetry with the previous case, x ¢ FV(e;) and we apply induction only
to e;.

MEBer,=r

/ K / . _ . )
M,x:oBly,x00=T,%x:0y

Case

In this case, |o,| = u.

Thus, by Lemma 5.4.8, v is worthy, so if we let 91 = 35|, then Xo; B ¥ =
221.

By induction on both e; and e;, with v typing in Y5, we have that
o Xy By AT pMei[v/x] 1 0/ 2o 0 and
o X B Noy; AT, M epv/x] : 0.

Then apply RTA-ApPP and weakening, yielding
o X B g AT BT oM eq[v/x] ex[v/x] : 0.

If e and v are both worthy, then the e; are worthy too; by induction, both e;[v/x]
are worthy, and thus e[v/x] is.

Case if0e; e5 e3.

As in the RTA-APP case above, we invert the RTA-IF0 type rule and then con-
sider how the environments might be split. In particular, x may belong only
to the environment for e;, only to the environment for e, and e3, or it may be
distributed into both. In any case, we apply induction to the cases where x is
free and recognize that substitution for x is identity on the other components, as
above.

Likewise, if e is worthy, then by induction on all three subexpressions, it follows
that e[v/x] is worthy.

Case f.
As before when x ¢ FV(e).

Case f.
As before when x ¢ FV(e)

Case /.
As before when x ¢ FV(e)
Case (e, ep).
As in the RTA-APP case above.
Case let (y,z) = e in e,.
As in the RTA-APP case above.
Case 7AC,(€').
By inverting RTA-BOUNDARY, it must be the case that

o XM (o).
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Thus, e is closed, so as before when x ¢ FV(e).

If e is worthy then €’ is, as they have the same free locations. Then by induction,
€'[v/x| is worthy, and thus so is e[v/x].

Case 7AC[ |4 (V').
As for {AC,(€'). O

5.5 Preservation

Observation 5.5.1 (Classification of types). Consider the various syntactic categories of

types:
T ™ 7° o oV o°
int int
1 — T2 o o1 iO 09 [ ]
Vo. T ° Val. o °
e’ ° af °
{o} oref | e
01 & 092 [ ]
{r}
Thus,

(i) For any type 7, if
e 7 # int and
e there is no o such that 7 = {0},
then 7 is a wrappable type of the form 7%.
(i) For any type o, if
e 0 # int and
e there is no 7 such that o = {7},

then o is a wrappable type of the form o".

Changing the type of a location from B to D in a store context ¥ does not break the
typing of an expression using . Furthermore, changing the value in a location in the store
from BLSSD to DFNCT does not change the typing of the store, except that it updates the
type associated with that location in the store context. To be precise:

Lemma 5.5.2 (Going defunct).
(1) If 31, 0:B; A;- o e 7 then ¥, 6D A;- oM e 0 7.
(i) If 1, 0B A - M e o then Ty, 6Dy A; - M e o,
(iid) If 3, Do) :D; As- oM e 0 7 then By, Yoy, £:D; A - pM e : 7
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(i) If $q, [So), :D; A - M et o then Xy, Soly, :D; A - M e o

(v) If 34, X5 6B oM sw {¢ — BLSSD} : 9, 2], £: B,
then 1, Y|y, £: D >M s W {€ — DFNCT} : ¥y, ¥ £: .

Proof.

(i) Observe that there are only two rules that mention store context bindings of the form
O

RTC-BLESSED Then the subterm types in the new store context by RTC-DEFUNCT.
RTC-DEFUNCT Vacuous, as it requires that ¢: 1D, which contradicts the assumption.
Thus, we can construct a new derivation.

(74) Likewise.

(7i) By induction on the length of ¥5. The only rule that makes use of a protected binding
like ¢":[o]* is RTC-BLESSED. But since £:ID, that rule never applies. Thus, such a
binding for ¢ is irrelevant to the typing. The remaining bindings are present in o/,.

(iv) Likewise.
(v) Inverting S-CLoOC,
A

>, [Z4 B oM s 5y, [2]f i, (25 6:B; - - oY BLSsD : B
1, (25 6B oM sw {€— BLsSD} : Xy, [X)5,£: B

It suffices to prove B, which allows us to construct a derivation for the desired result:

B
Y1, Y e, DM s 8y, ¥ Yi1luy Xu, £:D; ;- ¥ DFNCT : D
Y1, Yy, DM s {0 — DFNCT}) : 59, Y, 4: D

We proceed to prove B by induction on the structure of >';
Case -.

Then A gives us that ¥, 4:B >M s : 3, B X,.
Case X, 0':7.

From A and inversion of rule S-CLoOC,

D C
Sip, (B0 B M s, (2] Sig, (BT 0B v v T
(Z1 BY), B 07 6B oM s w{l s v} Sy, B 00T
for some Y7 H Y15 = 3. Then by S-CLocC,
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D,IH at 2" C,parts (i) and (71)
S, 2 O DM S5y, Y Y10, %, 07, 0D oM v T
(11 BY10), Xy, O, DM S {0 v} Xy, B 0 '

Case X, (":[o]"".
From A and inversion of rule S-ALOCPROT,
D C
a1, [Z"]{E':[J}EH,K:IB% M s’ 5, 2] Y12, [E”]Z,E’:[U]ZN,E:]B; oMy
(Z1 B Y1), [ 0 0] 6B oM s w{l v} 8, 2 00"

for some Y7 H Y15 = ¥1. Then by S-ALoCcPROT,
D,IH at 2" C,parts (i) and (iv)
211,2”|u,€/:[0]2//,€:ﬂ) pM g3, B Yo, E/'\U,K’:[U]ZH,E:D; oeMyio
(211 B E10), 2, :[o] D oM s W { — v} 8y, 2 0[]

Case X' ("0
From A and inversion of rule S-ALOC,
D C
i, [ o] B oM sy, (2] Yo, [ 0 [o]f 0B M v i o
(S0 B Y1), (Y500 B oM s w{l — v} 2y, 2] 0 [o]f
for some ¥4, B ¥15 = ¥;. Then by S-ALoc,

D,IH at X" C,parts (ii) and ()
Y11, Y, DM 55y, B Y19, X, & ;5 v i o
(B BX10), Y, DM W {l v} (2, BY), 2 o

]

Theorem 5.5.3 (Preservation). If>M C: 7 and C ——y; C' then ™ C" : 7.
Proof. We proceed by cases on the reduction relation (——p;):

Case (s,Ele|,) —u (5", E[€/],,) if (s,€) —— (8, €).
By inversion on CONF, we know that
(1) FM m okay for every module m in M,
(i1) By oM s: ¥ B, and
(iii) Xo;-;- > Ele], : 7.
By Lemma 5.4.2, there exist some 7/ and Yo H X9y = 35 such that
® Y5 >¥ e 7/ and

o Yoo ;- M Ele”], : 7 for all € such that -;-;- > € : 7/,
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Without loss of generality, we assume that (s,e) — s (s',€) by some rule other than
C-CXT or C-CXTA: If the former, then e = E'[e;], and ¢ = E'[e],, so we consider

O

the context E[E'|, with e; and €] in the hole instead. If the latter, then e = E'[e;],
and e = E'[e}], so we consider the context E[E'|, with e; and e} in the hole as an
instance of C-CXT instead.

In cases where s = ¢, it is sufficient to show that Ygp; ;- > € : 7. By Lemma 5.4.3,
we have that Xo;-;- > E[e/],, : 7/, and by rule CONF, we have the desired result.

In cases where s # s', we will need to rebuild the configuration typing using the new
store.

Now, by cases on (s,e) — s (¢, €):

Case (s,c V) —p dg(s,c,v).
Metafunction d¢ is defined in only two cases:
Case 04 (s, —, [z]) = (s, (2—)).

Since ty,(—) = int — int — int and [z]| has type int, we know that 7/ =
int — int, which is also the type of (z—).

Case 04 (s, (z21—), [22]) = (s, [21 — 22]).
Since ty,((21—)) = int — int and [z | has type int, we know that 7/ = int,
which is also the type of [z — 2z3].

Since s’ = s in both cases, it is sufficient to show that 7’ is preserved.
Case (s, (Aa.Vv)[1a]) —ur (s, v[Ta/a]).
By inversion of RTC-TAPP, we know that
o Yo+ Aa.v i Va. 7y, and
e - ¢ T,, where
o 7' =mn[ra/ql.
Then, by inversion of RTC-TLAM, we know that
® Doy, ng Vi Th.

By (i) and Lemma 5.2.7, FTV(29) = @, and o ¢ FTV(-), so by Lemma 5.4.6,
we then conclude that Xo1; ;- b vira/a] : 7[7a/a].

Case (s, (\x:7x.€) V) 0 (s, €[v/x]).
By inversion of RTC-APP, we know that there exist some Y511 and Ys15 such that
o Yoy b Axity.e: 7 — 7/ and
® Yopo; ;- b v i 7y, where
o Yoy H Xoip = Xog.
Then, by inversion of RTC-LAM on the former, we know that

- . M -
[ ] 22117',',X.7—XD<€ e. 7.
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By Lemma 5.4.9, we have that Yo;; ;- > e[v/x] : 7/ as well.
Case (s,if0 [0] e ef) —ar (s, €¢).
By inversion on RTC-Ir0, we know that
o Yoo+ > ey 7/, where
® o1y H Yoo = Yog.
By weakening, Yo;; ;- b ey 1 7.
Case (s,if0 [2] e ef) —ar (s,€¢) (2 #0).
By symmetry.
Case (s,f) — s (s, v) (modulef : 7" =v € M).
By inversion of RTC-MoD, 7" must equal 7’.

Furthermore, premiss (i) from the inversion of CONF above tells us that ="
m okay for every module m in M, and for module f : 7/ = v in particular. This
judgment can only be the conclusion of rule TM-C, from which inversion tells us
that

. M oo
o . -FZ v:iT.
By Lemma 5.3.1,
c. M -
[ '7"' [><g vVIT
By weakening, Yop; ;- > v 7.

Case (s,f8) = (5, ,CA(f)) (modulef: 0 =v e M).
By inversion of RTC-MODA, 7/ = (¢)¢ and - I, 0.
Then by RTA-MoD and RTC-BOUNDARY,

modulef :0 =ve M by o
221;-;-%\,{1‘:0
Yor; ;- b ijk"(f) : (O'>/
g

Case (s, CAZ(v)) —n coerces(s,o,v,f,g).
There are three possibilities:
e If v=z] then (s,e) — s (s,[2]).

The only rule to type e is RTC-BOUNDARY, which gives it the type (int)?,
which equals int.

The only rule to type €' is RTC-CON, which gives ty,([z]) = int as well.

o Ifv= go)g{AC[]f/(v’) then (s,e) — s (s, V).

We know there must be a derivation
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5 PROVING TYPE SOUNDNESS 5.5 Preservation

Sl QAT (7 ATl )+

g/ f/
where 7/ = 7° = ((7°)“)?. Then A suffices.

e Otherwise, (s,e) ——u (s W {l+ BLSSD},  CA[(|7(v)).

Furthermore, since the previous two cases covered int and {7°}, by Observa-
tion 5.5.1, we may let o = 0.

On the left, RTC-BOUNDARY gives us that
— Yop; - fCAgW(v) . (6™)?, where
— 7' = (a%)?.

By inversion, it must be the case that
— ;5 DM v oW,

Now by cases on |o¥|:

Case u.
By weakening and RTC-SEALED,
Y1, :B; - M v o || =u
Sar, ;505 QA7 (v) 2 (")

Furthermore, the new store types by rule S-CLoOC.

Case a.
By RTC-BLESSED,
Yor; ;- M v g% o] = a
[So] 0 B; Y (;_gA[ﬂUW(V) (o)

Consider decomposing [¥q;]¢ as

— [Za1]" = Zatu, [Bala)t
Since Yg; ~y Yoo, we see that [Ya;]4]%, Yoo is well-formed.

Furthermore, since {¢ — BLSSD} is disjoint from s, we know that
— (¢ dom X, so

— [Ba1]4]t, Xao, £: B is well-formed. (Call this store context X5.)
Recall that Xgy; ;- >3 Ele”], : 7, which we can weaken to

— X oM Ele’], i T
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Note that [$9]%, £: B = Y5|,.

Thus,

- 2,2 H ([221]6722 B) = 2/2

and by Lemma 5.4.3,

— X b Ele], T

It is now sufficient to show that ¥} ™ &' : 3} B X}, for some Y.

Let ¥} = ¥4,¢:B. Since ¢ is fresh, ¥ is well-formed.

YoM s N B, (i)

= 2 oM sw {f— BLsSD} : (¥, B E,), 4B rule S-CLOC

e YoM Y B (X, 4 B) defs. of ' and X}
e YoM Y B (Zo]a, Zoo, £ B) algebra

e YoM Y B ([Saldb o, £:B) lem. 5.2.5

S D == DA def. 2}

= YoM Y BY, weakening.

Case (s, (CA[(]7"7(v)[1a]) ——1s check(s, L, |Vad. a|,fCAg[(Ta)d/aq] (v[(7a)“]), blame ).

g

There are three possibilities:
Case |Vad. 0| = u.

Then (s, e) s (s, ;CAZ 7/ (y[(7,)7])).

We know there must be a derivation of the form

A
Yor;+- Y v Val. o Va%. 0| =u B
D155 Dy (;fg*[f]vaq'”(V) V(o8 T
Y135+ by (g?[f]vaq"’(V)[Ta}  (0[() /a])”

Y

where 2211, g:Ta, 2212 = 221.

Then we can thus construct a derivation:

A B, def. (—)7
)%

DISERENI S AVER Zo e Fo (Ta
Zo15 5 by VI(7a) ] 0(7)7 /0]

Zari-s- o4 GATT(m) ) < (ol(r) 7 fa) "

Case s = s" W {¢ +— BLSSD} and |Vad.0| = a.
Then (s, e) — s (s” & {€ > BLSSD}, (CAZI"/2 (y[(7,)7])).

We know there must be a derivation of the form
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A
Yo > v Vel o Va%. o] = a B
[T, 6:Bs - o CA™7(v) V0. (o[{5}/a%])*

. l_%’ Ta
(25, €:B; - vy Q?V]vaq'”(V)[Ta] (of(ra)” /a])” ’

where [X5,]%, (: B = ;.
We can thus construct a derivation:
A, weakening B, def. (—)7
Yo, DY v Vad. o o (1a)?
S D55 o V(7)) ol(7)” J

ol(1a)? /ad . . ( ¢
To, D350 QAT (v](7) 7)) : (ol(7a) 7 /0]

Note that we can decompose Y5 as
o Y = Y1, Yool
Since gy = [¥,]¢, £: B, we can decompose Y, further as
o ¥y = [Z5]5 0B, s
Since Y|, = Yool and 3o ~,, Yoo, we know that
o Xy =2
Recall that Ygo; ;- > E[e”],. : 7. By Lemma 5.5.2, we can type E[e”], with
Yoty 6D, X
Let ¥ = (X4, 6:1D) B (3%, |4, : D, X9s|,), which is clearly well-formed.
Then, by Lemma 5.4.3,
o XM Ele], 7.

It now suffices to show that 3} > s” : 3} B X} for some Xj. Let ¥ =
Y1las h]u, £:D. Since £ is fresh and dom ¥4 |, is disjoint from dom 3, we
know that X is well-formed.

¥ oM " w{f — BLSSD} : ¥, B Y, (i)

& Y, [Z5,]5 B M 8" W {0 — BLSSD} : (X1]a B Xala), [25]5 £: B algebra
= Y0, 2o, £ D M 8" W {0 — DFNCT) : (21]a B 9/0), X5, 6D lem. 5.5.2
&Y oM s’y {{ — pFNCT} - X B Y defs. 3.

Otherwise.

We have that (s,e) — ) blamef. Then by BLAME, blame f has whatever
type is needed.

Case (s,fCA[é]gliO@(vl) va) > check(s, (,q, (CAZ (vi F'AC¢(v2)), blamef).

There are three possibilities:
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Case q = u.
Then (s, e) — (s,fCAg2 (vl ‘gflACf(Vz))).
We know there must be a derivation of the form
A
Y1155+ Dy V13011|?02 o1 —0 0o| =u

o113 >%4 (flgAmal_oQ(Vl) : (01)% - (02)%

B

22195 ;- >¥ \PR (Ulﬁj

Y

2211 H 2212; e Dg g?[ﬁ]al_oaz(vl) Vo ! (0'2)(6/

where 7/ = (05)% and Yy, H Xy = ¥s.
Then,
B
A Yio12; ;- Di‘g/[ V2! (Ul)%)
Y195 Dy 'g‘g (v2) : 01

.. M . u
o113y Dy V1 1 01 —© 0

.. M .
Yo B X105 by vi M /;\(f: (Vz) 102

Y11 B Xo1g; ;- b Cf? 7 <V1 7 é(f: (Vz)) : (02)”

Case s = 5" W {{+— BLSSD} and q = a.
Then (s,e) —y (s" & {€ — BLsSD}, ;CAZ (vy ' AC,(v2))).
We know there must be a derivation of the form
A
2’211;.;-% Vi :olioag |alioag| =a B
[2/211}6753153; e Diﬂ/f (;Amgl_oo2(V1) : (‘71>% - (02)?f
g

P THEE Dsjg \PR (01)%

A

Y

Lo ooy GAI7T () va+ (02)°

where [35,,]%, 0: B = Yo |,
Note that we can decompose Y, as
® o1 = Boila, By lus [Bor11a], £ B.
By Lemma 5.5.2,
® Sotlas By lus [Zo11la)’ D55 b3 va 1 (1)
Note that dom |, and dom X%, |, are disjoint.
Let S0 = So1les Syt e, £: D
Note that ¥55]c = ¥a1|a, which means that dom X}, |, and dom ¥},,]|, are
disjoint.
Then, by Lemma 5.5.2 again,

LIDIAPHES D{}ff Vo ! (‘72)(6/

72
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Note also that because ¢ ¢ dom ¥},,, we know that >4, ¢: D is well-formed,
and by weakening,

o X0, DM vy oy 2o o
Finally, let 35, = (X4, ¢: D) B X),,, which is defined because dom ¥, |, and
dom 35|, are disjoint.

We can thus construct a derivation:

B, Lemma 5.5.2

E/2123 e ng V2! (Ul>%

A, weakening =
/ .. o .
oras Py 7 ég (v2) 101

! Moy, - a
2511, 6:D; 5 Dy v i 0 —e 0

I M o .
Yo Dy Vi 1@% (va) : 02

i QA (w7 AC(va)) i (00"

Since a1 ~, Y99, we can decompose Yoo as

® Yoo = Yoola, 221y, and thus

o Yoo = Yoola, [Zhy1], £ B.
Note that the domains of 95|, and XY, are disjoint.
Let 34 = Yoola, Xy |u, £ D.
Recall that Yg; ;- > Ele”], : 7. By Lemma 5.5.2,

o Y- >M Ele], i T

We previously defined ¥, = (X4, ¢: D)HY,,, which we can also decompose
as

o X5 = (Zhnla BEa1la), Xy [u, D).
Let ¥, = ¥}, B XY, which is defined because the domains of ¥4, |4, ¥21|a,
and g/, are all disjoint,
Then, by Lemma 5.4.3,

o Y DY Ele], 7.

It now suffices to show that 3} > s” : 3} B X} for some X). Let ¥ =
Y1las o1 ]u, £: . Since £ is fresh and dom 4|, is disjoint from dom X, it is
well-formed.

¥ oM " w{f— BLSSD} : ¥, @Y, (i)

& Bila, (B4 6B oM s W {0 — BLSSDY} 1 (D1]0 B Xala), [Zhy,]% ¢: B algebra
= Y1la, S, D M 8" W {€  DENCT} @ (51|, B o)), S5y, 4D lem. 5.5.2
& Y oM s’y {{ — pFNCT} - X B Y defs. Y.

Otherwise.
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We have that (s,e) — s (s, blamef). Then by RTC-BLAME, blame f has
whatever type is needed.
Case (s,Ele]y) o (8, Ele/]y) if (s,e) —a (8, €).

By inversion on CONF-A, we know that
(1) =M m okay for every module m in M,
(i1) Xy oM s: ¥ B, and
(1ii) Yo;+- oM Ele]y : 7.
By Lemma 5.4.2, there exist some ¢’ and Y91 H X9y = X5 such that

e Yop;;->Me: o/ and

o Yoy ;- DM E[e”],, : 7 for all € such that ;- >M e’ : o',

In cases where s = ', it is sufficient to show that Yg;; ;- M € : ¢/, By Lemma 5.4.3,
we have that ¥o; ;- 6™ Ele/],, : 7, and by rule CONF-A, we have the desired result.

In cases where s # s, we will need to rebuild the configuration typing using the new
store.

Now, by cases on (s,e) —— s (¢, €'):
Case (s,c V) —p 0/(s,¢,v).

Metafunction 9, is defined in only four cases:

Case (s, —, [2]) = (s, (2—)).

Since ty,(—) = int ~oint ~oint and [z] has type int, we know that ¢/ =
int —o int, which is also the type of (z—). Since s does not change, this is
sufficient.

Case 0(s, (z1—), [22]) = (s, [21 — 22]).
Since ty,,((z1—)) = int —o int and [2,] has type int, we know that ¢’ = int,
which is also the type of [z; — z2]. Since s does not change, this is sufficient.
Case d(s,new[d”],v) = (s W {l — v}, 7).
There must be a derivation
B

u
Yot lu; - oM new[o”] : 0" Lo o ref Yor;- M v o”

Y

Yor; ;- b newlo”] v : o ref
where o’ = o” ref.
Since ¢ = ¢, by RTA-Loc,
o -l pMe o ref
By weakening, we can type ¢ with X|,, £:0”.
Recall that ¥gy; ;- M E[e”],, : 7. Then by CONF-A,

74
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Lemma 5.4.3
(7) D Yoo, b:0"; - DM Ble]y 7
M (50 {l v}, BE],) 7

where
(ii), Do BB Sgp = 5y B
YoM s 3 B (Zy B Xg) Yor; ;- M v o”
TS By 5 s (L v} () B D) B So, L0
Case 0(s" W {l — v}, swaploi][oa], (£, v2)) = (8" W{l — vo}, (vi,L)).

There must be a derivation

A
/ e M p . I M .
221|u7€‘01"7.l>ﬂ€'0-1 I’ef 221",'D% V2 .0‘2
/ - M . / e M .
EQllu; Dy swap[al][oz] e 221,6.(71, Dy <€, V2> 01 ref® (o)

oy, Loy s - M swap[oy][o2] (€, v2) 1 01 ® oy ref
where 0/ = 01 ® 0, ref and Yo = X, Ci0y.
From (ii) we can say that ¥ o™ s: X B X, B Yoy, Li07.
Considering the type rules for stores, there must therefore be a derivation
B C
YoM s’ N B, H Y Yig; M vy oy
YoM S Wl vy} B Y, B Sy, Loy
where >1; H Y9 = 3.
Now we can construct a type derivation:

C

212, Dy V1O Zlg‘u,g.Uz D> I o)) ref

’

Yig, L:00; 5 - Y (vi, 0) - 01 @ oy ref
Recall that Yo9; ;- > Ele”],, : 7. Then by CONF-A,

Lemma 5.4.3
(Z) D 212 & 222,&0'2 D% E[e']% T
M gy {— v}, Ele]y): T

where
B A
YoM N BY, BE, By, YoM vy o
T SLBES, M Wl vy} S B Y, B Ys B Yag, Cion

Case (s, (Aad.v)[oa]) — s (s, v]oa/al]).

By inversion of RTA-TAPP, we know that
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® Yoy D% ANaf.v : Val. oy,
e -, 0, and
e |0, C g, where
e 0 = oplo./af].
Then, by inversion of RTA-TLAM, we know that
o Y5, %My gy,

By (4) and Lemma 5.2.7, FTV(X9;) = &, and a® ¢ FTV(-), so by Lemma 5.4.6,
we conclude that g5 ;- oM v[o, /a9 : oploa/ad].

Case (s, (Ax:ox.€1) V) — s (8, e1[v/X]).

By inversion of RTA-APP, we know that there exist some Y517 and a5 such that
® Y115 bV Axioy.ep : 0 2o 0’ and
o Yopo;- Y v oy, where
o Yoyy H Xoip = Y.

Then, by inversion of TA-LLAM on the former, we know that
o Yox:opMe ol

By Lemma 5.4.9, we conclude that Yo1;- > e;[v/x] : 0/ as well.

Case (8, let <X1,X2> = <V1,V2> in 61) —n (8,61[V2/X2][V1/X1]>.

By inversion of RTA-LET and RTA-PAIR, there must be a derivation:

A B
..M . ..M .
o111} 75+ Dy V1 5 01 o112} 75+ Dy Vo 1 02 C
.. M . .. . . M .
o113 > <V1,V2> 101 Q03 2212} *) X110, X107 by €10

Y

.. M _ . L
o155 Doy let (x1,%2) = (vi,vp) ine; i o
fOI' some 2211 H 2212 = 221 and 22111 & 22112 = 2211.

Then by Lemma 5.4.9,

® Yo1o B Yo110; 5+, x:01 DY ea[va/xe] 1 0,
and by Lemma 5.4.9 again, Yoo B Y119 B Xo111; -5 - M ey[va/xo][vi/x1] 1 0.
Case (s,if0[0] er ef) —ar (s, €4).
By inversion on RTA-IF0, we know that g9; - D% e : 0’ where Yo B0 = Yoy,
and by weakening, Yo;;- >M e, : o’
Case (s,if0[z] et ef) —s (s,€f) (2 #0).
By symmetry.
Case (s,f) — s (s,v) (modulef: o =v e M).
By inversion of RTA-MOD, ¢ must equal o’
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Furthermore, premiss (i) from the inversion of CONF-A above tells us that -
m okay for every module m in M, and for modulef : ¢/ = v in particular. This
judgment can only be the conclusion of rule TM-A, from which inversion tells us
that

o - FMyv:g
By Lemma 5.3.1,

- M
o Dy

v:o,
and by weakening, Yop; ;- M v o’

Case (s,f8) — (s,gf)dACf(f)) (modulef : 77 =v € M).
By inversion of RTA-MoDC, o' = (7¢)“ and - ¢ 7.
Then, by RTA-MoD and RTA-BOUNDARY,

modulef:m=ve M “Fo T

DIPSEEIE ng f:7
Sari - ol 7 A(f: (f): 0’
g

Case (s,f8) s (5, AC¢(f")) (interface f :> o =f' € M).

By inversion of RTA-MobI, ¢/ = ¢ and - F,, 0.
Inverting CONF-A | the configuration C' types only if

o M interface f :> o' : f’ okay.
The only rule with this conclusion is TM-I, so there must exist some v such that

e modulef’: (¢')¢ =v € M.
Then,

Lemma 5.2.2
module ' : (¢} =ve M ke ()
So1; ;- oo £ (o))

Sor; s oy 7 AC(E) - o’

Case (s,7AC,(V)) = coercey(s,0,v,f,g).
There are three possibilities:
Case v = [z].
Then (s,e) —ar (s, [2]).

The only rule to type e is RTA-BOUNDARY, which gives it the type (int) =
int.

The only rule to type €' is RTA-CON, which gives ty([z]) = int as well.
Case v =, CA[(]7" (V).
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Then (s,e) = check(s,,]0°],v',7AC,(blame{f’)).
Note that if (6°)¢ = ()¢, then then ¢° = o, by Lemma 5.2.1.
Then there are three subsidiary possibilities:
Case |o] = u.
Then (s,e) — s (s,V).

Because |o| = u, only rule RTC-SEALED applies for typing the CA sub-
term.

Thus, we know there must be a derivation of the form
A B
Sor; AT My g lo%] = u

So1; ;T o Cf}V]”(V) (o)
g/ !

Yoy AT M o eg <CA[£]UW(V)> o

gt
where 0% = 0° =0’ = 0.
Then A suffices.
Case s = s” W {l +— BLSSD} and |o| = a.
Then (s”,e) — s (s W {¢ — DFNCT}, V)
By inspection of s, it must be the case that ¥(¢) = B. Thus, rule RTC-
DEFUNCT will not apply to the AC subterm.
Furthermore, since |o| = a, RTC-SEALED does not apply.

Thus, by inversion of RTA-BOUNDARY and RTC-BLESSED, there must
be a derivation
A
Shsee Vo
[35,], €:B; ;- vy’ CA[7" (V) : (0™)°

g/ f/

(S5, €:B; ;- oy 7 /Iggc <CA[4]UW(V')) Tea

gl f'/

w

where 0% = 0° = 0’ = ¢ and gy = [, ]%, (: B.

From A and by weakening,

o X0, 0D M v o

Note that we can decompose Y5 as

® Xy = 2217222|a-

Since gy = [¥,]%, £: B, we can decompose Y, further as

o ¥y = X550 B, Yoy,

Since Y|, = Yools and 3o ~y, Yoo, we know that 3o = 3oo.
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Recall that Ygo; ;- > E[e”], : 7. By Lemma 5.5.2, we can type E[e].,
with 2,21|u;€:D7 222’0,'

Let 3 = (X5,,0:D) B (2|4, 0: D, Xas],), which is clearly well-formed.
Then, by Lemma 5.4.3,

o X M E[e], ;7.

It now suffices to show that ¥} o™ & : 3} B ¥, for some ). Let ¥} =
Y1lay 2oy lus :D. Since £ is fresh and dom X[, is disjoint from dom X,
we know that 3] is well-formed.

X1 [>M s {»g — BLSSD} s H Y, (ZZ)

& Sila, [E]5 6B oM 8" w {0 — BLSSD} : (X1]a B Xola), [Bh]5 6B algebra
= Vi, X |u, £ D M 8" W {0 +— DFNCT} : (B1]a B /0), X5, 6D lem. 5.5.2

&Y oM s"w{¢{ — pFNCT} - X B Y defs. ¥
Otherwise.

We know that (s,e) ——u (s,fAC,(blamef)).

Then,

Yo1; ;- b blamef : (o)

Sor; - oM ?g (blamef) : ¢’

Otherwise.
We know that (s,e) = (s, 7AC[]4(V)).
Furthermore, since the previous two cases covered int and {c°}, by Observa-
tion 5.5.1, we may let 7% = (0)°.
By inversion of RTA-BOUNDARY, there must be a derivation
A
Yor; b v (0)?

Yor;+- M TAC(V) i o
L

Then by RTA-SEALED,
A
Sg155- by v (0)” (o) =7v

a1 by TACII(V) 10

Case (s,{*" *AC[ (V) [oa]) —ar (s, 7"/ *IAC, (v[(02)]))-
Rule RTA-TAPP gives us that
e - |_£{ O,3.

Furthermore RTA-SEALED gives us that
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e 0 =Val. oy.
By inversion, it must be the case that

o So o v vy (ul{7} /).
By Lemma 5.4.8,

® > ;- > Vv worthy.
Then,

Inv. RTA-SEALED Inv. RTA-TApPP, Lemma 5.2.2
So13 5 by V1V (op[{n}/a%)” e (02)”
o155 >¥ V[(Ua)ﬂ : <0'b[0'a/aq])%

Sy o3 ETAC (Vo) )  plo o]
g

Case (5,7 °AC[ ], (v1) va) —ar (5, 2AC, (vi CAZ (v2))).
Rule RTA-BOUNDARY gives us that
o 0/ =01 Yoo,
Furthermore, RTA-APP tells us that there exist some Y517 and Y919 such that
® Yoio; 5 DY vy 0q, where
o Doy H Xoip = Xog.
By inversion, it must be the case that

o Yoi;-;- Df‘g \Z (01)% — (02)(6/.

Then,
Sor155- by vii (01)7 = (02)7 Sowgye by vaion
Y11 B Bgpg; ;- by Vi (;—é “(va) 1 (02)°
2211 H 2212; N D% 72 AC (V]_ CA* (Vz)) 0o
fg gf
All other cases are subsumed by first case above, letting E =[], ]

5.6 Progress

Definition 5.6.1 (Faulty expressions and configurations). We define the faulty expres-
stons with respect to store s inductively as follows:

Qs = Q?[T]
where QA = ¢ | A\xiT.e
| GAL"(v) (0 #Vad.a')
| Qov v

where Q) , = [z] | Aa.e
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| =] () (v # [2])
| CAIF (Y (0 # 01 m)
| if0v e ef (v #[z])
| E[Qs]y | Qs
Q, 5= Qi
where Q) = ¢ | £ | (vi,va) | Mxo.e
|7 ACTI(Y) (0 # Ya.)
| Q?,v v
where Q) == [z] | £ ] (v1,v2) | Aaf.e
| =1 (2-) (v # [2])
| swap[al][og] (=3¢ € dom s,v = (¢, V}))
| 7AC[I(v) (0 # 01 0 02)
| ifOv e, ef (v#[z])
| let (x1,x2) =vine (v # (vi,v2))

| E[Qi] | E[Qsly

A faulty configuration is a configuration whose expression is faulty with respect to its
store.

Definition 5.6.2 (Redexes). In the definition of the relation (— ), every rule other than
C-CXT and C-CXTA has either the form (s,e,) —y C" or the form (s,e,) —y C'. We
call the expressions e, and e, (Ay and X’ ) redexes, and denote them with the metasyntatic
variables R and R, respectively.

Lemma 5.6.3 (Redexes and evaluation contexts).

If (s,e) —py (8',€), then either:

o We can decompose e = E[R|, and € = Eleg|,,. Then for any other evaluation context
E'[],, we have that (s,E'R|,) — (s', E'les],) as well.

o We can decompose e = E[R|, and € = Eles],. Then for any other evaluation context
E'[].s, we have that (s, E'[R]y) —n (8", E [es] ) as well.

Proof. By induction on the derivation of (s,e) —— s (5, €'). O

Definition 5.6.4 (Closed configurations and module contexts). We consider a configuration
C' to be closed when all locations in the expression and the store are mapped by the store.
We consider a module context M to be closed when all module names occuring in M are also
defined in M. We consider C' to be closed with respect to M when C' is closed and all module
names occuring in C are defined in M.

Lemma 5.6.5 (Uniform evaluation). For any C' closed with respect to M, either C' is faulty
or an answer, or there exists some C' closed with respect to M such that C' ——y; C".

Proof. 1If C' = blamef for some module f, then C is an answer. Otherwise, C' must be of
the form (s, e).
We therefore generalize our induction hypothesis as follows.
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(i) For any s and e, if the configuration (s, e) is closed with respect to closed M, then one
of:

(Q) e is faulty with respect to s (and hence the configuration is faulty),
(A) e is a value (and hence the configuration is an answer),
(R) there exist some s" and €’ such that (s,e) —— s (s, €), which is also closed with

respect to M (let C" = (s',¢€')).

(74) For any s and e, if the configuration (s, e) is closed with respect to closed M, then one
of:

(Q) e is faulty with respect to s,
(A) e is a value,

(R) there exist some s and e’ such that (s,e) —— s (s',€"), which is also closed with
respect to M.

We proceed by mutual induction on the structures of e and e.

(i) Cases on e:

Case v.
Then (A).
Case x.

Vacuous, because e is closed.

Case f.

Because C'is closed in M, we know that there exists some modulef : 7 =v € M,

thus (s,x) —— s (s,V); because M is closed, we know that v is closed in M. Hence
(R).

Case eq]7].

Consider first the induction hypothesis at e, noting that Eq =[] [7] is an eval-
uation context.

(Q) Then (Q).
(A) Let vi = e;. Now by cases on vy:

Case c.
Then (Q).

Case Va.eq.
Then (s,e) — s (s,e11[7/a]), hence (R).
Case \x:T.eq1.

Then (Q).
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Case ;CA[{]Z(v11)-
If 0 =Va9.0’, then (s,e) — s check(---), hence (R); otherwise (Q).
(R) That is, (s,e1) ——un (5',€}). Then (s,Eilei],) —un (5, Eql€}],) by
Lemma 5.6.3, hence, (R).
Case e; es.

Consider first the induction hypothesis at e;, noting that E; = [], e; is an
evaluation context.

(Q) Then (Q).

(A) Let vi = eq, and note that E; = vy [], is an evaluation context. We now
apply the induction hypothesis to es:

(Q) Then (Q).
(A) Let vo = es. Now by cases on vy:
Case c.
By cases on c:
Case [z].
Then (Q).
Case (z—).
If vo = [ 22| then (s,e) — s (s, [2 — 22]), hence (R); otherwise (Q).
Case —.
If vy = [2] for some z, then (s,e) — s (s, (2—)), hence (R); other-
wise (Q).
Case Va.eq.
Then (Q).
Case \x:7.eq1.
Then (s,e) — s (s,e11[va/x]), hence (R).
Case (CA[{]Z (v11).
If 0 = 01 2o 09, then (s,e) — s check(---), hence (R); otherwise (Q).
(R) That is, (s,e2) —um (s',€5). Then (s, Ezles],.) —u (', Ez[eb],) by
Lemma 5.6.3, hence, (R).

(R) That is, (s,e1) +——un (5',€}). Then (s,Eile],) —un (5, Eql€}],) by
Lemma 5.6.3, hence, (R).

Case if0 €1 €5 €3.

Apply induction at eq, noting that E; = if0[], e; e3 is an evaluation context.

(Q) Then (Q).
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(A) If e; = [z] for some z, then (R) by one of the two if0 rules; otherwise, (Q)
by the definition of faulty expressions.

(R) Then (R) by Lemma 5.6.3.
Case g.

Because C'is closed in M, we know that there exists some moduleg: 0 =v € M,
thus (s, g) = (s, CAZ(g)); because M is closed, we know that v is closed in

M. Hence (R).
Case ;CAZ(e1).

Apply part (ii) of the induction hypothesis to e;, noting that E' = ;CAZ([]./) is
an evaluation context:

(Q) Then (Q).
(A) Let vi = ey. Then (s,e) — s coerces(- - -), hence (R).
(R) That is, (s,e) — s (s',€'). Then (R).
(7) Cases on e:

Case v.
Then (A).

Case x.
Vacuous, because e is closed.

Case f.

Because C'is closed in M, we know that there exists some modulex: o =v € M,
thus (s,x) — s (8,v); and since M is closed, v is closed in M. Hence (R).

Case e;]0].

Consider first the induction hypothesis at e;, noting that E; = []./[o] is an eval-
uation context.

(Q) Then (Q).
(A) Let v; = e;. Now by cases on v:

Case c.

Then (Q).
Case Vad .eq;.

Then (s,e) — s (s, e11[0/a9]), hence (R).
Case \x:T.e;1.

Then (Q).

Case (vi,vy).
Then (Q).
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Case /.
Then (Q).

Case 7' AC[],(v11).
If o/ = Vad.0", then (s,e) — (s,?/[U/aq]ACg(vn[(a)%D) hence (R);
otherwise (Q).

(R) That is, (s,e1) —nr (5, €)).
Then (s, Eile1]) —ar (¢, E1]€}]) by Lemma 5.6.3, hence, (R).
Case e; e,.

Consider first the induction hypothesis on at e;, noting that E; = []., e, is an
evaluation context.

(Q) Then (Q).

(A) Let v; = eg, and note that E; = v; [] is an evaluation context. We now
apply the induction hypothesis to e;:

(Q) Then (Q).
(A) Let vo = e;. Now by cases on v:
Case c.
By cases on c:
Case [z].
Then (Q).
Case (z—).
If vop = [2z]2 then (s,e) — s (s, [2 — 22]), hence (R); otherwise (Q).
Case —.

If v, is an integer constant [z], then (s,e) — ;s (s, (2—)), hence (R);
otherwise (Q).

Case new[o].
Then (s,e) — s ((s,€ 1+ v3), ), hence (R).
Case swap|o][o].

If vop = (¢,vpn) where s = (51, — vp1, $9) for some sq, sy, and vy,
then (s,e) — s ((s1,€ > vao, S2), (Va1, £), hence (R); otherwise (Q).

Case Na%.eq;.
Then (Q).

Case Ax:T.eq;.
Then (s,e) — s (8, e11[va/x]), hence (R).
Case /.
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Then (Q).

Case (v, va).
Then (Q).

Case ?/AC[]g(vn).

If ' = 01 2o 0, then (s,e) — (s,7°AC,(v1 ;CA7*(v2))), hence (R);
otherwise (Q).

(R) That is, (s,e2) — s (8, €5). Then by Lemma 5.6.3 with E;, (R).
(R) That is, (s,e1) —nr (8, €)).
Then by Lemma 5.6.3, (s,E1le1]w) —ar (8, E1[€]] ), hence, (R).
Case if0 e; e es.
Apply induction at ey, noting that E; = if0[]., e e3 is an evaluation context:
(Q) Then (Q).

(A) If e = [z] for some z, then (R) by one of the two if0 rules; otherwise, (Q)
by the definition of faulty.

(R) Then (R) in E;, by Lemma 5.6.3.
Case (e1,€2).

Consider first the induction hypothesis on at e;, noting that E; = ([]./, ) is an
evaluation context.

(Q) Then (Q).

(A) Let v; = eq, and note that E; = (vq,[]) is an evaluation context. We now
apply the induction hypothesis to e;:

(Q) Then (Q).
(A) Then (A), since (v, vs) is a value.

(R) That is, (s,e2) = (s',€3). Then (s,Ezle]s) ——ar (', E2[e3]or) by
Lemma 5.6.3, hence, (R).

(R) That is, (s,e1) —ar (5, €)).
Then (s, Eile1]) —r (8, E1l€}]) by Lemma 5.6.3, hence, (R).
Case let (x,y) =e; in €.

Apply induction at e;, noting that E; = let (x,y) =[], in ey is an evaluation
context:

(Q) Then (Q).
(A) If e; = (vq,va) then (s,e) — s (s, e2[va/y][v1/X]), hence (R); otherwise (Q).
(R) That is, (s,e1) —n (8, €}).

Then (s, Eile1]) —ar (¢, E1]€}]) by Lemma 5.6.3, hence, (R).
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Case g'.
Because C' is closed in M, we know that either

e there exists some moduleg : 7 =v € M,
o
and thus (s, gf) (s,gT) AC,(g)), or

e there exists some interfaceg :> o' =g’ € M,
and thus (s, g") — s (5,7 AC,(g)),

hence (R).
Case ?,’ACg,(el).

Apply part (i) of the induction hypothesis to ey, noting that Ey = &' AC,([],) is
an evaluation context:

(Q) Then (Q).
(A) Let vi =e;. Then (s,e) — s coercey(-- ).
(R) That is, (s,e1) — s (8, €)).
Then (s,Ei[e1],) —u (8, Eil€}],) by Lemma 5.6.3, hence (R). O

¢

Lemma 5.6.6 (Canonical Forms).

(i) For the Ay subcalculus:
(a) IfS; AT oY v i int then v = [2] for some 2.
() If S; AT oM v i Va. 1 then v is either:
e Aa.e for some e, or
o (CA[I7" (V') for some (, 3%, 0, f, g, and V' s.t. Yo7 = Vo (o[{a}/B9])7.
(¢) If S; AT oM v o7y — 75 then v is one of:
e The constant —, with 71 = int and 75 = int — int;
e The constant (z—) for some z, with 71 = T = int;

e \x:7y.e for some e, or

q o
o (CA[()7 (V) for some L, 01, 0, f, g, and V' such that 7y = (01)” and

To — (0'2)%..
d) If S; AT oM v {o} then v = CA[(]7" (V') for some {, 0°, f, g, and V' such that
3 f g
o =o°.

1) For the A* subcalculus:

(i) For the X subcalcul
(a) If ;T oM v tint then v = [2] for some 2.
(b) If ;AT oM v i Vad. o then v is either:

e Naf. e for some e, or
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o [*“7AC[], (V') for some (, f, g, and V.

(¢) If ;0T oM v i oy 2o 0y then v is either:
e The constant —, with o1 = int and 0, = int —o int;
e The constant (z—) for some z, with o1 = 0, = int;
e The constant new|oq], with o = o7 ref;

e The constant swap|oi][oh] for some o and ob such that o1 = o} ref @ o and
0y = 07 ® 0} ref;

e \x:01.e for some e; or
q
o 7°AC[]L (V) for some (, f, g, and V'
(d) If ;AT oM v 07 ® 0y then v = (vq,va) for some vy and v,.
(e) If S; ;T oM v : o ref then v = £ for some (.
(f) IfS; AT oM v {7} thenv = 1,{T}AC[ﬁ]g(v/) for some ¢, f, g, and Vv'.

Proof. We exhausively consider the values and their possible types:

(i) By cases on v:

Case Aa.e.

This types only by rule RTC-TLAM, which gives it a type of the form Va. .
Therefore, Ac. e is a possibility for part (b).

Case \x:7.e.

This types only by rule RTC-LAM, which gives it a type of the form 7 — 7/,
Therefore, A\x:7. e is a possibility for part (¢).

Case c.
This types only by rule RTC-CON, which gives it type ty,(c). By cases on c:
Case [z].
Then ty,(c) = int. Therefore, [z] is a possibility for part (a).
Case (z—).
Then ty,(c) = int — int. Therefore, (z—) is a possibility for part (c).
Case —.

Then ty,(c) = int — int — int. Therefore, — is a possibility for part (¢).

Case ;CA[/[Z (V).
This types only by rules RTC-SEALED, RTC-BLESSED, and RTC-DEFUNCT,
each of which requires that o be a 0" type. Because 0" is one of Va4. o, 01 Ao 0y,
or 0°, the type of the value must be one of V3.(c[{3}/a%])?, (61)¢ — (02)%, or
{o°}. Therefore, ;CA[{]7(V') is a possibility for parts (0), (¢), and (d).
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(7)) In the A subcalculus, besides the rules mentioned for each syntactic form, each may
type by RTA-SUBSUME with the syntax-specific rule proving the antecedant to the
subsumption. We merely note that subsumption relates only types that are the same
but for potentially different qualifiers q on each function type constructor (), which
we do not distinguish in this lemma.

By cases on v:

Case Naf.e.
This types only by rule RTA-TLAM, which gives it a type of the form Va9. 0.
Therefore, Aaf. e is a possibility for part (b).
Case \x:o.e.
This types only by rule RTA-LAM, which gives it a type of the form o o o’
Therefore, \x:o. e is a possibility for part (c).
Case c.
This types only by rule RTA-CON, which gives it type ty(c). By cases on c:
Case [z].
Then ty,,(c) = int. Therefore, [z] is a possibility for part (a).
Case (z—).
Then ty, (c) = int o int. Therefore, (2—) is a possibility for part (c).
Case —.
Then ty,(c) = int —o int —o int. Therefore, — is a possibility for part (c).
Case new|o].
Then ty, (new[o1]) = o1 —o oy ref. Therefore, new|[o;] is a possibility for
part (c).
Case swap|o][oa)].
Then ty, (swap[o1][02) = (01 ref®03) —o (01 @05 ref). Therefore, swap[o1][o>]
is a possibility for part (c).
Case (vi,Va).
This types only by rule RTA-PAIR, which gives it a type of the form o; ® o5.
Therefore, (vi,vs) is a possibility for part (d).
Case /.
This types only by rule RTA-LocC, which gives it a type of the form o ref. There-
fore, ¢ is a possibility for part (e).
Case 7AC[], (V).
This types only by rule RTA-SEALED, which requires that (o)” be a 7% type.
Because 7V is one of Va. 7, 71 — 75, or 7°, the type of the value must be one of
V39.(a[{B9}/a)), (1) <o (12)7, or {7°}. Therefore, 7AC[],(v') is a possibility
for parts (b), (¢), and (/). O
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Lemma 5.6.7 (Faulty expressions are ill-typed).

(i) If e € Qs is faulty with respect to s, then there exist no M, ¥y, ¥y, and T such that
e YoM s: ¥ B, and
° Zg-;-b%e:r

(i) If e is faulty with respect to s, then there exist no M, ¥y, 3o, and o such that
o X M s ¥Y, BY, and

° Eg-;-bﬁ,{e:a.
Proof by contradiction. We proceed by mutual induction on the structure of Q4 and Q.
(i) Suppose that Xy;-;- o Qg : 7. Then by cases on Q:

Case QA7)
This types only by rule RTC-TAPP, which requires that Q2 have a type Va. 7y,.

By Lemma 5.6.6, we see that the only values with such a type are Aa.e and
¢CA[]777(V), neither of which is an instance of QZ2, contradicting our assump-
tion.

Case Q;, v.

This types only by rule RTC-ApPP, which requires that Xgy; ;- > Q;\V T =T
and 222; 5 D%M AV 7'/, where 221 25| 222 = 22.

By cases on ngz
Case [z].
This does not have type 7" — 7.

Case A« e.

This does not have type 7/ — 7.

Case — where v # [22].
This has type int — (int — int), which means that v must have type int.

By Lemma 5.6.6, v must be an integer constant, which contradicts the side
condition.

Case (z—) where v # [2z9].
This has type int — int, which means that v must have type int.

By Lemma 5.6.6, v must be an integer constant, which contradicts the side
condition.

Case (CA[(]7(V') where o # g1 Zo 05.
This has type (¢)?, which must equal 7/ — 7.

This can be the case only if 0 = 01 2o 05, which contradicts the side condition.

90



5 PROVING TYPE SOUNDNESS 5.6 Progress

Case if0 v ey er where v # [ z].
The types only by rule RTC-IF0, which requires that v have type int.

By Lemma 5.6.6, v = [z] for some integer z, which contradicts the side condition.

Case E[Q]].,.
By our assumption, X; >M s: 3 B ¥, and ;- 0¥ E[Q)], : 7.
Then by Lemma 5.4.2 (1), Xq1; ;- b QL : 7/ for some gy B Xgy = 3o.
By weakening, then, 3;-;- 0¥ Q. : 7/, but by the induction hypothesis (i), this
cannot be so.

Case E[Q.]./.
By our assumption, 31 >M s: 3 B Y, and Xy; ;- o E[QL]. : 7.
Then by Lemma 5.4.2 (ii), Sa1; ;- b QL : 0’ for some Yoy H Ygp = Y.
By weakening, then, ¥; ;- >/ Q. : ¢/, but by the induction hypothesis (i), this
cannot be so.

(i) Suppose that X5 ;- M Q, : 0.
Then by cases on Q,:

Case Q) [o,].
This types only by rule RTA-TAPP, which requires that Q" have a type Vad. 7.
By Lemma 5.6.6, we see that the only values with such a type are Aa%. e and
¢CA[(]7°"7(V'), neither of which is an instance of Q}, contradicting our assump-
tion.
Case Q}, v.
q

This types only by rule RTA-APP, which requires that Yg;; ;- > Q?N co0 “o0
and 222; 5 D% v : 0’ where 221 H 222 = 22.

By cases on Q) :
Case [z].

This does not have type 7/ —o 7.
Case /.

This does not have type 7 o 7.
Case (vi,va).

This does not have type 7 —o 7.
Case Aa.e.

This does not have type 7 —o 7.

Case — where v # [25].
This has type int —o (int —o int), which means that v must have type int.

By Lemma 5.6.6, v must be an integer constant, which contradicts the side
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condition.
Case (z—) where v # [23].
This has type int —o int, which means that v must have type int.

By Lemma 5.6.6, v must be an integer constant, which contradicts the side
condition.

Case swap|o][o] where =3¢" € dom s s.t. v = (¢/,v").
Then 0 = 01 ® 0, ref and ¢’ = o7 ref @ o5.
By Lemma 5.6.6, twice, v has the latter type only if it is a pair v = (£,V).
Then Q3 , v only types with a derivation of the form

S|, Loy DY 02 oy ref DI RV,

- M swap[oy][oa] ¢ - - o, lioy; - M (0 2oy ref @ o,

35, Loy ;- B swaploy|[o2] (6,V) 1 01 @ oy ref
where ¥y = 3, l:0.

Furthermore, the induction hypothesis states that 3, >™ s : ¥, HX,, that is,
¥ oM s XYY, f:0q. By inversion of S-ALOC, this can be the case only if
s = s'W{l — vy} for some v;. This contradicts the side condition on s.

Case {"AC[],(v') where 0" # o} <o 7).

" q

This has type ¢”, which must equal ¢/ o o, which contradicts the side

condition.

Case ifOve, ef where v # [z].
This types only by rules RTA-IF0, which requires that v have type int.

By Lemma 5.6.6, v = [z] for some integer z, which contradicts the side condition.

Case let (x1,%2) = v in e where v # (vq,Vv2).
This types only by rules RTA-LET, which requires that v have a type o1 ® o».

By Lemma 5.6.6, v = (vq,v,), which contradicts the side condition.

Case E[Q)]..

By our assumption, ¥; ™ s : ¥ B Yy and 3y; ;- Y E[Q)|., : 0. Then by
Lemma 5.4.2 (iii), Ya1; ;- > QL : o’ for some Yoy H Yy = 3s.
By weakening, then, ¥; ;- > Q. : 0/, but by the induction hypothesis (i), this
cannot be so.

Case E[Q’],, .
By our assumption, ¥; >M s: 3 B ¥y and 3o; ;- pM E[QL]., : 0.

Then by Lemma 5.4.2 (i), Xop; ;- > QL : 7/ for some Yy H Yoy = 3.

By weakening, then, 3; ;- ™ Q. : 7/, but by the induction hypothesis (i), this
cannot be so. O
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Theorem 5.6.8 (Progress). If > C : 7, then either C is an answer or there exists some
C’" such that C ——; C'.

Proof. Since C' types, it is closed; thus, by Lemma 5.6.5, it is an answer, it takes a step, or
it is faulty. Because it types, we can eliminate the faulty case by Lemma 5.6.7. O

5.7 Type Soundness

Main Theorem (Type Soundness). IfFMe: 7 and ({},e) — ™ C such that configura-
tion C' cannot take another step, then C is an answer with >™ C : 7.

Proof. By Theorems 5.3.2 (Programs to configurations), 5.6.8 (Progress), and 5.5.3 (Preser-
vation), and induction on the length of the reduction sequence. O

6 Conclusion

Our work is part of an ongoing program to investigate practical aspects of substructural type
systems, and this paper describes one step in that program. Here, we have focused on the
problem of interaction between substructural and non-substructural code, each governed by
its own type system, and explored the use of higher-order contracts to prevent the conven-
tional language from breaking the substructural language’s invariants. Our answer to the
problem at hand naturally raises more questions.

Exceptions. In a production language with a contract system, contract violations should
not always terminate the program. Real programs may catch an exception and either try to
mitigate the condition that caused it, try something easier instead, or report an error and go
on with some other task. To ensure soundness, it suffices to prevent the questionable actions
from occurring.

On one hand, we believe that ML-style exceptions should not provide too much difficulty
in an affine setting. In our prototype, try-with expressions are multiplicative, in the sense
that the type environment needs to be split between an expression and its exception handler,
not given in whole to both.

On the other hand, we do not know how exceptions or any sort of blame might work in a
linear setting—this is one reason why we chose an affine calculus. Terminating the program
is problematic because of the implicit discarding of linear values, but catching an exception
once part of a continuation containing linear values has been discarded seems even worse.
Exceptions in linear languages remain an open question.

Linearity. Our work emphasizes contract-based interaction with affine type systems rather
than linear type systems because it remains unclear to us what linear contracts ought to
mean. We may want a conventional language to interoperate with a language that (at least
sometimes) prohibits discarding values. However, unlike affine guarantees, which are safety
properties, relevance guarantees—that a value is used at some point in the future—are a
form of liveness property.

93



REFERENCES REFERENCES

One approximation is to consider a contract representing a relevance guarantee to be
violated if at any point we can determine that the contract necessarily will be violated.
Detecting the violation of such a liveness property is undecidable in general, but tracing
garbage collection approximates a liveness property very close to the one we desire. In an
idealized semantics, we might garbage collect the store after each reduction step and signal a
violation if the seal location of a not-yet-used linear value has become unreachable. In a real
implementation, finalizers on linear values could detect discarding. If we detect a violation,
we probably could do nothing to prevent it, but at worst we could file a bug report.

Our work suggests that adding substructural libraries to a conventional programming
language such as ML does not require a particularly complicated implementation, and our
results yield a realistic contract-based design.
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A The Affine Sockets Library

This is the full code listing for the sockets library from §2. It includes the details of error
handing that we omit from the shorter presentation.

When we raise an exception, we “freeze” the capability. We can thaw the frozen capability
if we have the socket that it goes with. (This requires a dynamic check.) This lets us recover
the capability with a type paramater that matches any extant sockets that go with it:

module ASocket = struct[A]
module S = Socket

let getAddrByName

S.getAddrByName

socket

abstype o = Sock of {S.socket}
and o initial qualifier A = Initial
and o bound qualifier A = Bound
and o listening qualifier A = Listening
and o connected qualifier A = Connected
with
abstype frozenInitial qualifier A = FInitial of {S.socket}
and frozenBound qualifier A = FBound of {S.socket}
and frozenListening qualifier A = FListening of {S.socket}
and frozenConnected qualifier A = FConnected of {S.socket}

with

let freezelnitial[a] (Sock sock: o socket) (_: a initial) =

FInitial sock

let thawInitial[a]l (Sock sock: a socket)
(FInitial sock': frozenInitial) =
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if sock == sock’
then Right[frozenInitial, « initial] Initial[«a]
else Left [frozenInitial, o« initial] (FInitial sock’)

let freezeBound[a] (Sock sock: a socket) (_: « bound) =
FBound sock

let thawBound[a] (Sock sock: a socket)
(FBound sock’: frozenBound) =
if sock == sock’
then Right[frozenBound, o bound] Bound[al
else Left [frozenBound, o bound] (FBound sock’)

let freezelListening[a] (Sock sock: a socket) (_: « listening) =
FListening sock

let thawlListening[a] (Sock sock: « socket)
(FListening sock’: frozenListening) =
if sock == sock’
then Right[frozenListening, « listening] Listening[al]
else Left [frozenListening, « listening] (FListening sock’)

let freezeConnected[a] (Sock sock: o socket) (_: o connected)
FConnected sock

let thawConnected[«] (Sock sock: o socket)
(FConnected sock’: frozenConnected) =
if sock == sock’
then Right[frozenConnected, « connected] Connected[«]
else Left [frozenConnected, « connected] (FConnected sock’)

end

exception SocketError of string

exception StillInitial of frozenInitial x string
exception StillBound of frozenBound x string

exception StillListening of frozenListening x string
exception StillConnected of frozenConnected x string

let socket (): Ja. o socket x o initial =
try
let sock = S.socket ()
in Pack(unit, Sock[unit] sock, Initial[unit])
with
IOError s — raise (SocketError s)

let bind[a] (Sock sock as s: a socket) (port: int) (cap: « initial)
: « bound =
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try
S.bind sock port;
Bound[«]
with
I0Error msg — raise (StillInitial (freezelInitial s cap, msg))

let connect[a] (Sock sock as s: a socket) (host: string)
(port: string) (cap: « initial + « bound)
: a connected =
try
S.connect sock host port;
Connected[a]
with
I0Error msg — match cap with
| Left cap — raise
(StillInitial (freezeInitial s cap, msg))
| Right cap — raise (StillBound (freezeBound s cap, msg))

let listen[a] (Sock sock as s: « socket) (cap: a bound)
: « listening =
try
S.listen sock;
Listening[«]
with
I0Error msg — raise (StillBound (freezeBound s cap, msg))

let accept[a] (Sock sock as s: « socket) (cap: a listening)
(3's. 's socket x 's connected) x «a listening =
try
let newsock = S.accept sock in
(Pack(unit, Sock[unit] newsock, Connected[unit]),
Listening[al)
with
I0Error msg — raise
(StillListening (freezelListening s cap, msg))

let send[a] (Sock sock: o socket) (data: string) (_: « connected)
: a connected =
try
S.send sock dataj;
Connected[a]
with
I0Error msg — raise (SocketError msg)

let recv[a] (Sock sock: o socket) (len: int) (_: « connected)

: string x a connected =
try
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let str = S.recv sock len
in (str, Connected[al])
with
I0Error msg — raise (SocketError msg)

let close[a] (Sock sock: o socket) (_: o connected): unit =
try
S.close sock
with
IOError s — raise (SocketError s)
end

let catchInitialla, 5?] (sock: a socket) (body: unit 2 3?)
(handler: « initial 2 ) =
try body () with
| StillInitial (frz, msg) —
match thawInitial sock frz with
| Left frz — raise (StillInitial (frz, msg))

| Right cap — handler cap

let catchBound[«a, 3*] (sock: o socket) (body: unit 2. 3?)
(handler: o bound 2. p2) =
try body () with
| StillBound (frz, msg) —
match thawBound sock frz with
| Left frz — raise (StillBound (frz, msg))
| Right cap — handler cap

let catchListening[«a, 3*] (sock: o socket) (body: unit 2. 3?)
(handler: o listening % 3) =
try body () with
| StillListening (frz, msg) —
match thawListening sock frz with
| Left frz — raise (StillListening (frz, msg))
| Right cap — handler cap

let catchConnected[«, 3] (sock: a socket) (body: unit 2. 3?)
(handler: o connected 2. ) =

try body () with

| StillConnected (frz, msg) —
match thawConnected sock frz with
| Left frz — raise (StillConnected (frz, msg))
| Right cap — handler cap

end
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B Semantics of )\

The syntax of Ay may be found in figure 4.1.

A f_(g T
CC-INT CC-ARR CC-ALL CC-VAR
AN e o Aty T Aabe T a €A
Al—%int A|_<g7'1—>7'2 Al_cgv&.’/' Al_cga
Figure B.1: Statics of \y: types (i)
ATHY e 7
TC-TLAM TC-TApP
Aol FY v:r AT Y e:Va. ' Abtg T
ATHY Aav:Va.r AT HY efr] : 7'[7/a]
TC-Lam TC-App
AT, x:THY e: 7 AbgT ATH e :7 -7 AT FY eg: 7
ATHFY Axcre: 7 — 7 ATHFY ejep: T
TC-CoN TC-IF0
A;THY e @ int ATH ey 7 ATH  es: 7
AT Y ¢ty (c) AT Y if0e; ege3: 7
TC-VAR TC-MobD
I'x)=r1 modulef:7=veM e T
AT HY x 7 ATHY £ 7

tyg(c) =7

tyg(—) = int — int — int tyy((2—)) = int — int tyy([2]) = int

Figure B.2: Statics of Ay: expressions and constants (ii)
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- P, |F™ m okay

PRrROG-C TM-C
(vm € M) =" m okay GoFd e N A

FMe:r FY module f : 7 = v okay

Figure B.3: Statics of \y: programs and modules (iii)

evaluation contexts E == [|, | E[r] | Ee | vE | if0Eee
configurations C = (s,e)
stores s = ---

(C-0) (5.¢ V) > 64(s,c,v)

(C-B) (8, (A v)[7]) — (s, v[r/a])

(C-B) (s, (Ax:7. @) v) — (s, e[v/x])

(C-Ir0) (5,10 [0] ey er) —> (s, ex)

(C-1rZ) (5,10 [2] ey er) —> (s, ex) 240

(C-Mob) (5,6) — (5,V) (module f : 7 = v) € M
(C-Cxr) (s, Ble],) rpp (£2Blel,) if (s.0) o (5.0

oz (s, —, [2]) = (s, (2—))
o (s, (21—), [22]) = (s, [21 — 22])

Figure B.4: Dynamics of Ay
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